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Abstract

A convergence result for a discontinuous Galerkin multiscale method
for a second order elliptic problem is presented. We consider a heteroge-
neous and highly varying diffusion coefficient in L™ (£, R%<?) with uni-
form spectral bounds and without any assumption on scale separation or
periodicity. The multiscale method uses a corrected basis that is com-
puted on patches/subdomains. The error, due to truncation of corrected
basis, decreases exponentially with the size of the patches. Hence, to
achieve an algebraic convergence rate of the multiscale solution on a uni-
form mesh with mesh size H to a reference solution, it is sufficient to
choose the patch sizes as O(H|log(H1)|). We also discuss a way to
further localize the corrected basis to element-wise support leading to a
slight increase of the dimension of the space. Improved convergence rate
can be achieved depending on the piecewise regularity of the forcing func-
tion. Linear convergence in energy norm and quadratic convergence in
L?-norm is obtained independently of the forcing function. A series of
numerical experiments confirms the theoretical rates of convergence.

Keywords: multiscale method, discontinuous Galerkin, a priori error esti-
mate, convergence
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1 Introduction

This work considers the numerical solution of second order elliptic problems
with heterogeneous and highly varying (non-periodic) diffusion coefficient. The
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heterogeneities and oscillations of the coefficient may appear on several non-
separated scales. More specifically, let Q C R? be a bounded Lipschitz domain
with polygonal boundary I'. The boundary I' may be partitioned into some non-
empty closed subset I'p (the Dirichlet boundary) and its complement 'y :=
['\T'p (the, possibly empty, Neumann boundary). We assume that the diffusion
matrix A € L™ (Q,RdXd) has uniform spectral bounds 0 < «, 8 < oo, defined

Sym
by
A . A .
0 < a:=essinf inf M < esssup sup M = <oo0. (L1)
z€Q veRI\{0} V-V z€Q veRI\{0} v-v

Given f € L?(Q2), we seek the weak solution of the boundary-value problem

-V -AVu=f in Q,
u=0 onlp,
v-AVu =0 on Iy,

i.e., we seek u € HL(Q) := {v € H'(Q) | v|r, = 0 in the sense of traces}, such
that

a(u,v) ::/ AVu-Vudr = [ fvdz =:F(v) forallve HH(Q). (1.2)
Q Q

Many methods have been developed in recent years to overcome the lack
of performance of classical finite element methods in cases where A is rough,
meaning that A has discontinuities and/or high variation; we refer to [4] [2]
[IT] @ 6] amongst others. Common to all the aforementioned approaches is
the idea to solve the problems on small subdomains and to use the results to
construct a better basis for some Galerkin method or to modify the coarse scale
operator. However, apart from the one-dimensional setting, the performance of
those methods correlates strongly with periodicity and scale separation of the
diffusion coefficient.

Other approaches [5 [16, [B] perform well without any assumptions of pe-
riodicity or scale separation in the diffusion coefficient at the price of a high
computational cost: in [B [T6] the support of the modified basis functions is
large and in [3] the computation of the basis functions involves the solutions of
local eigenvalue problems.

Only recently in [I4], a variational multiscale method has been developed
that allows for textbook convergence with respect to the mesh size H, ||[u — up ||H1(Q) <
Ct.3/oH with a constant Cj 3/, that depends on f and the global bounds of
the diffusion coefficient but not its variations. This result is achieved by an
operator-dependent modification of the classical nodal basis based on the so-
lution of local problems on vertex patches of diameter O(H|log(H~1)|). The
method in [I4] is an extension of the method presented in [13] [15].

In this work, we present a discontinuous Galerkin (dG) multiscale method
with similar performance. The method is a slight variation of the method [§],
in the sense that the boundary conditions for the local problems are now of



Dirichlet type. The dG finite element method admits good conservation prop-
erties of the state variable, and also offers the use of very general meshes due
to the lack of inter-element continuity requirements, e.g., meshes that contain
several different types of elements and/or hanging nodes. Both those features
are crucial in many applications. In the context of multiscale methods the
discontinuous formulation allows for more flexibility in the construction of the
basis function e.g., allowing more general boundary conditions [§]. Although
the error analysis presented in this work is restricted to regular simplicial or
quadrilateral /hexahedral meshes, we stress that all the results appear to be ex-
tendable for the case of irregular meshes (i.e., meshes containing hanging nodes).
We refrained from presenting these extensions here for simplicity of the current
presentation. Under these assumptions, we provide a complete a priori error
analysis of this method including errors caused by the approximation of basis
functions.

In this dG multiscale method and in previous related methods [14] [§], the
accuracy is ensured by enlarging the support of basis functions appropriately.
Hence, supports of basis functions overlap and the communication is no longer
restricted to neighboring elements but is present also between elements at a
certain distance. We will prove that resulting overhead is acceptable in the
sense that it scales only logarithmically in the mesh size.

In order to retain the dG-typical structure of the stiffness matrix, we discuss
the possibility of localizing the multiscale basis functions to single elements. In-
stead of having O(1) basis functions per element with O(H|log(H ~!)|) support,
we would then have O(|log(H~!)|) basis functions per element with element
support. The element-wise application of a singular value decomposition easily
prevents ill-conditioning of the element stiffness matrices, while simultaneously
achieving further compression of the multiscale basis.

