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On steady subsonic flows for Euler-Poisson models
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Abstract

In this paper, we are concerned with the structural stability of some steady subsonic
solutions for Euler-Poisson system. A steady subsonic solution with subsonic background
charge is proven to be structurally stable with respect to small perturbations of the
background charge, the incoming flow angles, the normal electric field and the Bernoulli’s
function at the inlet and the end pressure at the exit, provided the background solution
has a low Mach number and a small electric field. Following the idea developed in [19],
we give a new formulation for Euler-Poisson equations, which employ the Bernoulli’s law
to reduce the dimension of the velocity field. The new ingredient in our mathematical
analysis is the solvability of a new second order elliptic system supplemented with oblique
derivative conditions at the inlet and Dirichlet boundary conditions at the exit of the
nozzle.
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1 Introduction

The Euler-Poisson (or hydrodynamical) model for a unipolar semiconductor in the isen-
tropic steady state case reads

(pul)xl + (pu2)562 + (pu3)x3 =0,
(pu%)l'l + (pu1u2)x2 + (pu1u3):c3 + Dzy = PPz
(pu1u2)961 + (pug)xz + (pu2u3):c3 + Dy = PPzs; (1’1)

(purus)z, + (pugus)e, + (0U3)zs + D = PPrss

Ap = p—b(x).
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where p, u, ¢ denotes the electron density, the average electron velocity and the electrostatic
potential, b(x) be the prescribed ion background density (doping profile). The electric field
E is given by E = V. The energy equation of the hydrodynamic model is replaced by the
pressure-density relation p = p(p). One may refer to [I4] [I6] for more details on physical
background.

In this paper, we are concerned with the structural stability of some steady subsonic
solutions for Euler-Poisson system. Indeed, we will construct a subsonic solution to (I.I]) in a
rectangular cylinder by imposing suitable boundary conditions, which is also required to be
close to some special subsonic solutions. The boundary conditions we will impose have their
origins on our previous works in [9], 17, I8, [19] and another important work [12] on transonic

shock solutions for (ILT]). As we have done in [19], we will prescribe the incoming flow angles
Bo = %,,@3 = ? and Bernoulli’s function B = %(u% +u3 +u3) + h(p) — ¢ at the inlet, the
natural slip boundary conditions on the nozzle walls and the end pressure at the exit. For
the electric field E = V¢, we prescribe the normal component of E at the inlet and nozzle
walls, and ¢ at the exit of nozzle.

The one-dimensional steady state isentropic flow hydrodynamical model was analyzed in
[7] and the three-dimensional irrotational case was disucssed in [8]. In both papers, existence
and uniqueness results for small data generating subsonic flow were proven. In [I5], the
author obtained the 2-D existence of smooth solution under some smallness assumptions on
the prescribed outflow current and the gradient of the velocity relaxation time. Also, the
author used a smallness assumption on the physical parameter multiplying the drift-term
in the velocity equations instead in the irrotational 3-D case and obtained similar results.
For the full hydrodynamic model,Yeh [20] showed the existence of a unique strong solution in
several space dimensions if the flow is subsonic, the ambient temperature is large enough, and
the vorticity on the inflow boundary and the variation of the electron density on the boundary
are sufficiently small. Zhu and Hattori [21] proved the existence of classical subsonic solutions
in one space dimension for the whole space problem under the additional assumption that the
doping profile be close to a constant. See also [4] and the reference therein for more details.

Recently, there are some important progress on transonic shock solutions for 1-D Euler-
Poisson systems [12, [13]. Gamba [10] showed existence of steady-state solutions in the tran-
sonic case by means of the vanishing viscosity method. However, the solutions as the limit of
vanishing viscosity may contain boundary layers and more than one transonic shock. In [12],
Luo and Xin gave a thorough study of the structure of the solutions to boundary value prob-
lems for 1-D Euler-Poisson system for different situations when the density of fixed, positively
charged background ions is in supersonic and subsonic regimes. The existence, non-existence,
uniqueness and non-uniqueness of solutions with transonic shocks were obtained according
to the different cases of boundary data and physical interval length. The solutions they
constructed contained exactly one transonic shock in the interval [0, L]. Moreover, they can
determined the shock location by the boundary data and L. In [I3], the authors investigated
structural and dynamical stabilities of steady transonic shock solutions for one-dimensional
Euler-Poisson systems. It was shown that a steady transonic shock solution with a supersonic
background charge was structurally stable with respect to small perturbations of the back-
ground charge, provided that the electric field is positive at the shock location. Furthermore,
any steady transonic shock solution with a supersonic background charge was proved to be
dynamically and exponentially stable with respect to small perturbations of the initial data,



provided the electric field is not too negative at the shock location. The remaining natural
question is the structural stability of these transonic shock solutions in a multi-dimensional
domain supplemented with suitable boundary conditions, a considerably more difficult mat-
ter. We start to investigate the structural stability of some special subsonic solution to take
a close look at the physically acceptable boundary conditions we should prescribe and hope
this may serve as a building block toward that challenging goal.

