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PROPAGATION OF QUANTUM EXPECTATIONS
WITH HUSIMI FUNCTIONS

JOHANNES KELLER * AND CAROLINE LASSER '

Abstract. We analyse the dynamics of expectation values of quantum observables for the time-
dependent semiclassical Schrodinger equation. To benefit from the positivity of Husimi functions, we
switch between observables obtained from Weyl and Anti-Wick quantization. We develop and prove
a second order Egorov type propagation theorem with Husimi functions by establishing transition
and commutator rules for Weyl and Anti-Wick operators. We provide a discretized version of our
theorem and present numerical experiments for Schréodinger equations in dimensions two and six that
validate our results.
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1. Introduction. Our investigation is devoted to the time-dependent Schrodin-
ger equation

e = —S A+ Vi, p(0) = 1o (1.1)

for general square integrable initial data g : R? — C with |[¢g]|z2 = 1. We assume
that the potential V : R — R is smooth and satisfies suitable growth conditions at
infinity, such that the semi-classical Schrodinger operator

H=-SA+V

is essentially selfadjoint. Such potentials are met in molecular quantum dynamics for
the effective description of nuclear motion after performing the time-dependent Born-
Oppenheimer approximation [ST0I, Theorem 1]. In this application, the parameter
€ is the square root of the ratio of electronic versus average nuclear mass. Hence,
e > 0 is small and typically ranges between 1/1000 and 1/10. This implies that the
solution of is highly oscillatory in space and time with frequencies of the order 1/e.
However, the time evolution of expectation values

t e (Y, Ay) 2 = /Rd Vi () Ay (z)dw

is less oscillatory, and the Egorov theorem [BR02, Theorem 1.2] suggests a semi-
classical approximation using the Hamiltonian flow ®¢ : R2? — R2¢ of the classical
equations of motion ¢ = p, p = —VV(q).

For this approximation we adopt the phase space point of view and consider
operators A = op"¢(a), which are obtained from functions a : R?*¢ — R by the Weyl
quantization. Consequently, the Schrodinger operator H = op,(h) is seen as the Weyl
quantization of the Hamilton function

h:R* R, h(gp)=3p>+V(g).
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Expectation values of Weyl quantized operators can be written as phase space integrals

(Wroop ™ (abn)ra = [ (W) ()i
R
where We(¢);) : R?? — R is the Wigner function of the square integrable function 1); :
R? — C. The Egorov theorem can be expressed in terms of Wigner functions as

Wrop™(@iniz = [ (@0 @)W W) dz+0E). (12

In general, Wigner functions attain negative values. However, a proper smooth-
ing by a Gaussian function G,/ with mean zero and covariance §Id results in a
nonnegative function

HE () = WE () * Gs/z,

the so-called Husimi function [GMMP97], Remark 1.4]. Hence, contrary to the Wigner
function, the Husimi function can be viewed as a probability distribution on phase
space, which entails the straightforward application of Monte Carlo type methods for
sampling, especially in high dimensions. However, the gain in positivity is accom-
panied by a loss in accuracy with respect to time propagation, since replacing the
Wigner function We(1g) by the Husimi function H¢ (1)) in the Egorov theorem
deteriorates the approximation error from second to first order in . This motivates
the question, whether an e-corrected flow can compensate this accuracy loss when
propagating Husimi functions.

Our main result answers the question positively. Its basic constituents are the
e-dependent modification

a. =a— 5Aa

of a phase space function a : R?* — R by subtracting its phase space Laplacian, the
flow ®L : R* — R?? associated with the Hamilton function he = h — $A : R* — R,

he(q,p) = 3IpI> + V(g) — § (d+ AV (q)),

together with the solutions
Ai c ]R2d><2al7 FZ c RQd

of two first order ordinary differential equations, whose right hand side is built from
evaluations of D?h and D3h along ®!, respectively. We obtain:

THEOREM 1. There exists a constant C = C(a, V,t) > 0 such that for all square
integrable initial data 1y : RY — C with ||1o||z2 = 1 and all € > 0 the solution of the
Schridinger equation satisfies

(tbr, op™e(@)pr) 2 — / Ft(a2)(2) e (o) (2) de| < ©22

R2d

with

th(as) = Q¢ O‘I)f: — % (FZ . (Vao@)é) + tr (Aé (Dan@é))),



The method of proof relies on a systematic transition between Weyl and Anti-
Wick quantization combined with an e-expansion of commutators in Weyl quantiza-
tion. Therefore, the generalization of the approximation to errors of the order £*,
k > 2, is possible.

The theorem allows an algorithmic realization in the spirit of the particle method
developed in [LRI10], which is suitable for the fast computation of expectation val-
ues in high dimensions: sample the initial Husimi function H¢(vy), discretize the
ordinary differential equations for ®%, I'¢ and A$, propagate the sample points along
the discretized flow, and compute the expectation value at time ¢ by averaging over
F!(a)-evaluations for the sample points. Our numerical experiments for Schrodinger
equations in dimensions two and six, one with a torsional potential the other with
a Henon-Heiles potential, indicate that both the initial sampling and the flow dis-
cretizations can acchieve sufficient accuracy to confirm the approximation’s asymp-
totic convergence rate.

1.1. Related research. [LR10] has developed a discrete version of the Egorov
theorem by propagating samples drawn from the initial Wigner function along the
classical flow ®'. The negativity of the Wigner function has been accounted for by
stratified sampling as well as sampling from the uniform distribution on the effective
support of the Wigner function. The observation, that the approximation order de-
teriorates from second to first order in € when merely replacing the Wigner by the
Husimi function, has been formulated in [KLWO09, Proposition 1] in the context of
surface hopping algorithms.

If the aim is not just the approximation of expectation values but of the wave
function itself, then semiclassics have been successfully applied as well. The time-
splitting algorithm of [FGL09] uses a Galerkin approximation with Hagedorn wave
packets, which are products of polynomials with a Gaussian function of time-varying
first and second moments. Related approximations are the Gaussian beam methods,
whose convergence for the Schrodinger equation, the acoustic wave equation as well
as strictly hyperbolic systems has been proven in [LRT10, Theorem 1.1].