The outline of the paper is as follows. In Section B, we recall the dG finite
element method. Section [l defines our multiscale method, which is then an-
alyzed in Section @l Section [l presents numerical experiments confirming the
theoretical developments.

Throughout this paper, standard notation on Lebesgue and Sobolev spaces
is employed. Let 0 < C' < oo be any generic constant that neither depends
on the mesh size nor the diffusion matrix A; a < b abbreviates an inequality
a < Cband a ~ b abbreviates a S b < a. Also, let the constant Cp/, depend
on the minimum and maximum bound bound (« and ) of the diffusion matrix

Xini)

2 Fine scale discretization

2.1 Finite element meshes and spaces

Let 7 denote a subdivision of {2 into (closed) regular simplices or into quadri-
laterals (for d = 2) or hexahedra (for d = 3), i.e., Q@ = UperT. We assume
that 7 is regular in the sense that any two elements are either disjoint or share



exactly one face or share exactly one edge or share exactly one vertex.

Let £ denote the set of edges (or faces for d = 3) of T; £(Q2) denotes the
set of interior edges, £(I"), £(I'p) and E(T'y)) refer to the set of edges on the
boundary of €2, on the Dirichlet and on the Neumann boundary, respectively.
Let T, denote the reference simplex or (hyper)cube and let P,(T) and Q,(T)
denote the spaces of polynomials of degree less than or equal to p in all or on
each variable, respectively. Then, we define the set of piecewise polynomials

P,(T):={v:Q = R|VT € T,v|roFr € R,(T)},

with R, € {P,, Qp}, where Fr: T — T, T € T is a family of element maps. Let
also I1,(7) : L*(Q) — P,(T) denote the L2-projection onto 7-piecewise poly-
nomial functions of order p. In particular, we have (Ilo(7) f)|r = [T [, f dz,
T € T for all f € L*Q). Note that v € P,(T) does not necessarily belong to
HY(Q). The T-piecewise gradient Vv, with (V7v)|r = V(v|r) for all T € T,
is well-defined and Vv € (P,_1(T))%.

For any interior edge/face e € £(Q) there are two adjacent elements T~ and
T+ with e = 9T~ NOTT. We define v to be the normal vector of e that points
from T~ to T". For boundary edges/faces e € £(T') let v be the outward unit
normal vector of €2.

Define the jump of v € Py(T) across e € £(2) by [v] := v|p- — v|r+ and
define [v] := v|. for e € E(I'). The average of v € P,(T) across e € £()
is defined by {v} := (v|p- + v|7+)/2 and for boundary edges e € E(I') by
{v} = vl..

In the remaining part of this work, we consider two different meshes: a coarse
mesh 7y and a fine mesh Tj,, with respective definitions for the edges/faces £y
and &,. We denote the Ty-piecewise gradient by Vv := Vi, v and, respec-
tively, Vpv := Vg, v for the 7j-piecewise gradient . We assume that the fine
mesh 7j, is the result of one or more refinements of the coarse mesh Tg. The
subscripts h, H refer to the corresponding mesh sizes; in particular, we have
H € Py(Ty) with H|p = diam(T') =: Hp for all T € Ty, H. = diame, for all
e € &y, h € Py(Th), with hlp = diam(T') =: hy for all T € Ty, and h, = diame
for all e € &,. Obviously, h < H.

2.2 Discretization by the symmetric interior penalty method

We consider the symmetric interior penalty method (SIP) discontinuous Galerkin
method [7, 1, 10]. We seek an approximation in the space Vj, := P;(7T3). Given
some positive penalty parameter o > 0, we define the symmetric bilinear form
ah:VhXVh—HRby

an(u,v) =(AVnu, V) zey = 30 (v AVa ) s
e€ER(QUER(TD) (2.1)

(- AV )z — ([ s )



The jump-seminorm associated with the space Vy,, is defined by

o= > el (2:2)

e€EL(MUEL(TD) ¢
while the energy norm in V}, is then given by
1o 11l == (1A"2Vh o [|72(q) + | o [7)"/2. (2.3)

If the penalty parameter is chosen sufficiently large, the dG bilinear form (2.1
is coercive and bounded with respect to the energy norm (23]). Hence, there
exists a (unique) dG approximation uy € Vp, satisfying

ap(up,v) = F(v) for all v € V. (2.4)

We assume that ([2.4)) is computationally intractable for practical problems,
so we shall never seek to solve for uy, directly. Instead, uj will serve as a reference
solution to compare our coarse grid multiscale dG approximation with. The
underlying assumption is that the mesh 7}, is chosen sufficiently fine so that uy,
is sufficiently accurate. The aim of this work is to devise and analyse a multiscale
dG discretization with coarse scale H, in such a way that the accuracy of wuy
is preserved up to an O(H) perturbation independent of the variation of the
coefficient A.

3 Discontinuous Galerkin multiscale method

As mentioned above, the choice of the reference mesh 7, is not directly related
to the desired accuracy, but is instead strongly affected by the roughness and
variation of the coefficient A. The corresponding coarse mesh Ty, with mesh
width function H > h, is assume to be completely independent of A. To en-
capsulate the fine scale information in the coarse mesh, we shall design coarse
generalized finite element spaces based on Ty.

