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Abstract. We consider the development of a general nonlinear input-output theory which
encompasses systems with initial conditions. Systems are defined in a set theoretic manner from
input-output pairs on a doubly infinite time axis, and a general construction of the initial conditions
is given in terms of an equivalence class of trajectories on the negative time axis. Input-output
operators are then defined for given initial conditions, and a suitable notion of input-output stability
on the positive time axis with initial conditions is given. This notion of stability is closely related to
the ISS/IOS concepts of Sontag. A fundamental robust stability theorem is derived which represents
a generalization of the input-output operator robust stability theorem of Georgiou and Smith, to
include the case of initial conditions. This includes a suitable generalization of the nonlinear gap
metric. Some applications are given to show the utility of the robust stability theorem.
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1. Introduction. The general nonlinear input-output theory of systems was ini-
tiated in the 1960s by Zames [45, 46, 47] and Sandberg [25, 26]. It views systems as
black boxes identified with operators mapping inputs to outputs. Such approaches,
including recent contributions such as [13], do not include a systematic treatment of
initial conditions. On the other hand, states and initial conditions have been intro-
duced into input-output reasoning via the well-known input-to-state stability (ISS)
theory due to Sontag [27] (and its many variants; see, e.g., [29, 30, 34]). The ISS
approach is fundamentally a state space approach in which systems are assumed to
have a known state space representation (and, e.g., Lyapunov constructions and char-
acterizations play a significant role). In contrast, input/output approaches to robust
stability are concerned with perturbations to nominal systems which induce signifi-
cant (and potentially unknown) changes to the underlying state space. For example,
while a nominal system may be modeled by a low order finite dimensional system,
the true system is viewed as a perturbed system typically with a differing dimension,
as occurs with a finite dimensional multiplicative perturbation, or represents a shift
from a nominal model with a finite dimensional state space to an infinite dimensional
system. For example, consider the nominal plant > with one dimensional state space,

Yoa(t) = o(x(t)) +ult), y(t)==x(t),
and the perturbed plant ¥, with infinite dimensional state space,
Srcoa(t) =o(x®) +ult—71), yit)==z(), 0<71 <7,

where ¢ : R — R is a memoryless nonlinear function satisfying a sector condition (Ex-
ample 4.3). The plants ¥ and 3, are close in the sense of nonlinear gap metric [13]
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(6(2,%2;) — 0 as 7 — 0) but with different dimensional state spaces, and one would
anticipate that a satisfactory feedback controller for ¥ will also work for 3, for any
0 < 7 < 79 provided 7y is sufficiently small. The initial condition in ¥ can be taken to
be z(0) € R. However, for ¥, the initial condition is necessarily infinite dimensional,
e.g., (z(0), u|(—r0)) € Rx L?*(—,0]. Intuitively, even when initial conditions are taken
into consideration, the nominal plant > when stabilized by a controller should remain
stabilized when replaced by any of the perturbed plants ¥, 0 < 7 < 7. Clearly, to
quantify such statements, we need appropriate notions of stability together with an
appropriate quantification of the notion of “size” of initial conditions which can be
consistently applied across ¥ and X, for any 0 < 7 < 79. Additionally, these concepts
must also be applicable to all other “reasonable” perturbations (multiplicative, addi-
tive, etc.), which often change the state space structure and move the scope of the
required framework beyond that of state space representations.

The purpose of this paper is to develop a general input/output framework which
incorporates a general concept of initial conditions. The central result obtained is
a generalization of the robust stability results of [13], whereby the initial conditions
(characterized by a purely input-output formalism drawn from [41]) are reflected
within the stability concept in an ISS-like manner (cf. [27, 29, 30, 34]). We remark
that a central assumption in [13] is a requirement that systems are defined on semi-
infinite time axes and map zero inputs onto zero outputs. Implicitly, this requires
that the systems have zero initial conditions. There are a number of later extensions
which permit consideration of nonzero responses to zero disturbances, e.g., [8, 12],
however, neither of these approaches are directly aimed at the case of initial conditions
and cannot directly be used to establish fading memory properties. Explicit robust
stability results are given in [7, 9] for a specific case of a linear plant and a nonlinear
controller with initial conditions. A more general construction for nonlinear plants
can be found in [10, section 7], and this forms the basis for this contribution.

Thus, on the one hand, the contribution of this paper can be viewed as a gener-
alization of the ISS approach to enable a realistic treatment of robust stability in the
context of perturbations which fundamentally change the structure of the state space,
and on the other hand, can be viewed as a generalization of existing operator-based
input-output approaches to robust stability to include initial conditions within, in
particular, the nonlinear gap formalism of [13].

This paper is organized as follows. In section 2, we introduce definitions of sys-
tems, initial conditions, and closed-loop systems, which involve only input-output
structures. In section 2 we show how the general initial condition construction relates
to standard notions of initial conditions for systems having particular representa-
tions. The fundamental robust stability theorem for input-output feedback systems
with initial conditions in terms of a generalized gap metric is given in section 3. Sec-
tion 4 considers some applications to show the effects of this paper’s results. We draw
conclusions in section 5.

2. Systems, initial conditions and closed-loop systems. Let & denote the
set of all locally integrable maps R — X where A" is a nonempty set. For any interval
J, we regard Sy as a subspace of S by identifying Sy with the set of maps in & which
vanish outside of J. We define a truncation operator Ty : S — S and a restriction
operator Ry : Sy — Sy with J C I as follows:

' N v(t), teJ .
T;:8 — S, v'—>TJU—<t’_>{ 0 otherwise |’

Ry :81— S8y, ’UHRJUé(t'—)U(t), tEJ).
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We let R, £ R,y and R_ = R(_s,0- For any u,v € § and any 7 € R, the
7-concatenation of u and v, denoted u A, v, is defined by (u Ay v)(t) = u(t) if t < T
and (u A, v)(t) = v(t) if t > 7. We abbreviate u A v = u Ag v. Define ¥ C S to be
a signal space if and only if it is a vector space. Suppose additionally that V is a
normed vector space and the norm || - || = || - ||y is also defined for signals of the form
Ty, veV,J CR. Wedefine a norm || - ||; on Sy by ||v||; = | Tyv]| for v € Sy (define
|lv]| 7 £ oo if Tyv € S\ V). The extended space V. of V is defined by

Veé{U€S|va’7b7(_oo<a<b<oo):T(a7b)vev}

and the interval space V(J) £ R,V for any J C R; we also abbreviate V* = RV,
V- =RV, VF =RV, and V,; = R_V,. In the rest of this paper, unless speci-
fied otherwise, we always let U, J be normed (input/output) signal spaces (such as
LY(R;R"),1 < ¢ < oo) with norm | - [z, || - ||y, respectively. Let W £ U x Y with
the product norm defined in the usual way, ||(u, y)|w = (||ull, + ||y||§,)% if ¢ > 1 and
[[(w, )llw = max{|ulle, [lylly} if ¢ = oo

2.1. Systems. In an input/output framework, it is only the relationship between
inputs and outputs that is a priori relevant. In this sense, notions of “system” and of
“stability” should be made without the axiomatical postulation of state.

DEFINITION 2.1. Given normed signal spaces U,Y and W 2 U x Y, a system Q
is defined via the specification of a subset Bg C We.

The signal pair (u,y) € U, x V. is called an input-output pair. At this stage,
we do not impose any further requirements on the input/output partition. In an
operator-based input/output framework (e.g., [13]), it would be typical to start with
an operator Q: U — VI, where, e.g., U = Y = L2(Ry;R) and Q(0) = 0. Note
that the above definition of a system differs from both Zames’s representation of input-
output systems by operators [44] and Willems’s structure of input-output systems by
behaviors with input/output partition [23]. Here, we allow both (u,y1) and (u,ys2)
with y1 # y2 to belong to the same set Bg. And it does not require that for any v € Ue
there exists a y € ), such that (u,y) € Bg. For example, Let U = Y = L%(R;R)
and consider the system () represented by the set By = {(u,y) € Ue x Ve | y* = u}.
It is easy to verify that for u(t) = e~2I{l t € R and y(t) = e "It € R, we have
both (u,y) and (u, —y) belonging to B¢, and that for u(t) = —e 2|t € R, there
is no y € L2(R;R) such that (u,y) € Bg. Since our set B¢ allows us to consider
multivalued maps @ or relations @, we will see in subsequent sections that this is key
to our unified treatment of initial conditions.

DEFINITION 2.2. A system @ is said to be linear if the set B is a vector space,
t.e., Mfwi + Agwe € Bg for any wi,wa € Bg and any A\, Ay € R. 1t is said to be
time-invariant if w € B implies w(- + 7) € Bg Vr € R.