A complementary approximation ansatz combines Gaussians of fixed width with
time-varying prefactors, whose evolution resembles the one of the width matrices of
the Gaussian envelopes of both the Hagedorn wave packets and the Gaussian beams as
well as the evolution of our correction term Af. The Herman-Kluk propagator [SR09]
Theorem 2], [R10, Theorem 1.2] as well as the frozen Gaussian approximation for
strictly hyperbolic systems [LY12l Theorem 4.1] have been systematically developed
to k-th order in ¢.

1.2. Outline. The following Section §2| begins with the comparison of Husimi
and Wigner functions and provides asymptotic expansions in ¢ for the transition
from Weyl to Anti-Wick quantization and backwards in Lemma [I] and Lemma [2]
respectively. Section §3| develops and proves as Theorem [2| our first result, the second
order Egorov approximation for Husimi functions. Our second result, Theorem
reformulates the correction term of Theorem [2] which has been derived as a time-
integral along the ®!-flow, with ordinary differential equations. Section §4| proposes
a symmetric splitting method for the simultaneous discretization of ®%, AL, and T't.
The final Section §5] presents our numerical results for two molecular Schrodinger
equations in dimension two and six, respectively.



2. Husimi functions and commutators. Let ) : R — C be a square inte-
grable function and W¢(v)) : R?4 — R,

WE(¥)(q,p) = (2me) ¢ / ePV/%p(q — Ly)d(g + Sy)dy,

Rd

its Wigner function. The Wigner function is a continuous function on phase space.
Its marginals are the position and momentum density of ¢, respectively,

V@) p)dp = [¥(a)P, WV W)ap)dg = F= (@) (P,
where F=(¢)(p) = (2me)~ %2 [o, e7"P/e1p(q)dg is the e-scaled Fourier transform.
Moreover, associating with a Schwartz function a : R?? — R the Weyl quantized
operator

opVe(a = (27e) "¢ a( LY p)eila—v)p/e
(op" (@) = (2r9) " [ [ a(sr.p) Y(w)dpdy,

the Wigner function encodes corresponding expectation values via phase space inte-
gration,

Weop" @) = [ alWE@)()de
R L
However, despite its positive marginals, the Wigner function may attain negative
values. This is easily seen for odd functions, which must satisfy

WE()(0,0) = —(2me) 4|92 .

2.1. Husimi functions. A proper smoothing of the Wigner function results in
a nonnonegative phase space function, the so-called Husimi function:

DEFINITION 1. Let ¢ : R? — C be square integrable and We(¢) its Wigner
function. Let a : R?*? — R be a Schwartz function. We denote by

Geya(2) = (me) e /e 2 e R¥,
the centered phase space Gaussian with covariance 51d. Then,
HE('IZJ) = WE(?/J) * G€/2a OpAW(a‘) = OpWe(a * GE/Q)

are called the Husimi function of v and the Anti-Wick operator of a, respectively.
By construction the Husimi function is a smooth function satisfying

(op™ (@) = [ aeHW)() = (21)

Especially, ||H®(¢)| 1 = ||#]|32. One can prove, that H°(¢) is the modulus squared of
the FBI transform of ¢ and therefore nonnegative. Moreover, smoothing the Wigner
function with Gaussians of smaller covariance does not yield positivity. In the fol-
lowing Proposition |1 we summarize these observations combining arguments of the
proofs of [Z08| Proposition 2.20] and [B67, Theorem 4.2].

PROPOSITION 1. If 0 > ¢, then W*(¢) ¥ G,/2 > 0 for all ¢ € L2RY). Ifo < e,
then there exists 1 € L*(R?) such that We(v)) * G, o attains negative values.
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Proof. We write

(W= () * G 2) (a,p)

= (m) = (2me) ™ / V(@ — (et gy)er TR o dydrdg
R3

= (ro) P2 (ame) [ (o= i+ d)e e g,

since

/ (Ve E D0 ge — (gm)d/2¢iru/e =zl
Rd

We set o = (0%/e2 —1) /(40). The change of variables z — 1y = v, z + 3y = w
together with the relation

|z — g + $ly* = 3lv — ¢I* + 5w — ¢|?

and
Lo — gl + = = 55 lv —a’ + 551w — q* + ofw — v
yields
(W= (@) * Go ) (a,p) = /R y F)F(w)e= "= dydu
with

F(v) = (o)~ 4(2me) Y2 e/ Eq(v)e vl (20,

The Taylor series of o — €29V"% then gives

0 a k ) 2
(W5(¢) * GU/Q) (q7p) = Z (2k') Z /Rd g, ---vikf(v)e—a\vl dv

k=0 1 erin

If 0 = ¢, then « = 0 and

2
> 0.

Ve L2(RY) : WE(Y) x Gejp =

f(v)dv
Rd

If 0 > ¢, then G,/ = Gejp % G(g—c)/2 and
Vip € LP(RY) 1 W (¥)  Gopo = W (V) % Geja) * Go—eyy2 > 0.

If 0 < g, then o < 0. Therefore, choosing ¥ (v) = vle*|“‘2, we obtain

2
/ vy, -~vikf(v)e*"‘|”‘2dv < 0.
Rd

. — (20"
(W () % Gopa) (0,0) = 3~ 2= -

k odd 1,0yl




2.2. Weyl and Anti-Wick quantization. The nonnegativity of the Husimi
function is shared by the Anti-Wick quantization, which satisfies a > 0 = op*W(a) >
0 by identity . The following Lemma expresses op*WV (a) as a Weyl quantized
operator, whose symbol is obtained from a by adding higher order derivatives. It
extends the first order approximation of [L10, Proposition 2.4.3] to higher orders.