3.1 Multiscale decompositions

We introduce a scale splitting for the space V. To this end, let Ty := 11, (Tx)
and define Vg := gV, = P1(Ty) and

V= (1 —Tg)V, = {v €V, | TTxgv = 0}.
Lemma 1 (L?-orthogonal multiscale decomposition). The decomposition
Vi =Vu &V,
is orthogonal in L*(Q).

Proof. The proof is immediate, as any v € V} can be decomposed uniquely
into a coarse finite element function vy =11 HU € Vp and a (possibly highly
oscillatory) remainder vf := (1 — Ig)v € Vi, with ||v|\%2(9) = HUH||2L2(Q) +

”MHQN(Q)' O



We now orthogonalize the above splitting with respect to the dG scalar
product ay; we keep the space of fine scale oscillations Vf and simply replace
Vg with the orthogonal complement of Vi in V. We define the fine scale
projection § : V, — V! by

an(Fv,w) = ap(v,w) for all w € VI (3.1)

Using the fine scale projection, we can define the coarse scale approximation
space by
Vi =01-3%)Vxy.

Lemma 2 (aj-orthogonal multiscale decomposition). The decomposition
Vi = Vi eV,

18 orthogonal with respect to ap, i.e., any function v in Vy can be decomposed
uniquely into some function vi* € Vs plus vt € V& with |||v]||? =~ |||vp]||? +
[[|0'[||2. The functions v} € Vi and o' € V! are the Galerkin projections of
v € V), onto the subspaces Vi}® and Vi e,

ap(vyg®,w) = ap(v,w) = F(w)  for all w € VF°,
an(v', w) = ap(v,w) = F(w) for all w € V',
The unique Galerkin approximation u}® € Vi* of u € V solves

ap(uy’®,v) = F(v) for all v e Vi7°. (3.2)

We shall see in the error analysis (cf. Theorem [)) that the orthogonality yields
error estimates for the Galerkin approximation u}® € Vi® of (B2) that are
independent of the regularity of the solution and of the diffusion coefficient A.
However, the space Vi}® is not suitable for practical computations as a local
basis for this space is not easily available. Indeed, given a basis of Vg, e.g.,
the element-wise Lagrange basis functions {Ar; | T € Tg, j = 1,...,7} where
r = (14 d) for regular simplices or » = 2¢ for quadrilaterals/hexahedra. The
space Vi}* may be spanned by the corrected basis functions (1 — §)Ar;, T €
Tu, j =1,...,7. Although Ar; has local support suppAr ; = T, its corrected
version (1—F)Ar,; may have global support in €, as (8.1]) is a variational problem
on the whole domain 2. Fortunately, as we shall prove later, the corrector
functions ¢ ; decay quickly away from T (cf. previous numerical results in
[8] and a similar observation for the corresponding conforming version of the
method [T4]). This decay motivates the local approximation of the corrector
functions, at the expense of introducing small perturbations in the method’s
accuracy.

3.2 Discontinuous Galerkin multiscale method

The localized approximations of the corrector functions are supported on ele-
ment patches in the coarse mesh Ty.



Figure 1: Example of a one layer patch wk, two layer patch w?, and a three
layer patch w3, on a quadrilateral mesh.

Definition 3. For all T' € Ty, define element patches with size L as
wy = int(T),
wh = int(U{T € Ty | T' Nkt £ 0, k=1,2,....
We refer to Figure for an illustration.

We introduce a new discretization parameter L > 0 € N and define localized
corrector functions ¢7 ; € ViwE) = {v e V| vlg\wz = 0} by

ah(qS%,j,w) = an(\r;,w) for all w € Vi (wk). (3.3)
Further, we define the multiscale approximation space
Vipot = span{Ar; — ok | T € Ty, j=1,...,7},
The dG multiscale method seeks u};*" € Vir*" such that
an(u>" v) = F(v) for all v € Vi*r. (3.4)

Since VZ,”’L C Vy, this method is a Galerkin method in the Hilbert space V},
(with scalar product ap) and, hence, inherits well-posedness from the reference
discretization (24)).

Moreover, the proposed basis {Ar; — (b:";yj | T €Ty, j=1,...,r} is stable
with respect to the fine scale parameter h, as we shall see in Lemma [1 below.

3.3 Compressed discontinuous Galerkin multiscale method

The basis functions in the above multiscale method have enlarged supports
(element patches) when compared with standard dG methods (elements). We
can decompose the corrector functions into its element contributions

d’%’,j = Z (25%3 X1

T’GTH:T’Cw%



where y7 is the indicator function of the element T" € Tg.
This motivates the coarse approximation space

WgS’L :span({)\TJ T€Ty, j=1,...,7r}
U {¢'§")jXT/ T, T € Ty, T' C w%, j=1,...,r}

This space offers the advantage of a known basis with element-wise support
which leads to improved (localized) connectivity in the corresponding stiffness
matrix. This is at the expense of a slight increase in the dimension of the space

dim(Wp*") ~ LY dim(V;*").
The corresponding localized dG multiscale method secks wi™" € Wis"

such that
an(wh™E v) = F(v) for all v e Wit (3.5)

Since Vi*" ¢ Wii**  Vy, Galerkin orthogonality yields

Ifun = w10 < un = g™ |lln, (3.6)
i.e., the new localized version (B3 is never worse than the previous multiscale
approximation in terms of accuracy. However, it may lead to very ill-conditioned
element stiffness matrices (cf. Lemma[I0l which shows that ¢%y ;&1 may be very
small if the distance between T and T” relative to their sizes is large).