DEFINITION 2.3. Given normed signal spaces U and Y, an operator ® : U} — Y
is said to be causal if

Vu,v € U, VE>0: [U|[0,t] = U|[0,t] = (<I>u)|[0)t] = (‘I)U)ho,tﬂ )
while a system @ is said to be causal if
V(u, yu)7 (Uayv) € %Q7Vt eR: [U"(—oo,t] = U|(—oo,t] = %%k—oo,t] = %UQl(—oot]} ,

where B, £ {weW, | Iy € V. such that w = (u,y) € Bg}.
This definition generalizes the definition of a casual operator. Note that any op-
erator @ : U — Y can be represented by a system Bo = {(u,y) € Ue x Ve | R_y =
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R_u=0,Ryy = ®(Ryu)}. According to above definition, the operator ® is causal
if and only if the system Bg is causal. We will be interested to define system prop-
erties using trajectories defined on the positive half-line [t,00). In order to define
the well-posedness of a system, we first introduce the two properties of existence and
uniqueness of a system. In the following, we fixed initial time ¢ = 0 if not otherwise
specified and use the notation %5 defined as follows to denote the system @Q’s past
trajectories:

(2.1) B, 2R By ={w_eW, |Twy € WS, st.w_Awy € Bg}.

DEFINITION 2.4. A system @Q is said to have the existence property if for any
w_ € By, and any uy € U there exists a y € VI such that w_A(ut,y+) € Bg; it

is said to have the uniqueness property if for any w_ € B, and any uy € ur,

W_A(up, Y4 ), - (U, §4) € Bo with y4, 9+ € V' = yp = J4;

and it is well-posed if it has both the existence and uniqueness properties.

Well-posedness means that future output y; can be deduced from the set Bg
(representing system properties), the past input-output pair (u_,y_), and the future
input u4. The uniqueness property is equivalent to the concept that output processes
input as defined in [42]. The graph gg— of a system (Q for a given past trajectory
w- € B is defined by

(2.2) gg— £ {wy e WF |w_Awy € Bo} CWT.

We conclude this section with the following results, which will be used in the
proof of Theorem 3.2 below.

PROPOSITION 2.5. For any system @, suppose that @) is causal and has the
uniqueness property. Then for any w_ = (u_,y_) € By, any wy 2 (uy,yy) € WH,
any Wy = (4, 9+) € WE, and any 7 € (0,00), we have

w_Awi, w-_ADy € Bg with uiljor) =t = Y+lo,r) = T+l0,7)-

Proof. Define w £ (u,y) = (u_Nuy,y_Ays)and w2 (@, §) = (u_Adr,y_ NGy ).
It’s easy to verify that w = w_Aw; and @ = w_Aw4. Since the system @ is causal
and u|(—oo,7) = U|(—c0,r) (nOte that uy|p -y = Gy|[,r)), we obtain that %%|(_OO)T) =
%gﬂ(foo,r) with B¢, defined as in Definition 2.3. It follows from the fact (s Y)| (—o0,7)
€ 2@(—00,7) = %%|(_OO)T) that there exists a § = §_A7. € V. satisfying (a,§) €
By C W, and (@, §)|(—00,r) = (U Y)|(—00,r) = W|(—00,r)- Hence, we have §_ = y_ and
U+1[0,r) = Y+ljo,r)- To conclude the proof, we only have to show that 7|0, r) = F+|[0,r)-
This follows directly from the uniqueness property of the system () and the fact that
w A (iy,§y) =W € Bg and w_A(iy,94) = (4,§) € B € Bg. (In fact, we have
g+ =9+) O

COROLLARY 2.6. For any system @Q, suppose that Q) is causal and has the unique-
ness property. If for any w— € By, any uy € Ur, and any 7 € (0,00), there exists
ayl € VI such that [w_A(ut,y7)]l(—so,r) € BQl(—oo,r), then the system Q is well-
posed.

Proof. We only need to show that the system @ has the existence property. To
this end, fix any w_ € B and any uy € U and define a time function y4 (¢) on the
positive infinite interval, 0 < t < oo, as follows: for any ¢ > 0, choose some 7 € (0, 00)
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with 7 > ¢, and let y4(t) £ y7 (). This function y; is well-defined.! It follows from
the definition of Y\ that y, € V7, since y4[j0,7) = ¥7 |j0,-) With g7 € VI V0 < 7 < oo.
To conclude the proof, we need to show w_A(uy,yy) € Bg. This is obvious since
[w_ Aty Y1)l (—o0,r) = [W-A (Ui, Y]] (—00,7) € BQ(—00,r) VO < T < 00. O

2.2. Initial conditions. As discussed in intuitive terms in the control literature,
see [43, Chapter 1] and [45], the state is a classifier of input-output pasts and the
state should contain all the information of past history of the system which at any
time together with the future input completely determine the future output. The
state at time 0 thus determines the initial conditions. In the following, we will give a
precise way to define the state of an arbitrary input/output system. It is fundamental
that the construction does not require a system representation, but we do show how
the construction relates to the standard concepts of state for significant classes of
system representations. The genesis of this approach lies in [10, section 7]. From the
viewpoint of observability, for any observable nonlinear system represented by a state
space model, the initial state can be reconstructed from observed output signals given
some known input signals (see, e.g., [11]).

We now define an equivalence relation on B, £ R_B( (see (2.1)) as follows: for
any w—_,w— € %é, we say

(2.3) wo o~ Do & QY (uy) = QU (uy) Vuy €U,

where Q*- (u4) denotes the set (possibly empty) of all future outputs generated by
the system past input-output w_ € B, and future input uy € Ur, ie.,

(2.4) Q" (uy) 2 {ys € VP | woA(us.ys) € Bg)

The equivalence class of any w_ in B, is denoted by [w_] e (A= By | w- ~w_}.
DEFINITION 2.7. We define G¢ the initial state space of @ at initial time 0 as
the quotient set B/ ~, i.e., &g =B,/ ~ E2{[w_] | w_ € B,}
From the equivalence relation ~, for any ¢ € &g we define the set Q*°(uy) by

(2.5) Q™ (uy) = Q" (uy) Vuy €U Yw_ € x0.

If the initial time is chosen to be ty € R, we can similarly define the initial state space
denoted by 68 of a system @ at initial time ty by the same procedure. Note that
the above definition of initial state space doesn’t require the system to be well-posed;
however, if so, then there is a unique element in Q- (uy) for every w_ € B, and
every uq € U} ; and in this case, Q“~(-) can be regarded as an operator from U to
Y. for every w_ € B,. In turn, this implies that for every zp € &g, Q™ (") is an
operator from U to V.

This equivalence class construction of the initial state space is not news; it is closely
related to the construction of states in automata (or machine) theory and control the-
ory via Nerode equivalence appearing in a slightly different manner. This technique
was introduced by Nerode [22] when defining a state-equivalence relation in linear au-
tomata theory. The formal definition of Nerode equivalence can be found in [24, p. 114]
in the general setting of automata theory including the nonlinear case; in [18, 3] for
discrete-time systems from an abstract algebraic point of view; in [19, Chapters 7 and

1 To see this, it suffices to show that yil ll0,71) = yf lj0,71) for any 0 < 71 < 72 < co. This follows
directly from Proposition 2.5, since the system @ is causal and has the uniqueness property.
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10] including a discussion of connection between automata and control theory; and in
[32, p. 309] for any time-invariant input/output behaviors including both discrete-time
and continuous-time cases. A concrete approach to the Nerode equivalence construc-
tion for discrete time transfer functions was studied in [18, pp. 315 and 470], as well as
for continuous time transfer functions in [21]. The equivalence relation considered in
this paper is slightly different from the one considered in standard texts (see, e.g., [32,
p. 309]), where equivalence classes only relate to input sequences, since we do not re-
strict ourself to input/output behaviors which can be associated with an input/output
map, and hence the equivalence class is constructed from both input and output pairs.

Within the behavioral approach, Willems constructs three canonical state repre-
sentations by introducing three equivalence relations for a given system represented by
a behavior [41]. The construction of state in this paper is similar to the past-induced
canonical state representation in [41]. Note that in this paper, we do not impose any
requirements on the input/output partition for a system (see Definition 2.1). This
construction of state enables us to define the well-posedness of a system and a closed-
loop system in a unified way (see below). Notice that this is different from giving a
definition of well-posedness for a system with Willems’s input/output partition [23,
Definition 3.3.1], since any systems with Willems’s input/output partition already
guarantee the existence property, which is a very important property of a closed-loop
system. Hence, we relax the requirement that the input is free in [23, Definition 3.3.1]
in order to study closed-loop systems.

A functional x assigns a notion of size to elements in the initial state space G

(2.6) x: Gg—[0,00], z0— x(z0) L inf {|Jw_|| | w— € zo}.

This notion of size defined above related to finite energy reachability may be inter-
preted as the minimization of energy of the past system trajectories that “explain” the
corresponding initial state. Notice that in section 3.2, we will give a detailed discussion
about the concept of finite-time reachability, which roughly means that any state can
be reached from zero state by finite time. The notion of size defined above may also
be interpreted as the required supply in the context of dissipative dynamical systems;
see, e.g., [39, 40]. The determination of x is a standard problem in optimal control;
see, e.g., [1]. It is well known that, for L? norm (square-integrable) in the linear case
& = Ax 4+ Bu,y = Cx + Du, the above infimum is simplified to the traditional lin-
ear quadratic optimal control problem with ||w_||*/? = ffoo [uT (t)u(t) +yT (t)y(t)] dt.
Moreover, if the considered linear system is minimal (i.e., (A, B) controllable and
(A, C) observable) and D+ D7 is invertible, then there exists a real symmetric nonneg-
ative definite matrix K such that x(z) = (s Ks0)'/?; see, e.g., [38], where sy € R
is one-to-one related to ¢ € &g by the bijection obtained from Corollary 2.12.

