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Abstract

The method of conjugate gradients (CG) is widely used for the iterative solution of large
sparse systems of equations Az = b, where A € R"*" is symmetric positive definite. Let zx
denote the k—th iterate of CG. This is a nonlinear differentiable function of b. In this paper we
obtain expressions for Ji, the Jacobian matrix of x; with respect to b. We use these expressions
to obtain bounds on ||Jk||2, the spectral norm condition number of zj, and discuss algorithms
to compute or estimate Jyv and Ji v for a given vector v.

1 Introduction

The method of conjugate gradients (CG) of Hestenes and Stiefel [10] is widely used for the iterative
solution of large sparse systems of equations Ax = b, where A € R"*™ is symmetric positive
definite. Let zj denote the k—th iterate of CG. It can easily be verified that z = z(b) is a
nonlinear differentiable function of b. See, e.g., [27] for some effects of the nonlinearity, or the recent
monograph [15] for a more general discussion on the nonlinearity of Krylov subspace methods. In
this paper we obtain expressions for the Jacobian of x; with respect to the right-hand side vector b,
Oxy, nxn
Ji = b eR .
Our main motivation for studying this topic comes from the following problem in statistics,
sometimes referred to as truncated CG regression or the partial least-squares problem; see, e.g., [3]
and the references therein. Consider estimating Z = A~'b from a given noisy right-hand side

*The research presented in this paper was conducted with the support of the “Assimilation de Données pour
la Terre, ’Atmosphere et 1’Océan (ADTAO)” project, funded by the “Fondation Sciences et Technologies pour
I’Aéronautique et I'Espace (STAE)”, Toulouse, France, within the “Réseau Thématique de Recherche Avancée
(RTRA)”.

TIRIT-CERFACS, 42 ave Gaspard Coriolis, 31057 Toulouse, France (gratton@cerfacs.fr).

HIRIT-ENSEEIHT, 2 rue Charles Camichel, B. P. 7122, 31071 Toulouse, France (dtitleyp@enseeiht.fr). The
research of this author was supported by a postdoctoral fellowship from the Natural Sciences and Engineering
Research Council (NSERC) of Canada.

8 Université de Namur, 61 rue de Bruxelles, B5000 Namur, Belgium (philippe.toint@unamur.be).

YIRIT-ENSEEIHT, 2 rue Charles Camichel, B. P. 7122, 31071 Toulouse, France (jean.tshimanga@enseeiht.fr).



DIFFERENTIATING CG 2

b = b+ Ab, where Ab ~ (0,%) is random noise. It is well known that the best linear unbiaised
estimator of Z is ¢ = A~ 'b, with

T—x=A1Ab, cov{Z—z2}=A"'8A""

In practise, however, it is often unfeasible to compute x. Rather, one computes z, the k—th iterate
of CG applied to the noisy system, with k < n. The question then becomes: what is cov{Z — x}?
The following idea has received some recent attention in the data assimilation community and has

made its way into operational data assimilation codes [20, 28]. First linearize xy(b) =~ x(b) + J Ab.
Then, to first order,

cov{® — x1(b)} = cov{T — xx(b) — JpAb} = cov{JpAb} = JpXJ} .

The above sparked our interest in the mathematical properties of, and computations involving, the
Jacobian matrix Jy.

It is usually not feasible to compute and store the (generally dense) matrix Ji. Therefore, one
is usually interested in a scalar measure of the sensitivity of a computed solution, rather than the
entire Jacobian matrix. For example, one quantity of interest might be the absolute condition
number of z; with respect to perturbations in b (in any chosen norm):

. |2k (b+ Ab) — 2 (D) ||
Ji|| = lim sup . 1
|| k” 50 | abl<e ||AbH ( )

See, e.g., [11, Chapter 3] for a proof of the above. We use one of our expressions for the Jacobian
to obtain bounds on ||Ji||2, the spectral norm condition number of zj. In [20, 28], the following is
used as a measure of sensitivity:

vl cov{Z — 21, (0)}v = vT ST v

for a given vector v. Hence, matrix-vector products of the form J,CT v are required. We discuss
methods to compute or estimate the quantities Jiyv and ng.