In [9,[17, 18], we have characterized a set of physically acceptable boundary conditions that
ensure the existence and uniqueness of a subsonic irrotational flow in a finitely long flat nozzle
by prescribing the incoming flow angle and the Bernoulli’s function at the inlet and the end
pressure at the exit. In [19], we have developed a new formulation for the three dimensional
Euler equations. The key idea in our formulation is to use the Bernoulli’s Law to reduce the

3

dimension of the velocity field by defining new variables (1, 5y = %, B3 = —) and replacing
(31 (31

u1 by the Bernoulli’s function B. We find a conserved quantity for flows with a constant
Bernoulli’s function, which behaves like the scaled vorticity in the 2-D case. Moreover, a
system of new conservation laws can be derived, which is new even in the two dimensional
case. Following the ideas developed in [19], we reformulate the Euler-Poisson equations in
2(B+ ¢ —h(p))
14 B3+ 53
one should note that due to the Bernoulli’s law (2.2]), the Bernoulli’s function B will possess
the same regularity as the boundary data at the inlet, which is quite different from the
velocity field. In this way, we can explore the role of the Bernoulli’s law in greater depth
and hope that may simplify the Euler equations a little bit. We can also find a new quantity
W = 0u83 — 0382 + 830182 — 20183, which is conserved along the particle path at least for
flows with a constant Bernoulli’s function (see (2.6)). In subsonic region, we find that the
density and the potential function are coupled together to satisfy an second order elliptic
system, which will possess good regularity. Roughly speaking, the equation (2.6 shows that
W possess one order lower regularity than those of the density and the potential function.
This, together with the first three equations in (2.3]) form an divergent-curl system for (5, 83),
which indicates the velocity field (f2, 53) should possess the same regularity as those of the
density and the potential function.

We make some comments on our proof. The new ingredient in our mathematical analysis
is the solvability of some second order elliptic system supplemented with oblique derivative
conditions at the inlet and Dirichlet boundary conditions at the exit of the nozzle. Indeed,
both p and ¢ satisfy some second order elliptic equations and they are coupled together to
form a second order elliptic system. Besides this, the boundary conditions for p and ¢ are
also coupled together at the inlet of the nozzle. This elliptic system is neither weakly-coupled
nor cooperative in the sense of [6]. To guarantee the uniqueness, some smallness assumptions
are prescribed on the background solution. That means our background solution should have
a low Mach number and a small electric field.

This paper proceeds as follows. The second section contains a new formulation for Euler-
Poisson system and a statement of our background solution. The last section focus on the
structural stability of our background solution with respect to small perturbations of the
background charge, the incoming flow angles and the end pressure, provided the background
solution has a low Mach number and a small electric field.

. Here

terms of (s = Inp, 52,03, B, ¢) and replace u; by B through u% =



2 Preliminary

2.1 A new formulation for Euler-Poisson equations

Following [19], we develop a new formulation for Euler-Poisson equations, which employ
the Bernoulli’s law to reduce the dimension of the velocity field. By employing the following
identity in vector calculus

1

u-Vu= V(§|u|2) —u X curlu,
and the momentum equation in (L], we have
1
V(i\uP + h(p) — p) —u x curlu = 0. (2.1)

Then the Bernoulli’s law holds:
u-VB =0. (2.2)

1
Here the Bernoulli’s function is defined to be B = é(u% +u3 4 u3) — ¢ + h(p), where I/ (p) =
(p) _ Pp)

p P
Define the following three new variables: By = @,,83 = @,s = Inp. Then u; has a
u (5%

2B+ o—h
simple expression: u% - ( +902 (2P))
L+ 52 + /83

Multiplying the first equation in (1)) by —

5—, dividing the i-th equation in (LII) by
1
pu% and adding them together for ¢ = 2, 3,4, we obtain the following new system:

2
1
015 + B202s + 3038 — cu(éo) 015 + 0232 + 0333 = ——23190,

2 2
0182 + B202B2 4 B30382 — ‘ ( )5 O1s + (o )3 s+62<91(ﬁ——52¢7—0
ui ui 1

2 2
i+ i+ s S0 o EWpye B op=0,  (23)
1 1 1 1

01B + P20, B + 83038 = 0.

Ap = p—b(x).

Then it is easy to show s and ¢ will satisfy the following second order elliptic system in



the subsonic region, i.e. |u| < ¢(p),

Z(p)
ui

2
O <(% —1)015 — 2025 — ﬂ3338> + 0y < — B2015 + (
1

— B3)0ys — 52ﬁ3538>

CQ(P) 2 c? ?
+03 ( — B3015 — (233025 + ( - ﬂ3)338> - <( —1)015 — 32025 — 53338>

3 u?
1 1
+<(52ﬂ2)2 + (9353)* + 252ﬁ333ﬂ2> - ?(68 —b(z)) — Ve x V@ =0,
1 1

Ap = e’ —b(x).

(2.4)
An important observation made in [19] is the quantity W = 0583 — 9532 + 3301 B2 — 820153
is conserved along the particle path for flow with a constant Bernoulli’s function. To simplify

2(B —h
the notation, we set G = 1+ 5+ 5 and D = 9+ 295+ [395. Plugging u? = (B+o (p)

1+ 53 + 53
into the second and third equation in (2.3]), then we obtain
Z(p) a
Dj; — G(B2015 — O28) + O — Dap) = 0,
2 2B + ¢ — h(p)) (B201 25) SBtoo h(p))(ﬁQ 1o — Dop) 25)
(p) G :
Dfjs — G(B3015 — O D1 — D) = 0.
Bs 2(B + ¢ — h(p)) (B3015 — D35) + 5B+ h(p))(ﬁ3 1p — O50)

Apply 5301 — 03 and —f201 + O to the above two equations respectively and add them
together, one can show that W satisfies the following equation.

D< W) n ! ((1,52,53> ' [<C2ff’ )Vp- V) x VB]> —0.  (26)

pG) " 20(B+ ¢ — h(p))?

The verification of ([2:6)) is similar to the calculation in the appendix in [19]. For com-
pleteness, we also give a detailed calculation for (2.0]) in the appendix.
Suppose that B = const, then ([2.6]) reduces to

p(55) -0 (2.7

w
This implies e is conserved along the particle path. Indeed, since B = const, by (2.1]),

the vorticity field is parallel to the velocity field. So we may assume that there exists a real
function p(z) such that curlu = p(z)u. By simple calculations, we have

W curlu-u w(x)|ul? _ w(x) (2.8)
pG puiG puiG p '
Suppose that B = const, then (2.6]) reduces to
D<@> = 0. (2.9)

Historically, the stationary solution of Euler equations with the vorticity field paralleling to
the velocity field was called Beltrami flow and have been investigated for over a century. One
may refer to Arnol’d [2], Constantin and Majda [3] for more details. Here we emphasize that
our calculations works for any general Euler-Poisson flows.



