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ON FOURIER TIME-SPLITTING METHODS FOR NONLINEAR
SCHRODINGER EQUATIONS IN THE SEMI-CLASSICAL LIMIT

REMI CARLES

ABSTRACT. We prove an error estimate for a Lie-Trotter splitting operator as-
sociated to the Schrédinger-Poisson equation in the semiclassical regime, when
the WKB approximation is valid. In finite time, and so long as the solution
to a compressible Euler-Poisson equation is smooth, the error between the nu-
merical solution and the exact solution is controlled in Sobolev spaces, in a
suitable phase/amplitude representation. As a corollary, we infer the numerical
convergence of the quadratic observables with a time step independent of the
Planck constant. A similar result is established for the nonlinear Schréodinger
equation in the weakly nonlinear regime.

1. INTRODUCTION

We consider the nonlinear Schrodinger equation, for ¢t > 0,
2
(1.1) iedu® + %AuE =ef (Ju?) us.

The function u® = u®(¢, x) is complex-valued, and the space variable = belongs to
R?. The presence of the parameter ¢ is motivated by the semi-classical limit, e — 0.
Physically, € corresponds to a small ratio between microscopic and macroscopic
quantities, so the limit ¢ — 0 is expected to yield a relevant approximation; see
e.g. [18] and references therein. The parameter o > 0 measures the strength of
nonlinear interactions: in the WKB regime, which is recalled below, the nonlinearity
is negligible if o > 1, it has a leading order (moderate) influence if « = 1 (weakly
nonlinear regime), and its influence is very strong in the regime ¢ — 0 if @ = 0.
The case 0 < a < 1 is not considered here, but it should be considered as similar
to the case a =0 ([7]).

In this paper, we consider mostly two families of nonlinearity:

e Nonlocal nonlinearity in the case @ = 0: f(p) = K * p.
e Local or nonlocal nonlinearity in the case o > 1.

The first case includes the Schrodinger-Poisson system in space dimension d > 3
(f(p) = MA~1p, A € R, hence K(x) = Acg/|x|%"2). The second case includes the
cubic nonlinearity (focusing or defocusing). We will also discuss why the case of the
cubic nonlinearity is not treated in the regime o = 0 (see Remark[6.3). Our analysis
is limited to bounded time intervals, so the exponentials are controlled, which is the
reason why we do not keep track of such factors when they are eventually included
in a uniform constant. The reason why the analysis is bound to finite time intervals
is, in the case o = 0, that the solution of the Euler-Poisson equation generically
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develops a singularity in finite time, and, in the case a > 1, that the solution of the
Burgers’ equation generically develops a singularity in finite time.

The initial data that we consider are of WKB type:
(1.2) uf (0, ) = ag(x)e!®®)/e,

An important well-known property of this framework is related to the following
quantities (quadratic observables),

Position density: p°(t,x) = |[u®(t,2)|.
Current density: J°(¢,x) = eIm (T (¢, ) Vu© (¢, x)) .

Consider the case of Schrodinger-Poisson system in dimension d > 3, with @ = 0.
Formally, p° and J° converge to the solution of the compressible Euler-Poisson
equation

Op+div =0;  pl=o = |aol?,
L (T®J 5
(1.3) OpJ + div - +pVP =0; Jjy—o = |aol*Véo,
AP = )\p, P(t,z),VP(t,x) — 0 as |z| = 0.

See e.g. [0, 27] for a rigorous statement of this result.

1.1. Fourier time-splitting methods. When simulating numerically (L)), the
size of € becomes an important parameter: if the nonlinearity f is replaced by an
external potential V(x) (independent of u¢), then it was proved in [23] that finite
difference approximation requires to consider a time step At = o(e) in order to
recover the above quadratic observables. In [3], it was proved that these quadratic
observables can be accurately recovered for time steps independent of ¢, if time
splitting methods are considered and V is bounded as well as all its derivatives.
Moreover, if At = o(e), then the wave function u® itself is well approximated;
see also [12] Theorem 2]. In the appendix, we extend this result to the case of
unbounded potentials, which grow at most quadratically in space.

In the nonlinear framework ([L]), numerical experiences in [4] suggest that con-
sidering At = O(e) is enough to recover the correct observables for time splitting
spectral methods, when o« = 1, or @ = 0 with a defocusing nonlinearity. In the
references mentioned so far, space discretization is considered too: in the present
paper, we shall discuss only the time discretization, hence the above restrictions.
In the recent paper [I3], some precise local error estimates have been established,
showing that the assumption At = O(e) is a sensible assumption for the local
error to behave properly. We underscore that if crucial, the local error estimate
is not sufficient to obtain a global error estimate, unlike in [22], because of rapid
oscillations.

We now briefly recall what time splitting methods consist in, in the context
of (I). The remark is that if the Laplacian or the nonlinearity is discarded in
(1), then the equation becomes explicitly solvable. We denote by X! the map
ve(0,-) — ve(t,-), where

2
(1.4) ied° + %Avs = 0.
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The above equation is solved explicitly by using the Fourier transform (defined in
Assumption below), since it becomes an ordinary differential equation

1.5 '6“—5 25 =0
(1.5) 1€0¢V 2|€|v—,

hence

Xto(g) = e 15(¢).
If we now denote by Y! the map w®(0,-) — w®(t,-), where
(1.6) iedyw® = e f (|w*?) we,

then we remark that since f is real-valued, the modulus of w® does not depend on
time, hence

(1.7) Yiw(z) = w(z)e " f(w@F),

At this stage, it is already clear that whether a > 1 or a < 1, the estimates for
Y will be rather different. We shall denote by St the nonlinear flow associated to

@I): Stus(0,-) = u(t,-).
We consider the Lie-type splitting operator
(1.8) 7t = V!X,

for which calculations will be less involved than for the Strang-type splitting oper-
ator

Zts = XUPYIXUR,
Since both X! and Y are unitary on L?, so is Z!:

(1.9) | Xl emre = (Y2 L2mr2 = |1 28| 122 = 1.

The action of Z! on Sobolev spaces is more involved, because of the nonlinear op-
erator Y (in the case @ = 0). In the case e = 1 with f(y) = y (cubic nonlinearity),
the convergence of the approximate solution generated by the splitting operator as
the time step goes to zero has been established in [5] for z € R?, d < 2, and in [22]
for z € R®.

Theorem 1.1 (From [5l22]). Lete =1, f(y) =y, and d < 2. For all ug = uf,_, €

H?*RY) and all T > 0, there exist C and ho such that for all At € (0, ho), for all
n € N such that nAt € [0,T],

H(ZlAt)n’uO - SnAtuOHL2 § C(mQ,T) At,

where, for j € N,

my = ma [u(®) s -

Ifd =3 and up € H*(R?), then
|(Z85)" wo = $"2ug|| , < € (ma, T) (A)%

Note however that these results do not directly yield interesting information in
the case of (I in the semi-classical limit: in the presence of rapid oscillations
as in (1)), the quantity m; behaves like e77, so the bounds in [5, 22] cease to be
interesting.
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On a more technical level, note that even though Z! is unitary on L?, a standard

Lady Windermere’s fan argument, which consists in writing

n—1

—i1 . —i-1 .