There has been some related work on the sensitivity of Krylov subspace methods. Kuznetsov
et. al. [1, 13] obtain expressions for the condition number of a Krylov subspace K(A,b) with
respect to perturbations in A and b. Here, however, we are interested in the sensitivity not of a
whole subspace but of only one vector in the space, namely, ;. We also mention the papers of
Greenbaum [6] and Strakos [26] (see also [8]) who consider the sensitivity of CG iterates to changes
in the eigenvalue distribution of A. A summary and more thorough bibliographies can be found
in [15, 18, 19]. Omne important aim of such work is to understand how rounding errors in finite
precision arithmetic affect the behaviour of the algorithm. Here our motivation is different: we are
interested in applications in which b is an observation vector greatly contaminated by noise, and
in which very few iterations of CG are performed. In this setting, a sensitivity analysis of zj with
respect to perturbations in b is certainly relevant.

The rest of this paper is organized as follows. In Section 2 we introduce the Lanczos [14] and
CG algorithms. In Section 3 we obtain expressions for Ji, the Jacobian of x; with respect to b.
We also give bounds on the normwise relative error between J, and A~ and on the spectral norm
condition number || Ji|l2. We discuss methods to compute or estimate Jyv and J! v for a given
vector v in Section 4. In Section 5 we present numerical experiments to illustrate the theory, and
we conclude with a discussion in Section 6.
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2 The Lanczos and Conjugate Gradients algorithms

We start by reviewing some known facts about the Lanczos algorithm and its relation to CG.
Unless otherwise stated we assume exact arithmetic. The effects of rounding errors in floating
point arithmetic are discussed briefly in Sections 5.2 and 6. A more thorough treatment of these
topics, including implementation details, can be found, e.g., in the monographs [2, 4, 7, 12, 15, 18].

The Lanczos algorithm computes an orthogonal tridiagonalization of the symmetric matrix
A € R column by column, starting from an arbitrary normalized vector vi. After k steps the
algorithm produces Vi, = [vl, ... vk} € R7** with orthonormal columns and

ay B
s - ~ T
1= |7 o C Ty ] )
. . k+1ek
Br
Br o
such that B
AVy, = ViTi + Brs1ver1ef = Vip1 Tk (3)

(Here ey is the k—th standard basis vector, not to be confused with the error €; below.) The columns
of V}, form an orthonormal basis for the Krylov subspace

K (A, v1) = span{v;, Avy, ..., A¥ 1o}

Starting from an initial guess zy with residual 79 = b — Azy, CG produces a sequence of iterates
satisfying

xE € xo + Ki(A,r0),
re =b— Az € AKk(A,ro), re L Kr(A,ro).

Define 1 = ||ro]|2 and start the Lanczos algorithm with v; = ro/f8;. Then the iterate z; and
residual ry from CG can be written as

z = 20 + Vi T, 'Bres (4)

re =10 — AVRT *Brer = —BiBrrrer Ty te1vpy1.
We will also use the fact that (A, rg) = Range(Vy) = Range(K}), where
K = [To,..wAkilT‘o] = [AGO,...,AkEO] (5)

and eg = A7'b — z¢ is the initial error.
It can also be useful to think of CG in terms of polynomials:

xp = 20 + Cu—1(A)7T0, (6)

where (;_1(A) is a polynomial of degree at most k — 1. Then the error e = A~'b — x5, and the
residual rp = b — Axy, satisty

e = pr(A)eo, rr = pr(A)ro, pr(A) =1 — AG,—1(A). (7)
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Below we outline some properties of the polynomial px to be used in later sections. Let II; denote
the set of polynomials of degree at most k. It is well known that

llexlla = llor(A)eolla = min [|p(A)eo|a. (®)
pEIly
p(0)=1
Let ,u,(f ), j=1,...,k, denote the eigenvalues of T}, known as Ritz values. These are the roots

of pi (see, e.g., [4, §2.4], [25, §2]) which can therefore be written in the form

=11 (1 - ?)> . (9)

In the following lemma we give another characterization of py. Similar ideas are used in [5, §1]
and [17, §6].

