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HIGH-ORDER MULTISCALE FINITE ELEMENT METHOD FOR
ELLIPTIC PROBLEMS*
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Abstract. In this paper, a new high-order multiscale finite element method (MsFEM) is devel-
oped for elliptic problems with highly oscillating coefficients. The method is inspired by the MsFEM
developed in [G. Allaire and R. Brizzi, Multiscale Model. Simul., 4 (2005), pp. 790-812], but a more
explicit multiscale finite element space is constructed. The approximation space is nonconforming
when an oversampling technique is used. We use a Petrov—Galerkin formulation suggested in [T.
Y. Hou, X.-H. Wu, and Y. Zhang, Commun. Math. Sci., 2 (2004), pp. 185-205] to simplify the
implementation and to improve the accuracy. The method is natural for high-order finite element
methods used with the advantage of solving the coarse grained problem. We prove optimal error esti-
mates in the case of periodically oscillating coefficients and support the findings by various numerical
experiments.
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1. Introduction. The development of numerical methods for problems with
highly oscillating coefficients is an increasingly active field of research. To overcome
the computational cost of resolving the fine scale, multiscale finite element methods
(MSFEMs) have been developed in [12, 13, 11, 8, 14, 10]. Accuracy is achieved by
solving a fine scale problem locally. These solutions are used to build the multiscale
finite element basis to capture the small scale information of the leading-order differen-
tial operator. There are several alternatives to this approach for multiscale methods,
for example, the multiscale variational method [15] and the heterogeneous multiscale
method (HMM) [1], and additional methods are discussed in [4, 19, 7]. In this work,
however, we focus on techniques based on multiscale finite element formulations.

Originally, MsFEMs were proposed for linear finite elements; see [12, 13]. For
many applications, e.g., elliptic problems with singular forcing or nonconvex domains,
and wave equations, high-order finite elements are known to be advantageous in terms
of accuracy and efficiency, in particular for large problems. Allaire and Brizzi [3]
generalized the original approach to enable the use of high-order (order higher than
one) elements by local harmonic coordinates. This method uses a composite rule to
change the local coordinates. Inspired by that work, we propose in this work a new
high-order accurate MsFEM. However, in contrast to the previous work, we do not use
a composite rule but approach the development in a more explicit way. Additionally,
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we also solve local oscillating functions by high-order finite elements, as is necessary in
many cases to preserve the accuracy. This overall approach proves itself to be cheaper
to implement. To further improve the accuracy and simplify the implementation,
an oversampling technique and Petrov—Galerkin formulations following [11, 14] are
used. The bases are nonconforming when the oversampling technique is used. Similar
to the method proposed in [3], the analysis is restricted to the periodic case, but
the method is derived and applied to the general nonperiodic cases. Note that the
analysis in [14] assumes that the local problem is solved exactly in H'. In this paper,
we improve these results to the more practical situation in which we assume that the
local problem is solved by some high-order finite elements as in [3]. New discussion
of the harmonic coordinate in the multiscale method can be found in [19], where
the globally defined harmonic coordinate is solved. Other high-order methods for
generalized finite element methods are discussed in [17].

The rest of this paper is organized as follows. The formulations of the model
elliptic problem and the motivation for the new MsFEM are discussed in section 2.
The new high-order MsFEM is introduced in section 3. In section 4, convergence
results are proved for the periodic case. Implementations and numerical experiments
are discussed in section 5, and section 6 contains a few final remarks and the outlook
for continued work.

2. Model problem and motivations. Let €2 be a bounded polygonal domain
in R™, and consider the elliptic model problem:

{—V-(Afvuf) = f in Q

2.1
@1) u® = 0 on Of.

The matrix A° € L>®(Q, Mq, ,), where Mg, -, is the set of uniformly positive
definite matrices with uniformly positive definite inverse; that is, for any ¢ € R,
l€lle =1, 0 < ap < ETAP3E < 751. In the periodic case we have
ac@) =4 (%),
€
where y — A(y) is a Y-periodic function with ¥ = (0, 1)™.
Let x;, i = 1,...,n, be the solution to the cell problem
—divy (A(y)Vyxi) = divy(A(y)e;) inY,
(2.2)
y = i (y) Y -periodic.