(L.10)  wup —ul(ty) = Z ((ZEAt)n J ZEAthAtuO _ (ZaAt)n J S?thAtUO) 7

j=0
cannot be used directly, since Z! is not a linear operator. Therefore, nonlinear
estimates are needed. FEventually, a Lady Windermere’s fan argument different
from (II0) is used. In the case of the Schrodinger-Poisson system, the proof in [22]
uses for instance the estimate

HA%(W)U’HN(R‘*) < OHUHHI(RS)|\U||L2(R3)|\w||L2(R3)-
In the present framework, functions are e-oscillatory (see Remark [[L4] below), so
the natural adaptation of the above estimates is of the form
IA™ (@ o) | 2 grs) < Ce™ V2 ([uf || gz ms) |0 22 sy [0 || 22 mey
where C' is independent of ¢ and

Ju sy = sup (e + V0] 12)
e<
is expected to be bounded uniformly in ¢, unlike the standard H'-norm. We then
face an e ~1/2 singular factor in the above estimate, which ruins the approach of [22]
in the semi-classical limit. Such phenomena explain why there is a gap between
the proof in the semi-classical regime for the linear Schrodinger equation [12] and
adapting the arguments of [22] to the semi-classical regime, even with the local
error estimate of [I3].

1.2. WKB analysis. Given (LT with initial datum (L2]), WKB method consists
in seeking
u(t, ) = af(t, x)e*H™/E | with of ~ a +eaP + ...
Plugging this ansatz into (ILT)) and ordering the powers of e, we find formally:
OL): dip+ |Vl = {O .
2 —f(la]*) ifa=0.

0 if o > 1,

O(e') : 8ta+v¢-v@+%m¢: —if (|al*) a if o =1,
—2if" (|a|*) aRe (Ea(l)) if o =0.

We see that if « > 1, then the nonlinearity does not affect the pair (a, ¢), which
describes the behavior of u® at leading order. On the other hand, if o = 1, the
transport equation for @ is nonlinear, while the equation for ¢ is the same as in the
linear case: one speaks of weakly nonlinear regime. Finally, in the case o = 0, the
system of equations shows a strong coupling between all the terms, and is actually
not even closed.

In the rest of this subsection, we focus our attention on the case &« = 0. An
important remark consists in noticing that the transport equation

(1.11) dia+ V- Va -+ %aAqﬁ = —2if' (jaf?) aRe (Ea(l)) ,
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enjoys the following property: even though it cannot be solved when a(") is un-
known, it is of the form Dia = ia x R, where D; stands for the vector field
O + V¢ -V + 3A¢. Therefore, Difal* = 0, and if we set (v,p) = (V,]al?),
then the system in (¢, a) becomes the closed system

Bip + div(pv) = 0;  pj—o = lao|?,
dw+v-Vu+Vf(p) =0; vy—9= Véo.

Note also that if we set J = pv, then (p,J) solves (L3): we have written (L3) in a
different form, which is also encountered in fluids mechanics. As a matter of fact,
in the case of a nonlocal nonlinearity f(p) = K * p, (II)) is not correct, but since
this term has disappeared in ([LI2)), we do not write the correct version of (1)),
which is a bit involved to present. In the case of a nonlocal nonlinearity, we will
make the following assumption.

(1.12)

Assumption 1.2. The nonlinearity f is of the form f(p) = K *p, where the kernel
K is such that its Fourier transform, defined by

K(¢) = W /Rd e K (x)de,

satisfies:
o Ifd<2, R
sup (1 +[¢%)| K (€)] < oo.
£ER?
o [fd>3,

sup [€]%|K(€)] < oo
1350

Typically, this includes the case of Schrodinger-Poisson system if d > 3, where
f(p) is given by the Poisson equation

Af=Xp, f,Vf—=0as|z|] > oo,

with A € R. This equation can be solved by Fourier analysis if d > 3 (K(¢) =
—\|€|72); if d < 2, this is no longer the case, as discussed in [24]. Under this as-
sumption, (II2) has a unique solution (v, p) € C([0,T]; H**! x (H*NL')) provided
that the initial data are sufficiently smooth, with s > d/2 + 1, from [I5] (see also
[1, 20, 27], and Section [ for the main steps of the proof).

Proposition 1.3. Suppose that f satisfies Assumption 2 Let ag,¢o € S'(R?)
with (Vo,ap) € HT x H® for some s > d/2. There exists a unique mazimal
solution (v,p) € C ([0, Tmax); H*T x (H* N L)) to (LI2). In addition, Thmax is
independent of s > d/2+ 1 and
Tmax
T < +00 = / (o(®) lw + ()i ) dt = +oo.
0

Remark 1.4. We note from ([[LI2)) that even if no rapid oscillation is present initially
in ([L2)), then vj;—g = 0 and Jsv;—¢ # 0, so the solution u® is not e-oscillatory at
time t = 0, but becomes instantaneously e-oscillatory.

We emphasize the fact that under Assumption [[2 and for fixed ¢ > 0, given
u§ € L2(RY), () has a unique, global solution u® € C([0,c); L?). Moreover,
higher Sobolev regularity is propagated globally in time (the nonlinearity is L?-
subcritical); see e.g. [10].
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1.3. Main results. Our main result measures the accuracy of the time splitting
operator so long as the solution to (LIZ) remains smooth.

Theorem 1.5. Suppose that d > 1, o = 0 in ([I)), and that [ satisfies As-
sumption [L2. Let (¢o,a0) € L®(R?) x H*(R?) with s > d/2 + 2, and such
that Vo € H*tL(RY). Let T > 0 be such that the solution to (LIZ) satisfies
(v,p) € C([0,T); H¥* x H®). Consider u¢ = Stu§ solution to (L) and u§ given
by (L2). There exist eg > 0 and C, ¢y independent of € € (0,e0] such that for all
At € (0, ¢, for all n € N such that t, = nAt € [0,T], the following holds:

1. There exist ¢° and a® with

S[%PT] (lla® @)1= ray + VO ()| o1 (ray + [|6° ()| e (ray) < C, Ve € (0, 0],
te|0,

such that u(t,x) = a®(t,x)e’® &)/ for all (t,z) € [0,T] x R4,
2. There exist ¢5, and aS, with

lagll s (rey + [IVORl ot may + 951 oray < €y Ve € (0, &),
such that (Z54)" (aoei‘i’o/g) = aze'® /¢, and the following error estimate holds:
laz, = a®(tn)llgas + 1VE5 = VO (tn)ll e + |97 — 67 ()| Lo < CAL.

Note that in the above result, the phase/amplitude representation of the exact
solution u® and the numerical solution is not unique. This result shows in particular
that the splitting solution remains bounded in L°°; uniformly in e, in the WKB
regime. We infer the convergence of the wave functions in L?, by reconstructing
the numerical wave function:

Corollary 1.6. Under the assumptions of Theorem [, there exist £ > 0 and
C, ¢ independent of € € (0,e9] such that for all At € (0,co], for all n € N such
that nAt € [0,T1,

At
(22 5~ 208 o gy < O

We also get the convergence of the main quadratic observables:

Corollary 1.7. Under the assumptions of Theorem [L.3, there exist ¢g > 0 and
C, ¢y independent of ¢ € (0,e0] such that for all At € (0,col, for all n € N such
that nAt € [0, 7],

< CAt,

ZAt n, e|?
H’( )" L1(R4)NL= (RA)

~ 19 ()2

|t (sCZEmG v (224 ug) = I# (k)

< CAL.
L1(R4)NL>=(R4)

These results may seem limited, inasmuch as they address only a specific regime,
and say nothing on the large time behavior. We emphasize the fact that the behav-
ior of u® as € — 0 at time where the solution to ([LI2]) ceases to be smooth is still
an open question. Therefore, the analytical tools to analyze the splitting operators
are missing, due to a lack of precise estimates on the exact solution. Typically, all
the results presented here highly rely on the fact that a WKB regime is considered.