To circumvent ill-conditioning, one may choose a reduced local approxima-
tion space on the basis of a singular value decomposition. Since the dimension of
the local approximation space is small (at most proportional to L?), the cost for
this additional preprocessing step is comparable with the cost for the solution
of the local problems for the corrector functions.

To determine an acceptable level of truncation of the localized basis func-
tions, we can use the the a posteriori error estimator contribution of the local
problem from [§], which is an estimation of the local fine scale error. This pro-
cedure may additionally lead to large reduction of the dimension of the local
approximation spaces.

4 Error analysis

We present an a priori error analysis for the proposed multiscale method (B.4I).
In view of (&), this analysis applies immediately to the modified versions
presented in Section 3.3l The error analysis will be split into a number of steps.
First, in Section ] we present some properties of the coarse scale projection
operator IIg. In Section 2 an error bound for dG multiscale method u/}®
from ([B2)) (Theorem [)) is shown, whereby the corrected basis functions are
solved globally. Results for the decay of the localized corrected basis function
(Lemma [T0 and Lemma [[1]) are shown, along with an error bound for the dG
multiscale method u’HnS’L from (B4) (Theorem [[2) ,where the corrected basis



functions are solved locally on element patches. Finally, in Section 3] we show
an error bound given a quantity of interest (Theorem [[4)), leading to an error
bound in L?-norm (Corollary [5]).

We shall make use of the following (semi)norms. The jump-seminorm and
energy norms, associated with the coarse space Vg, are defined by

g
DD DR (O[5

e€EH (QUER(Tp) ¢
el = 1AV o 7200 + @ 7)"2,

respectively, along with a localized version of the local jump and energy norms
22) and 23] on a patch w C 2, where w is aligned with the mesh 7y, given

by
g
[ fhe = > h—e||[°]||%2<e>,

ecE(QUE((Tp):
eNw#0

1@ lllhw = (1AY2V5 |72 + o7 )12

The shape-regularity assumptions hp = h, foralle € 9T : T € T, and Hy ~ H,
forall T € 9T : T € Ty will also be used.

4.1 Properties of the coarse scale projection operator Ily

The following lemma gives stability and approximation properties of the oper-
ator I1g.

Lemma 4. For any v € Vy, the estimate

2ol ln

H™ =Tyl p2er) S @
1s satisfied for all T € Ty. Moreover, it holds
B2 [ollle + 1 H ™ (0 = Mgro) |2y < o2 [o]lln-

Proof. Theorem 2.2 in [12], implies that for each v € V), there exists a bounded
linear operator Z¢ : Vj, — Vi, N H(Q) such that

B2 AYA g (v = L)z + 10 (0 = Tio)ll ey S @ V2 foln. (4.1)

Split v = v° 4+ vd € V), into a conforming, v° = Z{v, and non-conforming,

vl =v— Z;v, part. We obtain

H™ o =gl 2y < H (0 = Tav| g2y + lo* = Tav?]| p2er))

SVl + 1V = o) g2y + H o2 (ry) - (4:2)

S a2 ollln,r
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using the triangle inequality, stability of the L?-projection, and ([@I]). Also,

g
Ieoll3 =) H\/ZV(HHU_HO(TH)U)H%Z(T)+ZEH[U0_HHU]H%2@)

TETH ecl’
1 1
TeTH

SC3 a0l
using the triangle inequality, (1), and ([@2]) which concludes the proof. O

The operator Il is surjective. The next lemma shows that, given some vy €
Vy in the image of I1; there exists a H'-conforming pre-image v € H;l,lv g CWn
with comparable support.

Lemma 5. For each vy € Vi, there exists a v € V), N HY(Q) such that lgv =
v, [|[ollln £ Cpralllvellla, and supp(v) C supp(ve).

Proof. Using (A1) but on space Vg gives, for each v € Vg, there exists a
bounded linear operator Z¢ : Vg — Vi N H(Q) such that

BVRAYA g (v = Tgo) |2 + 1 H (0 = Tio)ll o) S @ VPJolm. (4.3)

We define

where 07.; € V, N H}(T) are bubble functions, supported on each element
T, with Igfr,; = A and |||07,;]|[n < B(T)H?2. Observe that supp(v) C
supp(vg). The interpolation property follows from

Igv = I;{’UH + Iy Z (’UH(JJ]‘) — I;{’UH(JJ]‘)) 9j,
= I;{UH +vg — I%’UH =vy.
To prove stability, we estimate |||v|||;, as follows:

2
ol < 1AV TGvnlFe) + Y lon(a;) = Ziva () 116,117
TET, j=1,...,r

S |\A1/2VHI§{UH||%2(Q) +ﬂ||H71(UH —I%UH)H%%Q)
S Cé/a|||UH|||%1

using the inverse estimate ||v||pe () < H*d/2||v|\Lz(T) for all v € Vg, and the
estimate (3. O

Remark 6. Note that 07, ; € Vy, NH}(T) for all T € Ty (fulfilling the conditions
in Lemma [B) can be constructed using two (or more) refinements of the coarse
scale parameter H. We can let 07 ; € Vi NH}(T) where Vi C Vj and h < b <
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272H. This does not put a big restriction on h since the mesh 7j, is assumed
to be sufficiently fine to resolve the variation in the coefficient A, while the
parameter H does not need to resolve A.