LEMMA 1. Let a:R?*? = R be a Schwartz function, n € N, and ¢ > 0. There ea-
ists a family of Schwartz functions r5 (a) : R* — R with sup. [lop™°(rg (a))ll 22y <
oo such that

op™W(a) = op™e <a + Z wAk ) + e"op™Ve(rE (a)).
Proof. We work with

(@5 Ga)2) = (r) ™ [ a(Qe e ag

and Taylor expand a around the base point z,

2n—1
aQ) = 3 O -2
lal=0
v Y L2 o ppi@ea) e+ o - 2)) ao
|a|=2n ' 0

with standard multiindex notation. The terms with a-derivatives of odd degree do
not contribute, since

F(C—2)e” e ac =0
R2d

for odd functions f. For the derivatives of even degree we obtain

2
z ) / ey
R24

Since
i/ 2m g, —y? dy — (2m — 1! _ (2m)!
VT 2m 4mm)

with (2m — 1)!:= (2m —1)- (2m —3)---3- 1, we obtain

lee|=

- Z a(a%)(z) - 4m7:n!Ama(z).

lo|=m




Consequently,

n—1 k

€ n,.
(a5 Gepp)(2) = 3 2o Aalz) + 27 (a)(2),
k=0
with
7~ %n ! 2
e = Y T2 [ a @) e vayte o do dy,

‘O¢|:2n . R2d Jo
Moreover,

lop™e(ri(@)llezzy <€ sup  [|950, a0

leel,|BI<Td/2]+1

for some constant C' = C(d,n) > 0 by the Calderon-Vaillancourt Theorem. O

By means of Lemma |1, we can also write op“¢(a) as an Anti-Wick quantized
operator by additively correcting a with its derivatives.

LEMMA 2. Let a: R?*?* = R be a Schwartz function, n € N, and ¢ > 0. There ex-
ists a family of Schwartz functions pS,(a) : R*? — R with sup, [lop™Ve (o5, (a)) || £(z2) <
oo such that

n—1 k
—e .
opVe(a) = op™WV (a + Z S‘k];Aka> +€"op"Ve(pS (a)).
k=1 )

Proof. Applying Lemma [1] yields

where the Schwartz function pf (a) satisfies

lop™ (o5 (a)llczy <€ sup (195050
ol 1BI<d/2]+1

for some constant C = C(d,n) > 0. O
For further reference, we summarize the explicit form of the second order approx-
imations of Lemma [1l and Lemma B}

opAW(a) =op™e (a + %Aa) + s2opwe(r§ (a)) (2.2)
0p™(a) = 0p™ (a — £ Aa) + £%0p™ (05 (a)). (2.3)

2.3. Commutators. When approximating Husimi functions and expectation
values for Anti-Wick quantized operators with respect to the solution of semiclassi-
cal Schrodinger equations, we will face commutators of Weyl and Anti-Wick quan-
tized operators. For their asymptotic expansion we need additional notation: Let
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a,b € S(R?%) be Schwartz functions. Then, the composition of their Weyl quantized
operators is the Weyl quantized operator of the Moyal product afb,

op"*(a)op™*(b) = op™*(ath). (2.4)

The commutator [op*e(a),op*™e(b)] = op*¥e¢(a)op*¥e(b) — opWe(b)op™We(a) is the Weyl
quantization of the Moyal commutator affb — bfa, which has an e-expansion

ath — bfa = ni e*Ok(a,b) + " RE (a,b), (2.5)
=
where
Ou(ab)(2) = £ AD) (@) ~ b)al)],._. 26)
is obtained from the k-fold application of
A(D)(a()b() = 1JVa(z) - Vb(z"),  J = (? . 151) (2.7)

and sup.~ [[opW°(R5 (a,b))||£(12) < o0, see e.g. [Z12, Section 4.3]. We note, that
Ok(a,b) = 0 for k even. For commutators of Weyl and Anti-Wick quantized operators
we derive the following expansion.

LEMMA 3. Let a,b: R?? — R be a smooth function of subquadratic growth and a
Schwartz function, respectively, and letn € N, ande > 0. Then, é [opw"(a), opAW(b)]
is essentially self-adjoint in L*(R?) with core S(R?), and there exists a family of
Schwartz functions of,(a,b) : R* — R with sup_ [lop*Ve (05 (a,b))| z(r2) < oo such
that

L op™(a),op™ (B)] = 3 cFop™ (B (a. b)) + ="op™ (¢} (a.1))
k=0

with

) 1
0k (CL, b) =1 Z m@m(av Alb)v
{4+m=k+1

where ©,, has been defined in (@

Proof. Since b is a Schwartz function, op”W(b) maps L?(R?) into S(RY) and
hence the commutator with op™¢(a) is densely defined and essentially selfadjoint. By
Lemma

 ope(a)op (1)
P k
T e > ﬁ [op™*(a), 0p™e(A*B)] +ie™ [op™(a), 0p™ (17,11 ()] -
k=0 '
8



Using the Moyal expansion (2.5)), we then obtain

 [op™ (), op™ ()]

n n—=k
Eker

gz Z 4’%' Om(a, Akb))

k=0 m=0
. "1
+iet <Z 4kk!0pwe (Ri*k+1(a7 Akb)) +op™* (a’ﬁTfL+1(b) - r781+1<b)ﬁa)>
k=0
i n n—=k s €k+m, W i
=220 3 S Tron™ (O (e, M) + "™ (g5 ).

with some family of Schwartz functions (g5 (a,b))c>0. Finally, we use the fact that
O¢(a,b) =0 to rewrite

- Z Z 4,%' (a, A*b) éZsp Z Fk!@m(a’Akb)
€ =0 m=0 p=0  k+m=p

n—1
=iy e > ﬁ@m(a, AFD).

p=0 k+m=p+1

|
REMARK 1. We note that 6y(a,b) = {a,b}, where {a,b} = JVa - Vb denotes the
Poisson bracket. Since 61(a,b) = ${a, Ab}, we have

i

= [op™(a), op™ (b)] = 0p™*({a, b+ Ab}) + 20p™* (5 (a, b)).

3. Propagation. In this section we apply the systematic transition between
Weyl- and Anti-Wick calculus to prove a second order Egorov approximation for
Anti-Wick quantized symbols. We can allow for unitary time evolutions e “Ht/¢
whose Hamiltonian H = opV¢(h) is obtained from a smooth symbol h : R?*¢ — R of
subquadratic growth. That is, for all |y| > 2 there exists Cy > 0 such that

|07l < C

In this situation, H is essentially self-adjoint in L?(R?) with core S(R?), e~*H/¢ ig
a well-defined unitary operator on L?(R?), and the Hamiltonian flow ®* : R?? — R2?
associated with h is a smooth mapping for all ¢ € R. Schrédinger operators

A4V

with smooth subquadratic potential V' are one important example.