Remark 2.1. As we have discussed in the introduction, W may help to raise the regularity of
the velocity field By and Bs. In subsonic region, the equation (27) shows that the density and
the potential function are coupled together to satisfy an second order elliptic system, which
will possess good reqularity. Roughly speaking, the equation (2.0) shows that W possess one
order lower regularity than those of the density and the potential function. This, together with
the first three equations in (2.3) form an divergent-curl system for (B2, s), which indicates
the wvelocity field (B2, f3) should possess the same regularity as those of the density and the
potential function.

Remark 2.2. It is easy to see that G satisfies the following Riccati-type equation:

DG — ;G%l(h(/)) —¢) - mGD(h(P) —¢) =0. (2.10)

(B + ¢ — h(p))
One may expect some blow-up results. However, the ambiguous sign of 01(h(p) — @) in the
coefficient of G* in (Z10) makes the whole argument nontrivial. One should note that G
blows up means that the fluid will turn around in the flow region.
Remark 2.3. In [19], we can also derive a system of new conservation laws for compressible
Euler equations. However, we can not obtain similar conservation laws for the Fuler-Poisson
equations due to the effect of the electrostatic potential.

Remark 2.4. p and ¢ are coupled together to form a second order elliptic system. This elliptic
system is neither weakly-coupled nor cooperative in the sense of [6]. Hence the uniqueness
for (27]) with suitable boundary conditions will be a main obstacle in our analysis.

2.2 Background solutions

In [12], the author consider the initial value problem for the following 1-D Euler-Poisson
equations
(pu)e =0,
(p(p) + pu*)s = pE, (2.11)
Ex =p— b().
(b, u, E)(0) = (pr, ur, Er).
Here by is a positive constant.

Assume uy > 0. By the first equation in (2I1)), we have pu(z) = J = prus and the
velocity is given by

u=J/p. (2.12)
Thus the boundary value problem (Z.IT]) reduces to
J2
By =p-bo, (213)

(p, E)(0) = (pr E1)-

Use the terminology from gas dynamics to call ¢ = \/p/(p) the sound speed. There is a
unique solution p = p, for the equation

P'(p) = J%/p%, (2.14)



which is the sonic state (recall that J = pu). Later on, the flow is called supersonic if

P (p) < J?)p?, ie. p< ps. (2.15)
Similarly, if
P(p) > J?/p?, ie. p> ps, (2.16)

then the flow is said to be subsonic.
The solution of (ZI3]) was analyzed in (p, F')—phase plane. Any trajectory in (p, E)—plane
satisfies the following equation,

L. o / p—>bo, , J?

A(3E? ~ Hip)) = 0where H'(p) = =220 (p - 55)). (2.17)
The trajectory passing through the point (pr, Er) with p; > 0 is given by

L. - L.

—FE*— | H'(s)ds = =Ej. (2.18)
2 o1 2

We only consider the case bg > ps, i.e. by is in subsonic region.

Definition 2.5. The critical trajectory (for the case by > p;) is the trajectory passing through
the point (bg,0) with the equation:

1 2 g !
—FE*— | H'(s)ds =0. (2.19)
2 bo

We are concerned with the following two cases, that is case cl) and c4) in the subsection
2.2 in [12]. Suppose (pr, E1) is on the critical supersonic trajectory, i.e.

1 bo
—E? + / H'(s)ds = 0.
2 PI

e ps < pr <by, Er > 0.

In this case, initial value problem (2.I3]) admits a unique subsonic solution (p, E') for
all x > 0. Moreover,

pz>0,E; <0,z >0, li_>m (p, E)(x) = (bp,0). (2.20)
e o5 > bo, Er < 0.

In this case, initial value problem (2.I3]) admits a unique subsonic solution (p, E') for
all x > 0. Moreover,

pz>0,E; >0,z >0, li_>m (p, E)(x) = (by,0). (2.21)



Due to our technical reasons, we need to choose some special background solutions. Given
by > 0, we can choose J > 0 such that by > ps, i.e. by is in subsonic region. We take p; be

1 1
lose to by, so that 0 < < =
close to by, so tha uy 5\ 500,

(we can do it by choose a small J). Then we choose

0 < |Ef| < and (pr, Ey) is on the critical supersonic trajectory. By the above

1
C(bo)C3,
analysis, we can find a unique subsonic solution (pg, Ep) to (2.13)) for all z > 0. Moreover, we
have le (p, E)(x) = (bg,0). Restricted to [0, 1], (po, Ep) will satisfy the following properties:

Tr—00

0 . 3
< < < =byg.
min po(z) Jnax, po(z) < 5bo

2

1 1 2 1

— < i < < = . 2.22
6\ boCr, < i wo(@) < max wo(a) < 5y [p e (2.22)

E —_—.
m%[%ﬁ} o(@) < C(bo)C3,

Here C(bp) is a smooth function of by. The constant Cq,_ is the least number such that the
following inequality holds:

U (@)1 720,y < Ca. VU (@)|[72(q.), ¥ Ulx) € H={U(z) € H'(Q) : U(1,29,23) = 0.}.

For convenience, we introduce the electrostatic potential ¢g(z) satisfying ¢f(z) = Eo(x)
with (1) = 0.

Remark 2.6. The background solution we have chosen has a low Mach number and a small
electric field in the sense of (2.23).