We conclude this section by giving some properties of G and x for the linear
systems.

PROPOSITION 2.8. If the system Q) 1is linear, then the initial state space &g is a
vector space. Moreover, the functional x given by (2.6) defines a norm on Sq.

Proof. Tt is elementary to show that the initial state space G is a vector space
with 0 = [0[(_o,q]] as its additive identity and satisfies x(0) = 0. From the definition
of x (see (2.6)), it is easy to see that x(z0) > 0 for any zy € &g and that if x(z9) =0,
then we must have 0|(_o,0] € 20 (i-e., 20 = 0). For any 29 = [w_] € &¢ and any \ €
B, we have (A - 20) = x([A - w_]) = [Apx([w_]) = [Alx(zo). For any wi_,ws_ € B
we have ||w— +ws_|| < ||wi—]||+]||wse— ]|, and thus we obtain x(zo+yo) < x(x0)+x(yo)
for any xo,yo € S¢g. Therefore, x defines a norm on G for any linear system Q. 0O
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2.2.1. The relation to state space initial conditions. Consider a system X
described by the state-space model

(2'7) &= f(x,u), Yy= h(x,u),

where u(t) € R™ (¢t € R) is the input variable, z(t) € M C R! denotes the state
variable (M is an open set), y(t) € RP represents the output variable, and both
f:MxR™ — M and g : M x R™ — RP are continuous functions. Define signal
spaces U = LIY(R;R™) (1 < ¢ < o0), Y 2 LIR;RP) (1 <g<o0),and W=2U x Y.
According to Definition 2.1, the system X is defined by the set

(2.8) By ={weW, | w=(u,y) and (2.7) satisfies for some z(t) € M(t € R)}.

By using the same procedure in section 2.2, we can define the initial state space Gy,
for the above set Byx, at initial time 0.

DEFINITION 2.9. The state space model (2.7) is said to be forward complete [2]
if for any uy € U} and any initial state xg € M, there exists a unique z(t) € M
(Vt > 0) satisfying (2.7). It is said to be backward complete if for every u_ € U;
and every initial state xq, there exists a unique x(t) € M (Yt <0) satisfying (2.7). It
is said to be complete if it is both forward complete and backward complete.

It is well known that the state space model (2.7) is complete if f is continuous
in ¢t and w and Lipschitz continuous in z (see, e.g., [4]). Suppose that the state space
model (2.7) is a complete representation. If the trajectories of (2.7) are required to
satisfy the initial condition z(0) = xo (z¢ € M), then the state space model defines
a forward operator X%° from U to Y as follows: each input uy € U gives rise to
a solution z(t) € M (t > 0) of & = f(x,u) satisfying the initial condition x(0) = xg.
This in turn defines an output y; € Y by y. (t) = h(z(t),uy (t)) (t > 0), i.e.,

(29) E_I,’_O : Z/{e+ — yj, Uy — Yg.

A backward operator ¥ : U — Y. can be similarly defined like (2.9).

DEFINITION 2.10. Suppose that the state space model (2.7) is complete. It is said
to be forward observable if (see, e.g., [14]), for any initial states xg,x{, € M with
zo # xf), there exists some uy € U such that $5°(uy) # 5% (uy). It is said to be
strongly forward observable if, for any initial states xo,x(, € M with xy # x{, for
any uy € U, we have 5°(uy) # B°(ug). It is said to be backward observable if,
for any initial states xo,xy € M with xy # x{, there exist some u— € U, such that
Y (u_) # X" (u_). It is said to be strongly backward observable if, for any initial
states wo, vy € M with xo # x}), for any u_ € U, we have X7 (u_) # %70 (u_).

We let By (x9) denote the set of all past input-output trajectories which are
compatible with the initial state xo € M at initial time O:

_ _ _ €U ,y- €Y. and (2.7) satisfies
2.1 20" u- & ¢ .
(2.10) B (@o) { (y_) ‘ for some z(t) € M (¢t < 0) with z(0) = x¢

PROPOSITION 2.11. Suppose that the state space model (2.7) is complete, forward

observable, and strongly backward observable. Then F : xo — By (x0) defines a
bijection from M to Gy.
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Proof. From Definition 2.7, the initial state space at time 0 of By is defined
by &y £ B/ ~ with By, £ R_By, (see (2.1)), and the corresponding equivalence
relation ~ on By, is defined as follows (see (2.4) and (2.3)): for any w_,w_ € By,

(2.11) wo~w- & XU (ug) = X% (uy), Yuy €U

We obtain from (2.8) and (2.10) that By, = |, cp{B5(70)}. Since the state
space model (2.7) is complete and strongly backward observable, we have B (zo) N
B (z) = 0 for any zo, z;, € M with zo # x(. In addition, for any w_ € B (zo) and
any uq € US, we have Y- (uy) = E5°(uq) with X5°(uy) defined by (2.9). Thus,
for any 2o € M, the set B (xo) is a subset of some equivalence class related to the
equivalence relation ~. Since the state space model (2.7) is also forward observable,
(ie., X0 # Eié Vo, z(, € M with zy # (), we get that By (x¢) and By (z(,) must
be contained in two different equivalence classes related to the equivalence relation ~.
This, in turn, implies that {B5(z¢) | o € M} is the exact partition? of By related
to the equivalence relation ~. Therefore, we have &y = {8y, (zo) | o € M} and the
map F : zg — By (z0) is a bijection from M to Ss. O

COROLLARY 2.12. If the system X defined by (2.7) is a linear time invariant
(LTI) system, i.e., & = f(x,u) = Ax + Bu and y = h(z,u) = Cx + Du, where
x(t) € M = R", u(t) € R™, and y(t) € RP for any t € R, and A,B,C,D are
appropriate dimensional matrizes. Suppose that (A, C) is observable [49], i.e., the
np X n observability matriz [CT,(CA)T,...,(CA"YT|T is of full column rank n.
Then there exists a bijective map from M = R"™ to Gyx.

Proof. Since f(x,u) = Az + Bu is continuous in u and Lipschitz continuous in
x, this implies that 3 is complete. While for the LTI system, that the observability
matrix [CT, (CA)T, ..., (CA" 1)T]T has full column rank n implies that the system
is forward observable and strongly backward observable. Thus, from Proposition 2.11,
there exists a bijective map from M = R" to Gx. O

2.2.2. Initial conditions for a concrete delay line. To give a further insight
into the abstract notion of initial conditions for systems, consider the time delay line
model where the output signal is simply a time delayed copy of the input signal.
Define input and output signal spaces i =Y = L>(R;R) and W £ Uf x Y. Then the
input-output system of the time 7-delay line model is

(2.12) B, 2 {(u,y) € W, | y(t) =u(t —7) Vt € R}.
According to (2.1), the set of past trajectories B is defined by
(2.13) B ={(u_,y-) €W, |y—(t) =u_(t —7) Vt < 0}.

According to Definition 2.7, the initial state space of 9B, is the quotient set B/ ~
with the equivalence relation ~ on 8- defined by

(2.14) wo o~ B S u_(t) =a_(t),Vt € [-T,0),

where w_ = (u_,y_) € B, and w_ = (4_,y_) € B. And the equivalent class [w_]
of any element w_ = (u_,y_) € B is

(215) [’LU_] = {(ﬂ—vg—) € %: : 11_|[,T70) = u—|[77,0)}-

2Given any set X, let N be a subsets of X. Then N is called a partition of X if, and only if, the
empty set ) ¢ N and J,cny{A} =X, and ANB=0if Ac N, B€ N with A # B.
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The real-valued function x on B,/ ~ is defined by
-] = x([w_]) 2 inf || : b € fuw_]}.

According to (2.5) and (2.4), let s9 € B,/ ~ be any initial state of B,, and let
uy € US denote the future input signal of 9B, and let y; € VI denote the future
output signal of B, , and then we have

Aso A u_(t—1) for t € [0,7),
21 wO=@@ow={ 7T el
where w_ = (u_,y_) € B, is any element in sq.

We know that the time 7-delay line model is an abstract linear system, i.e., a
quadruple (T, ®, ¥, F) defined in Weiss [36, p. 831]. Let the classical state space be
X = L*®([—7,0);R); if z; denotes the classical state at time ¢ > 0, and uy € U}
(note that Tjg yuy € U™ in this example) and y, € VI are the future input signal
and output signal, respectively, then

T[O,t)er \I/t Ft T[O)t)UJ’,
:[hllS7 we obtain

o it ={ 260 isn”

We know by comparing (2.16) and (2.17) that the initial state space B/ ~ is actually
equivalent to X = L*°([-7,0); R).