3.1. A first Egorov type approximation. The proof of the Egorov type ap-
proximation is mainly built on the following commutator estimate:

LEMMA 4. Let e > 0. Let b,c : R?* — R be a smooth function of subquadratic
growth and a Schwartz function, respectively. Then, i [opwe(b),opAW(c)] is essen-
tially self-adjoint in L?(R?) with core S(R?), and there exists a family of Schwartz

9



functions x5(b,¢) : B2 = R with sup.q [op™(x5(b,¢))llz(z2) < o0 such that
7

= [op™e(b), 0p™ (0]

= opAW ({b — §4Ab,c} — Str(J D?b DQC)) + 520pwe(xg(b, c)).

Proof. Since ¢ is a Schwartz function, opW (¢) maps L?(R%) into S(R%), and the
commutator with op"¢(b) is well-defined. By Lemma

2 [ope(0), 00" ()] = 0pWe({b, + §Ach) + op™ (650, )
By Lemma 2]
opwe({b,c+ SAc}) = opAW({b,c + Act — $A{b,c})
+e20p™ (p5({b, ¢+ SAc}) — Zop™WV(A{b, Ac}).
By Lemma [T}
op™ (A{b, Ac}) = 0p™e(A{b, Ac}) + £op™ (5 (A{b, Ac}),
and therefore
2 [op"™e(0), 00" ()] = 0p™" (b, + $Ac} — $A{D,e}) + Pop™ (x5 (b, )
with
X5(b,¢) = 65(b.¢) + p5({b,c + SAc)) — BA[D Ac) — £ri(A{b,Ac)).

a Schwartz function. We write A{b,c} = {Ab, c} + {b, Ac} +2 Ziil{azk b,d,,c} and
compute

2d 2d 2d
> {020, 0} =Y T D?b(:, k) - D?c(:, k) = Y D?e(k,:)(J D?b)(:, k)
k=1 k=1 k=1

= tr(J D*b D%c),

where M (:, k) and M (k,:) denote the kth column and the kth row of a matrix M,
respectively. Therefore,

{b,c+ SAct — EA{b,c} = {b— £Ab,c} — £ tr(J D*b D?c),

which concludes the proof. [0
REMARK 2. If b is a polynomial of degree one, then the result of Lemma [§
obuviously simplifies to

é [Opwe(b)7 OpAW (C)] = OpAW ({b7 C}) .

If b is a polynomial of degree two, then the only simplification is due to {b— Ab,c} =
{b, c}, since x5(b,c) is not identical zero.
10



Having prepared the necessary estimates, we state and prove our approximation
result for the unitary propagation of Anti-Wick operators.

THEOREM 2. Let h : R?** — R be a smooth function of subquadratic growth.
Let a : R?*® — R be a Schwartz function and t € R. There exists a constant C' =
C(a,h,t) >0 such that all e > 0

Mt opAW (a)e =1t/ — opAW(a o @L — %EZ(Q))HE(LZ) <o

with

1]

¢
Zl(a) :/ tr (J D*hD*(ao®])) o @177 dr (3.1)
0
and ®' : R?** — R?? the Hamiltonian flow associated with h. = h — $Ah.
Proof. We denote
a(t) = ao ®; — 5$E.(a)
and observe that a(t) : R?? — R is a Schwartz function. Since a(0) = a, we have

6th/stpAVV(a)efth/e . OpAW(a(t))

t
d . )
= [ g (e /mop (e = sppemi/) s

= /Ot etts/e (; [H, op™WV(a(t — s))] — op™W(9a(t — s))) e Hs/2 g,

The second order commutator expansion of Lemma [] yields

i i

~ [H,0p™ (a(t = )] = - [op™*(h), 0p™ (a(t - 5))] =

op™ ({he,a(t — s)} — £ tr(J D*h D%a(t — 5))) + e20p"V(p5(h, a(t — s))).
Now, we compute

Oi(ao®%) = {h. a0 d%}

and

O EL(a) = tr (J D*h D*(a0 9L%)) + {he, 7% (a)}.
Therefore,

dia(t — s) = {he,a(t —s)} — 5 tr (J D*h D*(a 0 BL*))
and

[H7 opAW(a(t — s))} — opAW(ata(t —3)) =

J;‘mwm | =

op™Wtr(J D*h D*ZL%(a)) + 20p™e(p5(h, a(t — s))).
The observation that
tr(J D*h D*ZL%(a)), p5(h,a(t — s)) € S(R??)

concludes the proof. O
11



3.2. Corrections by ordinary differential equations. Our next task is to
reformulate the time evolution of the correction term

t
El(a) = / tr (J D*h D*(ao ®7)) o ®L 7 dr
0
using ordinary differential equations which are independent of the observable a.
LEMMA 5. Let a : R?* — R be a Schwartz function and h : R?** — R a smooth
function of subquadratic growth. Let e > 0 and ®% : R?*¢ — R?4 the Hamiltonian flow
associated with he = h — $Ah. Then, for allt € R,
=t(a) = tr (AL (D0 @) +TL - (Vao !)

with AL : R2 — R24x2d,

t
AL :/ (D®I)" J D*h D®T) o ®L "dr, (3.2)
0
and Tt : R24 — R2d
_ t 2d
Ft— / S° ((J D)y 82, 87) 0 B "dr, (3.3)
0 ki=1

where the Jacobian of ®T is denoted as DPL = (V(®I)1,...,V(PI)2q).
Proof. We compute

9. (a0 @7) = (D%a o0 &7)(9, 7, 0.,8) + (Vao &7) - 07, &7,

2Lk 21 Zkz1
Then,
t
tr (Af_. (D%a o q>§)) = / tr (D®I)" J D*h D®T (D%a o ®7)) o ®L "dr
0
t
= [ tr(JD*hD®L(D*ao @) (DP])") 0 @ "dr
0
2d t
= / ((J D*h)(D*ao ®1)(0.,97,0.,97)) o @ 7dr
k=170
and

t 2d
rg-(vaoq>g)=/ > ((J D)y 82,97 - (Vao ®])) o &L~ 7dr.
0 ki=1

Adding the two terms gives the claimed identity. O

Having written the correction term =.(a) as the sum of a trace and an inner
product, we can derive the desired a-independent ordinary differential equations for
the time evolution of Z%(a).