The following lemma says that the corrected basis is stable with respect to
the fine scale parameter h in the energy norm (Z3)), this is not a trivial result
since the basis function {Ar;|T € Ty, j =1,...,r} are discontinuous.

Lemma 7 (Stability of the corrected basis functions). For all, T € Ty, j =
1,...,7 and L > 0 € N, the estimate

A7 — &7 1lIn S CoralllAzllla,

1s satisfied, independently of the fine scale parameter h.

Proof. For any T' € Ty, 7 = 1,...,r, by Lemma [ there exists a b such that
v = Az —b € Vi (wk), and [[[olln S Cyll Azl We have

WAz — ¢711E S an(Ary — &%, Ary — 6% ;) = an(Ar; — 6F 5, Ay — v),
S an(Ary — 0% 5,0) S Cojallldry — o7l nllA2 ;] =,

which concludes the proof. O

4.2 A priori estimates

The following theorem gives an error bound for the idealized dG multiscale
method, whereby the correctors for the basis are solved globally.

Theorem 8. Let up € Vy, solve 24) and uf}® € Vi° solve [BA), then the
estimate

un — ufl[|n < Cra” Y2 H(f — g £l 2(0),

is satisfied, where Cy neither depends on the mesh (h or H ) size nor the diffusion
matriz A.

Proof. Let e :=uy —u® = uy € V!, then
elll7 S anle,e) = (f.€)r2) = (f —uf.e —ue) 2
<H(f =T )|z || H ™ (e = Tre)l[f2
1
= ﬁHH(f =g )lle2mlllell|n,

using Lemma ], Lemma [I Cauchy-Schwarz inequality, and Lemma [, respec-
tively. O

Definition 9. The cut off functions Q%’D € Py(T,) are defined by the conditions
P s = 1,
C’%D|Q\w$ =0,

hr
I K%D]”LOO(T) S

——— forall T
CENE or a € Tu,
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and that Q%D is constant on the boundary 9(w? \ wd).

The next lemma shows the exponential decay in the corrected basis, which
is a key result in the analysis.

Lemma 10. For oll T € Ty, j=1,...,r, the estimate
1N = or5) = (g = o)k = |67 — 07llln < Carv*lllér,; — Allln,

is satisfied, with C5 = CCE;/Q, 0 <~ <1 given by v := (%)%, Cy = C/C?;/a;
and L = kf, k,0 > 2 € N, noting that C and C' are positive constants that
are independent of the mesh (h or H ), of the patch size L, and of the diffusion
matriz A.

Proof. Define e := ¢r; — gb:LFJ = o7, — é’fj. We have

llellls < anle, ér,; — 67;) = anle, 7. —v) S lllellln - llor; = vllln,  (44)

for v € V{ (W), Let ¢ := ¢7*"; then by Lemma[5] there exists a b such that

v =Cor; —b € V](wi), Tgb = TuCor;, [[1bllln S Cs/allMuCer,;||lu, and
supp(b) C supp(IlgCpr ;). Then, we have

gz —vllln = [llé7,; = (Cors — b)ln
< ez = Corjllln + [110]1]n

4.5
< lllérs - Corsllln + Cosall M (Cory — oz )llla P
S C3alller,y — Corjllln-
Furthermore, using the properties of ( we have
IVAV(L = QOdrll 20y < IVAVRGT | 120t (4.6)
and
g
(1= Q)or;lh = Z =1 = O rllIZ2 ()
cCE(Q)UE(T )
a
< > 7 (||{1 — Hor )l T2 + [H{or 31 - C]||2L2(e))
e€E(QUET ) ¢
o ohr
< Y (Bl + S en ) o
ec€E(QUEp): ¢ enr

eNQ\wiF~1#£0

g g
< Z _||[¢Tyj]||%2(€) + _2||¢T7j - HH(bT,j ||iz(Q\w@k*1)
h 75 i
eeE(QUE(TD):
eﬁﬂ\wgﬂk*l#O

< Calllorllly oot
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using a trace inequality and Lemma [ respectively. Combining (£4), (3,

1), and (@1 yields
llé7.; = Corillln < C5jalllérsllln auee—r- (4.8)

To simplify notation, let m := ¢(k—1)—1 and M := ¢k—1. Forny := 1 —CZT’M,
we obtain

o7z oy < lnrérillli S an(irdrg,nrér;), (4.9)
where

an(Nr o5, nrd15) = (AVRNTOT j, VINTdT )2 ()
+ D (‘2({V ~AVnror i}, Inrer;l) + hi([nT¢T7j]a [77T¢T,j])> :

e€€(Q)UE(I'D) ‘
(4.10)
For the first term on the right-hand side of ([I0), we have