2.3. Notion of stability. Given normed signal spaces U, and W £ U x Y,
consider a system Q) with initial state space S¢ at initial time 0 (see Definition 2.7).
Suppose that the system @ is well-posed; then we know Q®° is an operator from U
to VI for any z9 € S¢g. Moreover, if the system @ is causal, so also is Q*°. It is
easy to see that Bg = Uzjeso {w-—A(uy, Q™0uy) | w_ € zo, uy € US}. Thus, we
can regard the system @) as a family of operators {Q7° : g € &g} indexed by initial
states.

DEFINITION 2.13. The system @ is said to be input to output stable if and only if
it is well-posed and causal, and there exist functions® 3 € KL and v € Koo such that,
Vao € 8q, Vt >0, Yuoy € U, we have [(Quot)(t)] < B(x(0),t) +7([uotllo.0))
where the real-valued functional x(-) is defined by (2.6).

The above ISS-like definition represents a generalization of ISS introduced in [27]
(see also, e.g., [28, 31, 33]) for the system & = f(x,u), y = x wherein the term
B(x(xo),t) is replaced by B(||zol|,t) in Sontag’s definition, and where zq is the initial
state zg = x(0) € R™ rather than the abstract initial condition developed here, which
is appropriate for the more general system classes under consideration. More generally,
the concept of input-to-output stability (IOS) [33] permits the more general output
map y = h(z).

3A function v : [0,a) — [0, 00) is said to be of class K if it is continuous and strictly increasing
and satisfies v(0) = 0; moreover, if a = 0o and lims— o y(s) = oo, then it is said to be of class Koo
A function 8 : [0,a) x Ry — [0,00) is said to be of class KL if it is such that 8(-,t) € K for each
fixed t € R4, and the function (s, ) is decreasing and lim;— o B(s, t) = 0 for each fixed s € [0, a).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/26/16 to 152.78.67.126. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1634 JING LIU AND MARK FRENCH

up + U1 Y1

P

U2 C Y2 + Yo

Fi1G. 1. Closed-loop system [P,C].

2.4. Closed-loop systems. Consider the standard feedback configuration de-
picted in Figure 1 with the following equations:

(218) [P, C] Dow; = (ul,yl) (l =0, 1,2), wo = wi + w2,

where (ug, yo) denote external disturbance, (u1,y1) are the input-output pairs of the
plant P to be controlled, and (uq,y2) are the output-input pairs of the controller C'.

DEFINITION 2.14. Given normed signal spaces U,Y, W = U x Y. Let the plant P
and the controller C be represented by the sets Bp and B, respectively.* We define
the closed-loop system [P, C] by the following set Bp,,c, which is the interconnection
of the plant P and controller C' shown in Figure 1 that satisfies (2.18),

(2.19) %p//c = {(wo,wl) e W, x W, | wy € Bp,ws = wo — w1 € %C}'

InBp,/,c we view the external input wp as the (closed-loop) input and the internal
signal w; as the (closed-loop) output. For the set B p, /¢, we can define the initial state
space at initial time 0 of B p//c in terms of Definition 2.7, i.e., let %;//c = R_Bp;/c;
we similarly define an equivalence relation ~ on B, Wk (2.3), and the set of all
equivalence classes B, e / ~ is denoted as &p,/c, which we call initial state space
of Bp,,c at initial time 0. The size of any initial state in Sp, /¢ is similarly defined
by (2.6). We next seek to establish the relationship between the initial conditions of
the interconnected system, Gp/,/c, the plant, Sp, and the controller, S¢.

2.4.1. Initial conditions for the closed-loop and its subsystems. For the
classical state space model, it is natural to define the initial state of the closed-loop
system by Cartesian product of the initial states of corresponding subsystems. In the
following, we will give some answer about the relation between Gp/,c and Gp x &¢.
Suppose that the size of any xg = (210, 220) € Sp X S¢ is defined in the usual way,
e.g., for an appropriate ¢ € [1, o0],

(2:20) x(w0) £ (x(w10)" + x(20)) 7 = inf { [ (wn—, o )| | wr— € w0, wo € g .

Note that for any so € &p//c and woy € W, we have defined a set H;O//c(w(pr)
according to (2.5) and (2.4) (let Bg = Bp,/c and Hj,"//c(wmr) = Q°°(wo4)), i€,

(wo—, wi- )N\ (wot, wi+) € %P//c,}

2.21 1150 = ewWr ‘
(2.21) pyc(tos) {w” e V(wo—,w1-) € so

To understand the relation between Gp//c and &p x S, we need to define another

4Note that when considering the controller C, we need interchange the role of U, and ). and
think of y2 € Ve as the input and ug € U, as the output.
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set which is related to the product state Sp x G¢, denoted by Hfgo/ /c(w0+), for any
2o = (210, 720) € &p X &¢ and any wo € W, as follows:”

(2.22) Hf;)//c(wmr) 2 {w1+ c Wt ‘ (wo—, w1— )N (wot,wr4) € %P//Ca}.

V(wl_, wo— — wl_) € To

THEOREM 2.15. There exists a surjective and bounded® map m : Gp x &g —

Sp//c such that H;”;’//c(wmr) = H’ITD(/I/OC)V(wOJr) Vzg € Gp x &¢ and Ywoy € Wi

If we define an equivalence relation ~ on Gp x S¢ by To ~ yo < w(xo) = 7(yo),
and the equivalence class [xo] = { yo € &p x Sc| yo ~ w0}, and the size x([xg]) =
inf{x(yo) | yo € [zo]}, and another map T induced by 7 as

(223) T (Gp X GC)/L — GP//Ca ﬁ([ﬁo]) = 7T($0),

then 7 is a bijective and bounded map, and the inverse T~ is also bounded.

Proof. For any xg = (x10,%20) € &p X S¢, choose any wi_ € x19, Wa— € oo and
define wo_ = w;_ + wy_. From Definitions 2.7 and 2.14, we get s = [(wo_,w;_)] €
Sp//c- Next, we show that so is independent of the choice of w1 € w19, wa— € x2.

Choose any other wj_ € x19, wh_ € g and define wj_ = wj_ + wh_; thus,
we have s{ £ [(wj_,w|_)] € Sp/c. We need to show s = so. According to
(2.3) and the definition of the equivalence class (see section 2.2), this is equiva-

lent to saying Hgf;"/gwl‘)(wmr) = ng"/‘c’wl‘)(ww) for any wor € WF. In order

to prove these equalities, by symmetry, we only need to show Hgf}o/‘c’wl‘)(wmr) -

Hg‘;g/‘dwl‘)(wmr) Vwos € Wi, To this end, for any wiy € Hg;‘;o/’dwl’)(wmr) we de-

fine woy = woy — w14, and thus from Definition 2.14 we have wi_Awi4 € Bp and
wo_ Away € Be. Since both wi— and w)_ belong to 19, we have from the definition
of initial conditions for P that P~ (uyy) = P¥1-(u14) Yur4 € UF. This implies
that w)_Awi4 € Bp. By a similar argument, we also have w)_Awsy € Be. Thus,
from Definition 2.14, we obtain (wj_Awoy, w)_Awiy) € Bp/c. This implies that

wiy € Hg‘;g/‘c’wl‘)(wmr) and thus Hg’;g/_c’wl_)(w(pr) - ngo/‘clwl_)(wmr). Therefore,

sp is only related to x1p and z25. We also have Hf,‘)//c(wmr) = H‘;'D‘)//C(woJr) for any
Wo+ € Wj

A natural map 7 : &p X &¢ — &p//c can be defined by zg + so. From
(2.6) and so = [(wo—,w1-)], we have x(7(z0)) = x(s0) < [[(wo—, w1-)|| = [[(w1- +
wa—, w1 )| < (Jwr- 4+ wa[|9 + [Jwr—[|9)9 < (27 + D)VI([Jwr-||9 + [[wa—]]9)'/4 for
any g > 1. Since wi_ and ws_ are arbitrarily chosen from x1¢ and z2q, respectively,
we have x (7 (z0)) < (294 1)*9-x(z0). This implies that the map 7 is bounded. Next,
we show that 7 is also a surjective map. To this end, for any sj € &p/ /¢, choose any

(wf_,w}_) € sif and define wly_ = wli_ — w}_; thus, from (2.19) and (2.1), we have
wy_ € B and wy_ € B, Define 2y £ [w)_], 2y £ [wh_] and zf £ (2%, 2%,), and
we have 2] € &p X &¢ and 7w(x() = s;. This implies that the map = is surjective.