THEOREM 3. Let a : R?** — R be a Schwartz function, h : R?** — R a smooth
function of subquadratic growth, and t € R. Then, there exists a constant C =

C(a,h,t) > 0 such that for all e > 0

iHt/e . AW —tHt/e AW gt 2
e H2opAW (a)e o (Wt @), , <Oz

12



with
U(a) = a0 ®L — £ (tr(AL (D0 @) + Tt (Vao 0l)),
where ®L : R?4 — R js the Hamiltonian flow of he = h — SAh,
0y ®L = JVh, o ®L,

and AL : R?? — R2dx2d Tt . R2d 5 R2d 5olpe

QAL = M_(t) + M (t) AL + AL M_()T, AV =0

Ot = M()TL+tr(Ci()T AD,,  T2=0
with

M_(t) : R? — R24>*2d N (t) = J D?h o !,
Cy(t) : R¥M — R2X24 (Cy()) j5, = O (J D*h);5 0 DL

Proof. We start with the reformulation of =f(a) of Lemma 5| and observe that
both relations 1' and 1} for At and I't, respectively, involve time integrals of the

form

/0 (Fr(7)gfal7)) o BETdr.

We compute

o / (f1(7)gfa(r)) o L Tdr = / O ((f1(P)gfa(r)) 0 ®L7) dr + f1(D)g ()
0 0
and
o1 ((f1(M)afa(r)) 0 B7)
— =0, ((1(1)gfa(7)) 0 BLT) + 0, (f1(7)gfo(r)) 0 DL
We obtain

o / (1(r)gfal(r)) o @ Tdr

t
= (f1(0)gf2(0)) o ®L +/0 d; (f1(1)gfa(7)) 0 D7 dr.
This implies for

t
Al :/ (D2D)T J D*h D®T) 0 @' "dr
0

that

t
O AL = M_(t) + / ((J D?he 0 ®7)(D®T)" J D*h DY) 0 L 7dr
0

t
+/ (D®D)" J D*h DO®Z(J D*h. 0 @7)T) 0 ®L"dr,
0

= M.(t) + (J D*h. 0 ®)AL + AL(J D?h. 0 ®8)T,
13
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since the Hamilton equation (3.4) implies 0,0,, ®T = (J D?h. o ®7) 9., ®T and

0.(DBI)T = (J D1, 0 87)(DT)",
0, D®T = DO (J D*h. o ®T)T.
Since J D%h. o ®t = M_(t) + O(e), the solution AL of equation (3.5) satisfies AL =
Al + O(e), and we obtain

ao® ~ 5E(a) a0 @l - 5 (tr(AL (D% 0 L)) + TL- (Vao @) + O(c?).

2 —e

For the time derivative of

rt :/t i ((J D*Rh)p 02, ®7) o ®L"dr
0 ki=1
equation implies
¢ 2d
ort :/O > ((J D*h) 0-02, ., @) o BL 7 dr.
k=1

We consider 0., (®7); = ((J D?*h. 0 ®7) 8., <I>;)1, and compute

a"'azkzl (¢;)7«
2d
— Z (0n(J D?he)ij 0 ®L) 9.,(®1)y, 02, (1) + ((J D*he 0 @7)02, , @)
j,n=1
2d N
= > (Cil7))jn (DOD )i (DBT )3 + ((J D*he 0 BT)02, ., @7)

J,n=1

i

i

Therefore,

3 (TL); = ((J D*h. 0 ®L)TY);

2d t
+ 3 @ [ (7D (DF, (DOT)) o 0

7.k, l,n=1
= ((J D*he 0 @) TL)i + D (Cilt))ju(AL)jn
j,n=1

= ((J D*h 0 ®L)TL); + tr(Ci(t) T AL).
Since J D2h. o ! = M=(t) + O(e), Ci(t) = Ci(t) + O(e), and AL = AL + O(e), the
solution Tt of equation (3.6) satisfies I = I't + O(e), and we conclude

ao®. — £=(a) =ao®! — 5 (tr(AL (D?ao ®L)) + Tt - (Vao ®L)) + O(e?).

0
COROLLARY 1. Under the assumptions of Theorem [3, there exists a constant
C = C(a,h,t) > 0 such that 1; = e""1/%) satisfies
o @i - [ Fla)@ w0 <ot 6
R

14



for all 1o € L*(RY) with |12 = 1, where

F!(a) = a. o ! — § (tr(A (D% 0 @) + T - (Vao 81))

Proof. We have

(00 (@)1 = (1, 00" (a) )12 + O()
= (0,00 (W 0o} 2+ O) = [ (e (&) H (b)) dz +O(e?)

and V! (a.) = Fl(a) + O(£?). O

4. Discretization. For a numerical realization of the semiclassical approxima-
tion (3.8]), we proceed in two steps. First, we discretize the phase space integral

by equiweighted quadrature with nodes zi,...,2zy € R2? distributed according to
the Husimi function H®(y). Then, we discretize the time evolution of ®¢, AL, and
I't initialized with the sampling points z1,...,2y. For both discretization steps, we

compute the e-correction with lower accuracy.

4.1. Numerical quadrature. To discretize the phase space integral
[, Fad) Mo o) ) s
R2d
= [ (oD@ M) o~ § [ St He o) ) dz
R2d R2d

—: I(a. 0 @%) — §I(Z(a))

we use the fact, that the Husimi function of a normalized wave function 1 is a
probability density, and work either with Markov chain Monte Carlo quadrature or
with Quasi-Monte Carlo quadrature. That is, we approximate

1)~ 3 1) =5 Qu ()

with quadrature nodes z,...,zy € R2? distributed according to H¢(¢). Thanks
to the small e-prefactor, the correction integral I(Z%(a)) can be computed with less
quadrature nodes than the leading order I(a. o ®%).