TIME SPLITTING FOR SEMI-CLASSICAL NLS 7

1.4. Weakly nonlinear regime. We now consider the case o > 1 in ([LT)), which
turns out to be quite easier to treat. To begin with, the assumption on the nonlin-
earity is weaker, and we allow local interactions.

Assumption 1.8. The nonlinearity [ is of the form f = fi1+ fo, where f1 satisfies
Assumption[I3, and fo € C*([0,00);R4), with f>(0) =0.

Remark 1.9. The assumption f2(0) = 0 is here merely to simplify the presentation,
since replacing f with f — f»(0) in (IZI)) amounts to replacing u® with ufe®/2(0)/e,

Proposition 1.10. Suppose thatd > 1, [ satisfies Assumption[L8, and that o > 1
in (). Let (¢o,a0) € H*"2 x H® with s > d/2+2. Let T > 0 be such that the
solution to

1
06+ 5IVOl” =05 dy—o = o

satisfies ¢ € C([0,T); H¥+2). Consider u® = Stu§ solution to (L) with o > 1 and
u§ gwen by (L2). There exist g > 0 and C,co independent of € € (0,e¢] such that
for all At € (0,c¢q), for all n € N such that nAt € [0,T], the following holds:

1. If we set a° = uSe "9/, then

sup |[a®(t)|| g (ray < €, Ve € (0, &q].
te[0,T]

2. There exist ¢5, and a5, with
lazll =@y + 197 |2 may < €, Ve € (0, &),
such that (Z5H)™ (aoew"/s) = ase'n/ and the following error estimate holds:
laz, — a® ()l oz + 167 — D) 4o < CAL
In particular,
(285 — s25ui)) . < 02

It may seem surprising that even in the weakly nonlinear regime o« = 1, the result
is local in time, and valid only before the possible formation of caustics. As a matter
of fact, the behavior of the nonlinear solution u® is essentially not understood past
the caustic; see e.g. [1].

Notations. Throughout the text, all the constants are independent of € € (0, 1].
For (af)o<e<1 and (8%)o<e<1 two families of positive real numbers, we write o < 3¢

if lim sup @® /5% < cc.
e—0

2. ACTION OF THE NUMERICAL SCHEME IN THE WKB REGIME

Our approach consists in sticking to the WKB framework. We write the solutions
to (LI)), under the form

(2.1) af(t,z)e'® o)/

with a® and ¢° bounded in H*(R%) uniformly in e € (0,1]. Here, the “phase”
¢° is real-valued, and the “amplitude” a® is complex-valued; of course, such a
representation is not unique. As a matter of fact, both a® and ¢* must be expected
to depend on €. Functions of this form will be referred to as WKB states throughout
the text. From now on, and up to Section [1 we assume o = 0 in ([LT]).
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2.1. A stable phase/amplitude decomposition. The important remark con-
sists in noticing that the flows associated to (LH) and (L) preserve the structure
of WKB states.

Nonlinear flow. In the case of the nonlinear flow (LG), the exact formula (7))
shows immediately that a WKB state evolves as a WKB state: if wft:o = ae'?/e,
then the solution to (6] is given by

w(t,x) = aa(:v)ei(‘/’a(w)_tf(‘o‘e(w)m)/?
This is indeed of the form (21]), with
a®(t,x) = a(z), ¢°(t,2) = ¢*(2) — tf (Ja"(2)]*) -

We can therefore rewrite the action of Y on WKB states as the action of the flow
V¢ on phase/amplitude pairs (¢, a) characterized by

o) o + f (Ia°) = 0; &g = &5,
' 0ra® = 0; aTt:O = ag.

Linear flow. The analysis of the linear flow (4] is less straightforward, and requires
more care than the nonlinear flow. Consider the system

1
99" + §|V¢8|2 =0;  Pj—0 = %0,
(2.3) 1 .
0ta® + Vo - Va® + §aEA¢€ = zEAaS; aTt:O = ag.

Note that this is not exactly the system corresponding to standard WKB analysis,
because of the term €Aa® in the second equation, which is discarded in WKB
approximation. The first equation is an eikonal equation, which has a smooth
solution at least locally in time (see e.g. [7]), and energy estimates then follow
easily for the second equation. We emphasize the fact that 23] is equivalent to
(T) in the case of initial WKB states (2]), at least locally in time, modulo the
eikonal equation. Indeed, given an initial phase ¢f, we can solve, locally in time,
the eikonal equation

1
(2.4) 09" + S IVP =05 ficg = 06

In general, the solution to (24 does not remain smooth for all time, due to the
formation of caustics (see e.g. [7]). We note that w® = V¢° solves a (multidimen-
sional) Burgers equation

dw® +w - Vo =0;  wj_o = V.

This remark will be used to derive a priori estimates for the system (Z3]). Once ¢°
is known, then v, solution to (L4), and %, are related through the formula

;s AE
& = aaeub /57

which yields an obvious bijective correspondence between these two functions (for a
fixed ¢°). Even though there is no uniqueness in the choice of ¢°, we conclude that

if the initial datum is a WKB state, Uft:o = a86i¢5/5, then at least locally in time,

. . . . 7 HE .
v remains a WKB state, since it can be written as v° = a®e’®"/, where (¢°,a%) is
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the solution to (Z3)). Following the same convention as in the case of the nonlinear
flow, we denote by X! the flow acting of phase/amplitude pairs,

e (96 _ (o°(1)
* (%)= (76
where (¢°, a®) is the solution to ([23)). Similary, we write Z! = VIX!.

2.2. Rewriting the splitting method in the WKB regime. Instead of ana-
lyzing directly the equations ([4)-(L6), we shall work on ([Z3)-232), in view of
the previous subsection. We denote by II¢ the wave reconstruction operator

1Ie <¢:> _ a56i¢5/s,
a

and we note the identity, which is the key conclusion of the above analysis:
€ e
(2.5) I 2¢ (a) =z ((fe“z’ /8) .

In view of the obvious remark

s (¢’> — 1 (¢ _59) . VOER,
a ae

we see that working with (¢, a®) is not equivalent to working with the wave func-
tion afe’®”/¢. However, we only use the fact that the numerical solution can be
represented by this decomposition, and no uniqueness argument is needed, except
the fact that the solutions to (L4) and (LG, respectively, are unique.

We finally notice that the form (1)) (with a® and ¢¢ bounded in H*(R%) uni-
formly in €) is preserved by the exact flow. This is so thanks to the gauge invariance
of the nonlinearity, which rules out the appearance of new phases or new harmonics
by nonlinear interaction (an aspect which also appears when solving (L6])). In the
case of a local defocusing nonlinearity (typically f(p) = p), recall the original idea
of Grenier [16] to study the semi-classical limit for (IIl): seek the solution u® to
(CI) under the form (ZT)), with ¢° real-valued and a® complex-valued. One gains
a degree of freedom, and the choice of Grenier consists in imposing

1
06"+ 5IVE P + f (a°*) = 0; gz = oo,
(2.6) ) )

0wa® + Vo - Va® + §a€A¢€ = zEAaE; af,_o = ao.