Lemma 2.1. Let the spectral decomposition of A be
A=0QAQT, Q'=QT, A=diag(h), 0<M < <A,
and define

Ao A 1
Ly=|: S, w=AY2QTe, W =diag(wi), e= |:]. (10)
A . AR 1

Write the polynomial py, in (7) as
k
prN) =14 7N, ty=[n,....m" (11)
i=1
Then provided CG has not reached the exact solution A~'b before step k, the matrix L;{WZLk i
non-singular and the vector of coefficients ty satisfies
t = argmin || W (e + Lit)||3 = —(LFW?2Ly) ' LT W 2e. (12)
Proof. If the matrix LTW?2Ly is singular there exists a vector y = [y1,...,7]T # 0 such that
W Ly = 0. Because W is diagonal, this implies, for all indices ¢ € [1, k], either w; = 0 or
NA+ 72X+ A =0,

Let j denote the smallest index such that v; # 0, and without loss of generality scale y such that
v; = 1. Then either w; = 0 or

Ly di + o+ A =0,

In other words, there is a polynomial pi_; of degree at most k — j such that pr_;(0) = 1 and
Pr—j(Ai) = 0 for all ¢ satisfying w; # 0. Note from the definition of w in (10) that w; = 0 implies
eF'Qep = 0. Thus, we have

Pr—i(A)eo = Qpr—;(M)Q" o = 0.
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The above and (8) implies that e;_; = 0, i.e., zx_; = A~ 'b. Therefore, so long as CG has not
reached the exact solution, the matrix LgWQLk cannot be singular.
Now from (8),

lpr(A)eolla = min [[p(A)wll3 = min [[Wp(A)e|3 = min |[W (e + Lit)]3.
pEIl, pEIly t
p(0)=1 p(0)=1

In other words, the vector of coefficients ¢ in (11) is the solution of a weighted linear least-squares
problem:
th = argmin [W (e + Lit)|[§ = —(LTWLy) " LT We.

O

Lemma 2.1 gives a convenient expression for the coefficients of the polynomial py in (7) in terms
of the eigenvalues and eigenvectors of A and the initial error ¢yg. We use this expression to obtain
our main result in the next section.

3 Properties of the Jacobian matrix

Let zp denote the k-th iterate of CG applied to Az = b. Throughout we assume that zj is
well-defined, that is, CG has not reached the exact solution A~1b prior to step k.
3.1 Expressions for J;

First, we obtain the matrix of partial derivatives of ¢, defined in (11) with respect to b. In the
proof we use the following notation. For a differentiable matrix function

R" — RPX9
: {b - X (b),
OpX : " — RP*? is the linear operator defined by

X(b+ Ab) = X(b) + 90X (D) - Ab+ o (]|Ab]|2).

The matrix representation of 9, X in the standard basis in RP7*"™ is the Jacobian matrix d(vec(X))/0b.
For a detailed introduction to matrix differential calculus we recommend [16, Chapter 5].

Lemma 3.1. Let ty be the vector of coefficients defined in (11). In the notation of Lemma 2.1,
Oty

= —2(W L) pr(MA~/2QT. (13)
Proof. Recall from Lemma 2.1 that
t = argmin [ W (e + Lpt)||2 = —(LFW2L,) ' LT W 2e, (14)

where only W in the above right-hand side depends on b. Denote M = L£W2Lk. Then for any
Ab e R",

O(M7") - Ab = —M; (O Mj, - Ab)M, ' = =M LT (9,W? - Ab) L M, .
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Furthermore, because W is diagonal, 9,W? = 2Wa,(W). Therefore, from (14),
Oty - Ab= M 'L (9, W? - Ab) Ly M; ' LEW?e — M7 'L (9,W? - Ab)e
= 2M; ' LYW (8,W - Ab)(Li M7 ' LEW?e — e)
= —2(W L) (9W - Ab)(Lity + e).
Next, noticing that (Litx + €) = pr(A)e and using the fact that o,W - Ab is diagonal, we obtain
Opty, - Ab = —Q(WLk)Tpk(A)(abW . Ab)e
= —2(W L)  pr (M) (Oyw - Ab)
= —2(W L) pr(MATY2QT 9y - Ab.
The last equality in the above follows from the fact that
w = Al/QQT€0 — A—l/QQTb_ Al/QQTxO,
see (10), so dpw = A~1/2QTyb. Since dyb is the identity operator, the above implies that Ot /9b,

the matrix representation of dyty, is given by (13). O

Using the above Lemma we can now obtain our main result. The following theorem gives two
equivalent expressions for Jy, the Jacobian of x; with respect to b, in terms of the matrices Vj, and
T}, and the polynomials pg and (;_; defined in Section 2.