The notation (-)y is used to denote the mean of a function in domain Y:

= %/Yf(x)d:c

From classical homogenization theory (see, e.g., [5, 9, 2, 18, 20]) we have the following
approximation results:

(2.3) u(x) +ele( )axz )

(2.4) Vuf(x) ~ Vu*( —|—ez yXi) (—) u” ( ).
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Here u* is the solution of the homogenization problem

25) {—V-(A*Vu*) = f in Q,

uw* = 0 on 09,

where A* is a constant homogenized matrix given by the explicit formula
A'e; = / A(y)(e; + Vyxi)dy with e; being the ith canonical basis of R™.
Y

Formula (2.3) looks like a first-order Taylor expansion of the map

u(z) =~ u* (x—!—ex (%)) .

Based on this observation, [3] introduces a multiscale finite element basis using the
composition rule,

o(2) = 0" (" (2)),

€

where ®” is a standard finite element basis function on a coarse mesh h > € and " is
a numerical solution of a local multiscale problem on an element K or an oversampled
domain S containing K with finite element spaces defined on local meshes on K or
S. For the periodic case, W is a numerical approximation of ex (%) — .

Taking a second look at (2.3), ignoring the apparent connection to a Taylor ex-
pansion or composite rule, we propose the following multiscale finite element basis
functions:

oeh(z) = BN + (wh (%) - x) Vo,

This new multiscale finite element basis will clearly lead to a nonconforming element
method when oversampling is used. However, as we shall discuss, this will not be
an issue for either the analysis or the implementation. When both ®" and @w" are
of high order in order to maintain the accuracy, the new formulation is cheaper to
implement in the sense that its polynomial degree is lower.

3. MsFEM. In this section, we introduce and derive the details of the MsFEM
for the general nonperiodic case.

For simplicity of the presentation, we consider only triangular elements. Let
Tr, = {K} be a finite element partition of the domain Q. Assume that the triangulation
Ty, is regular and quasi-uniform with size h. Let Py (K) be the space of polynomials
of degree k on element K.

Without confusion, we will use v = (v1, . . ., v,) to denote an n-dimensional vector.
Then Vv is a matrix, and we denote it by [Vv] to emphasize it is a matrix.

3.1. Local element problems. Let us introduce the following local problem
as that in [3]:

(3.1) K

—V-(AVaST) = —V.(4%Vz) in K,
w; = x; on OK.
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If the homogenized matrix A* is a constant matrix, or A* is piecewise smooth, and
the interface of discontinuity is aligned with the mesh, when the size of K is small
enough (when it is piecewise constant, K need not be too small), we can take A}, as a
local approximation of A* to be a constant matrix in K. In this case, V- (45 Vx;) =0
in K.

Thus, we introduce the simplified local problem: For each K € 7T, define ﬁ)f’K,
i=1,...,n, as the solution of

—V-(AVaS®) = 0 in K,
(3.2) X
w;" = x; on OK.
We will use (3.1) if a better nonconstant approximation of A* is known. The vector
0° is defined as ¢ = (@5, -+ ,05) € HY(Q)", where ¢ € H'(Q) with &¢ = 0o for
each K € T,

For each K € T, a quasi-uniform fine mesh 7/ (K) with element size b’ is intro-
duced. Define

Wi (K) ={w € C*'(K) : w|p € P (T)VT € T (K)},

and let w$™ be the Py finite element approximation of @™ in (3.2) using mesh 7,5
Find w™ € Wi (K), wS™ = z; on 0K, such that

K2

(3.3) (AVa™ Vo) =0, ve Wy (K)nH(K).
Define w®" = (w", ... wi") € HY(Q)", where w®" € H'(Q) with wi" = w$™ for
each K € T,

3.1.1. Oversampled local problem. In order to remove the resonance effect
[10] associated with the lack of correct boundary conditions on the local problem, we
shall use an oversampling method on a domain S O K. Define wg’s, i=1,...,n, as
the solution of
3.0 V- (AV0S®) = —V.(A5Vz;) in S,
' Wy S— g on OS.