This choice differs from the standard Madelung transform, which is limited by the
presence of vacuum (zeroes of a°; see [§]). Also, an important technical feature
of [20) is that the term iAa® is skew-symmetric. Therefore, it plays no role in
H*-energy estimates. In particular, it causes no loss of regularity. Under Assump-
tion [[L2] the adaptation of the approach of Grenier can be found in [Il 20] (see also
[21, 24, 25] for the case of Schrédinger-Poisson system in low dimensions, where
low frequencies cause technical difficulties). We denote by Si the flow associated

to (2.9).

Remark 2.1. In (26), the initial data are supposed implicitly independent of e.
This is merely for the sake of consistency in future references. Throughout this
paper, the flow associated to (Z.0) will be considered for initial data which may
depend on €, but which are uniformly bounded in suitable Sobolev spaces.
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Instead of analyzing directly the splitting method for (IZI)) as presented in Sec-
tion [T we shall therefore analyze a splitting method for (Z.0): when the term f
is discarded, we recover (2.3]), which is solved alternatingly with ([Z2)). The lat-
ter system consists indeed in dropping out the Laplacian in (26, since all spatial
derivatives have disappeared.

3. TECHNICAL BACKGROUND
As noticed in [I], the following lemma turns out to be very helpful.
Lemma 3.1. Let s > 0. Under Assumption[l., there exists C' such that
31 IVFlmei@ma < C (ol @ + IollLimas) . Vo€ H(RT) N LY RY).
If in addition s > d/2, there exists C such that
32)  1f (Pl < C (lplas@a) + lplimey) s Vo€ H*(RY) N LY RY).

Proof. By Plancherel formula,

IV 5 (0) 3ot sy = /R e (1+ 1) IR © PR

(ER

2
< <supd (1+1¢?) Iff(§)|> lplZse,

hence (a weaker version of) the lemma in the first case of Assumption[T.21 If d > 3

2
[ ey IR ORI >|2ds<<sup |5|2|f<<5>|> JIRCREGIRE
l€l<1 £ER

f1<1

1
<l [ 7% < Clol sy

where we have used spherical coordinates and Hausdorfl-Young’s inequality. This
yields the first part of the lemma. For the second part, we use the same tools,

17 (Pl < 2m)~ 21 f (o)l = 1K1
Split the integral between the two regions {|¢| < 1} and {|¢| > 1}:

[ k@@ < lplae [ R
€11 0

/K| ROIPEIE < Cliplin < llollae, since s > dj2.
>1

dr < llpllor

This estimate is not sharp, since we do not use the decay of K at infinity. O

As in [, we infer the following result, concerning the exact solution, that is, the
solution to (Z.6]). This result implies the first point of Theorem [[LE

Proposition 3.2. Suppose that d > 1, and that [ satisfies Assumption [ Let
(Voo,ap) € HL x HS with s > d/2+ 1, and let T > 0 be such that the solution
to [LI2) satisfies (v,p) € C([0,T); H*T x H®). Then there exists eg > 0 such
that for all € € (0,e0], Q) has a unique solution, which satisfies (V¢©,a%) €
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C([0,T); H*T1 x H?®), uniformly in e € (0,e0): there exists C(T, |lao|| m=, || Vo gre+1)
independent of € € (0,e9] such that

SUP] ([la® @) s (may + IV ()| gro+1(ray) < C (T [|aoll zr=ray, Vol o1 (ray) -

If in addition ¢g € L>(R?), then ¢° € C([0,T]; L>(RY)) and

sup 0% (t)|| oo (ray < @l + C (T l|aoll s ray, [V doll o1 (may) -
te[0,7)
Sketch of the proof. Let w® = V¢°. By differentiating in space the first equation
in ([26), we see that any solution to (2.6) must solve

ow® +w® - Vw® + Vf (|a5|2) =0; w|€t:0 = Vo,
(33) g g € 1 € s g € g g
Ora® +w® - Va® + 2@ divw® = ziAa i A= = ao-

The left hand side corresponds to a hyperbolic symmetric system for the unknown
(w®,Rea®,Ima®) € R*2_ thanks to Lemma[3.I] and the shift in regularity between
w® € H*T! and a® € H®. The right hand side of B3] is a skew-symmetric term,
which does not appear in H® energy estimates. The key point to notice is that unlike
what would happen in the case of the nonlinear Schrodinger equation, the terms
Vf(]a®|?) and af div w® are not quasilinear, but semilinear (they can be treated as
perturbations), in view of Lemma [BI] and the functional framework. By standard
theory (see e.g. [2]), (B3) has a unique solution (w®,a®) € C([0,7]; H*T! x H?), for
some 7 > 0 independent of € € (0, 1].

We can take 7 > T for e sufficiently small. Indeed, if T denotes the lifespan
of B3) in the case ¢ = 0, then necessarily 7" > T, for if we had 7" < T, then
by uniqueness for the Euler-Poisson system, |a|> = p € C([0,T]; H* N L') and
w=v € C([0,T]; H*™1). Back to the transport equation in (B3], we infer that
a € L*>([0,T); H?), which yields a contradiction.

Finally, we note that a®, w® and ¢° are related through the formula
1
0:9° + §|w€|2 + f (|la®[?) = 0; Pli—0 = Do

Therefore, if w® and a® are known, then ¢° is obtained by a simple integration in
time, and the last estimate of the proposition follows from ([B.2]). O

Note that the above result is expected to be valid only locally in time, since the
solution to (LI2) may develop a singularity in finite time. In that case for fixed
€ > 0, a® may become singular, or remain smooth but become e-oscillatory for large
time, as suggested by the simulations in [9]. This can be understood as follows:
for large time, several oscillations are expected in u®, so they cannot be carried by
only one exponential function as in (2.IJ), therefore, a® becomes rapidly oscillatory,
and its H®-norm is not bounded uniformly in € € (0, 1].

The analysis of [1] also implies the following result.

Proposition 3.3. Let d > 1, and [ satisfying Assumption [L8 Let R > 0 and
s>d/2+ 2. There exists T = T(R) > 0 such that if

llaoll s (ray + Vol s+ (ray < R,
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then (LI2) has a unique solution (v,p) € C([0,T]; HST x H®). There exist g > 0
and K = K(R) independent of € € (0,e0] such that if in addition (Vo,b) €
H+1 x H® satisfies

ol = (rey + Vol o+1(ray < R,

then for all t € [0,T], the solutions to [2.4) with initial data (¢po,ao) and (vo,bo),
respectively, satisfy:

lla®(®) =0 ()| = + VO™ (£) =V ()| =1 < K (llao — boll = + [[Vdo — Vo[l pget1) -
There exists k = k(R) such that if in addition ¢o,po € L>(R?), then
16°() = "Dl < NP0 = wollze + & ([lao = boll + [V = Vepollmo+1) -

4. ESTIMATING THE APPROXIMATE FLOW
In this section, we prove various estimates concerning the flows involved in the

definition of the numerical scheme, X! and V..

4.1. The nonlinear operator. Unlike what happens in most cases when studying
splitting operators, the most delicate operator to control is the linear one, denoted
here by X!, while in the present framework, V! turns out to be the simpler of the
two.

Lemma 4.1. Let s > d/2 and ¢§, a5 € S'(RY), with (V¢5,a5) € H*TL x H®, for
some s > d/2. The solution to [22) is given by

¢ (t) = @5 — tf (|a§|*);  a”(t) = af.
In particular, there exists C = C(u) such that if ||ag||L= < u,
la*@)lme = llaglla=, V") msrr < VSl s+ + Ctllagllm=, Yt
Finally, if ¢§ € L>(RY), then there exists C = C(p) such that if |a§]| L~
[¢°()llze < NP5l + Ctllagllms, V¢ = 0.