3 Structural stability of background solutions

In this section, we are concerned with the structural stability of our background solutions
for Euler-Poisson system. Indeed, we will construct a subsonic solution to (LI]) in a rectan-
gular cylinder by imposing suitable boundary conditions at the inlet and exit, which is also
required to be close to our background solutions (pg(x1),uo(z1),@o(z1)). The rectangular

1
cylinder will be Q = [0,1] x [0,1] x [0,1]. We also set By = iug(:nl) + h(po(z1)) — wo(x1) is

a constant, so(z1) = In po(x1).
At the inlet of the nozzle z1 = 0, we impose the flow angles and the Bernoulli’s function:

Bi(0, 29, 73) = €B" (w2, 23),i = 2,3,
(3.1)

B(0, x5, 23) = By + €B™(x9, z3).



Here the compatibility conditions should be satisfied:

7

95 (0, 3) = BB (1,23) = 0,

Oy B™(0,23) = 95 B™(1,23) = 0¥ B"(29,0) = 0§ B™(29,1) =0, k=1,3.
At the exit of the nozzle 1 = 1, we prescribe the end pressure:
1
p(17 x2, 33‘3) = ;e’y(so(l)-i-ese(xz,x:;)). (33)

Here we also require that p. satisfies the following compatibility conditions:

6556(07333) = 6%‘56(17:173) =0,

(3.4)
6%36(1172,0) = aése(xg, 1)=0, 7=1,3.
While on the nozzle walls, the usual slip boundary condition is imposed:
uz(21,0,73) = ug(x1, 1,23) = 0,
(3.5)

ug(r1,2,0) = uz(x1,22,1) = 0.

For the electric field E = Vg, we impose the normal component of E at the inlet and the
nozzle walls, while at the exit, we prescribe the Dirichlet boundary condition for (:

Op(0,x9,23) = ET + eEi"(azg,xg),
aZQO(‘Tlu 0,1’3) = aZQO(‘Tlu 1,.%'3) = 07

63(10($17$27 0) = 63(10($17$27 1) = 07

o(1,x9,23) = 0.

Here E(x5,23) should satisfy the following compatibility conditions as B
OSE™(0,23) = 5 E™(1,23) = 05 E™ (22,0) = 05 E™(29,1) =0, k=1,3.  (3.7)
The prescribed ion background density b(z) is taken to be b(z) = by + eb(z). Here
b(z) € C1*(Q) should satisfy the following compatibility conditions:
ob(1,0,23) = Bob(x1,1,23) = Bsb(x1, x2,0) = A3b(z1, x2,1) = 0. (3.8)

Mathematically, we are going to prove that (ILI]) with boundary conditions (B.1),([3:3]),

B3] and (3.6) satisfying compatibility conditions (3.2]), (3.4]) and (8.7, has a unique subsonic
solution.



3.1 Extension to the domain Q, = [0,1] x T?

Suppose the flow (p,u1,us,u3) € C3*(Q) x C?*(Q)* we will construct has the following
properties:

Gé(p,ul,go)(xl,o,xg) = ag(p,ul,go)(m, 1,3)3) =0,
& (p,ut, @) (w1, 22,0) = & (p,ur, ) (w1, 22,1) =0, j=1,3,

a§u2(‘rla 0,.’1’3) = a§u2(x17 17‘T3) = 07

a§U3(x1,x2,0) = a§U3(1’1,x2, 1) = O, k = 0,2.

Then we may extend (p, u1, uz, u3) in the following way, to (p, 41, s, 43) € C>*([0, 1] x R?) x
C%([0,1] x R%)3:
For (z1,xz9,23) € [0,1] x [-1,1] x [-1,1], we define (p, 11, U2, Ug) as follows

(p7u17u27u3790)(3317:1727:173)7 if ($2,l‘3) € [07 1] X [07 1]7

. (psu1, —ug, us, p) (21, —22,23), if (22,23) € [-1,0] x [0,1],
(P, U1, U2, 3, P)(x) =

(p7u17u27 —U3,C,D)(ZE1,3)2, _$3)7 if ($27$3) € [07 1] X [_170]7

(p,u1, —ug, —us, @)(x1, —x2, —x3), if (v2,23) € [-1,0] x [-1,0].

Then we extend (p,, ), 1, o, i3 periodically to [0,1] x R? with period 2. It is easy to
verify that (p,, @), {1, U2, u3) will belong to C>([0,1] x R?)? x C**([0,1] x R?)3. More-
over, (p,,1u1,Us,u3) will also satisfy Euler-Poisson equations. Due to these reasons, one
may directly work on the domain [0,1] x T? (Here T2 is a 2-torus), so that the difficulty
caused by corner singularity and slip boundary conditions will be avoided. We may extend
(Bin, gin, B™ E™ s.) to T2, which will still be denoted by (85", gi", B™, E™  s.).

3.2 Main results

The main result is the following existence and uniqueness theorem.

Theorem 3.1. Given (85, gi* B™ E™ s.) € C**(T?) and b(z) € C*(Q.), there exists a
positive small number €y, which depends on the background subsonic state (pg,uo, 0,0, o)
and (85", é",Bi",Ei",se,l;), such that if 0 < € < ¢p, then there exists a unique smooth
subsonlc ﬂow (u1,us, us, p, ) € C*(Q)? x C3%(Q,)? to (LI)) satisfying boundary conditions
BI)- B3) and [B.6). Moreover, the following estimate holds:

[l (u1,u2,us3) — (u0,0,0)||c2.0(q,) + |0 = pollcs.aia.) + I — wollcsa(,) < Ce. (3.10)

Here C' is a constant depending on (po, ug, 0, po) and (53", é”,Bi”,Em,se,l;).
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Before we start to prove our main theorem, we need to make some preparations.
Define Wi = s — sg, Wy = B2, W3 = 83, Wy = B — By, W5 = ¢ — g, we can derive the

equations satisfied by W;, i =1,--- 5.