When the size of S is small enough and there is no discontinuity of A* inside S, we
take A%, a local approximation of A*, to be a constant matrix in S. In this case, the
right-hand side of (3.4) is 0:

—V-(AVa©®) = 0 in S,
(3.5) g
w;” = x; on OS.
We define uﬁf’K = d)f’S|K, 1 = 1,...,n, and define 1 accordingly. In general, ¢

obtained from the oversampling method is not in H'(Q)".
For a polygonal domain S D K, define a quasi-uniform fine mesh 75/(S) with
element size h'. The edges of the mesh are aligned with the sides of K. Define

Wi (S) = {w € C°S) : w|r € P (T)VT € T (S)},
and let wf’s be the Py finite element approximation of uﬁ?s of (3.5) using mesh

T (S). Find wi™® € Wi (S), wS® = z; on 98, such that

3

(3.6) (AVie®, Vo) =0 Yo € Wy (S) N HL(S).
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With ws® = w9, we can define w*" accordingly. Like @€, in general, w*" is not
an H*' vector function.

As generally practiced, in the analysis of this paper and in our numerical tests,
we will use the zero right-hand side versions of the local problems. We also assume
that the local problem is solved by a large enough oversampling domain S.

3.1.2. Homogenization results for the local problem. It is known [5] that
the solution to (3.5) has the following structure:
wf’s ="+ ex(x/e) - Vu??’s + 69:’5,

3

where 0 % € H2(S) is the solution of the homogenized equation
V- (A'V)) =0 in S,

0,8

with boundary condition w;” = z; on 0S5. One easily shows that w?s = x; on the

whole element S. Thus

d)f’s =ux; +ex(z/e); + 69;’5.

For a nonoversampled method, K = S, while for the oversampling method, we assume
that for 57 = (65°)| the following holds.

Assumption 3.1 (see [14, Assumption 2.1]). The oversampling domain S is chosen
such that for any element K in S,

(3.7) HVG?KHL‘XD(K) <C,

where C' is a constant independent of € and h.
For the periodic problem, define

w:(x):xl"_e)(l(f)a t=1,...,n,
€

and denote w = (wy, ..., W,).
Let " and w*" be the solutions of (3.2) and (3.6), respectively. We have the
following estimates (see Theorem 4.1 of [3]):

N\ K
(3.8) [V (@ — 05" ]o.0 < O\/% and ||V (0" — wM)|jp.0 < C (h—> .
€

If oversampling techniques are used and the oversampled domain S satisfies Assump-
tion 3.1, we have the following result [11, 14]:

(3.9) [V (@ — ") ||n.0 < Crve + Cae,

where we recall that h’ is the local cell size and k' is the local order of approximation.

Remark 3.2. By comparing these results with those in [11, 14], an extra h term
is found in those papers. This term originates in the error between two homogenized
solutions. In our case, there is no such error in the homogenized solution since it is
exactly z;, causing this term to vanish.
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3.2. MsFEM. Denote the Pj conforming finite element space associated with
the triangulation 7 by

Vi ={v e H}Q) :v|x € Py : VK € Tp}.
For a function v € H'(Q), introduce a map J" from H'(Q) to L?(Q) such that
(3.10) JoM| g = (v + (w" — z) - V)| on each K € T,

where w®" is obtained by accurately solving the oversampled local problem (3.6) with
large enough S.

Let (‘b?)gzl
define

~,, denote a finite element basis of Vj,, where Nj, = dim V},, and

geeey

h b g h _
Q" =Jo"py, (=1,...,Np.
Then the new multiscale finite element space is defined as
Ve o q)é,h
i = span{ i Ye=1,...N,-

Note that V¢ ¢ H} ().
Now we can define a Petrov—Galerkin MsFEM: Find uj, € Vi such that

(3.11) ay, (uj,,vn) = (f,on) VYop € Vi,
where

aj,(u,v) = Z (AVu,Vo)g Yu e Vi, ve V.
KeT

Or, equivalently, find u;, € V}, such that
(3.12) ap(up,vp) = (f,vn) Yop € V,
where

ap(u,v) = Z (A(VJS ), Vo) Yu,v € V.
KeT

The function wuj is an approximation to the homogenized solution u*, and uj =
Joyy, € Vi¢ is the multiscale finite element approximation to u°.
On an element K € T, we have