Proof. Since s > d/2, H*(R%) is a Banach algebra embedded into C(R?), hence
the formula for ¢°. The estimates are straightforward consequences of Lemma B.1]
and of the tame estimate || fgllgs < |[fllzellgllms + || £l s llgllne-- O

>0
<

4.2. The linear operator. We now consider (23). The following lemma is a
variant of [I7, Lemma 3.2]. Like in that paper, the key aspect of the result is the
at-most-geometric-growth of v, which will be crucial in the context of the splitting
approach, where this control will be used on a time step.

Lemma 4.2. Let s > d/2+ 1 and > 0. There exists T = 7(u) > 0 such that if
[vollms < i,

then the (multi-dimensional) Burgers equation

(4.1) Ov+v-Vv=0; V= =Vo

has a unique solution v € C([0,7]; H®), which satisfies

sup |[[v(t)||lme < 2.
te[0,7]
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Proof. Local existence of a unique H*® solution follows from a global inversion the-
orem (see e.g. [7]), so we focus on the energy estimate. We have

SV = (%00 . = (A, A0v) o = — (A, A (v V) s,

where A = (1 — A)'/2. Introduce the commutator
1 d S S S S S
2dtH V[%e = = (A*V,v - VA*V) o + (ASv,v - VAV — A (V- VV)) 2

By integration by parts, the first term is controlled by

divvlze < [1vIe

S S 1
(A, v - VAY) o] < SV

where we have used Sobolev embedding and the assumption s > d/2 + 1. The last
term is estimated thanks to Kato-Ponce estimate [19]

(1.2) IA%(f9) — FAgllze S IV oo lgllirems + i Il
with f =v and g = Vv:

[(A°v,v - VA’V — A° (V- VV)) 2| < ||[V]as [A° (V- VV) —v- VAV,

SIVvlic=lvli: S IvIz-.
We infer % v|les < C||v||%., and the result follows by comparing with the ordinary
differential equation ¢ = Cy?. O
Lemma 4.3. Let s > d/2+ 1 and p > 0. If the solution v to [I)) satisfies
Vv~ <p 0<t<T,

then there exists ¢ independent of p and T such that

sup |[v()|lgs < e v(0)||gs, 0Lt T
te[0,7]

Proof. This lemma is a straightforward consequence of the tame estimates used in
the proof of Lemma O

Proposition 4.4. Let o > d/2, p > 0. Suppose that (V¢5,a5) € HOT x HY , with

Vo5l ot <y lagllae < p

There exists T = 7(u) independent of € such that 23) has a unique solution, with
(Vo a%) € C([0,7]; H*HL x H?), and

sup [|Vo® ()| ot <20, sup [[a®(t)||me < 2p.
te[0,7] te(0,7]

If in addition ¢5 € L>(R?), then ¢° € C([0,7]; L>=) and

sup [¢° ()]l < (| ¢6llzoe + Ta-
t€[0,7]

Proof. From Lemma 2] ([I) has a unique solution v € C([0,7]; H°t1), such that
Vii—o = V@5, with [|[v(t)||go+1 < 2pu for t € [0,7]. Now let
5=t~ [ Mo)a

We note that 9;(v—V¢®) = 9yv—V;¢° = 0, so v = V¢©, and the result concerning
¢° follows.
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The existence of a solution a® follows for instance from the fact that it is given
by a® = v¥e~"/¢, where v* € C(R; H?) is the solution to the linear Schrédinger
equation (I4) with initial datum a§e’®0/ € H?. So we are left with the energy
estimate: since ¢A is skew-symmetric,

1d

2aillele = (a7 (01 - i58) A7)

L2
= — <A‘7a8, A° (V(ba -Va® + %aEA¢€>>
L2
By integration by parts,
1
<A‘7a€, V¢ - VA%a® + §A‘7a8A¢E> =0,
L2

so we have

| &

la®||3e = (A7a%,V¢© - VA7a® — A7 (V¢© - Va%)) ;.

N | =
IS

t
+ % (A%a, A°a"A¢® — A% (a°AGF)) .

Kato-Ponce estimate ([@2]) for the first line, and tame estimates for the second line
then yield

d
a0 S llallae (a1 V26° e + 1V6 ||Vl =
(4.3) + 1A | llac 1o + 1461z [l =)
S 190 sl e

since ¢ > d/2, and the result follows from Gronwall lemma, by decreasing 7 if
necessary. 1

Remark 4.5. The above proof suggests that the shift in regularity, between ¢°
and a®, cannot be avoided. Note that this phenomenon shows up when the free
Schrodinger equation (L) is solved, in terms of WKB states, and is not a difficulty
due to the nonlinear aspect of (IT]).

Proposition 4.6. Let o > d/2, u > 0. Suppose that the solution to (Z3)) satisfies
IV ) llwre <p, Na@)llwre <p, 0<ELST
There exists ¢ independent of €, p, T such that the solution to [23) satisfies
V6= )l mesr + la* (@) e < e (IVG3llgor + lafllme), 0<t< T
Proof. Lemma readily implies
Vo= ()] rotr < e[ VGllgasa, 0SS,

for some ¢ independent of €, u, 7. Back to the proof of Proposition 4] simply
apply Gronwall lemma to (Z3). O
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4.3. The splitting operator. In view of Lemma [Tl and Proposition [Z4] we
readily have:
Corollary 4.7. Let s > d/2, u > 0. Suppose that (V¢5,a¥) € H*TL x H?®, with

V@Gl < ps Nlaglas < g

() (>
There exists T = 7(u) > 0 independent of & such that Z! <¢)g = <i’§) , with
0

a t

sup [|Voi|lgeer <4p,  sup lag|me < 4p.
tel0,7] tel0,7]

If in addition ¢f € L™, with ||¢g| L= < p, then, up to decreasing T, we have

sup |[|¢¢ L~ < 4p.
tel0,7]

(3 (3
Proof. Lemma 1] implies that V! (22) = (22), with
0 t

loilles = llaglles:  Veillger < p+Ct 20,

We then apply Proposition [£4] with o = s. We note that the L>° regularity for the
phase is propagated by both operators, and the estimate follows easily. O

In view of Lemma 1] and Proposition [£.6] we also infer:
¢ (D6 _ (9% :
Corollary 4.8. Let s > d/2, u > 0. Suppose that Z: a) = g ) with
0 t
< T

[Voillwre <p,  laillwre <p, 0<t
Then there exists ¢ independent of €, u, T, such that

IVGE o + lag s < e (VGG llaosr + la§lla=), 0<t<T

5. LOCAL ERROR ESTIMATE

We recall the result (and resume the notations) from [I3] concerning the local
error estimate in the context of ([CI]). For a possibly nonlinear operator A, we
denote by €4 the associated flow:

HEA(t,v) = A(Ea(t,v)); Ea(0,v) = .
The results presented in this section rely heavily on the following result.