5 : ; : s ; o
Note that if [P, C] is well-posed (see section 2.4.3 below), then HPO//C in (2.21) (resp., HPO//C

in (2.22)) actually defines an operator from Wi to Wi for any initial state so € &p//c (resp.,
29 € Gp X G¢). Moreover, we have a natural surjective map 7 : Gp X G — Sp//c defined in

Theorem 2.15 such that H;(/Z/OC), = H;O//C

6Here, bounded means that there exists a positive number r > 0 such that x(7(x0)) < r - x(x0)
for any o € 6p x S¢ with function x defined by (2.6).

for any zg € Gp X S¢.
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Define a map 7 by (2.23), and it is easy to see that 7 is bijective. It follows from
(@ ([z0])) = x(7(z0)) < (29 + 1)1 - x(z0) for any ¢ > 1 that the map 7 is bounded.

Finally, we show that the inverse map 77! : Sp//c — (6p x S¢)/z is also
bounded. To this end, for any sj € &p/ /¢, from the proof of map 7 being Sulrjective7
we have 771(sj) = [z§]. Thus, by applying (2.20), we get x (7~ (s()) = x([z§]) <
(@) < (i[9 lwy_[| )9 = (lwf_ |7+ [Jwg_ —wi_[|9)"/9 < 224+ 1)1 ([lwg_]|1+
lw}_||7)1/49. Since (wf_,w}_) is arbitrarily chosen from sy, we have x(771(sf))) <
(29 +1)¥4 . x(sy). This implies that the inverse map 7! is also bounded. O

2.4.2. State space initial conditions for closed-loop systems. Consider
the closed-loop system shown in Figure 1. The forward and feedback loop represent
the plant P and controller C, respectively. Both P and C' with classical initial state
spaces z, € X, = R™ and z. € X. = R", respectively, are defined like (2.7),
ie., &p = fp(ap,u1),y1 = hp(zp,w1) and &. = fe(xe,y2),u2 = he(xe,y2). Figure 1
represents the following closed-loop equations:

(2.24a) iy = fp(ap,u1), Ze= fe(xe,y0 — Y1),
(224b) Uy = Uug — hc(xca Yo — y1)7 Y1 = hp(xpﬂ Ul),

with product state space X, x X, and with (uo,yo) as inputs and (u1,y1) as outputs.

With the concepts of complete, forward observable, and strongly backward ob-
servable defined by Definitions 2.9 and 2.10, we have the following.

THEOREM 2.16. Suppose that P, C, and the closed-loop (2.24) are complete. If
both P and C are forward observable (resp., strongly backward observable), then the
closed-loop (2.24) is forward observable (resp., strongly backward observable).

Proof. We establish forward observability of the closed-loop (2.24) by contradic-
tion. It is thus assumed that there exist (zp0,%c0) € Xp X Xe, (29, Tho) € Xp X X,
with (2,0, c0) # (T30, Teo) such that

/
0’

(2.25) (u1,y1)le=0 = (U1, y1)l>0  Y(uo, yo)le>0 = (ug, yo)|eo-
This implies that

(Y1 u2)lezo = (hp(@p, 1), he(@e y2))lizo = (hp(ay, 1), he(ae, ¥5))|ezo = (Y1, us)lezo

for any (u1,y2)|i>0 = (uf,¥5)|t>0 which satisfy

(2.26a) ip = fp(@p,u1), de= fe(ze,y2), (2p(0),2(0)) = (wpo, Teo);
(226b) 33; = fp(xpa ull)a $/C = fc(xlca y/Z)v (x;ln(o)v /C(O)) = (a:;IDO’ a:IcO)

To this end, let wg = uy + ue, uf = uj + uh, yo = y1 + y2, and y{ = i + v5. It

follows from the completeness of P that ug (resp., uj) is uniquely determined by wu;

and 0 (resp., uj and x},5). Similarly, yo (vesp., yj) is uniquely determined by y2 and

Zco (resp., y4 and z7,) by using the completeness of C. Since the closed-loop (2.24)

is also complete, we know that for (uo,y{)’) = (uo,yo) and (z3(0),z(0)) = (73,0, Te)
"

there exist unique ),z , uf,yy, uy,yy satisfying

8

= folag,ui),  yi' = hy(ay,uf),  ug =ui + ug;
1

iy = fe(xl,ys), uy = he(xl,y5), Yo =y +vs-

From (2.25), we must have (u,y)|i>0 = (s, yi)|t>0 for i = 0,1,2, and thus (uf,
Y i>0 = (u1,y2)li>0 = (ul,¥5)|e>0. Since (ug,y,) are uniquely determined by
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(u},y5) and (x50, 7o) (see above), we have (ug,yy)li>0 = (ug,yp)le>0, and thus
(W YN0 = (Ui, y)|e>0 for i = 0,1,2. This in turn implies that (u},y})|i>0 =
(W yNi>0 = (wi,yi)li>o for ¢ = 0,1,2, and the required result (yi,us2)|i>0 =
(v}, uh)]e>o follows.

Since (u1,y2)li>0 = (v}, ¥5)|t>0 in (2.26) can thus be taken as any element

by choosing ug = w1 + he(ze,y2) and yo = y2 + hp(zp, 1) with &, = fp(xp, u1),
&e = fe(xe,y2), and (2,(0),25(0)) = (zpo,xc0), We obtain that for the above given
(p0,Tec0) 7 (o, Teg) We have (y1,u2)lezo = (Y1, up)le=0 for any (u,ys)lez0 =
(u},y4)]e>0. This contradicts forward observability of P and C. Thus, the closed-
loop (2.24) is forward observable.

We also show strongly backward observability of the closed-loop (2.24) by contra-
diction. Assume, therefore, that there exist (2,0, 7c0) € Xp X Xe, (230, Tro) € Xp x X
with (20, Zeo) # (%0, Teo) and (uo, yo)le<o = (ug, yo)le<o such that (u1,y1)|i<o =
(uh, 1) le<o0, and thus (uz2, y2)|i<o = (uh, ¥4)|t<o. This implies that there exist u1|;<o =
u)le<o and y2|i<o = Yhli<o such that y1]i<o = ¥ili<o and uali<o = ubli<o. This is a
contradiction to the fact that both P and C' are strongly backward observable. Thus,
the closed-loop (2.24) is strongly backward observable. O

Consider the set 8/, which consists of all input-output pairs ((uo, yo), (v1,¥1))
satisfying (2.24). Using the same procedure as in section 2.2, the initial state space
Sp//c (see Definition 2.7) for the set Bp, /¢ at initial time 0 can be defined.

THEOREM 2.17. Suppose that P, C, and the closed-loop (2.24) are complete. If
both P and C are forward observable and strongly backward observable, then there
exists a bijective map from X, x X, to Gp//c.

Proof. This follows directly from Theorem 2.16 and Proposition 2.11. O

2.4.3. Well-posedness and stability of closed-loop systems. Since the
closed-loop system [P, C] represented by B p, /¢ is a system in terms of Definition 2.1,
we can similarly define the existence, uniqueness, and well-posedness of Bp,,c by
Definition 2.4, wherein wg € W, is the input and w; € W, is the output. That is, the
closed-loop system [P, C] has the existence property if for any so € &p//c and any
wot € W, there exists a w1y € W, such that wiy € I, (wo4 ) with 1T, (wo+)
defined by (2.21), it has the uniqueness property if Vso € &p//c and all woy € Wi,
wit, Wi+ € Hj,"//c(wmr) = w4+ = Wiy, and it is well-posed if it has both the
existence and uniqueness properties. Note that by Theorem 2.15, it also follows that
s0 € Gp//c and ng//c can be replaced throughout in the above by sg € &p x G¢
and H“;?/ /¢ Tespectively.

Following directly from Definition 2.13, we define input-to-output stability for the
closed-loop system [P, C].

DEFINITION 2.18. The closed-loop system [P, C| with initial state space Sp;,c is
said to be input to output stable if and only if it is well-posed and causal, and there
exist functions 8 € KL and v € Koo such that Vso € &Spyjc, YVt > 0, Ywoy € W,

|15, ) cwor ) ()] < B (x(s0),£) +v([[wo lljo,1))-

Note that two well-posed open subsystems (plant and controller) does not neces-
sarily result in a well-posed closed-loop system and that the causality of a closed-loop
system doesn’t follow from the causality of open-loop subsystems (plant and con-
troller) [37, section 4.3.2]. The following theorem gives an alternative characterization
of the property of input to output stable for a closed-loop system.
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THEOREM 2.19. Suppose that the closed-loop system [P,C| is well-posed and
causal. The following four statements are equivalent:
I. The closed-loop system [P, C] is input to output stable.
II. There exist 1 € KL and v1 € Koo such that Vso € &p;/c, Vt > 0, Ywoy €

wt,
(2.27) (I3 cwo+ ) (B)] < B1 (x(s0), t) + 71 ([[wo+ [l [0,0))-
1. There exist By € KL, 72 € Koo such that Vzg € &p X S¢, Vit > 0, Ywoy €
wT,
(2.28) |15, cwot ) ()] < B2 (x(x0), £) + Y2(l[wot[ljo,e))-

IV. There exist B3 € KL and 73 € Koo such that Vxg = (x10,220) € Sp X
Geo, Vit >0, V’LU(H_ S W+, Ywi— € X109, Ywa— € T,

(2.29) (5 cwor ) ()] < B3 ([ (w1, wa- )|, ) +y3([[wo |

0,6))

Moreover, we have y1 = v2 = 3 and B3 = [s3.