2
1
(1 _¢ 2(120) )81W1 + Wy + 03W3 + —81W5 + diW1 +daWy + dsWs = —Fl(VV,VW),
0

LWy + W0 Wy + W303Wo + ip0)82W1 — —82W5 + doWo = FQ(W VW)
0

N W3 + Wo0a W3 + W303W3 + (po)agwl — —83W5 + dsW3 = F5(W, VW),
0

N Wy + W0 Wy + W303W, = 0.

AWs5 = poW — eb(z) + F5(W,VW).
(3.11)
Here

c? c? 1 1
Fy (W, VW) = We0o, Wy + W305W; — ( (2/)) — (po ))81W1 + (—2 — F)81W5
1 uy 0

c? 2 1 1
—( (2/)) - @ —aoWi 4+ a1 Wy + a1 Ws)01s0 + (—2 -5 boW1 + b1 Wy + b1 W5)01 0,

uy Uy uy Uy
2 W- 2 2
B(W,vW) = "o, - W2, - (0 o)y,
ul u ul UO
1 A(p)  Ap ) 1 A(p)
)W - Wy — (— W
+(u% 3)8 + ( w2 Uo )O150Wa — ( 2 2 ) 0100 Wa,
2 2 2
F3(W, VW) u( ) w0y — —281W5 —( (f) - (’2’0))8314/1
1 uy 1 0
2 C2 1 2
(=5 — =)W + ( (2”) — (2 DyorsoWs - (= - (ZO))MOW&
uy 0 1 Ug 1 Up
F5(W,VW) = p — py — poW1
(3.12)
2¢2 1)c? 24
o = by = 2P0 )26 (o) | 2¢ (4[)0)7
Uq Ug Uq
2
E
b1 1,01 = —a20150 + b201pg = — 276 (po) 20 7
uo (C (pO) - uo)uo (3‘13)
1 (po) Ey
do = d3 = (50100 — 0 S o
2 3 (ug 1$0 'LL% 180) (62(p0) — u%)?
2F)
dy =ds = a10180 — b101pg = .
P T T = ) — R

We emphasize that F;((W,VW),i = 1,2,3,5 are second order terms of W;,i =1,---,5

and does not contain any space derivative of Wy, W3, Wjy.
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Then it is easy to derive the elliptic system satisfied by W7 and Wis:

2 2 2
o <(C (§°) D)W — Wy — d5W5> n 82<(C i” 0) _ 1) Wadh Wi + (P )82W1>
0 0 0
2

2 2
: ’L(Lp 0 W3 Wy + (e )83W > i <(C 1(420) — Do — s — d5W5>
0 ug 0

+03 ((
1 dsy

——2p0W1 — ( + 61( 2))81W5 = Gl(W,VW),
U ug Up

AWs5 = poWi — eb(z) + F5(W,VW).

2 ) ) Ezn
<(C (20) —1)oiWy —diWq — d5W5> (0,22,73) = F1(W, VW) + €<325§" +0385" + ” >,

ug 2
NWs5(0,29,73) = €E™ (29, 23),
Wi(1, z9, x3) = €sc(x2, x3),
W5(1,III2,II?3) =0.
(3.14)

Here

G1(W, VW) =0, (F{(W, VW) + dyWy) + 02 F5(W, VW) + 93 F5(W, VW)

(92W3(93W2 — 82W283W3) + dods Wy + do Fi (W VW)

+ Oy | di W1 Wo + dsWoWs + ?W281W5 + Wo Fy (W, VW) + dgWoWy
0

1
+ 03| diW1 W3 + dsW3Ws + —2W381W5 + W3F (W, VW) + dsWo W5

)
)

+i[—eb( )+ By (W, VW) .

ug
(3.15)
And Wy, W3 and Wy will satisfy the following hyperbolic equations respectively:
2
O1Wo + Wa0o W + W303Wa + daWa + (po )32W1 232W5 = (W, VW),
ug 0
2
N W3 + Wo0a W3 + Wa03Ws3 + dsWs + (2 )83W1 —283W5 = Fg(W, VW),
Up Uo (3.16)
W2 (0,22, 23) = €fa0(z2, 3),
| W3(0, 22, 23) = €f30(22, 73).
Wy + W0 Wy + W303 Wy = 0,
(3.17)

W4(07 z2, $3) = EBin(x27 :L'3)'

12



3.3 Proof of Theorem [3.1]

The main idea is simple: we construct an operator A on a suitable space, which will be
bounded in a high order norm and contraction in a low order norm.
The solution class will be given by

4
== {W == (Wl,WQ,Wg, W4, W5) . HWH: == ”W17W5”03,Q(Qe) + Z HWiucz,a(Qe) S (5}
1=2

Here 6 will be determined later. For a given W = (Wl, Wo, W, Wi, W5) € Z, we define an
operator A : W = (Wl, WQ,Wg,W4,W5) — W = (W, Wy, W3, Wy, W5) mapping from Z to
itself, through the following iteration scheme.

Step 1. To resolve Wy.

N Wiy + Wodo Wy + W303W, = 0,
(3.18)

W4(07 z2, $3) = EBin(x27 $3)'

The particle path (7, Zo(7;x), Z3(7;%)) through (x1,x2,x3), is defined by the following ordi-
nary differential equations:

W = Wa(r, (73 %), E5(7: %)),
BT iy, ), (), (3.19)

To(21;X) = 29,

Zo(x1;X) = x3.