Theorem 5.1 (Theorem 1 from [13]). Suppose that F(u) = A(u) + B(u), and
denote by

S'(u) = Er (t,u) and Z'(u) = Ep (t,Ea(t, u))
the exact flow and the Lie-Trotter flow, respectively. Let L(t,u) = Zt(u) — S*(u).
We have the exact formula
t T1
£(t,u) :/ / 0 (t — 71, 27 (u)) DoE5 (71 — 72, Ea (1, 1))
0o Jo
x [B, A (g (12,E4 (11, u))) dTadTy .
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We emphasize the fact that in [I3], this result is established for general operators
A and B. In particular, both operators may be nonlinear. In the case of (L4)—-(L6),

A=ita; B(v)z—éf(|v|2)v; F(v) = A(v) + B(v).

We have omitted the dependence upon ¢ in the notations for the sake of brevity.

The linearized flow 02€F is characterized by 02 (t, u)wy = w, where

2
tedyw + %Aw = f (Jul®) w+ f (@w + u) u;  w—g = wo.

We note that it is not compatible with our approach, inasmuch as it does not
preserve the (monokinetic) WKB structure: if u = ae’®/® and wy = bpe’#°/¢, then
the equation becomes

2
£ . . . .
iedw + ?Aw =f (|a|2) w+ f (Eeﬂqbkw + ae“"/%) ae'®/e, W= = boe'#o/=.
In general, this is not compatible with a solution of the form
w = baeigas/é:,

with b° and ¢° uniformly bounded in Sobolev spaces. Possibly, w should rather be
seeked as a superposition of WKB states,

w= Y te /e,
J

Another, less technical, way to see that the local error should not be expected to be

a single WKB state consists in going back to the definition. We have seen that the

numerical solution remains of the form (at time t,, = nAt) ug, (z) = a5 (z)e!®n(*)/=

while the exact solution is of the form (PropositionB2) u®(t, z) = a°(t, z)e!®” (t:2)/e,

Thus the local error is

L(tn, uo)(@) = ap, (2)e /e —as(t,0)e'" /%,
and it is very unlikely that this can be factored out as
L(tn, uo)(x) = of (z)et#n(@)/e,
with of and ¢% uniformly bounded in Sobolev spaces (consider for instance the
trivial example, £ = (e1/¢ — 1) e~lel®).

This aspect is another motivation for working with the system (Z3])—(22)) instead
of the standard one ([4)-(L6). We therefore consider the operators A and B
defined by

61 A (f) = (—V(;S : vﬁ;ﬂlﬂgm) P (ZD B (_f (AGP)) '

We note that with this approach, neither A nor B is a linear operator.

Lemma 5.2. Let A and B defined by (B.I0). Their commutator is given by

¢\ (Vo -Vf (|a|2) —div f (|a|2V¢)) —ediv f (Im (@Va))
4.81(2) = Va -V (laf2) + 3arf (Jaf) )
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As a consequence, if s > d/2, |Vl gs+2 < M, |a||gs+1 < M, then there exists
C = C(M) independent of € € (0,1] such that

4.8 (2)= (). o {Hﬂ”ff;

In particular,

CIVellpe+2 + llallg=+1)
Cllall e+

NN

[ellze < C UVl gere + [lal =) -
Proof. By definition (see [13| Section 3]),
[A, Blv = A'(v)B(v) — B'(v)A(v).

We have, since f is linear in its argument,
A4 () (%) = —Vo- Vo
a)\b —V¢-Vb—Ve-Va—1bAd— LaAp+iSAb)”

B (i) (gg) _ (—f (ag+ al_a)) _ (—2f (Roe (ab)))l

We compute

B (¢> 4 (¢>> _ <2f (Re (@Ve - Va)) + f (lal*A¢) +&f (Im (am)))

a a 0
The main point is then to notice the factorizations
2Re (aV¢ - Va) + [a]*A¢ = div (|a]*V¢), Im(aAa) = divIm (aVa),
and to recall 9;f(p) = f(9jp), 1 < j < d.
The estimates of the lemma then follow from the explicit formula for [A, B, from

the fact that H*T2(RY), H**1(R%) and H*(R%) are Banach algebras, from (B.1),
and from the embedding H*+2 — L, O

We have the explicit formula

v (9) = (1 (2)) = (400,

and we readily infer

(5.2) 0En (t, (ﬁ)) (f) _ (cp - 2tf;e f (ab)) |

Finally, we compute

oo (o) (2)= () oo
Op+Vé-Vo+2Re f(ab) =0;  ¢j=0 = o,

5.3 1

Lemma 5.3. Let s > d/2. Assume that (Vo,a) € L(I; HST2 x H*TY), where
0 € I. There exists C independent of ¢ € (0,1] such that if (Vipo,bo) € H¥L x H*,
the solution to (B3) satisfies for allt € 1,

16Ol + IV e@lrre1 < (bollze + [Vipollgass) €€ o (Nt arer 41T ges2 )i
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If in addition @y € L>, then
o)l < (lollze + Bollzs + | Veol| 1) oC S5 (la() a1 +IVA(T) || otz )dr
Proof. Set w = V: (B3) implies

dyw+ Vo - Vw4 V3¢ -w+2ReVf (ab) = 0; Wi—o = Vo,
5.4 1
(54) 8tb+V¢-Vb+w-Va+§(bA¢+adivw)zz’%Ab; bji=o = bo.

As in the proof of Proposition B.2] the term iAb being skew-symmetric, it does not
show up in energy estimates. Using Lemma [B.I] we have the estimate

lw(@) | e+ + 10 e < lwoll mo+r + [|bo] #re

+C/O Ve asv2 + lla(T)l[ms+1) (1w ()l aser + [16(7) | 7<) dr,

and the first estimate of the lemma stems from Gronwall lemma.
The second estimate then follows from the first equation in (3] (integrated in

time), and (B2]). O

Putting these estimates together, and using Theorem [5.1] we obtain a result
which is crucial in the proof of Theorem

Theorem 5.4 (Local error estimate for WKB states). Let s > d/2+1 and p > 0.
Suppose that

VOl feer < i 0% [ls < e
There exist C,co > 0 (depending on p) independent of € € (0,1] such that

(o (o)) =2 () - () = (),
where A® and V¢ satisfy
IFUE @)l + A0 es < CF, 0<t< o
If in addition ||¢%||L~ < p, then (up to increasing C')
W8 ()]~ < Ct?, 0 <t < co.

Proof. Let t € [0,¢], and fix 7,72 such that 0 < 7 < 71 < t. Introduce the
following intermediary notations:

(-2

wa(3)- (2).
e () () - ()

SIS

&
1
5 )
1
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Then in view of Theorem (.1l we have

€ t rT1 Te e
(o) = [ [ e (1= () (2F) man

In view of Proposition 4] we have, uniformly on [0, ], for ¢ sufficiently small,

[Voillzs+s < 2p,  aillms < 2p.
Now Lemma 1] implies (up to decreasing c)

V@51t < 3p,  lagllms < 3p.
From Lemma [5.2] we infer

VoSl <4, [la5]l e < 4p,
provided that s — 1 > d/2. In view of (5.2)), we have

ay =a3, @3 =¢5—2(n—72)Ref(@ia3),
and therefore
V@il = < 5p, Nagllma— < 5p,

since s — 1 > d/2. Now Corollary .7 implies

V@5l e <A, as]me < 4p.
Finally, Lemma yields, up to decreasing ¢ one last time,

0 (t—ﬁ, (22)) (¢’4> _ (Z)  with ||V |[ge < 100, [|a|[ e < 10p.