Theorem 3.1. Let xy be the k—th iterate of CG applied to Ax = b starting from xq. In the notation
of Section 2,
Je = AT = pr(A)] + 2V T Vi pi(A). (15)

Equivalently,
Jy = 2Vi T ViE + (I = 2V T ' Vi A)Gem1 (A). (16)

Proof. Because x, = A™'b — ¢}, we have %f =A"1— %. Then with K}, defined in (5) and
in (11) we obtain

k
ex = pr(A)eg = (I + ZTiAZ) €0,

i=1
k
e, O¢eg i Om 1 oty

where we have used the fact that eg = A~'b — x¢, so that % = A~!. Thus,

= AT ()] - R a7

Oy,
0b

Note that
Ky, = [Acg, ..., AFeo] = QA2 [Aw, A%w, ... AFw] = QA2 W L. (18)
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From this and Theorem 3.1 we obtain

Kk% = —2QAYV2(W L) (W L) pr(A)AL2QT (19)

Using (18), Range(V)) = Range(K}), and VI AV}, = T}, we obtain

(WL )(WL)" = AV 2QTEW (KL AK) KL QAY? = AV2QTV T, Vi QAV2.

Thus,
ot -
Kka—; = VT VT pr(A).
We obtain (15) from the above and (17). Equation (16) follows from (15) and the relationship (7)
between the polynomials p; and (1. O

The formula for Jj given in (15) can be used to derive relationships between J; and A~1. (See
Corollaries 3.1 and 3.2 below.) The expression in (16) is useful for understanding the relationship
between the condition number [|J;||2 and ||} !||2, as shown in Corollary 3.3.

3.2 Relationship to A~}

For the exact solution x(b) = A~!b, the Jacobian is simply dz/0b = A~!. Therefore, intuitively,
we might expect that Jj, approaches A~! as k increases. However, this is not always the case. The
following corollary bounds the normwise relative error between .J, and A~1.

Corollary 3.1. In the notation of Theorem 3.1,

[k — A7
< 3| px(A)l2- (20)
A= |2
Furthermore, if ||pr(A)||2 < 1,
i Jurk] 2 i Tl
< |le < . 21
R P P i PR 2y

Proof. From (15) we have
Jo— AT = (= AT 2B T V) pi(A).

The relationship (20) follows by takings norms and using the fact that |V T, 'V, |2 = || T, |2 <
|[A=!||2. Recall from Section 2 that r{ Vj; = 0. Therefore,

lexl|d = rE A7 g = rf (T + A7 pi(A) )1y = v Jury + 1 A7 2 p(A) A 2y,

from which the inequalities in (21) follow. O
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We can interpret Corollary 3.1 as follows. If ||px(A)||2 << 1 then the Jacobian Jj is close to A1
and the energy norm of the error is close to (rf Jyry)'/2. From (9),

1-— .

k
lo(A)l> = max ]
j=1

Ai
w

Therefore, if all eigenvalues of A are well approximated by a Ritz value, ||pr(A)|l2 < 1. Alterna-
tively, from the characterization of py in (8),

lou (A > loxAeols _ lleell.
= ol Tleolls

where || - ||« can denote either the A-norm, the 2-norm, or the A%-norm, i.e., the residual 2-norm. If
€0 has a significant component along the eigenvector of A corresponding to the largest in magnitude
eigenvalue of py(A), the above lower bound is a reasonable approximation. If this is the case, and
if ||lex|l«/ll€oll« < 1, then ||pr(A)]|2 < 1. Of course, it is certainly possible to construct examples in
which ||px(A)|l2 > 1. One such example is given in Section 5.

Because ||px(A)||2 can be much larger than 1, and because the quantity Jj7y is expensive to
compute (see Section 4), it is doubtful whether (21) can be used as a reliable and efficient way
to estimate the energy norm of the error. Nevertheless, we report (21) as it gives one way to
characterize the relationship between J, and A~1.