Since (WQ,Wg) € C2’a(Qe), it is easy to prove that (Z2(0;x),Z3(0;x)) belong to C2’°‘(Qe)
with respect to x. Indeed, the following estimate holds:

[[(Z2(0;x), 23(0; %)) | 020 (02,) < Ch- (3.20)

One can find a unique solution Wy(z) = eB™(Z2(0;x), #3(0;x)) € CH¥(Q,) to BIN).
Furthermore, the following estimate holds:

[Walle2a(a,) < €l B™ | g2.a(r2) < Coe. (3.21)

Step 2. To obtain W7 and Ws5 by solving the following linearized second order elliptic

13



systems:

2

2 2 } 2
2 ((C prO) —1)oiWy —diWq — d5W5> + 02 <(C EEO) — )Wad Wy + £p0)52W1>
0 0

Now

B 2 2
+a3<(% — )Wy Wy + = (20)83W1> + d2<(c o) _ oy - ayw, — d5W5>

0 Up Up
1 ds 1 ~ -~
——2p0W1 — —2+61(—2) 0L Ws :Gl(W,VW),
Up U Up

AWs5 = poW1 — EB(:L’) + F5(W, VW)

C2 ~ ~
(( 1([2)0) — 1)81W1 — d1W1 — d5W5> (0, o, l’3) = F1 (W, VW) + d4W4
0
. . 1 .
+6<8255" T oup + —2E>
U
1 W5(0, 22, 23) = eE™ (2, 23),

W1(17 x2, $3) = 686(1'27 IIJ‘3),

W5(17 z2, $3) = 0.

(3.22)
Take Uy = Wy — €Se(x2,x3),Us = W5, then Uy, Us satisfy the following elliptic systems:

7

2 2 ~ 2
o <(C o) _ 1oyt — a0y — d5U5> + Oy <(C (‘2’0) )Wt Uy + & (p0)62U1>

uj uj uj
2 R 2 2
+03 ((c ff;o) — 1)W30,U; + ¢ 530)33(]1) + dy <(c iﬁo) - 1)Uy — diUy — d5U5>
0 0 0

1 d 1 ~ ~
——2p0U1 — <—§ + (91(—2)>81U5 = Gl(W,VW),
Uy Up Up

AUs = poUy + é5(W, VW)

02 ~ ~ ~

<( igo) - 1)81U1 - dlUl - d5U5> (O,wg,xg) = Hl(W,VW),
0

81U5(0,x2,x3) = ﬁQ(W, VW) = eEi"(xg,xg),

Ui(1,22,23) =0,

U5(17 z2, x3) = 0.

(3.23)
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Here

0iSe) + €(drdase + %se).

0

~ - - _ N 3 9
G (W, TW) = Gy (W, W) + ) (dr0) = 3 ey (L
i=2 U

G5(W,VW) = —eb(z) + F5(W, VW) + epose,

- ~ ~ ~ ~ . . 1 .
Hl(W, VW) = Fl(W, VW) + d4W4 + 6<82,85n + 83ﬁ§" + EEW> + edlse.
0

(3.24)
Set H = {U(z) € HY() : U(l,29,23) = 0.}. The weak formulation for B23) is the
following: To find U = (U;,Us) € H x H, such that for any V = (V,V5) € H x H, we have
B(U,V) =F(V). Here

B(U,V) :/ { <(Cz(§°) — 1)U, — diUy — d5U5>81V1

2 3 2
+ ((C (20) — DW01U;y + ‘ (20)52U1>52V1
Uo Up

2 ~ 2
+ ((C (’2’0) —)Wad UL + L’Z’P)agU1>agm}dx

oo o (3.25)
- / d <(C 18@0) — DU, — Uy — d5U5>V1da:
e 0
Po ds 1
+ —2U1V1+ —2+81(—2) hUsVy pdx
Q. (Up Uy Up
+ | VUs - VVsdz + / poU1 Vsde.
Qe Qe
FV)= | GiVide — | GoVsda — / (H'Vi + H?V5)(0, 29, 23)dxodrs. (3.26)
Qe Qe T2

A direct computation shows that B is a bounded bilinear operator in H x H and § is a
bounded linear operator in H x H. Also B is coercive. Hence same arguments as in Chapter
8 in [II] shows us that Fredholm alternative theorem holds for (3.:23). Hence uniqueness
theorem will imply the existence of solution to ([3:23). It suffices to show that B(U,U) =0
implies U = 0.

B(U, U) :/ {(021(%0) —1)(61U1)2+82—?[(82U1)2+(63U1)2+|VU5|2]}d:13

2
- /Q [dy + d2(%§0) — D]U101Urdzx — ; d501U1Usdzx (3.27)

d 1
+ / <_§ + 61(—2)>61U5U1d$ —|—/ (P_g + d1d2> U12d$
e uo u(] e uO

6
+/ <Po + d2d5> U Usdx = I + ZIZ' = 0.

i=1

15



Now we estimate these terms respectively.

1

Isg < ™ (po + dods)*Uidz +77”U5”2L2(Qe)
17 JQ.
1
< /s (po+d2d5)2U12d$+UCQe”VU5H%2(Q€) (3.28)
CQe Ey 1 2
=7 <£{%’i]p0+C(b°)£[%§](uo)>” Uillia@) + 51Vl
B2 min (P01 Bag — max (2201
mi 5
° = 2efo.q) u? HIL2(@e) ™ o) ug e (3.29)
mingeo,1] Lo Eg 2 .
> ———= U — —)||U .
2 oo @ 2 10111720, Jél[%fi(ug)” 1Z2 (00
1 1
515 < 0(0n) (e ()IVO g,
i=1 =0 (3.30)
Ey
+xré1[zomx]( )[HU1||L2(Q +1Usl122(0,) + IVULIIZ2(0) + ||VU5H%2(QE)]>‘
Hence we have
6
0=1+3 0z [ VU4 VU — O s (I,
Ey
+xnel[%>§}( U3 @0 T 1UslZ2,) + IVULIZ2 0,
9 Minge1) o Co, 2 2
; ”V%“meﬂ) : <maxx€[o T ),
CQe Ey
— mfg)i( )HUlHLz - C(bo) Iél[%ﬁ]( )” Url7: () HVU5”L2(Q
1
2 2 2
> §/Qe VUL + |VUs| d:c—C(bo)CQe<xlé1[g§](;)5|!VU1\\L2(ne>
Ey
+ m[%%( DNTE2q.) + 1T 13200, + VUL 20, + IV Us ]2 ]>
1
> Z(”VUluLZ(Qe) +IVUs|172(0,)-
(3.31)

Here we have used some special properties (2.22]) of our background solutions.