€

2 ayq
The first estimate of the theorem then follows by integrating with respect to (71, 72)
on {0 < 72 <71 <t}. The L*®-estimate of the phase follows similarly. O

Back to the wave functions, we obtain an estimate similar to the one presented
in [I3] Section 4.2.2]:

Corollary 5.5. Let s > d/2+ 1 and > 0. Let ¢f € L, a§ € H® with
6l < p, IVGlla=r <p,  llagllas < p
There exist C,co > 0 (depending on p) independent of € € (0,1] such that
HZ; (aﬁewi/s) - St (a8€i¢§/s)

Proof. We have Stu§ = a° (t)e“bs(t)/s where a® and ¢° are given by Proposition [3.2]
and

t2
<C—, 0<t<o

L2

6 —a(t) = A°(D), 65 — 6°(1) = U (),
where A° and ¥¢ are given by Theorem (4 We compute, since ||a®(t)|/r2 =
[u=(®)ll 2 = llagll 2,

HZ; (agewi/s) — Stug af(t)ewi/s - as(t)ews(t)/s

L2_‘

< llas = a*(t) 22 + |

L2

as(t) (9412 — 9 0%

¢ — ¢°(t)
2e

L2

< IAZ®)l1 1 + la=(®)]12 \

LOO
2

o~

<OP + Z Wl 3

)

o |
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where we have used Theorem [5.4] O

Corollary 5.6 (Local error for quadratic observables). Let s > d/2+1 and p > 0.
Let ¢ € L™>™,a® € H® with

[¢°MlLee <y NV Ilgsrr <, la®]la= < p.
There exist C,co > 0 independent of ¢ € (0,1] such that for 0 < t < c¢o, and

e _ e ipp /e
ug = age' /e,

< CF,

2 2
H]Z§u6 — |8 ‘Ll(Rd)ﬂL“’(Rd)

th (7205 v 2tu5 ) — o (=SEug v Stuj ) ’ 2.

LI RIHNL=(RA)

Proof. Resuming the notations from the proof of Corollary 5.5 we have

|ZLus|* = |Stug|” = lag]? — |a® (1),
and the Cauchy-Schwarz inequality yields
[1a§1* = 1a*(@®) ]| ;1 < llaf = a*(®)llz2 (laf ]l = + lla®(2)] z2) -

The first part of the corollary then stems from Theorem [5.4l Similarly,

Im (£%V2§u8) —Tm (g%vsgug) = [aS[2V¢E — |as(£)2V < (¢)

+¢elm (a§Va;) — eIm (as—(t)Vaa(tD .
The second part of the corollary then follows easily from Hoélder inequality and
Theorem 5.4 O
6. END OF THE PROOF OF THEOREM
6.1. Lady Windermere’s fan. We denote
(-7 (3)

To prove Theorem [[LH], we rephrase it in a more precise way:

Proposition 6.1. Let s > d/2 + 2, ¢g € L™, a9 € H®, with Voo € H*™, and T
as in Theorem [[A There exist v,v, Atg, c1,Co > 0 such that for all € € (0,1], all
0 < At < Aty and all n € N such that t, = nAt € [0,T],

(6.1) IV@rllme + llas - <v,

(6.2) V@S — V& (t)|| e + a5, — a® ()| go—1 < VAL,
(6.3) VG5l e + llas e < e < Co = e,
(6-4) 165 — &% (tn)llL= < YA,

Remark 6.2 (L* bounds). The above result has an important technical conse-
quence: the numerical solution ué = aZe’®n/¢ is uniformly bounded in L>°(R%).
In view of Proposition [32] the same holds for the exact solution ¢ (t). Such in-
formations are very delicate to obtain in general. Even in one dimension, the
Gagliardo-Nirenberg inequality

]| e < V2I[ul ||} 10pu | 1
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would not yield better than ||u®|p~ < e '/2, because of the rapid oscillations
present in u® (¢° # 0). Here, the uniform L estimates follow from the fact that
a WKB regime is considered.

Proof. The proof that we present follows essentially the lines of [I7, Section 5].
Denote by (¢k) = (ZLAt)k (2()) the numerical solution, and
k 0

a
(¢ﬁ) — gn—k)At <¢k>
afl o Q. ’

In this proof, we omit the dependence of all the functions with respect to €. From
Proposition B:2] there exists R such that

[6)] N—

We prove Proposition [6.1] by induction, with v = R+ 4§, d > 0 so that the solution
to (LI2)) with data in the ball characterized by (6]) remains smooth up to time T'
(this is possible, since T' < Tinax). The estimates are obviously satisfied for n = 0.
Let n > 1, and suppose that the induction assumption is true for 0 < &k < n — 1.
We introduce the same telescopic series as in [I7], which is different from (II0),
the latter being useful mostly when the problem (hence the splitting operator) is
linear:

o ()~ () e (9 o ().

= IVl gaer + la®)llas < R, VEiel0,T].

n J J
Noting the properties f,, = f7 and f(t,) = f° (f = ¢ or a), we estimate

IVon=Vo(tn)lms + llan — altn)l| s
1

n

<D (VO = Voplae +llag™ —aklme-1)
k=0
n—1

< Sn—k=1)At (Z“ <¢k>> _ gln—k-1)At <8At (¢k)) '
k=0 @k Ak VHsx He=1

For k < n — 2, Z8t (¢k) = (¢)k+1> and Proposition yields, along with the

sac (20

induction assumption (all the norms are in VH® x H*™1),

SAt (bk < SAt (bk _ SAt (b(tk) +
Ak = Ak a(tk)
¢k> <¢(tk)) (¢(fk+1)>
< K(2R —
( ) <a;€ a(tk) + a(tk“)
which is bounded by R+ if 0 < At < Aty < 1. Up to replacing K with max(K, 1),
we obtain that, for k <n — 1 and nAt < T,

< KyAt + R,
Skt [ zar (O6)) _ gm-k-vat [ gar (O
ag Qg

VHsxHs—1
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K HzAt (¢k) _ SAt (¢k)
Ak Ak

Using the local error estimate from Theorem [5.4] we infer, using (G.3)),

HS(nkl)At (ZAt (¢k>) _ S(nfkfl)At (SAt (¢k)> H <CK (At)2,
Qg ak Hs—5

for some uniform constant C' depending on Cy. Therefore,

IVon = Vo(tn)llms + llan — altn)|ger < CTKAL,

is controlled by

VHsxHs—1

and we can take v = CTK, which is uniform in n and At, in order to get (G
and (62). Then (@3] follows from Corollary 18 in view of (GIl) and Sobolev
embedding, since we have assumed s > d/2+ 2. Finally, the L>-estimates ([6.4]) for
@5 are now straightforward (up to increasing «y), and are left out. O

Remark 6.3 (Nonlinear Schrodinger equation). We can now explain why Assump-
tion is needed for the complete argument to work out. If we wanted to prove
the analogue of Theorem for, say, the defocusing cubic Schrodinger equation

2

. 5

iedu® + — Auf = |uf|Puf
2 b)

then many results would still be available. In terms of the numerical scheme, the
only change would affect the operator V!: ([Z2) would be replaced by

{ 00" + o> = 0, g = 05,

&g __ . € _ €
da® =0;  aj_g = ag.

Working in H* for s > d/2, we see that unlike what happens under Assumption [[2]
¢° cannot be more regular than af. On the other hand, the WKB formulation of
the free Schrodinger flow (23) induces a shift of regularity: if ¢° is in H® for s
large, then a® must not be expected to be more regular than H*~2. Therefore, the
splitting operator Z! induces a loss of regularity, and this loss is iterated like 7'/ At
times. It is this aspect which makes it hard to adapt Proposition [6.1] to the case of
the nonlinear Schrodinger equation.