4.1.1. Markov chain Monte Carlo quadrature. We use Metropolis Monte
Carlo and generate sample points z, ..., zy, which form a Markov chain with sta-
tionary distribution H¢ (), see e.g. [KLWQ9, §4.1]. If the chain is uniformly ergodic,
then a central limit theorem holds, and there exists a constant v = (f) > 0 such
that for all ¢ > 0

im _ R T R I
dm B (110 - @u(n) < %) = [ e

We note, that for the numerical experiments in Section the constant vy(f) shows a
beneficial dependence on the semiclassical parameter ¢ > 0, since the variance of the
integrands decreases with decreasing e.
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4.1.2. Quasi-Monte Carlo quadrature. For Gaussian wave packets g, the
Husimi function H(1) is a phase space Gaussian, and we view it as the density of
a multivariate normal distribution. For notational simplicity, we focus on the special
case of an isotropic Gaussian wave packet g., centered in zo = (qo,po) € R?9,

—d/4

9z (q) = (me) ™Y  exp (—5lq — qol” + Lpo - (¢ — @0)) - (4.1)

In this case, the Husimi function is the isotropic phase space Gaussian
H(920)(2) = (2m) @ exp (—g2lz — 20/)

that is, the density of a normal distribution with mean zy and covariance €Id. Gen-
erating points of low star discrepancy with respect to the uniform distribution on
[0,1]24, that is, for example Sobol points, we use the cumulative distributive function
of the normal distribution and map them to points z1,...,zn such that their star
discrepancy with respect to the normal distribution

D*(Zl,...,ZN)
= Sl;{p | % #{zj 1 2z € (—00,a),j =1,...,N} = H*(tho)((—o0, )|
a€eR2d

is optimal, that is, D*(z1,...,2zy) = O((log N)2?/N). Then, the Koksma-Hlawka
inequality yields a constant v = y(f) > 0 such that

1)~ @u(p) < 1B

where ¢q > 2d dependends on the dimension of phase space, see [LR10, 3.2]. We note,
that as for the Monte Carlo quadrature, the numerical experiments of Section §b|show
a favourable dependance of the constant v(f) on the semiclassical parameter € > 0.

4.2. A time splitting scheme. For numerically computing ®£, Al and T't,
we discretize the Hamiltonian flow with a higher order symplectic scheme for
an accurate approximation of the leading order contribution a. o ®t. The correction
equations and are simultaneously discretized after vectorizing the Lyapunov
matrix differential equation . For this purpose we use the Kronecker product

auB cee alnB
A® B = € RvmxXnm
amB - apnB

of two matrices A € R™*™ and B € R™*™ as well as the rowwise vectorization
T - n2
Vec(A) = (a11,a12, .-« Gnn) = AER™ .

LEMMA 6. The differential equations , , and (@ are equivalent to the
coupled vector differential equation with 4d + 4d> components

oL Idyg O 0 JVh o ®t 0
H|IAL|=| 0 K. () O Al + | M.(t) (4.2)
It 0  C.(t) M(t) It 0
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with

M (%) ®Id2d+1d2d®M()

Ci(

C2d
Proof. First we show
Vec(AB) = (A® I,,) Vec(B)

for A, B € R™*". Indeed, for 1 < cn + 4 < n?

VeC AB cn+z Z j'L = Z A & In)(cvn+i),(jvz+i)VeC(B)jn+i
j=1 j=1

3
M

3

(A ® In)(cn+i),k Vec(B)k = ((A ® In) VQC(B))

cn+1 °

£
Il

Similarly one can prove that Vec(BA™) = (I, ® A) Vec(B). Hence,

9 Vec(AL) = M (t) + Vec (M.(t) AL + At M.(t)T)
M(t) + (M(t) ® Idag) KL + (Idog ® Mc(1)) K
M (t) + K.(t) AL.

Moreover, tr(C;(t)AL) = éi(t)TKE and

Ci(t)*
Tt = M.(t)I + : AL = M.(6)Tt 4 C.(t)AL.
Caa(t)T
0

For Schrodinger Hamiltonians h(q, p) = |p|? + V(g) with smooth subquadratic
potential V : R¢ — R, we observe that

_ 2 t O Idd
M.(t) = J D*h o ®! = (DQV(@);)(D o)

while C;i(t)jx = Ox(JD?h);; o ®L satisfies C;(t) = 0 for i = 1,...,d and depends on
third derivatives of V and (®%), for i = d+1,...,2d. This motivates to split

BN (0 (e,
P P 0
Tt— e/p — e/p 4 :ZTt+Tt
AL AL 0 1+ 1
I It 0
and to rewrite the differential equation (4.2)) as
oYt = A(TH)YY + N(YL) + BYY (4.3)
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with

0 0 0 0 0 Idg 0 O
o oo o0 0 o 0 o0 o0
AT =14 K@ o |° B=lo 0o 0o
0 0 C.(t) M.t 0 0 0 0
and
0
—VV((2L)q)
ty i e/q
N(T2)_ Mg(t)

Let ¢!, and ¢! be the flows of the systems
BTt = A(TLY: + N(TL),  &,T' = BT,
respectively, and
F' = 6320y ¢,/

the Strang splitting for A > 0, which provides a second order time discretization of
equation see e.g. [HWLOG] §II1.3.4]. This splitting scheme produces an approxi-
mate solution via

112 =T+ A + N (1)),
Yh =Y+ hBY!?,
) =10 4 AT+ N(X).
and discretizes ®L by the Stormer-Verlet scheme, while AL and T'L are discretized by
the midpoint rule.
REMARK 3. The flows ¢t and ¢} are numerically easy to evaluate, since they are

determined by differential equations with constant coefficient matrices and a constant
inhomogeneity.