This implies that U; = Us = 0. We establish the uniqueness for ([3:23)). By Fredholm
alternative theorem, there exists a unique solution (W1, Ws) to (8:22]).

By standard elliptic estimates in [I], (322)) has a unique solution (W7, W5) € C3%(Q) x
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C3%(Q) and satisfies the following estimate:
W1, Wsllgs.aq,) < Cs <||G1(W7 VW)llcra(,) + €lb(@)llore@.) + [1F5(W, VW)l o1.a(q,)
. . 1 . - -
+ €||0285" + 0385 + ?EWHCZG(T% + ||F1(W, VW) + d4W4||Cz,a(T2)
0

T e Bz + euseuca,am)

< Cy(6% + o).
(3.32)
Here C3 depends only on background solution and 2., Cy depends also on ﬁg", é", B™ and
E™ b, se.
Step 3. To obtain Wy, W3 by solving the following hyperbolic equations:

7

2
5 ~ 1 .
O\ Wy + WodaWa + WadsWa + daWa + i§0)82W1 - ?32W5 = (W, VW),
0 0

2
- - 1
0L W3 + W0 W3 + W305W3 + dsWs + ¢ Z(L'ZO)@ng — ?83W5 = F3(W,VW),
0 0

(3.33)

Wa(0, 32, 23) = €85 (2, x3),

W5(0, 2, 23) = €8 (2, T3).

Then by the characteristic methods, we have the following formulas:

T . 1 T ~ ~
Wa(x) = ee” Jo! d2(s)d8ﬁ§"(:ﬁ2(0; x),73(0;%x)) + / e~ [t da(s)ds <F2(W, VW)
0

2 1 ~ ~
Bl Pe u—352W5> (r, #a(7%), B3 (3 X)),

Up

(3.34)

xT . xl xT o~ o~
Wa(x) = o™ O 80530520, 33(03)) + [ eI 0 (B (W, 9 W)
0

02(/)0)
uj

1
03W1 + F&)’WS) (7, 22(75 %), Z3(7; %) )dT.
0
These enable one to obtain the following estimate:
10200, W) lene 0.y < s |3, Bl o)+ IWIE + Wi, Walloe o |
< Cs(8% +¢).

This, together with the estimates ([8.32), (3.35]) and B.21), gives

Wz = [W1, Wsllcaa(a,) + [|Wa, W3, Wallcz.a(a,) < C7(6° +€). (3.36)

(3.35)

Here C7 = maz{Cy,Cy, Cg}, which depends only on background solution and B4, 5", B™
and B, b, se.
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1 1
Choose €7 small enough, such that if € < €1, then C?e < 7 Set § = 2C7¢, then C76 < 3

and C7(6% 4+ €) < Cre + %5 = ¢. This implies that A maps = to itself.

It remains to show that the mapping A : Z — = is a contraction operator. Suppose
A (W{“,W;,Wg,m,m) — (WE ,WQ,Wg,W4,W5) for k = 1,2. Define the difference
(Yl,Yg,Yg,Y4) (W1 WI,W2 W2,W3 W3,W4 W2, W2 —W2) and (Y1,Ys,Y3,Y)) =
( Wl 7W2 W27W3 W3’W4 W47W5 WS)

Step 1. Estimate of Yj.

Indeed, Y, satisfies the following equation:

81}74 + W2162Y4 + W§83Y4 = —}7282W42 — }7363W42,

(3.37)
}74(0, 9, xg) = 0.
Then the following estimate holds:
IYallere,) < Cs6ll(Ya, ¥3) [l cra(,)- (3.38)

Step 2. Estimates of Y7 and Y5.
Y1 satisfies the following elliptic system:

o1 <(C2(/2)0) —1)01 Yy —d1Yy — d5Y5> + Oy ((62(—/2)) )Wza Y; —|— (po )8 Y>
U u2 0

~ 2 2
+83 <(C ?(;2)0) - 1)W3181Y1 + ¢ 5/2)0)83Y1> + d2 ((C 1(1/2)0) — 1)81Y1 — d1Y1 — d5Y5>
0 0 0

1 d
——5poY1 — ( 2+ o 2)>51Y5 = Hj,
Up uj Up

AYs = poY; + F5(WL, VW) — F5 (W2 YW?2),

<( Q(LPO) —1)01 Y1 —d1Y1 — d5Y5> (0,22, 23) = Fy (W, VW) — F{ (W2 VW?),
0

01Y5(0, 2, 23) = 0,

Yl(l,xg,xg) = O,

Y5(1, xIo, xg) =0.