(3.13) V(I uy) = [Vw " Vuy, + [VVup](w" — z).
Now define
(3.14) bh(uh,vh) = Z (A;hVuh,Vvh)K Vuh,vh S Vh,
KeTy,
with
(A5") —im W o agh = A [V "]
w Jij T ik axk w o )
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and

(3.15) cn(un,vn) = Y (A[V(Vup)|(w™" — 2), Vo) Vun,vn € Vi
KeTn

We then have

(3.16) an(wn, vn) = bp(un, vn) + cn(up,vp)  Yup,vn € V.

When k =1, ¢ (up,vp) = 0.
Since some functions to be analyzed are not in H{ (2), but only H!(K) for K € Ty,
let us define an equivalent broken H'-norm as

1/2
(3.17) [vlln0 = <Z IVvlﬁ,K> :

KeTy

4. Convergence for the periodic case. Let us analyze the multiscale method
(3.11), or, equivalently, (3.12) for the periodic case, e.g.,

A%(z) :A(f),

€

where y — A(y) is a Y-periodic function with ¥ = (0, 1)™.
We assume that the following inequality holds:

(4.1) 0<h <e<h<l1

for the coarse mesh size h, the period €, and the local mesh size h'.

4.1. Existence and uniqueness of multiscale finite element formula-
tions. In the following we will establish some basic properties of the multiscale finite
element formulation, beginning with the following lemma.

LEMMA 4.1. When Assumption 3.1 is true, we have

(4.2) [Vw | () < C VK € Th.
Proof. By the triangle inequality,
[V | oo (i) < V(W™ = @) || Lo (1) + |V (@ = @) || oo (1) + [V oo (1) -
We can bound the three terms as
IV (w" = ") || oo (1) = €l| VO || Lo (16,

[V (@ — )| e i) < C(R'Je),
V| o (k) = €l VXillLo k) < C.

By Assumption 3.1, the result follows. O
LEMMA 4.2. When Assumption 3.1 is true, for uj, = JoMuy,, we have

(4.3) luplln.e < Cl[Vunlo.0-

Proof. Tt follows from Lemma 4.1 that

1/2 1/2
ha<C < Z |[Vw€’h]Vuh||(2),K> <C ( Z ||Vw€’h|%oo(K)||V“h||(2),K>

KeTy, KeTy,
< C|[Vunllo.a,

[
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completing the result. d
By Lemma 4.2, we obtain the following result.
LEMMA 4.3. When Assumption 3.1 is true, we have

(4.4) ay, (up,,vp) < hE Vi, upeW,
and
(4.5) an(up,vp) < vp € V.

Define Aiu as

- 8Xj( ) Ae € ~€
( ) ZAZ,C&U zg m<5 ) o Ay =ava,
Matrix A, is divergence-free, and its average in Y is the constant homogenized matrix
A* [14]:
(4.6) (AS)y = A* and V-AS =

THEOREM 4.4. Suppose (h'/e)* is small enough and (4.1) holds. When As-
sumption 3.1 is true, there exists a constant C' > 0, independent of € and h, such that

(4.7) b (vp, vp) > CHU}L”iQ Yo, € Vj,
and

b
(4.8) sup 22 S el o s € i

vevi, Ivlle

where uj = JE .
Proof. By a simple decomposition, we have

bh(’l}h,’l}h) = Z (A;thh,Vvh)K

K€7—h
(4.9) = Z (/liUVvh, Vop)k + Z ((Aeu’}h — AZ})V’U}I, Von)k
KeTh KeT

First, we get a bound for the term ) KeT, (A;Vvh, Vup) K using an argument similar
to Lemma 3.2 of [14].