Proof. 1 < 1I: This follows from Definition 2.18.

IT = III: Suppose that (2.27) holds with given functions 51 € KL, 71 € K. For
any zg € Gp x &¢, by Theorem 2.15, we have 7(z0) € &p//c and Hf,“//c = H;(/UE/(’CZ,
and x(m(xo)) < ||I7|| - x(x0). (Note that 7 is a bounded map.) Define a function
Ba € KL by Bao(r,t) = By(||x||r,t) ¥r > 0, t > 0. We have that (2.28) holds with
Y2 = M-

III = II: Suppose that (2.28) holds with given functions Sy € KL and 2 €
Keo. For any sg € Sp//c, by Theorem 2.15, we have 7~ 1(sg) € (6p x S¢)/~ and
x(7T 1(s0)) < |77 |x(s0). (Note that 7! is a bounded bijective map.) For any & > 0,
there exists an 29 € Gp x G¢ such that xg € 77 1(sp) and x(z0) < x (7 1(s0)) + &.
Thus, we have [(II}, cwo4.)(t)| = |1, pwos ) (8)] < B2(x(w0), 1) + Y2(llwo o)) <
Ba(l7 ] - x(s0) + &,t) + Y2(||wol[o,1)) for any ¢ > 0 and any woy € WT. Since e
is an arbitrarily chosen positive number, we have that (2.27) holds with v1 = v and
Bi(r,t) = Ba(||77 || - 7, t) ¥r > 0 and ¢ > 0.

IIT = IV: Suppose that (2.28) holds with given functions 83 € KL and 72 € Koo
From (2.20), we know that x(zo) < |[(wi—,ws_)| for any wi_ € z19 and any ws_ €
Z20- Thus, we have that (2.29) holds with 83 = 82 and v3 = 7s.

IV = III: Suppose that (2.29) holds with given functions 83 € KL and 73 € Koo
For any zy = (x10,220) € ©p X S¢, for any ¢ > 0, from (2.20) we know that
there exist wi_ € 19 and wa_ € x9o such that [[(wi_,wa_)|| < x(x0) + . Thus,
we have | (I cwot ) ()] < Bs([| (w1—, w2-)[l,2) + ys(llwoslljo,) < Bs(x(xo) +,¢) +
Y3 ([[wos |ljo,e)) ¥t > 0 and all woy € W*. Since e is an arbitrarily chosen positive
number, we have that (2.28) holds with 82 = 85 and 72 = 3. d

3. Robust stability and main results. Given normed signal spaces U, ) and
W £ U x Y, consider the closed-loop system [P, C] with the plant P and the controller
C (Definition 2.14). Let the perturbed plant P and the perturbed closed-loop system
[]5, C] be represented by the sets B C Ue x Ve and B 5 /0 C W, X W,, respectively.
Let &p, 65, 6¢, 6p//c, and (‘515//0 be the corresponding initial state spaces of
Bp, Bp, Be, Bpy/c, and %15//0 at initial time 0, respectively. Note that the graph

Gp'™, G5, and G&° for any wi_ € Bp, any Wi € B,

P
similarly defined according to (2.2).

and any wa_ € B are
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3.1. General systems. The main result of the paper is given next. It forms a
direct extension of [13, Theorems 1 and 6] to include nonzero initial conditions. Before
giving the result, we recall that an operator (possibly nonlinear) ¥ : W — W™ is
said to be relatively continuous if, for all operators ® : W+ — W™ with R ®
compact for any 0 < 7 < oo, the operator Ry )(®o V) : W — WI0, 7) is continuous
(see, e.g., [8, p. 1229]).

Assumption 3.1. The following assumptions on the normed vector space W7 are
only required in the proof of Theorem 3.2 with condition II:

e For any z € W, if ||z|| < oo, then x € W.

e The normed vector space W7 (not necessarily complete) is truncation com-
plete, i.e., W[0,7) is complete for any 0 < 7 < oo.

e For any time interval J £ [0,7) with 0 < 7 < oo, there exists a continuous
map Ej: W(J) = WT such that Rjz = R;(E z) for any © € W(J).

THEOREM 3.2. Assume that P, 15, and C are well-posed and causal systems, that
[P,C] is time-invariant, well-posed, and causal, and that [P,C) is causal. Let [P,C]
be input to output stable, i.e., there exist functions f € KL and v € Ky such that
Vao = (x10,%20) € Sp X S, Ywoy € WT, Vvt >0,

(3.1) |05, cwor) ()] < B (x(20), 1) +v(llwotlljo,)-

If there exist functions og, 0 € Koo, and Py € KL such that for any w1 € W™ N %1_5
there exists a wi— € W~ NB, with

(32) wi—|| < oo(||dr—]])
and a causal surjective operator ® : dom(®P) C le’ — le’ satisfying Vt > h >
0, V’LU1+ S dOHl((I)),

3.3) (@ = Dwiy)®)] < Bo(llwr-Awit]l(—oo,n)st = 1) + o (lwit[ny);
in addition, if there exist two functions p,e of class Koo such that Vs > 0,
(34) go(l+p)or(s) <(I+e)"\(s),

and either of the following conditions is satisfied,

L. [P,C) is well-posed and H%O//C(WJF) CWT for any Zp € Sp x &¢,

IL. Assumption 3.1 holds for W, [P, C] has the uniqueness property, and H;O//c

is relatively continuous for any o € &p x &¢, and Ry (¢ —1) V1 € (0,00)
18 compact,
then the closed-loop system [15,0] is also input to output stable. More specifically,
for any function o of class Koo, there exists a function f € KL such that Vio €
Gp x G, Vgt € Wt vt >0,

(3.5) AT, o) (B)] < B (x(F0), 1) + (o + 3) ([ Do+l jo.0):
where 7 € Koo is defined by
(3.6) Fry & (c+I)o(I+p)oyo(I+e 1)3(r) Vr>0.

Proof. (Part I) For any wo; € W' and any Zy € &5 x &¢, choose any bounded
(W1—,wa_) € Tg and let Wy = w1_ + we_. Since [P,C] is well-posed and causal
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and H%O//C(WJF) C W, there exists a unique (w14, wa1) € W x Wt such that

w1y € g;;”l‘, way € G&', and Woy = Wi4 + way, ie., the operator H;%O//c Wt —
Wt gy — Wiy is well-defined and causal.
Under conditions in Theorem 3.2, there exists a wi— € W™ NB, for w;— such

that ||wi—| < oo(]|wi—]|) (see (3.2)), and thus
(3.7) [[(wi—, w2 )|l < (o0 + I)([| (w1, w2-)])-

In addition, there exists a causal surjective operator @ : dom(®) C Gp'~ — ggl’. It
follows from the surjection of ® that there exists w1 € dom(®) C Gp'~ satisfying
O (w4 ) = w14. We choose g 2 ([wy_],[w2_]) € &p x &¢ and let wy_ = wy_ +wq_
and woy = w4 +way. It follows from the well-posedness of [P, C] that H;O/ /C(w0+) =
w14, and thus the following equations hold:

(38) Hfao//c(’tz]o_;’_) = 1I)1+ =do Hf—_,o//c(w0+),

(3.9) oy (1 +(® 1) o T, /C) (wor)-

For ease of notation, we define w; = (w;—Aw;4) for i = 0,1,2 and @; £ (0;—Adj)

for 7 = 0,1. From (3.1) and Theorem 2.19 and using the time-invariance and causality
of [P, C], we have

(3.10) w1 ()] < B([[(w1, w2)ll(—o0,n1:t = h) +(lwolln.g) V¢ = h = 0.

Note that, for any function u : [0,7) — [0, 00) of class K, any function v of class Koo,
and any a > 0, b >0 with a +b < r, we have”

(3.11) p(a+0b) < po(I+v)(a)+po(I+v)(b).

Next, we estimate the upper bound of ||(wy,ws)|| by first giving the upper bound of
[lwot||. Tt follows from (3.9) that

ool < o |+ 11T — ®) (T o)

< o | + Bo(llwi—I1,0) + o(ITFT, cwos ) [by (3.3)]

< Yo | + Bo(llwr_[1,0) + o (B (w1, w5 )11,0) + ¥([lwos 1)) Dy (3.10)]

< o | + Bo (00 + D) (1, ws-)I1), 0) + 0 o (I + p) 0 (1w )
+oo(I+pY) 0 B((00 + D) (||, ws)]),0) [by (3.7) and (3.11)]

Since condition (3.4) is satisfied and (I — (I +¢)71)71() = (I +e71)(+), we see that
(3.12) hwos | < (2 + &™) (s | + A1, was) D),

where function A € K is defined by

(3.13) A(r) £ Bo((o0 + I)(r),0) + oo (I+p~ ") oB((oo+ I)(r),0) ¥r > 0.