_ 71 X1y 72 X2\ 02(90)_ Y 2\ 02(00)_ Y 2
Hy =G (W, VW) -G (W VW*) =0, | ( 2 1) Yoo W5 a5 ( 2 1)Yso, Wi ).
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Then the following estimate holds:

(Y1, Y5)[lo2a () < C9<HH1Hca(Qe) +[|[F5s (W VW) — F5(W2, YW?)||c10(q,)
+ | B (WL VW) — B (W2, VYW?) + d4Y4Hcl,a(Tz)> (3.40)
< C1o5<||1~/1,?5\|c2,a(96) + H?é,?s,ﬁﬂcl»a(ge))-

Step 3. Estimate of Y5, Y3.
It follows from (3.33]), Y2 and Y3 satisfy the following system:

2
- - 1
0 Ys + W2182Y2 + W3183Y2 + doYs + ¢ (pO)Z?ng — —0Ys; = Ki,

ug uf
il il 02(/)0) 1
01Y3 + W50,Ys + W303Y3 4+ dsYs + 5 03Y71 — —283Y5 = K.
Up Uo (3.41)
Y2(0, 72, 73) =0,
L Yg(o,xg,xg) =0.
Here
K1 = —(Y20,W3 + Y305W3) + F(WH, VW?) — (W2 YW2), 2
3.42
Ky = —(Y205W3 + Y305W3) + F3(W, YW1) — F5(W2, VW?2).
Then the following estimate holds:
(Y2, Y3)[lcre@,) < Cn <5||(?27%,1~’4)||01»a(96) + 5||VY1,VY5H01,a(Qe)>
(3.43)

< 0125<H3717f’5\\c27a(96) + |!1~’2=373=374H017a(96)>-

Setting C13 = maz{Cs, C19,C12}, then take e; small enough such that Cizea < 1. Now
we take €9 = min{e, €2}, then if 0 < € < €y, A maps = to itself a nd is contraction in low
order norm. Hence A has a unique fixed point, which will be the solution to (II]). We have
finished our proof.

Remark 3.2. We can not generalize this result to a general 3-D nozzle. In general, the velocity
field Bs and B3 will lose one order derivative when integrating along the particle path. The
delicate nonlinear coupling between the hyperbolic modes and elliptic modes (52, B3) makes it
extremely difficult to develop an effective iteration scheme in a general 3-D nozzle. How to
effectively explore the good property of the quantity W = 0383 — 9382 + 830182 — P20 83 will
be investigated in the forthcoming paper.
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4 Appendix

In this appendix, we give the detailed calculations for (2.6]). First we rewrite (2.22)) as
follows:

G DB +

1

1
2B 1o i) 0~ B = hlp) =0.

Applying 301 — 95 and — (5201 — 02) to ([AJ]) and adding them together, we obtain

G 'Dps +

0= (8301 — 03)(G~'DB2) — (B201 — 02)(G~'Dps)

+ ) [“331 = %)(B201 = 02) = (5201 = 02) (B0 — ) | (= ()

1
~ 2(B+¢— h(p))?

(B0 — 02)B(Bsd — D) (p h<p>>}

[(5301 0 B(5a01 — 02) (o — h(p))

1
2(B+ ¢ —h(p))

| B ) (Ve - o) x ) |

= (8301 — 93)(G™'DBs) — (B201 — 02)(G~'DB3) +
1

O (p — h(p))W

- 2B+¢—hip
(4.2)
While
J 1= (B301 — 93)(G~'DBs) — (B201 — &) (G D)
‘1D(<5361 03)B2 — (Ba01 — 02)33)
+G” 12 (8301 — 03)B;0;82 — (B201 — 0)B;0;85)
+G7 Z @{ [(Bs01 — 95)0; — 0;(Bs01 — D5)]Bs (4.3)
~ [(Bay — 02)0; — 0;(Bay 82)]53}
+ (8301 — 93)G™'D By — (B201 — 92)G D3
=G7IDW + J, + Jo + Js.
Now we compute J;,i = 1,2, 3 respectively.
Ji = G H W (922 + 9583) — (B301 — 95) 320583 + (B30 — 03)B303 2
(4.4)

— (8201 — 02)B20233 + (201 — 02) 33022
= G W (0282 + 0383) + Z].
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Here Z = (3301830332 — B301 820333 + B201 830282 — $201 8202 33.

3
=Y ﬁj{wgal — 05)0; — 9 (3301 — 255
j=1

(4.5)
— [(B201 — 02)0; — 0;(B201 — 52)]53}
=Gz
Jy= G [(5381 ~ 0)GDBs — (Bady — 82>GDﬁ3]
3
— 2672Y [@»(ﬁgal — 05)8,DB, — B(Ba01 — 52)5;'1)53] (4.6)
=
= —2G*[W(B2DpB2 + B3DB3) + Js1).
Here
J31 = B2(B201 — 02) 83D B2 + B3(8301 — 03) 3D B2
— 33(8301 — 03)B2Df3 — Pa(f201 — 02)32Df3
= B2 [(5251 — 02)B3DfBy — (B201 — 52)ﬂ2Dﬁ3}
+ B3 |:(ﬁ361 — 03)33Dfy — (201 — 52)521353]
= [ [(5251 — 02)B301 02 — (B201 — 32)ﬂ23153] (4.7)

+ 33 [(5331 — 03)B301 B2 — (301 — 53)5251&}
+ [(5251 — 05)B3(B30282 + B2330382) — (B201 — 92) Ba(B302 33 + ﬁ2ﬁ38353)}

+ [(5351 — 03)B3(B2830282 + 30352) — (B301 — 93)B2(B23302 35 + 538353)}
=GZ.

Hence we have J3 = —2G2[W (8,D s + 53D f3)] — 2G~1 Z. Substitute these calculations
into the above formula to get:
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1 1
0= T4 s~ MW — g (1) (Ve — 1(0) % VB )|
=G 'DW+ G <82ﬁ2 + 0333 + 2B+ :_ ) GOy (p — h(p))> W -G 2WDG
1
o | he ) (Ve — (e x VB

1
2(B + ¢ — h(p))?
1% 1

— D)~ sy | L) (V= hie) < VB |

This implies that

=G 'DW - G'WDs - G2WDG —

{(1,52,53) : (V(go — h(p)) x VBﬂ

(4.8)

W !
pG” 2p(B+ ¢ —h(p))

D( |10 (Vo= b)) < VB) | 0. a9
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