By standard homogenization theory (see, e.g., [9, 16]), there exist positive con-
stants C7 and C3 such that

(4.10) C1I€]2 < EPA*E < Cyl¢]*  for any vector & € R™.
Furthermore,
(4.11) (AZJV’U}I, V’Uh)K = (A*V’Uh, Vvh)K + ((/LEU — A*)V’Uh, V’Uh)K

Divide K into

K = < U Yk>UK’,

Yi.CK
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where Y}, is a periodic cell of A(%), and K’ is the difference between K and the union

of all Y}, in K. Since (AS, — A*)y, =0, for the second term on the right-hand side of
(4.11)
)

(4.12

((Ag, — A*)Vn, Vou)k = (A5, — AV, Vo) + Y (A5, = A%) Vg, Vop)y,.
Y. CK

For the first term of the right-hand side of (4.12), we have
(4.13)

2
~ ~ € ~
(A5, =A")Von, Vo) < max| (A5, =A")|[[Von[§ o < €'z max| (AL =A")[[[Von 5 k-

In deriving the last inequality, we have used the fact that Vv, is a polynomial vector

of fixed degree in K € Ty, and the ratio of the area of K’ and K is less than Z—i

For the second term of the right-hand side of (4.12), recalling that the radius of
Yy is €, we recover

((AS, — A*)Vup, Vop )y, < / (Vup, — ¢)(AS, — A*)(Vuy, — ¢)dx
Y
< O max [(A, — A7)|[|Avn y, -
So, by inverse estimates,

> (A5 = A) Vo, Van)y, < Ce® max (A, — A")|[[Aval|F
Y. CK

< C(e/h)* max (A5, — A)||Vonll§ k-
Summing up, using that by (4.1), + < 1, we have

(4.14)  C1||Vunlif x < Z (AL, Von, Vup)k < Co||[Vuplld Yo € Vi, K € Th.
KeTy,

Let us now consider the second term on the right-hand side of (4.9). On an element
K,
(4.15)

Ag, = Agh = A(Var] - (Vi) = A(Va] - [Vi©h]) + A(Vi©] - [Va©h)).

The two terms on the right-hand side of (4.15) can be bounded by

|A“([Var] = [V ")l e () < e AVIK | e (1) < €CI VO e (1)

and

A ([Va ") — [V ]| Lo (50 < CON)F [0 oo i1 1) < C (R /€)'
Hence
(4.16) IAS, — ASP | e () < Cle+ (1 [€)F).

Therefore, if Assumption 3.1 is true and ¢/h is bounded, the second term on the
right-hand side of (4.9) can be bounded by the first term of the right-hand side of
(4.9), provided (h'/€)*" is small enough. This proves (4.7).
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By Lemma 4.2, with v, = up,
bn(un,un) > CllVun|? g > Cl[Vunll1.alluflne

completing the proof of (4.8). O

Remark 4.5. For the nonoversampling case S = K, we may still assume that the
coercivity results for Lemma 4.2 is true for small enough e. Naturally, the constant
will be smaller than in the oversampling case, but we may still assume it is bounded
away from zero. The inf-sup condition is much worse in the nonoversampling case
and may blow up since the bound ||u§ |50 < C|lupll1,0 may not be valid.

THEOREM 4.6. With the same assumption as in Theorem 4.4, there exists a
constant C' > 0 such that

(4.17) ap(up, up) > CHU}LH%)Q Yup € Vj,
and
(4.18) sup @i (1}, v) > Cllug|lno  Yuj, € V.

vevi, lvllie

Proof. For k =1, ap and by, are equivalent, so we consider only the case of & > 2.
Note that

[we" — &l poe(rey < " = ]l poe (1) + [l = @F[| oo (i) + [0 — @ oo ()

N\ K 1 N\ k1
(4.19) < €0 pooiiy + C (h ) +Ce<C <e+ (%) ) )

€
By the above bound and an inverse estimate, we recover

cn(un,vn) = 3 (A[V(Vup)](w" — 2), Vou )k

KeTy,
1
<C Y flw - @l () 7 IV unllo,x IV onllo,r

KeT
/ kl/+1

~ (%)
€

(4.20) < C————|Vurllo,x[Vnllo,x-

h

The result follows from Theorem 4.4. O
Remark 4.7. Tt is tempting to use the formulation based on the bilinear form b
only. Suppose uy, o is the solution of (3.12) and up,, € V3, is the solution of

br(unp,vn) = (f,on) Vo, € V.

h/ k/Jrl
€+ <—>
€
< -~ 7
)< C h

For k > 2, the difference between the two solutions may be as bad as of order

Kk 1
%. Hence, the method based on the b form alone is not recommended.