Note from (8) and (15) that px(A) = 0 implies both x;, = A~ and J, = A~!. However, it
may be the case that J, # A~! when 2, = A71b if ¢, = pp(A)ep = 0 but pi(A4) # 0. In other
words, if for a specific b we have obtained the exact solution in k < n steps, it does not necessarily
follow that z1(b) = A~1b for all b. Hence, we cannot conclude that dxy/0b = A~L. The following
corollary gives an expression for J; when CG reaches the exact solution, that is, when for a specific
b we have z, = A~ 1.

Corollary 3.2. Suppose that CG reaches the exact solution at step k. Then

0

Je=AI—-p(A)]=A""-Q [ (22)

T
Aaeta] @
where the spectral decomposition of A is

T
A=QAQ" =[Q1,Q)] {Al Ag] [gﬂ ’

and Ay consists of those eigenvalues of A to which a Ritz value has converged. If the exact solution
is only obtained at step n, then J, = A~".

Proof. Let Ty, = QkAng be the spectral decomposition of Tj. It is known that z), = A~ implies
AV, = Vi Tk in (3), so that Q1 = ViQk, A1 = Ay, and pg(A1) = px(Tx) = 0. Thus in (15) we have

W@ =@t =

from which (22) follows. If this only occurs at step n, the block A; = A,, has dimension n and the
block Ay is inexistant. In other words, p,(A) = 0 and thus J,, = A~1. O

Vil pi(A) = VI ViQr, Q2] [pk(
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3.3 The condition number of z;

Recall from the introduction that a useful scalar measure of the sensitivity of x; to perturbations
in b is its spectral norm condition number, ||Jx||2. From Theorem 3.1 we can obtain bounds on
[l7&]l2, as shown below.

Corollary 3.3. In the notation of Theorem 3.1,

1T erllz < 1klly < 20175 2 + (1 + 20| ANl T l2) IGk-1(A) 2.

Proof. For the lower bound, from (15) and (7) we have

| Jerollz HC’f—l(A)TO + QVka_lvapk(A)ron

[ Jkll2 > =
[7oll2 lI70]l2

Recall that V. pr(A)rg = V,I'ry = 0. Furthermore, using (6), (4), and the fact that 8, = |ro||2 we

e irolls _ 1Geea(Apol
kTol|2 k—1(A)To]|2 -1
= = T exlle- (23)
l[roll2 [[roll2 g
The upper bound is an immediate consequence of (16). O

If 7 has a significant component along the eigenvector of A corresponding to the largest eigen-
value of (;—1(A), then from (23) ||(x—1(A)||2 ~ ||} "e1]|2. If this is the case, Corollary 3.3 shows
that both the lower bound and upper bound on the spectral norm of the Jacobian depend only on
terms involving 7}, " (as opposed to A~1). In such cases, the spectral norm condition number of
x, is essentially determined by the reciprocal of the smallest Ritz value. Of course, this reasoning
does not hold in the worst case, and it may happen that ||Ji||2 > ||T; !||2. Numerical examples are
given in Section 5.

4 Computing matrix-vector products

In most practical applications, due to memory limitations it is clearly not possible to explicitly
compute and store the entire matrix J, € R™*™. Recall from the introduction that quantities of
interest are ||Jx||2 as well as vT JyXJ v for given ¥ and v. In this section we briefly review how
matrix-vector products (matvecs) Jyv and JI'v can be computed or estimated using automatic
differentiation techniques. (See for example [21, §7.2] or [9] for an introduction to automatic differ-
entiation.) This can be used to estimate the spectral norm and Frobenius norm condition numbers
of xy, as follows: for any v of unit length we have a lower bound ||Ji||2 > || Jxv||2, while if v ~ (0, I)
then || Jv||3 is an unbiased estimator of ||Ji||%.

Algorithm 1 defines the standard CG iterations, presented essentially as in [10]. We can recast
one full iteration of CG in terms of the action of operators. First we replace the scalars p;_1 and
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Algorithm 1 The standard CG iterations

: Given A, b, and xg

To — b—AiCO

Po = To

k=1

: while stopping criterion not satisfied do
fro—1 = T} _17e—1/ P}_1 Apr—
T = Tk—1 + HUk—1Dk—1

TR = Th—1 — Hr—1Apr—1

vk = TETR /TR 1Th—1

Pk = Tk + VkPk—1
k=k+1

: end while

: end

_ = = e

Vi by their corresponding expressions

. lellrk—l
Hk—1 = pif,lApk_f
v — TrkTrk _ (-1 — ﬂkflApkal)T(kal — pr—1Apr_1)
Te—1Tk—1 Te—1Tk—1
—1_ 21’%71A7"k'—1 (Tgflrk—l)(pgflAzpk—l)
pf_1Apk—1 (Pf_lApk—l)Q