6.2. Proof of Corollary [I.6l Once Theorem[LHlis available, we simply write, like
in the proof of Corollary 5.5

(25" 4§ — 8004 = e — (1) 0
= (a5, — a®(tn)) €n/° + a®(tn) (eiaﬁi/a - ei¢5(t”)/€> .

n

Taking the L2-norm, we infer

|(22%)" g — st

)

1,o°

¢ — ¢°(tn)
9

Lo S llan = a®(ta)llze + [la®(tn)ll 22

and Corollary [0 is a direct consequence of Theorem

6.3. Proof of Corollary 1.7l Corollary [[L7 also stems directly from Theorem [[.T]
by resuming the same computations as in the proof of Corollary 5.6
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7. WEAKLY NONLINEAR REGIME

We now consider (L)) in the case a > 1, under Assumption [[.§ on the nonlin-
earity. In view of the formal computations presented in Section [[L2] the case a = 1
can be considered as the only interesting one, since no nonlinear effect is expected
at leading order when o > 1. Since it is possible to treat both cases at once, we
take advantage of this opportunity.

The analysis in the case a > 1 being quite easier than in the case o = 0 (even
under Assumption [[2] which is weaker than Assumption [[.8]), we shall simply un-
derline the modifications to be made in order to prove Proposition[[LI0 by following
the same steps as in the proof of Theorem [[.5

To characterize the exact flow in terms of WKB states, (2.0]) is replaced by

1
0u* +5IVo P = 0; dig = b0,
(7.1) 1 .
Owa® +V¢© - Va + §a5A¢E = iEAaE — i f (|a°]?) 055 afi—y = ao.
Thanks to the assumption « > 1, the last term in the equation for a® is not singular

as € — 0. More importantly, this is no longer a coupled system: the first equation
is an eikonal equation, which we have analyzed in Section

In the numerical scheme, the operator X!, corresponding to the free Schrodinger
flow, is the same as before, and analyzed in Section[£2l On the other hand the oper-
ator V! can be modified, since the nonlinearity does not affect the rapid oscillations
(as can be seen also from (ZI])). We recall that we now consider

9" = 0; ¢Tt:0 = %o,
da® = —ie* ' f (|a°]?) a%; afy—g = ag-

We see that the possible loss of regularity pointed out in Remark [6.3]is not present
here, since the regularity of ¢ is not affected by the regularity of a®. Also, working
with a® in H® for s > d/2 ensures that the analysis of Section can easily be
adapted under Assumption [ since a®(t) = a exp (—ie® 1t f(|ag|?)).

The main modification in the analysis concerns the local error estimate, since
the statement of Lemma must be revised. The operator A remains unchanged,
and the operator B becomes

o\ 0
2(2) = (i )
We compute successively
o () () == : )
a)\b 2f1 (Re (@b)) a + f1 (la*) b+ 2f} (Ja|*) Re (@b) ) °

and
4, B] (2) e (F((; a)> ,

F(6,0) = VoV (7 (jaP) a) + 57 (1a) a2 —i5A (7 (af?) a)
— adiv fi (|a|*V¢) — cadiv fi (Im (@Va))
— £ (la]?) div (|a|*V¢ + e Im (@Va)) .

where
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The main point to notice is that if s > d/2 + 2, then F' maps H® x H® to H*2.
Proposition [[L1I0] then follows by resuming the same steps as in the proof of Propo-
sition

APPENDIX A. LINEAR SCHRODINGER EQUATION

Consider the (linear) Schrodinger equation with a potential,
2
(A1) iedyu® + %Aus =Vu®; uTt:o = ug,
with V =V (t,2) € R. We assume that V grows at most quadratically in space:
Assumption A.1. V € L2 ([0,00) x RY) is real-valued, and smooth with respect

loc

to the space variable: for (almost) allt > 0, x +— V(t,x) is a C* map. Moreover,
it is at most quadratic in space:

Va € N% |a| =2, VT >0, 9%V € L>([0,T] x RY).
In addition, t — V(t,0) belongs to L{3.(]0,00)).

loc

Then for uf € L*(R%), (A has a unique solution u* € C([0,00); L?(R%)), and
its L?-norm is conserved, |[u®(t)||r2 = ||u§|l 2 for all ¢ > 0; see e.g. [14]. The
following result is standard in semi-classical analysis (see e.g. [26]). We sketch the
proof for completeness.

Proposition A.2. Let k € N, V satisfying Assumption [A1, and uf € L*(RY).
Suppose in addition that ug satisfies

(A2) il = s (gl + et ugloe + eV iFulze) < oo

X

Then for all T > 0, the solution to (AJ) satisfies

sup  sup ([lu®(6)]| 2 + [||zFu ()] 2 + [|eV]*u(£)] £2) < oo.
0<e<1te€l0,T)

Proof. The key point is that the functions eVu® and zu® satisfy a closed system of
estimates. Indeed, eV does not commute with the equation, and eVu® satisfies

€0y (eVu®) + %A (eVu®) = VeVu® + (eVV)u®.
Similarly,
10y (zu) + ?A (zuf) = Vau® + 2Vue.
The standard L? estimate then yields

t
leVur(®)llz> < lleVugl| 2 +/ [(VV)us (7)[| 2dr,
0

@l < olos + [ 19l
Now under Assumption [AT] for T > 0 fixed, we have the pointwise estimate
[VV (r,2)u® (7, 2)| < C(T) (1 + |z|) |[u°(,2)], 0<7<T.
Recalling that the L?-norm of u¢ is bounded, Gronwall lemma, applied to
y(t) = eV (@)l 2 + llau ()| L2,

yields the proposition in the case k = 1. The general case follows by induction. [
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Ezample A.3. If uf is of WKB type ([[2)), or more generally (1), with ¢y at most
quadratic (in the sense of Assumption [A1]), and ag € H* N F(H*), then the above
assumptions are fulfilled. Note however that Proposition is valid for all time,
and in particular after the formation of caustics, if any.

Example A.4. Tf

1 r—q i(r—q)-
ug(;p):—sed/2ao( 7 )6( ‘1)17/"57

with ¢,p € R%, 6 € [0,1], and ap € S(RY), then again, Proposition [A.2] is valid for
all time. If §# = 0, this datum is a particular WKB datum (with a linear phase). If
0 = 1/2, this means that an initial coherent state is considered (see e.g. [11]). If
0 = 1, the initial datum is concentrating at point ¢, which corresponds to a caustic
reduced to one point (focal point; see [1]).

Recall that if the splitting operators are defined by
A=icA; B=-lv,
2 €
then their Lie commutator is given by
1

[A,B]=VV -V + §AV.

With the norm ||ul|s: defined in (A.2]), note the control
[eVV - Vull 2 S [lullsz,

which follows from Assumption[A.Jl By working with the norm [|u[sz, rather than
with the norm ||lu|| 1 defined in Section [T} and used in [3}[12], the following result
is a direct consequence of [12] and Proposition [A2t

Proposition A.5. Let d > 1, and V satisfying Assumption [A 1 Suppose that
luglls2 < oo. Then for all T > 0, there exist C,co independent of € € (0,1] such
that for all At € (0,cq], for all n € N such that nAt € [0,T],

At
X O_
L2(R4) €

3

(224" s - Stus

where Stuf = uf(t) in (AI), and Z! = eBet.
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