Let zp, = up, o — upp; then

Cllznlli o < bu(zn, 2n) = —cn(una, 2n Vunalli,0ll 2znll0-



660 JAN S. HESTHAVEN, SHUN ZHANG, AND XUEYU ZHU

4.2. Convergence proof of MsFEMs. Let us first recall a slightly altered
standard result.

LEMMA 4.8 (generalized Cea’s lemma). Let u® be the solution of (2.1) and us,
the solution of (3.11). Taking the assumptions of Theorem 4.4 to be true, there exists
a constant C such that

(4.21) lu® —uj||no < Cveinf Mt =g ln,e
h

Proof. Note that the following Galerkin orthogonality holds:
aj, (up, —ut,vp) =0 Vo, € V.

Then, by a standard argument (see, e.g., Lemma 3.7 of [6]), we have the desired
result. o

Remark 4.9. The constant C' in the above lemma depends on the inf-sup constant,
so we must ensure that the size of the oversampling domain S is big enough.

For a sufficiently smooth function v with meaningful nodal values, define II; to
be the standard V},-interpolation operator,

Np,

Myo(z) = > v(ng)®f(z) € Vi,
(=1

where ny is the node associated with the P finite elements. The operator IIj is
defined as

Np,
v =JM M) = v(ng)@g" (x) € Vi,
=1

THEOREM 4.10. Let u be the solution of (2.1). Assume u§, is the solution of
the Petrov—Galerkin formulation (3.11) with the oversampling domain S satisfying
Assumption 3.1. Then the following error estimate holds:

LS
(4.22) W“wmm§0<mﬁm+ﬁ+( )>.

?
Proof. Let u* be the exact solution of the homogenized problem (2.5), and choose
vy, = I u*. Then we have

(4.23) [u = wj[lno < Cllu = Iu" 4,0

Define two operators J¢ and J€ as
(4.24)

Jlg = v+ (@ —z) - Vo)|g, Jvk =@+ @" —z)-Vo)|x on each K € Tj.
We bound (4.23) as
(4.25) |lu® —IGu*(|po < [lu® — JU™||n,0 + | J(u" — pu®)|n0
H(J = T e + [|(T" = T u* a0,

The first term on the right-hand side of (4.25) is bounded by C'y/€ using Lemma 2.13
of [3].
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By the definition of the broken H!-norm, the second term of the right-hand side
of (4.25) is bounded as

1/2
(4.26) 17w = pu®)|[n.0 = ( DIV k(- Hhu*))lé,K> :

KeT

On each element K € Tj,, by standard interpolation results of Py finite elements,

IV (I (u® = u™))]

0.5 < |IVI oo (i) [V (0" — Tpu™)) [lo,x
< ChF VI Lo (1) IV (0 = TThu®)) [k, k-

The third term of in the right-hand side of (4.25) is bounded by

(4.27) 1(J€ = ToMIpu* e < VI || L@y ll, Vi@ — @) 0.0,
and the fourth term of in the right-hand side of (4.25) is bounded by

(4.28) 1" = TMu* e < VI Lo o) | V(" = ") lo.0-

By (3.9), this proves the theorem. O

4.3. Estimates on the homogenized solutions. In the following we prove an
estimate for the homogenized solution in the H!'-norm similar to Theorem 3.4 of [14].
THEOREM 4.11. Assume that u* belongs to H3(Q) N W2°°(Q) and 9Q is C1.
Under Assumption 3.1, we have the following estimate for the solution up of (3.12):

(4.29) lup, — u*|

L
1,0 < Cre + CyhF —|—C36|1nh|1/2 +Cy < ) )

€

Proof. The triangle inequality yields

un — vl < [lup — Hpu®|l1o + [[Hau® — w10
Denote up, — IIpu* by v; then
(4.30)  Cllup — w2 < ap(un — Opu®,v) = ap(un, — u*,v) + ap (v — Mu*, v).