(AVinror;, Vinrér;) 2 = (AVadr;, Vinrér;)rz), (4.11)

since nr is constant on each element T € Ty; for the other terms we use (A3)
and (A4) (with v = np, w =v-AVer; and u = ¢7 ;). We can, thus, arrive to

l67illl7 o\ < anlnrdr,nrér;) = an(ér,,niér,;)

+ Y (12({v- AV}, e, 2 — 1VA(v - AV, Inr{ér,;H) 2o

ecf(Q)

o o
~ (), (67,47 L2(e) + h_e([nT]2’ {615} 12(0))
using (A9), (£I0), and (II). Note that,

> (12({v- AVér; Y Il léri)) e — 1/4A(v - AVor;), nrl*{ér e

ecE ()

(4.12)

g

 4h,

h2
S Y k(v AVer e ligrllee + v - AVér s oo

ecE(Q): T
eNw \wi #0

+ 0 (Iorsll3ae + 1{ori} e ) )

g

he

([77T]2a [¢T,j]2)L2(e) + ([nT]27{¢T,j}2)L2(e))

hT g
§ Z (ﬁ”AV(bT,j||L2(T+UT*)||¢T1j||L2(T+UT’) + ﬁ”d)T,jHQL?(T*UT*))
Ce: ?HZ ?HZ
enwi \wi£0
S B2 H (¢ — Mo i) iewanwg < Chral Mol wanwg -
(4.13)
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Now we bound the term
an(or5,1791,5) = an(or j, irér; — b) + an(er;,b) = an(er,;,b)
S T 1 warwm 01k wanwm (4.14)
< CB/a|||¢TJ |||h,w¥\w}" |||HH77%¢T1]|||H,w7M\w$ .

Furthermore, we have that

N7 O\ s = e (0 — To(Ta )07 )bl m,0ar o
= [IVAV 1L (7 = Wo(Ter)03) b5 172 ot oy

g
+ > FH (Mg (n7 — To(Ta)ng)ér5)l| 72 )
eeE(QUE(D):
eNwl \wi #0

5 ﬂ||H;1HH(W% - HO(TH)H%)(bT,j ”iz(wé‘ﬂ\w}")
< BIH (0 = To(Taa ) 0 92,522 s
S BOPNHT b1y — Mo )17z omwm)

< Ol 210r 112 s

(4.15)

using a trace inequality, inverse inequality, and Lemma Ml respectively. Com-

bining the inequalities [@12), (EI3), (@I4), and [@I3) yields

CQ CZ
9511 nupe < ZUOrlIE wpinae < D511 e
where Cy = C’ CE, .- Substituting back to £ and k and using a cut off function
with a slightly different argument, yields

02 CZ
l9r.l12 gn s < UNOTNE o o1 < (P NDTal 2 g e
N 2
< S ()T e
which concludes the proof together with (.g]). O

Lemma 11. For all, T € Ty, j=1,...,r, the estimate

MY wiler, — b )IE <Lt D o Pllléry — o117

is satisfied, with Cy = ch/a and C positive constant independent of the mesh
(h or H), of the patch size L, and of the diffusion matriz A.

Proof. Let w = per. i1, vi(érj — ¢F ), and note that

.....

ah(¢T7j — )\T,j,w — (rw + b) =0,

’ (4.16)
an(o7; — Arj,w — (rw +b) =0,
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where (7 := C:%H’LH, using Lemma G and the property of the cut-off function.

From [@I6) follows that ap(w, (1 — ¢r)w + br) = 0 for all w € V. We obtain

Il Z vi(dr; — d7)n S Z vjan(dr,; — OF 4, w)

T€TH, j=1,...,r T€TH, j=1,...,r

= Z ’Ujah(¢T7j - ¢§/’7j7 Crw —b)

4.17
TeTH, j=1,...,r ( )
S D0 vl llers — ol (Hrwllln + CayalMarwl| #)
TET, j=1,...,r
S Y lul-llléns = o7,ll1aCEallicrwllln
TETH, j=1,...,r
From (@6) and [@1), we have
ISrwllln = ICrwlll, pz+2 S Coalllwllly, gz (4.18)

Then, further estimation of (I7)) can be achieved using (ZI8) and the discrete
Cauchy-Schwarz inequality:

1l Z vi(érs = 0751

1/2 1/2
<o 3 Iwllliers - 65113 Sl gen
T€TH, j=1,...,;r TETH, j=1,...,1
1/2
<SGl | 3T lPlllers = skl |l
TETu, j=1,...,r
Dividing by w on both sides concludes the proof. O

The following theorem gives an error bound for the dG multiscale method.

Theorem 12. Letu € Hp(Q) solve (L) and uly>" € Vir** solve B4). Then,
the estimate

ms,L

= ugy>“Nn <[l = wnllln + Cra™ V2| H(f =g f)||L2(0)
+ C5|H ™ | ooy L2951 £l £2(02)

is satisfied, with 0 < v < 1, L from Lemma I, Cy from Theorem [8, Cs =
C'CE/QCQQC%, where Cs is from Lemma [0 and Cy is from Lemma Il C a

positive constant independent of the mesh (h or H), of the patch size L, and of
the diffusion matriz A.
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Remark 13. To counteract the factor | H | 1 (q) in the error bound in Theo-
rem[I2] we can choose the localization parameter as L = [Clog(||[H || L (q))]-
On adaptively refined meshes it is recommended to choose L = [C'log(H ~')].