Define the vector zj, = [z1, 7L, pL]T € R3". For the initial step (lines 2-4) we have

o 0
20 = Fo(b) = |b— Axo | , % — 1,
b— AJ}O In
At step k of CG (lines 6-8) we have
'rT'r
T+ pTApp
T‘T’I"
2k =F(2p_1)=| 7 — pTApAp

_ o _9plAr (TTT)(PTAzp))
r pTApAP+ (1 QPTAP + (pT Ap)? b o1

Differentiating the above, we obtain

2,7 _op, T
02 - 1, spr ) ul, 205q .
5 = | On I, — 77 —pA+245qq
UL 0w LGt = Gpd" + Fert G ro1
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where g = Ap,

T =q%q, and

pq’

2q Ut
G u+9qq+< 0+0)n

dput

gt A~ 7 P

e 0 0

Applying the chain rule to successive iterations we have

Ozy, Oz Oz 821\ [ 9z
— = |1, =1l ol == — |-
For any vector v, one can compute

_ 0z, 071 0z
Jk;'U = [In,0,0] <6zk_1) e (3;;0) (81)) v

Ozy

Ji =

on the fly by updating v < ( ) v at step k of CG. This is known as the “forward” or “direct”

mode in automatic dlfferentlatlon. The cost of this operation is one matvec with A as well as ~18n
flops for each update step. In comparison, one step of CG requires one matvec with A and ~10n
flops. Additionally, the quantities (9 *; /0b)v must be stored, where x5 denotes every variable in
Algorithm 1. Thus, acquiring sensitivity information in the form of Jyv has a very significant, but
not prohibitive, computational cost, which some users are willing to pay [20, 28].

Computing . . .
gy = (20} (92 (9% 10,07
ob 029 02k—1

cannot be done on the fly, since

T T
O ' (2% ) 1, 0,07
0%i_1 0zp—1

is not know at step ¢ < k of CG. One has to store (or recompute) all the quantities involved at
every step in CG and loop through the algorithm in reverse order a posteriori. This is known as
the “reverse” or “adjoint” mode.

We have attempted to find more efficient methods to compute or estimate Jxv and/or J,CT v
using the recurrences for the polynomials (;_1(A) and the formula (16) given in Section 3. In
our experience, however, the most accurate method of computing matvecs with Jj is using the
automatic differentiation techniques summarized above. Numerical examples are given in the next
section.

5 Numerical experiments

We provide some numerical experiments merely to illustrate the theory developed in the previous
sections. For real-world, large-scale data assimilation applications in which the linearization has
been incorporated for sensitivity analyses, we refer to [20, 28].
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5.1 Behaviour of J, and ||Ji||2

First we illustrate the relationship between Jj, and A~! from Corollary 3.1, as well as the relationship
between the condition number [|J;||2 and ||} !||2 from Corollary 3.3, as k increases.

In these small examples we explicitly compute and store Jj using the automatic differentiation
techniques described in Section 4. To simulate exact arithmetic we run CG with double reorthog-
onalization (of the residual vectors). When we reorthogonalize in CG we also differentiate the
reorthogonalization steps of the algorithm, i.e., the step

’I’jT]T .
Tk Tk — —7 Tk, j=1,... k-1,
riT;
V)
leads to the update
org or 7T Orp 7Tk Ory rjrk or; r 7Or;

k
<_ ji
o 9 rTr; b rTr ob rTr ob (T2 ah
We use the known relationships
1 . 1 Vi—1 Vi—1

Q] = —, a; = ) BZ: ) 7;:2737"'71€
Ho Hi—1  Hi—2 Hi—2

to obtain the entries of T}, from which we can then easily compute ||} '[|2.
Example 1 is meant to illustrate extreme, but highly unlikely, behaviour of ||Jk|l2. In this

example A is a diagonal 64 x 64 matrix with 32 eigenvalues equally spaced in [107!,10°] and 32

eigenvalues equally spaced in [101,10%]. The right-hand side vector is b = [1, ... 1,0, .. ,O}T and

the iteration is started with o = 0. Because 7 is orthogonal to all eigenvectors corresponding to
the eigenvalues in [10!,102], the Lanczos algorithm fails to compute any Ritz value in this interval.
Consequently, for all k,

k

Jj=1

[Ck—1 (M2 > [Cr—1(An)] = )\*|1 — pr(A\n)| & 10272,

k
ok (A)ll2 > [pr(X H

j=1

(J)

(24)

In other words, the condition number of z; grows very quickly as k increases, and the iterates are
soon highly sensitive to perturbations in b. This is illustrated in Figure 1.