The term ap(u* — I u*,v) is handled by continuity of aj and the approximation
property of IIj.
Since

ap(up,vn) = (f,vn) = (A*Vu*,Vv) Vup € Vh,
for the term ap(up — u*,v), we have

(4.31) ap(up, —u*,v) = ap(up,v) —ap(u*,v) = (A*Vu*, Vo) —ap(u*,v) = I + I,

where

(4.32) I} = (A*Vu*, Vo) — (A5, Vu*, Vu)

and

(4.33) I = (A, Vu", Vo) = > (AV(J"u"), Vo)k.

KeTy



662 JAN S. HESTHAVEN, SHUN ZHANG, AND XUEYU ZHU

From the analysis of Theorem 3.4 in [14], we recall that

(4.34) I < (Cle+02hk +Cg€(lnh)1/2) [o]|1.0.

The order of h is k instead of 1 as in Theorem 3.4 of [14] since we consider polynomials

of degree k.
Now, consider the restriction of I to an element K,

(AS Vu* — AV (J u*), Vo) = Is + 14,
with

Iy = (A5, = A" )Va, Vo) < Cle+ (0 /€)F) |V flo,x [ Vo]

0,K

and
I, = —(AE[VVU*](wE’h —x),Vu)g < Cle+ (h’/e)k,H)HVVu*||0,K||Vv||0,K.

Estimates (4.16) and (4.19) are used in the derivation of the bounds of I3 and I,.
Summing up all the bounds yields the final estimate and completes the proof. O

4.4. L? estimates for the multiscale finite element solutions. In the fol-
lowing, we derive two bounds for the L?-norm estimates of u¢, the solution of (2.1),
and uj,, the solution of (3.11). This is done under the assumptions of Theorem 4.4.

THEOREM 4.12. Assume u* belongs to H*(Q)NW?2>°(Q) and 99 is C%*. Under
Assumption 3.1, we have the following estimate for the solution u§ of (3.11):

N K
|luf, = uloo < C <e+hk —|—e|1nh|1/2 + <h_) ) .
€

Proof. The proof we have follows that of Theorem 3.5 of [14]. By Theorem 4.11
and triangle inequalities,

[uf, — ullo,0 < [lun — u*llo,o + [luj, — u”[lo,0
< lup — u*|jo + |[(wS" — 2)Vup|lo + Ce

< lun =l + Cle+ (0 /e)")

N\ K
§C<e+hk+e|lnh|1/2—|—<—) ) a
€

As suggested in [13], with the H! error estimate (4.22), we can get another error
estimate in the L2-norm given by the standard Aubin—Nitsche trick to increase one
more order of the right hand side f. The proof is skipped.

THEOREM 4.13. Under Assumption 3.1, we have the following estimate for the
solution uj, of (3.11):

AN
||uz—uf||o7a<C<hk+1|f|o+¢€+( ) )

€

Remark 4.14. The above two L? estimations are both valid, and we can choose
the smaller bound. In the extreme case, when the error of the coarse problem (hF*1)
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is much bigger, we should use the result of Theorem 4.13, and when the multiscale
error is dominant (/€ is big), we should use the result of Theorem 4.12.

Remark 4.15. We have established only the results for the Petrov—Galerkin for-
mulation with oversampling. If a standard Galerkin formulation is used, the MsFEMs
with the new basis functions are nonconforming, and the optimal convergence results
similar to those in [11] can be shown. If oversampling is not used and standard
Galerkin method is applied, we can still recover results similar to those of [3]. How-
ever, in both cases, these results are inferior to those obtained above.

5. Numerical tests. We present in the following a number of computational
tests to validate the analysis presented above. The main goal is to show that the
analysis is sharp and to illustrate the interplay between the different parameters in
the high-order MsFEM.