.....

L s, L
[ = we™ Mn < Mu = g™ ||

_ms,L
<[l =wnllln + [lun — s+ uf® = a@gy™"||[n

<= wnllln + un = wggllln + 1Y wfr(@)(én; — 6% )|ln-
TETw, j=1,...,r

(4.19)
Now, estimating the terms in ([@I9]), we have
llun = wf’llln < Cra™ P H(f = Ta f)] 220,
using Theorem [ and

1Y ulr(e)(er — ok )l

TET, j=1,...,r

< CyL? Z |U7Hn,ST($j)|2|||¢T,j - ¢:Lrg|||i2L (4.20)

<CCSLYE Y fup(ay)Plllér — Al
TETir, j=1,r

using Lemmal[lIland Lemmal[IQl respectively. Further estimation, using Lemmal[7]
yields

> () Plllér; — Ayl

SCa D0 g Pl
TETw, j=1,...,r

SChaB Y () PH gl e (4.21)

TeTH, j=1,...,r

=C3uB > IH wgr (@)A1

ch/aﬂ” Z HfluanfT(zj)AT,j||%2(sz)-
T€TH, j=1,...,r

Furthermore, using a Poincare-Friedrich inequality for piecewise H' functions,
we deduce

I Y. Hp'uir(@)Argl o

S Y. Hp'ulr(e)a (A, — 6r)ll72(0)
T€TH, j=1,...,r

< o7 H[[H Il

S a T H el fI72(0)-

(4.22)
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Combining (£20), (@21)) and [@22)), we arrive to

ms ms, 1/2 _
1t = ufln S €30 Ca’* Coll H || o) LY*4* | fl 20y -

4.3 Error in a quantity of interest

In engineering applications, we are often interested in a quantity of interest,
usually a functional g € L?(€2) of the solution. To this end, consider the dual
reference solution (Z4): find ¢, € V), such that

an(v, ) = g(v) for all v € Vy, (4.23)

and the dual multiscale solution (4)): find gblLLL n € Vé)h such that
an (v, qSZf,;L) =g(v) forallve Vi, (4.24)

Theorem 14. Let u € Hb(Q) solve ([L2), u™" € Vii*" solve @A), and let
g € L%(Q) be the quantity of interest. Then, the estimate

l9(u) = g(ufy )| S lg(w) = g(un)| + [llun = wi™Fnlllon — 511,
18 satisfied.
Proof. From ([{23)) and (£24]), we obtain the Galerkin orthogonality
an(v, ¢ — @H>F) =0 for allv e Vii*r. (4.25)
Using the triangle inequality, we have
l9(u) — g(ufr™ ") < lg(w) — gun)| + |g(un) — g(ufy™")].
Finally, observing that
l9(un — i )| = lan(un — u; g, 1)

= lan(un — uy g1, S0 — b))

S Wl = uiy g llnlllén — S5nllln,
using ([E29)), concludes the proof. O

Corollary 15. For g(v) = (up — uf{)h,v)p(g), the following L?-norm error
estimates hold:

JLi1/2 L 1/2
lu—uk pllzzey S lu—unlizay + lun — wf> 11 on — o5 112,
and
L
lu = b nllzeo) S llu = unlloay + Blllun =il (4.26)

for L = [Clog(H™1)] with C sufficiently large positive constant independent of
the mesh parameters.
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Remark 16. As expected, if we are interested in a smoother functional, a
higher convergence rate is obtained for |g(up — qu’L)L For example, given
the forcing function for the primal problem f € H™(Ty), a quantity of interest
g € H"(Ty) (with H°(Ty) denoting the standard L?(Q) space), and choosing

L = [Clog(H~1)] with large enough C, gives

ms,L m-+n
l9(u—ugr™ )| S 1g(u) — glun)| + B (3" | flam@) (Y lglana)-
TeTH TETH

5 Numerical Experiments

Let Q where be an L-shaped domain (constructed by removing the lower right
quadrant in the unit square) and let the forcing function be f = 14-cos(2wx) cos(27y)
for (z,y) € 2. The boundary I' is divided into the Neumann boundary I'y :=
'n({(z,y) : y = 0} U{(z,y) : @ = 1}) and the Dirichlet boundary T'p =
'\ 'y. We shall consider three different permeabilities: constant A; = 1,
As = As(x), which is piecewise constant with periodic values of 1 and 0.01 with
respect to a Cartesian grid of width 27° in the z-direction, and Az = Az(z,y)
which piecewise constant with respect to a Cartesian grid of width 276 both
in the 2- and y-directions and has a maximum ratio 8/a = 4 -105. The
data for As are taken from layer 64 in the SPE benchmark problem, see
http://www.spe.org/web/csp/. The permeabilities A and As are illustrated
in Figure For the periodic problem many of the corrected basis functions

(a) B/a = 102 (b) B/~ 4108
Figure 2: The permeability structure of As (a) and Az (b) in log scale.

will be identical. For instance, all the local corrected basis in the interior are
solved on identical patches, thereby reducing the computational effort consid-
erably. In the extreme case of a problem with periodic coefficients on a unit
hypercube, with period boundary conditions, the correctors ¢r;, 7 =1,...,7,
will be identical for all T' € Tg.