5. Numerical experiments. Let ¢ : R? — C the solution of the Schrodinger
equation (1.1)) and a : R?*¢ — R a Schwartz function. The preceeding algorithmical
considerations suggest

N1 N2
e 1 ~ g =
(. 0p™ (@) 0~ = D (a0 B wy) = 5= D ELla)(z). ()
j=1 Jj=1
where wy,...,wyN, € R?? and z,.. L ZN, € R2¢ N; > N,, are distributed accord-

ing to H(vo). Ei(a) is obtained by |t/hs] iterates of the Strang splitting scheme
F"2 and the application of the resulting vector to a and its derivatives according to
Corollary 1} The leading order contribution ®! comes from a sixth order symplectic
Yoshida splitting [Y90l, Table 1, Solution B] with time step h;. Our numerical experi-
mentsEI validate this approach for different observables a: the position and momentum
operators defined by

(Q7p)'_>ij (qvp)Hpjv j:]-,"'7d7

LAll experiments have been performed with MATLAB 7.14 on a 3.33 GHz Intel Xeon X5680
Pprocessor.
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as well as the potential, kinetic, and total energy operators defined by

(¢;p) = V(@), (¢:p)— 3lpI*, (g,p) — h(q,p),

respectively. The main focus of the experiments is on the positive answer of the
following two questions: Is the algorithm feasible in a moderate high dimensional
setting? Can the asymptotic O(g?) accuracy be acchieved efficiently, that is, with a
reasonable number of sampling points Ny, Ny and time stepping hy, hs?

5.1. Six dimensions. Our first experiment is concerned with the Henon-Heiles
potential in six dimensions,

6 5
=Y 3G+ 0,0 — 34) + £502(@] + 474’
=1 i=1

=

with o, = 1/4/80. As in [FGL09, §5.4] and [LRI0, §6], we choose the semiclassical
parameter ¢ = 0.01 and a Gaussian initial state centered in zy = (go,0) with
g0 = (2,2,2,2,2,2)T. Since a grid based reference solution of the six-dimensional
Schrédinger equation is not feasible, we compare the following three asymptotic par-
ticle methods:
A. The Husimi based method defined in using N; = 2" and N, = 2'0 trans-
formed Sobol points for the numerical quadratures and the same time stepping
h =107 for both ®! and Ef(a). We note that these numbers of Sobol points
provide initial sampling errors smaller than €2 = 10~* for the leading term,
and considerably smaller than ¢ = 102 for the correction term, see Table
B. The naive Husimi method

1o, =~
(Y1, Opwe(a)¢t>m ~ N ;(a o ®*

where @' is a sixth order symplectic Yoshida discretization of Hamilton’s
equation ¢ = p, p = —VV(q) with time stepping h. The quadrature nodes
z1,...,2ZN are obtained by transforming Sobol points, such that they are
distributed according to H®(1g). This approach is first order accurate with
respect to €.

C. The second order Wigner based method

N
<¢t7opwe(a)¢t>,;2 ~ Z (a0 ®)

of [LR10L §6], where the quadrature nodes wy, ..., wy are obtained by trans-
forming Sobol points, such that they are distributed according to the initial
Wigner function We ().

Figure [5.1] shows that the difference of the second order algorithms A and C is
bounded by 6 10~* = 6¢2, while the naive Husimi approach of algorithm B deviates
from method C by 0.06 = 6. The computing time for the algorithms B and C,
which use uncorrected classical transport, is 6 minutes, while the corrected Husimi
algorithm A requires 17 minutes.
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initial error ‘ Husimi Ny  Husimi Ny  Wigner NV;
kinetic energy | 3.2-107°  3.3-107%  1.6-107°
potential energy | 8.1-1075 5.8-107% 4.8-107°
TABLE 5.1
Initial sampling errors of algorithms A (Husimi) and C (Wigner) with respect to the analytically

computed expectation values for the initial kinetic and potential energy of the Henon-Heiles system,
using N1 = 214 gnd Ny = 210 transformed Sobol points.

-4

x 10
8 0.04
kinetic kinetic
potential potential
4 total 0.02 total
0
(] ()
-0.02
B v V/
-0.04
-8 -0.06
0 2 4 6 8 10 0 2 4 6 8 10
time time

Fic. 5.1.  The difference of the expectation values of the kinetic, potential and total energy
for the siz-dimensional Henon-Heiles system (e = 0.01) computed by the second order algorithms A
and C (left) as well as B and C (right) as functions of time. The plots illustrate that the corrected
Husimi method A is more accurate than the naive Husimi approach B.

5.2. Different semiclassical parameters. The next set of experiments is per-
formed for the two-dimensional torsional potential,

V(g) =2 — cos(q1) — cos(qa), (5.2)

and different values of the semiclassical parameter €. As initial data we consider both
Gaussian states, and superpositions of Gaussian states.

While the Husimi transform of a single Gaussian wave packet is a phase space
Gaussian, for Gaussian superpositions the Husimi function can easily be calculated
as

H(gzy + 9zn) = H(920) + H(g2,) + 20 20,

where the cross term
C., -, (2) = (2me) " Texp (—é|z,|2) exp (—5 |z — 24 |?) cos (5=(c12—Jz-22))

has a Gaussian envelope centered around the mean z; = %(21 + z2) and oscillates
with a frequency proportional to the difference z_ = z; — z5. The shift is ¢1 2 =
q(21)p(z1) — q(22)p(22). The cross term contains a constant damping factor, which is
exponentially small in |z_ |2. This allows the tails of #(g.,) and H*(g.,) to absorb the
oscillations of the cross term, which turns the Husimi function positive. We perform
experiments for the following two different set-ups:
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D. We apply the Husimi based method defined in for Gaussian initial data g,
centered in zy = (1,0,0,0)T. The considered semiclassical parameters are
e€{107%,5-1072,1072,5-1073,1073}.

E. We apply the Husimi based method defined in . The initial states g are
superpositions g,, + g,, with phase space centers z; = (0.5,—0.6,0,0)T and
23 = (0,1,0,0)T, normalized such that |[1)||z> = 1. The considered semiclas-
sical parameters are ¢ € {1071,5-1072,1072,5-1073,103}.

For the experiments in set-up D, we use Quasi-Monte Carlo quadrature with
transformed Sobol points for all values of . In set-up E, we use two different
quadrature methods, depending on the size of the semiclassical parameter €. For
e € {1071,5- 1072} we generate Markov chains of length N; and N, by a Metropolis
algorithm with jumps between sampling regions centered around zi, 22, and z4, see
[IKCW09, §4.1]. The final results are arithmetic means over ten independent runs,
which provides unbiased estimates for the phase space integrals. For all £ < 1072,
the cross term C, ., in the Husimi function is smaller than 2 - 10713, due to the
exponential damping factor exp(—gz|2—|?). Therefore, the cross term is neglected,
and the two Gaussians H¢(g., ) and H®(g.,) are each sampled by 2+ N; and 2 N5 Sobol
points for the leading term and the correction, respectively.