The extreme behaviour in the above example is a trivial consequence resulting from a very
specific choice of b. Examples 2a and 2b below illustrate more typical behaviour of ||Ji||2 and the
relative error n, = ||Jr. — A7Y|2/|[|[A71||2. By more typical we mean a situation in which ¢ is not
orthogonal to eigenvectors of A corresponding to large eigenvalues. In each case A is formed via its
spectral decomposition. The matrix of eigenvectors is the @ factor in the QR decomposition of a
random matrix, b = e, and xg = 0. In example 2a the eigenvalues of A are logarithmically equally
spaced between 10~* and 1, while in example 2b there are n — 1 eigenvalues of A linearly equally
spaced between 1 and 10 with one extra eigenvalue 1077.

Results are plotted in Figure 2. In each case, ||J;|2 behaves essentially as ||} '||2, which can
be much smaller than ||A~!|s in the early iterations. In example 2a, 7 behaves essentially as
llexlla/ll€olla- In example 2b, 7 is bounded above by |lex|la/|l€o|la until it reaches its maximum
attainable accuracy.
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Figure 1: EXAMPLE 1. Left: At a fixed iteration k& = 5, the magnitude of the polynomial |p5())]
plotted versus A. The crosses on the horizontal axis represent the eigenvalues of A. The horizontal
line is || p5(4)|l2 = max; |p5(A:)| = |p5(An)| and the vertical line shows the corresponding eigenvalue
An. Right: the condition number ||Jy||2 plotted versus k. As predicted by (24), ||Jk||2 increases
with a slope close to 2 on the semilog plot.

5.2 Effects of finite precision arithmetic

It is well known that properties of CG derived assuming exact arithmetic, in particular, orthogonal-
ity of the residual vectors, no longer hold when the algorithm is run in finite precision arithmetic.
This can greatly affect the behaviour of the algorithm when it is run in finite precision arithmetic.

The relationships in Section 3 were derived using the connection between the CG and Lanczos
algorithms, assuming exact arithmetic. Here we wish to verify to what extent these relationships
continue to hold when the algorithm is run in floating point arithmetic. We repeat the tests used
to produce Figure 2, but without any reorthogonalization.

Results are given in Figure 3. When no reorthogonalization is used, the relative error between
A=l and J, (as computed using automatic differentiation) can oscillate as k increases, particularly
when k& > n. (Recall, however, that we are usually interested in stopping the method after k < n
iterations.) In both examples, even for large k, the spectral norm condition number ||J||2 still
behaves similarly to |7} *||2, modulo some slight oscillations.

5.3 Validity of a first-order analysis

As discussed in the introduction, CG is a highly nonlinear algorithm. Therefore, it is reasonable to
question whether the linearization

(b + Ab) ~ a4 (b) + JpAb (25)

gives a meaningful estimate. From Taylor’s theorem, this certainly must be the case for sufficiently
small || Ab||2. Here we provide numerical experiments to investigate how small is “sufficiently small”.

We compute z(b) and z4(b 4+ Ab) for k = 5. We then compare the relative error |zp(b +
ADb) — xi(D)||2/]|Abl|2 with the condition number ||Jk||2. (See (1) and (25).) We perform tests with
perturbations Ab scaled to obtain various values of ||Ab||2/[|b]|2 € [1071%,1]. For Ab we pick both
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Figure 2: The condition number |Jix||2 and relative error n = ||Jx — A7 |2/||A7Y||2 versus k for
example 2a (left) and 2b (right) with double reorthogonalization.
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example 2a (left) and 2b (right) without any reorthogonalization. (Compare to Figure 2.)