Consider the uniform (coarse) quadrilateral mesh Tz with size H = 27°,
i=1,...,6. The convergence rate —p/2 corresponds to O(HP) since the number
degrees of freedom ~ H ~2. The corrector functions (B3] are solved on a subgrid



19

of a (fine) quadrilateral mesh 7;, with mesh size 278, The mesh T, will also act
as a reference grid for which we shall compute a reference solution u;, € Vj, ([24)
on. Note that the mesh 7}, is chosen so that it resolves the fine scale features
for A;, i =1,2,3, hence we assume that the solution uy, is sufficiently accurate.

5.1 Localization parameter
If f € H™(Ty) we have the bound

NH(f =Taf)lee) S Y H flaeer, (5.1)
TeTH

where £k = 0 for m = 0, k = 1 for m = 1, and k = 2 for m > 1. Hence, to
balance the error in between the terms on the right-hand side of the estimate in
Theorem [I2] different constant C has to be used for the localization parameter,
L = [Clog(H™1)], depending on the element-wise regularity of the forcing
function f on 7. Figure [3] shows the relative error in the energy norm

T

Relative error in energy norm

107 i i i
10 10° 10° 10 10°

Ndof (#Degrees of freedom)

Figure 3: Diffusion coefficient A; = 1. Relative energy-norm error against Nyof,
for different values of C for the localisation parameter L.

[un — wh>"|||n/]||unl||n and Figure H the relative error in the L2-norm |juy, —
urgs"LHLz(Q)/HuhHLz(Q) between uy, and /" against the number of degrees of

freedom Ngof ~ O(H~?), using different constants C' = 1,3/2,2,5/2. With the
chose C' = 5/2, the errors due to the localization can be neglected compared to
the errors from the forcing function, both for the energy- and for the L?-norm.
For f ¢ H*(Ty), C = 3/2 is sufficient since (B5.I]) gives linear convergence. In the
following numerical experiments we shall use C' = 2, since this value seems to
balance the error sufficiently. Note that the numerical overhead increases with
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Figure 4: Diffusion coefficient A; = 1. Relative L?-norm error against Ngor, for
different values of C' for the localisation parameter L.

C as the sizes of the patches wk T € Ty, increases with L = [Clog(H1)].
This results in both increased computational effort to compute the corrector
functions and reduced sparseness in the coarse scale stiffness matrix.

5.2 Energy-norm convergence

Let the localization parameter be

L = [2log(H™1)]. Figure Bl shows the relative error in the energy norm plotted
against the number of degrees of freedom. The different permeabilities A;,
1=1,2,3, and the singularity arising from the L-shaped domain do not appear
to have a substantial impact on the convergence rate, which is about 3/2, as
expected. We note in passing that using standard dG on the coarse mesh only
admits poor convergence behaviour for As and for As. This is to be expected,
since standard dG on the coarse mesh does not resolve the fine scale features.

5.3 L?-norm convergence

Again, set L = [2log(H~1)]. Figure[@and Figure[ shows the relative L?-norm

error again the number of degrees of freedom between, u;, and u%l ;, and between

up, and Mg g, viz., [Jun —HHurgS"LHLz(Q)/HuhHLz(Q), respectively. In Figure[f]

L
we see that the L2-norm error between u;, and uy™" converges at a faster rate

than in the energy norm (convergence rate —2 compared to —3/2, respectively,)

as expected from ([£26). In Figure [[ only the coarse part of u’HnS’L is used (i.e.

II Hu7HnS’L); nevertheless it appears to have a faster convergence rate than —1/2,
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Relative error in energy norm

10 i i i
10 10° 10° 10 10°

Ndof (#Degrees of freedom)

Figure 5: Relative energy-norm error against Ngof, for C' = 2 in the localisation
parameter L for the the diffusion coefficients A1, Ao, and As.

except for the case of the permeability As.

10
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Figure 6: Relative L?-norm error against Ngof, for C = 2 in the localisation
parameter L for the the diffusion coefficients A1, Ao, and As.
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Figure 7: Relative L?-norm error against Ngor, for C = 2 in the localisation
parameter L for the the diffusion coefficients A;, As, and As.
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Equalities for averages and jump operators

We derive equalities for averages and jump operators across interfaces where
the functions v and w have discontinuities. Using [vw] = {v}{w] + [v]{w} and
{vHw} = {vw} — 1/4[v][w], we have

{vw}vu] ={wi{v}vu] + 1/4[v][w][vu]
={w}vu] — {w}[v]{vu} + 1/4[v][w][vu]
={w}vu] — [ {wi{v}{u} = 1/4[v]{w}{v][u]
+ /4P [wl{u} + 1/4[v[{v}{w][u]

(A1)



and

{vw}vu] ={vHvw}u] + {vw}[v]{u}
={v*w}[u] — 1/4[v][vw][u] + {vw}[v]{u}
={v*w}[u] - 1/4[v]*{w}[u] — 1/4[v}{v}w][y]
+ [ol{vH{wH{u} + 1/4[v]* [w]{u}
Combining (AJ) and (A22) we obtain
2{vw}vu] = {w}[v*u] + {v*w}{u] + 1/2[]*[w]{u} - 1/2[]* {w}[u]

Also,

24
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