Table summarizes the chosen numbers of sampling points Ny, Ny and the
time steppings hy, ho for the discretized flows. We note that the smaller the semi-
classical parameter e, the more accurate the approximation of the corrected Husimi
algorithm (5.1)), the higher the computational cost in terms of sampling points and
time steps for achieving the asymptotic rate O(¢?). However, the constants v(f) > 0
of the error estimates for Monte Carlo and Quasi-Monte Carlo quadrature decrease
with decreasing e, due to the shrinking variance of the integrands. This observation
allows to work with moderate numbers of sampling points, even for small values of
the semiclassical parameter.

3 Nl(D) / Nl(E) NQ(D) / NQ(E) h1 hg
1071 10t / 10° 10° / 10% 1072 1073
5-1072 | 3-10* /2-10° 3-10% /2-10* 1072 1073
1072 10° 10% 103 1073
5.1073 3-10° 2. 10% 1073 1073
1073 108 5.10% 1072 2.107¢
TABLE 5.2

The number of sampling points N1 and N2 as well as the time steps h1 and hg used for the
simulations with the second order Husimi algorithm in both set-ups D and E. For e > 1072,
we need more sampling points in set-up E than in set-up D due to the slower convergence of the
Metropolis quadrature.

We generate numerically converged reference solutions for the Schrodinger equa-
tion using a Strang splitting scheme with Fourier collocation for the discretiza-
tion of the Laplacian. The discretization parameters for the reference solutions, that
is, the number of time steps, the computational domain, and the size of the space
grid, are summarized in Table The comparison of the Husimi algorithm
with the expectation values inferred from the reference solutions is presented in Fig-
ure It confirms our expectations and shows second order accuracy with respect
to €. Moreover, the time evolution of the errors for two of the experiments, set-up D
with € = 107! and set-up E with ¢ = 1073, is presented in Figure

21



2 2

- = =g - = =g
-2[ | —— position
—— momentum
—=— kinetic
10°3}| —<— potential
—<— total

-2[ | —— position
—— momentum
—— kinetic
10°3}| —<— potential
—<— total

error
=
o

error
=
o

10 10
3
10° 10°
10 -3 = -1 10’ -3 = -1
10 10 10 10 10 10
€ €
Fic. 5.2. The errors of the expectation values of position, momentum, potential, kinetic,

and total energy for the two-dimensional torsional potential computed with the corrected Husimi

algorithm in the experimental set-ups D (left) and E (right), averaged over the time interval

[0,20]. In both cases, the errors are of the order 2.

€ #timesteps domain space grid

1071 5-103 [-3,3] x [-3,3] 1536 x 1536

5-1072 5-103 [-3,3] x [-3,3] 1536 x 1536

1072 7510 [=2,2] x [-2,2] 2048 x 2048

5-1073 10* [—2,2] x [-2,2] 2048 x 2048

1073 10* [—2,2] x [-2,2] 2048 x 2048
TABLE 5.3

The discretization parameters for the grid-based reference solutions computed by a Strang split-
ting scheme with Fourier collocation.

Appendix A. Composition formula.

The calculus developed in §2]implies a composition formula for Anti-Wick quan-
tized operators.

LEMMA 7. Let a,b : R?** — R be Schwartz functions, n € N, and ¢ > 0.
There is a family of Schwartz functions (v5(a,b))es0, Vo(a,b) : R2 — R, with
sup.~ [lop™e(75 (a, b)) || 12y < 00, such that

op™V (a)op™™ (b) = op™V (ab + ) e Amla, b)) + " op™ (y5,(a, b))

m=1

with

A, b)(2) = S [((7:.9u) +i (IV-,Vw)) " (a(2) b(w))]

2mm' w=z
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Fi1c. 5.3.  The errors of the expectation values of position, momentum, potential, kinetic, and
total energy computed with the corrected Husimi algorithm as functions of time for experi-
men D with e = 1071 (top) and experiment E with ¢ = 103 (bottom,).

Proof. By means of Lemma [T] we can write

op™ (a)op™ (b)
n n k
3 3
=op™* | > g Ata | o™ ( X g AT |+ op™ (v (a,0))
k=0 k=0

for some family of Schwartz functions (vZ(a,b))e>0. With the expansion of the Moyal
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product (2.4) and Lemma [2| we obtain

op™ (a)op™ (1)
e 47(k+m)€k+m m n e (~¢E
= op™ Z T(Aka)ﬁ(A b) | +&"op™* (5, (a, b))
k4+m<n
n 4= (ktm) (_g)J .

_ ‘We k m
=Y e op 3 W[A(D)J(A a®A b)}dia

p=0 k4+m-+4j=p &

+em+1op™e (wf, (a, b))

S| Y
p=0

k+m+j+r=p

M(,A)r {A(D)j(Aka ® Amb)}

k"m'j'T' diag

T emHop™e (u (a, )
with some Schwartz class family (w¢ (a,b))s>0 by invoking the operator A(D) defined

in (2.7). Observing

A, [a(z) : b(w)] = [(AZ + Ay +2(V., V) (alz) - b(w))}

w==z
yields

S (omgn) T [caow (o Foow)]

k+m+j+r=p

D N R N R R = ER )

, k,m,j,r) 2r 2k 2m
k+m+j+r=p

=27 [( (Ve Va) ~ 1(19..90) ) () - b(w))]

diag

diag

where we utilized multinomial coefficient notation. O

A proof of Lemmal[7]in classical scaling can be found in [AM02, Theorem 2.5]. The
expansion of the composition of two Anti-Wick quantized operators from Lemma
immediately implies a commutator expansion for Anti-Wick operators, similarly as
the Moyal bracket expansion for Weyl quantized operators.

REMARK 4. Forn =1, we obtain

op™WV(a)op™W (b) = op™W (ab +i5JVa-Vb—5Va- Vb) + 0(e?),
whose real part coincides with [L10, Lemma 2.4.6].
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