(i) a random vector, and (ii) Ab = v*, the right singular vector of J;, corresponding to its largest
singular value, so that to first order
k(b + Ab) — zp(b)[l2 _ [|JkAD]|2
[[AD][ 12D

= [|Jkl2-

We use examples 1, 2a, and 2b described above, as well as example 3, a five-point finite difference
discretization of the Laplacian on a 20 x 20 regular grid on [—1,1] x [—1,1]. The resulting matrix
A has dimension n = 324, b is set to b = e, and zg = 0.

Results are plotted in Figure 4. In example 1, the first-order analysis is descriptive of the true
sensitivity of z; only for tiny perturbations, for which ||Ab||2/]|b]|2 is close to the unit roundoff. In
this (pathological) example, CG is extremely nonlinear in b. In the remaining examples, however,
the relative error is roughly constant with ||Ab||2, even when ||Ab||2/]|b||2 is much larger than the
unit roundoff. (For ||Abl|2/||b]|2 less than roughly 107!, 1072, and 10~* in examples 2a, 2b, and 3,
respectively.) This indicates that, on these test problems, the first-order analysis is descriptive even
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for fairly large values of |Ab||2/||b]|2. These results were produced using double reorthogonalization.
We have verified that the same phenomenon still holds when no reorthgonalization is performed,
for k =5 as well as with different choices of k.

10" :
10 —v-3db=v*
10y o—random & b
- - -condition number
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Figure 4: Relative error ||z (b + Ab) — x(b)||2/]|Abll2 versus ||Abll2/| b2 at iteration k = 5 for
examples 1 (top left), 2a (top right), 2b (bottom left) and 3 (bottom right).

6 Discussion

We have performed a first-order perturbation analysis for CG iterates. Our results quantify, to first
order, how sensitive the iterates are to perturbations in the right-hand side vector. In Theorem 3.1
we obtained an expression for the Jacobian of x; in CG in terms of the matrices V, and T}, from the
Lanczos algorithm and the polynomials pi and (i1 in (7). We used this result to obtain bounds on
the normwise relative error between .J;, and A~!, as well as bounds on the spectral norm condition
number of zy,.

In our experience, automatic differentiation seems to be the most reliable way to compute Jyv
and JTv. The cost of obtaining such sensitivity information is certainly significant. So far we
have not found a way to compute Jiv or JIv very accurately without performing k extra matvecs
with A. A cheaper way to estimate Jj is J, ~ Vi1 1V,CT. This is particularly efficient in data
assimilation applications in which the overwhelming cost of the computation is that of matvecs
with A. However, it may not give an accurate estimate of J; (besides the norm, as demonstrated
in Corollary 3.3). Whether or not better estimates can be obtained remains an open question.
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In deriving Theorem 3.1 we have analyzed the Lanczos and CG algorithms assuming exact
arithmetic. In finite precision the relationship (3) no longer holds. Let Vk(c)7 T, lgc), and T,EC) denote
the matrices in (3) obtained when the algorithm is run in floating point arithmetic with machine
unit roundoff u. Paige [22] showed that, under some mild assumptions,

AV =VOTO + F (Fella < VET|All2 +nll|All2)u + O(u?).

In the above, the columns of Vk(c) can quickly lose their orthogonality and even their linear indepen-
dence. Paige [23, 24] has recently shown that there exists a matrix Q) with orthonormal columns
and q; = [vT,0]T such that

A T(c
(|" zo] + )@= il <l + 002
k

In other words, the computed T}, is the tridiagonal matrix produced by the exact Lanczos process
applied to a small perturbation of an augmented matrix diag(A, T,EC)) started with the augmented
vector [v],0]T. Paige called the above the augmented backward stability of the Lanczos algorithm.
In the future we intend to use this result to analyze the true sensitivity of the Lanczos and CG
algorithms implemented in floating point arithmetic. (By this we do not mean the difference between
x and Ty, the iterates computed in exact and floating point arithmetic, respectively, but rather
between Z(b) and Ty (b + Ab).)

We are working on extending the ideas presented in this manuscript to minimum-residual and
other polynomial-based iterative methods. For CG and other methods we can also consider other
derivatives such as g%’(’;‘, %7 etc. It may also be possible to find sparse approximations of these
derivatives. Another interesting and very challenging problem which we have not considered here
is the computation of the derivative of x) with respect to elements of A.
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