"If b < v(a), then p(a +b) < po (I+v)(a); and if a < v=1(b), then p(a +b) < po (I +v=1)(b).
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Define three functions «; € K, (i =1,2,3) by

a1(s) £ (o0 + I)(s) +2B((o0 + I)(s),0) Vs > 0;
az(s) £ ai(s) + 2y +1) o (I+e7 1) o (I +¢e)oA(s) Vs 2 0;
az(s) 2 (2y+Do(I+e o (I+e1)(s) Vs >0.

Thus, we have

[[(wr, wa) || < [[(wi—, wa-)|| + 2[lwis || + llwo ||
< (o0 + D)(||(@1—, w2-)|) + 28((o0 + I) (]| (01—, wa)]]),0)
+ 2y(|lwo 1) + [lwo+ | [by (3.7) and (3.10)]
< o (|[(w1-, w2 )]) [by (3.12)]
+ 2y + 1) o (I +e ) ([[@o ]| + Al (@1, wa-)1))
< ag([[(@1-, w2-)) + as([@or]]) 2 s [by (3.11)].

(3.14)

By using (3.9), for any ¢ > 0, we have

lwo (£)] < |wos(t)] + [((® — 1) 0 W//c(ww))(m
< l@oljo,e) + Bolllwill(—oo,e/2)s t = t/2) + o(lwit|ljt/2,4) [by (3.3)]
< lwoll0,4) + Bo (8005 t/2) + 0 (B(S00,t/4) + Y ([lwollt/a,r))) [by (3.10)]
< l@ollj0,6) + Bo(ss0:t/2) + a0 (I+p ") 0 B(550,t/4)
+ oo (I+p)oy(llwollie/ae) [by (3.11)]
(3.15) < lwolljo,6) + B1 (S0, t) + (I + €)' (lwot lie/a,6));

where s is defined by (3.14) and 1 € KL is defined by
(3.16) Bi(r,s) £ Bo(r,s/2) + oo (I +p~t)oB(r,s/4) Vr >0, Vs > 0.

By applying [17, Lemma A.1] to (3.15) (with =1 and A = I +&71), it follows that
a function By of class KL exists such that Vi > 0,

wo (1)) < Ba(s00,t) + (I = (I +)7) 7 o (I + ™) ([0 llj0,0)
(3.17) 182
< Ba(800,t) + (I +e77) ([[@olljo.0))-

Define functions f3 € KL, B € KL, and a4 € K (without loss of generality, we could
regard ay as a function of class Ko) as follows Vi > 0 and Vs > 0:

>

Ba(r,s) 2 Bo(r,5/2) + (o0 +I)o (I +p~*) o B(r,s/4);
Ba(r,s) = Bs(r,s) + (0 +1)o (I +p)oyo(l+e)opBa(r,s/4);
ay(r) £ B3((oo + 1)(r),0) + (o +T)o (I +p)oyo(I+e 1) o(I+¢e)oAr).

1>
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Hence, by using (3.8), for any ¢ > 0 we have

|(Hf5°//c(@o+))(t)| <|(@-1) OW//C(WN)”[O,t] + ||W//c(wo+)||[
< Bo(lwi-11,0) + (o + D ([[witlo,5) by (3-3)]
< Bo(llwi-1,0) + (¢ + 1)
o (B(I(w1—,w2-)],0) +v(llwollo,4)) [by (3.10)]
< B3((o0 + I)([| (01—, wa-)|),0) + (o +T) o (I +p)oy
o (I 4+ M (lwot Il + A([[ (01—, wa-)[)) [by (3.7), (3.12)]
(3.18) < ay([[(@1-, w2)||) + (| Do+ [l10,1))

with 7 € K defined by (3.6). (Note that (I +e71)2(-) < (I +&71)3(-).) Moreover,

0,1]

(5, o)) ()] < (@ — 1) o T o)) (8] + | (T (w04)) 1)
< Bollwrll(—oo,z15t = /2) + (o + D(lwitllz,4) by (3.3)]
< Bo(s00,t/2) + (0 + 1) (B(s00, t/4) +([[wolljs 4y)) [by (3.10)]
< Bs(s00,t) + (0 + 1) o (I + p) o y([lwollz 1)) [by (3.11)]
< P3(so0,t) + (0 +T) o (I+p)oy
o (B2(s00:t/4) + (I +e71)*(00+ [l0,1)) [by (3.17)]
(3.19) < Blsoos 1) + 3|0+ If0,1))
with function 4 € K4 defined by (3.6). Since se = as(||(w1—,w2—)|]) + as(||wo+]|)
(see (3.14)), from (3.18) and (3.19) we have for any ¢ > 0,
(I, (0)) ()] < 3o ) + i { e () ) ),
(3.20) Blaz (@1, wao)Il) + sl ), )}
Given any function o of Koo, there are only two cases ||(w;—,ws_)|| < ay ' oa(||wos ||)

or ||wos || < a toay(||(w—,w2-)|), and thus from (3.20) and by considering the fact
that for any fixed ¢ > 0 the function 5(-,t) € K, we have for any t > 0,

(I, (04)) (8)] < (o ]]) + s 0 a3 o af[[o|])

+ B(az(l|(@1-, wa-)|) + az 0 @ o au (]| (-, wa- ) |1), 7).
Since [15, (] is causal, we have, for any ¢ > 0,
B21) |, s ) (O] < B (- wa )l £) + (o + Do o).
where the function 4 € Ko is defined by (3.6) and B e KL is defined as follows:
(3.22) B(r,t) = Blas(r) + azoa™  oau(r),t) Vr>0Vt>0.

Since Zo and wp4 are arbitrarily chosen from &5 x &¢ and W, respectively, we

obtain that [15, C] is input to output stable. Moreover, by Theorem 2.19, for any
given function a € K, from (3.21) we have that (3.5) holds with 3 defined by (3.22).
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(Part II) For any wo; € WY and any Zp € & x S¢, choose any bounded
(W1—,we_) € Tg and let wWo— = w1— + wa—. Under conditions in Theorem 3.2, there
exists a wi— € W~ N B, for @;— such that ||wi—| < oo(||wi—|) (see (3.2)), and
thus inequality (3.7) holds. In addition, there exists a causal surjective operator
P : dom(®) C Gp'™ — le’ such that R;(® — I) is compact with J £ [0, 7) for any

0 < 7 < oo. We choose zg £ ([wi=], [wa-]) € 6p x ¢ and let wo— = wi— + wa_.
Consider the equation

Ryios = Ry (I Y (@-I)o Hf,o//c) (20+)

(3.23) — ——
=R,(I - Hp//c)(z0+) +R;Po Hp//c(z0+)-

Define a set M as
(320) M = {Zor e WHlZ04ls < (1 + ) (s | + A((@r- w2 ) |
with A € K defined by (3.13) and consider the operator
(3.25) Q:M-—->W(), Zot+— Rywoyr+R;(I—P)o H?JO//C(EJZOJr).
Theorem 2.19 tells us that (3.1) is equivalent to the following expression:
(3.26) |3 o (204) (1] < Bl (wi—, we- )|, ) + (ll20+lj0,6)) V¢ > 0, V204 € WT.
From (3.25), we have
1Q(zo1)lls < [ Rytot s+ Ry (I — @) o Il o (EZoy ) s
< [[@o+ || + Bo(l[wi-1],0) + o (|15 2o+ 1) [by (3.3)]
< [l@o || + Bo(llwi-11,0) + o o (B(l[(wi-, wa2-)],0)
+7(llz0+[1)) [by (3.26)]
< o || + Bo((o0 + D) (|[(@1-, wz-)|]), 0) + 0 o (I + p) o ¥(l|z04])
+oo(I+p ") opB((oo+ I)(||(wW1—,w2-)]),0) [by (3.7) and (3.11)]
< o || + Al (@1, wa)|1) + (I +€) " ([lz0+ ) [by (3.13) and (3.4)]
< (T+(T+8) o (T+e ) (s ]| + Al wa ) Dby (3.24)]
= (I + 7N (o]l + A(ll(@1-, w2 ).
Therefore, Q(M) C M C W(J) with W(J) being a Banach space. (Note that W is

truncation complete.) Since R;(® — I) is compact and Hjﬁ,"/ /¢ is bounded, it follows

that @ is compact. From the relative continuity of Hfj’/ oo We know that @ is also con-
tinuous. Thus, by applying the Schauder fixed-point theorem [48] to the operator @ :
M — W(J), there exists some woy € M C W(J) such that wor = Q(wo4) € W(J).
Hence, (3.23) has a solution 204 = E jwo4. Since w{, = ®o ) o (Eywot) € g;;“—

and wy, = (I—Hf;)//c)(EonJr) € G, it follows from (3.23) that Ryw{, + Rywy, =

Rywoy and that @y, , @3, are bounded independent of J. This in turn shows that
[P,C] has the existence property up to time 7. (Note that J £ [0,7).) Since this
holds V0 < 7 < oo, and []5, (] is causal and has the uniqueness property, it follows
from Corollary 2.6 that [P, C] is well-posed. Since both #, and @, are arbitrar-

ily chosen from &5 x &¢ and W, respectively, we obtain that H%O/ / cWVF) <
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Wt for any Zp € &p x S¢. The rest of the proof follows as per the proof of
Part 1. O

The main result, Theorem 3.2, in this paper can be regarded as a generalization
of Georgiou and Smith’s input-output operator robust stability theorem to accommo-
date the initial conditions, including an appropriate generalization of the nonlinear
gap metric [13]. The idea of looking at the abstract framework for studying the sta-
bility of interconnected systems is not new. In the paper [34], the authors established
an abstract small-gain theorem in an ISS sense, including applications to purely in-
put/output systems represented by input/output operators defined on the following
kind of signal spaces:

L3°(S) & {u € L=(S) | u(t) = 0 Vt < to for some ty € R}

with S being any normed linear space and L>°(S) consisting of all measurable locally
essentially bounded maps from R to S. The IOS concept is still a doubly infinite time
axis definition, but it precludes, for example, the uncontrollable stable linear case,
since exponential functions do not lie in L§°(S). Note that the special representation
of systems allows the authors to identify the “state” only with the past input without
using the past output; moreover, the well-posedness part of the small-gain theorem was
not considered or was considered just as a standing assumption; see [34, section 4.5.2]
or [15].