We consider the numerical experiment in [3] with a smooth scalar conductivity
tensor: A° = a(x/e)l, where

1
(2 + Psin(2nz/€))(2 + Psin(2wy/e))’

a(x/e) =

where P = 1.8 and f = 1. All experiments are done on the unit square domain
[0,1] x [0, 1], uniformly triangulated with a coarse mesh of size h. Each coarse element
is furthermore uniformly triangulated with the fine mesh of size b’ < €/10 to recover

the local solution.

In Figure 1, we plot w$" (z/€) — z and wS" (y/€) —y for € = 0.01 on one triangular

element (solved by the P, element). The oscillatory feature of the oscillatory function
w" is clearly observed.

Wz-y

s

% 05 05 y

Fic. 1. Illustrations of wi’h(x/e) —x and w;’h(y/e) —y for e =0.01 on one triangular element.

5.1. Convergence of the homogenized solution. We first compare the nu-
merical homogenized solution with the approximate homogenized solution. In this
case, the homogenized conductivity is known exactly as A* = 1/(2(4 — P?)'/2) [3].

In Figure 2 we show the convergence of the L? and the H' errors of the homog-
enized solution wuj,, where N is the number of degrees of freedom in each dimension.
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Homo 2D Homo 2D

L2 error
H
error

Fic. 2. L? and HY errors of u* —uy, by the Py and Pa approzimations in two dimensions with
(0s) and without (noos) oversampling approaches for e = 0.01.

Multiscale 2D Multiscale 2D
107 ]
107} ]
5 5
] @ —o—P,-noos |-
N_‘ "I it
10747 i 10’2, _,_P1—os ’ W S 1l
—p—P,-noos sl z
_._Pz—os E
I :
10’ 10’
N N

F1G. 3. L? and H' errors of u—u™* by the P1 and Pa approzimations in two dimensions with
(0s) and without (noos) oversampling approaches for e = 0.01.

We see the optimal order of convergence in the H'-norm before the error caused by e
begins to dominate. For the P, approximation, we also clearly observe the influence
of oversampling on the convergence in Figure 2.

5.2. Convergence of the multiscale solution. To explore the convergence of
the multiscale solution, we repeat the numerical experiments above but now compare
the reference solution computed by a first-order finite element obtained using a very
fine mesh. In Figure 3, we show the convergence of the L? and H! errors of the
multiscale solution u™* for € = 0.01, where N is the number of degrees of freedom in
each dimension, and h = 1/N > e. In the P; case we observe first-order convergence
in the H! error.

For the P, case, approximate third-order convergence in the L? norm is observed
when the oversampling approach is used. In Figure 4, we also show the influence of €
on the convergence. We also compare the Galerkin and Petrov—Galerkin approaches
for the P, case in Figure 5. We observed that before the error plateau caused by e, the
Petrov—Galerkin approach behaves better than the standard Galerkin approach. For
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Multiscale 2D Multiscale 2D

H' error

107

—e—¢=0.01 N

4 —=—¢=0.02 “

Fic. 4. Error u — uy*® by the P> approzimation in two dimensions with oversampling for
e = 0.01,0.02.

—v—RG:H'

—e—PG:H'

L2 error

F1G. 5. Comparison of the error u—uj*® using second-order Galerkin (RG) and Petrov-Galerkin

(PG) approzimations with oversampling approaches in two dimensions for e = 0.01.

e = 0.02, we took I/ = h/250 < €/10; while for ¢ = 0.01, we took i/ = h/500 < €/10,
where h = 1/N > e. For oversampling, we take the size of the oversampling element
ho = 4h.

6. Concluding remarks. In this paper, we develop a new high-order MsFEM
for elliptic problems with highly oscillating coefficients. A more explicit multiscale fi-
nite element space is constructed, inspired by Allaire and Brizzi’s method [3]. Optimal
error estimates are proved in the case of periodically oscillating coefficients.

The method developed in this paper is being applied by the authors to Helmholtz
equations with oscillating coefficients, where high-order methods are naturally re-
quired.

Due to the nature of similarity of local problems, we are also developing reduced
basis MsFEMs for the methods developed in [3] and this paper to reduce the compu-
tation cost.

Note that the oversampling technique is very expensive computationally; to reduce
the cost, the authors are presently exploring an adaptive methods for the oversampling
problem based on local a posteriori error estimates.
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