3.1.1. Relation between [13, Theorem 1] and Theorem 3.2. In terms of
notation in this paper, [13, Theorem 1] can be expressed as follows.

THEOREM 3.3. Consider the feedback configuration in Figure 1. Assume that P,
P, C, [P,C), and [P, C] are well-posed and causal systems with B, = {0}, B ={0},
and B, = {0}. Let [P,C] be stable, i.e., HH(I)J//CH < oo. If there exists a casual
surjective map ®q from G% to Q% with ®(0) = 0 such that

~1
(3.27) (@0 — DI < 103/cll
. ‘ 1+ [|(2o—D) ||
then [P, C] is stable and ||H%//CH < HH(IJJ//CH 1_|‘H(;3//C||O.||(q>0_1)|\'

In [13], the plant and controller are assumed to be casual mappings from signal
spaces to signal spaces which are only defined on a positive time axis. The properties
of mapping zero input to zero output for the plant and controller implicity require
that they have zero initial conditions. Thus, we assume that P, 15, C are well-posed
and causal systems with B, = {0}, B; = {0}, and B = {0} in terms of notation
of this paper for the above theorem. That the nominal and perturbed closed-loop
systems are casual and well-posed are also standing assumptions in [13]. Also, notice
that the condition (3.27) is equivalent to [13, Theorem 1, Condition (2)].

Consider an LTI system @ = Az + Bu, y = Cx + Du, z(0) = x¢ and suppose that
(A, B) is stabilizable and (4, C') is detectable. It follows from [35, section 6.3, Theorem
4] and [16, Example 10.4.1] that the following three statements are equivalent: (1)
the matrix A is stable; (2) the LTI system with zero initial conditions is stable with
L>-linear gain,® and (3) the LTI system with initial conditions is input to output
stable with L°-linear gain,” and moreover, the linear gain in (3) can be chosen as
the same one in (2) from linearity of the system. In the following, we show to some

SThat is, sup{||y|| oo 0,¢/ull Lojo,e) : t > 0, [[ullLoojo,g # 0,2(0) = 0} < oo.
9That is, |y(t)| < B(|zol,t) + Y(llullLoeqo,4) Vt > 0 with B € KL and a linear function v € Koo.
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extent that our robust stability theorem represents a generalization of the input-
output operator robust stability theorem of Georgiou and Smith, to include the case
of initial conditions.

THEOREM 3.4. Under the conditions that P, P, C, [P,C], and [P,C] are LTI
systems, that P and P are controllable and observable, and that [P,C] and [P,C)]
are stabilizable and detectable, the first part of Theorem 3.2 (i.e., with condition 1) is
equivalent to Theorem 3.3 (i.e., [13, Theorem 1]).

Proof. We let the premises of the first parts of Theorems 3.2 and 3.3 be denoted
by A; and A, and the conclusions of the first parts of Theorems 3.2 and 3.3 be
denoted by B; and Bs, respectively. To establish equivalence we need to show that
(A1 = B1) & (A2 = Bs). Under the conditions in Theorem 3.4, we know that
the LTT nominal closed-loop system [P, C] with zero initial conditions is stable with
L*-linear gain if and only if [P, C| with initial conditions is input to output stable
with the same L°-linear gain, i.e., gain function 7 in (3.1) in Theorem 3.2 is a linear
function such that ~(s) = HH(IJJ//CH - s for s > 0. From section 4.1 below (especially
Proposition 4.2), the gap function o in (3.3) in Theorem 3.2 is a linear function
such that o(s) = ||(®o — I)|| - s for s > 0. Hence, condition (3.4) is equivalent to
HH(}),//CH J[(®o—1)|| <1,andso A; & As. For the LTI perturbed closed-loop system

[P, C], we know that [P, C] with zero initial conditions is stable with L>-linear gain
if and only if [P, C] with initial conditions is input to output stable with the same
L*°-linear gain. This implies B; < Bs. Thus, we get (41 = B1) < (42 = Bas).
Hence, we know that the first part of Theorem 3.2 is equivalent to Theorem 3.3. ad

3.2. Finite-time reachable systems. Given normed signal spaces U,), and
W £ U x Y, consider the system @ represented by the set B¢ (see Definition 2.1)
and the initial state space G¢g of @ at initial time 0 defined by Definition 2.7. Let
d € (0,00), and then the system (@ is called finite-time d-reachable if for any zy € Gg
there exists a w_ € xg such that w_(t) = 0 V¢t € (—oo, —J). The system @ is called
finite-time reachable if there exist a § € (0, 00) such that () is finite-time J-reachable.

We will now let ¢y > 0 be the given initial time and 68 be the initial state space
of @ at time to. Suppose that the system @ is finite-time tg-reachable (i.e., for any
xo € 68 there exists a w_ € xg such that w_(t) = 0 Vt < 0). Let us define a map ¢
as follows:

(3.28) T {w € W[0,to] | 0(—oo,0)A\w € xo} Vo € 68.

Since @ is finite-time tg-reachable, we know that t(xg) # 0 for any x¢ € 68. Denote
by L(Gg) the image of above map ¢.

THEOREM 3.5. The map ¢ : 68 — L(Gg) is a bijection.

Proof. We only need to prove that ¢ is an injection. To this end, we have to show
1 =z for any x1,22 € 68 satisfying ¢(z1) = t(x2). Choose any w € (x1) = t(x2),
from (3.28) we know that 0(_. o)Aw belongs to both z; and zz. Thus, from the
definition of initial state space &%, we get x; = xo. d

Recalling the definition of a graph of a system for past trajectory 0 (see (2.2)),
Le., G £ {wy e WH | 0o, 0)Awy € B}, Theorem 3.6 shows that the image of the
map ¢ produces a partition for the restriction of graph Q% to [0, to].

THEOREM 3.6. The image L(Gg’) of the map v is a partition of Q%hoﬂfo].

Proof. Since @ is finite-time tg-reachable, we have t(xg) # 0 for any zo € 68
and thus () ¢ L(Gg). For any w4, € Glio,to]> there must exist a zo € (‘58 such
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that 0(_sc,0)AWo,4,] € o, and therefore wyg 4, € t(xo). This together with L(Gg) -
Goli0,t0) shows that UL(G%’) = Goli0,t). For any x1, 25 € 68 with (x1) # (x2)
(i.e., T1 # xa by Theorem 3.5), we have +(z1) N t(z2) = 0 since any common element
belongs to both ¢(x1) and ¢(x2) will imply 21 = z3. The above claims show that
(&) is a partition of G|jo.¢,. O

By definition of the map ¢ (see (3.28)) and Theorem 3.5, we know that, given initial
time to > 0, for finite-time tp-reachable system, we can actually only use trajectories
with zero past up to time 0 to define all states at initial time ¢g > 0. In this case,
we can slightly change the definition of the size (see (2.6)) of any state x4, € (‘58 by
another real-valued function y:

(329) >~< : 68 - [Oa OO), T )Z(xto) = inf {”wH(foo7 to]}-

wET,,w(t)=0(Vt<0)

It is easy to see that X(zt,) = infue, (e, ){llwlloe)} = X(24,) for any z, € (‘58.
According to above discussions for finite-time reachable systems, by using a new
size function (3.29) for initial states and the same procedure of proof for the main
Theorem 3.2, we can obtain the following applicable robust stability theorem.
THEOREM 3.7. Give initial time to > 0 and assume that P, P, and C are
well-posed, finite-time to-reachable, and causal systems that [P, C] is time-invariant,
well-posed, and causal and that [P,C] is causal. Let [P,C] be input to output stable,

i.e., there exist functions f € KL and v € Koo such that Yay, = (T1t,,%2t,) €
G x &Y, Ywg; € Wltg,0), Vt > to, we have |(Hf,t/o/cwo+)(t)| < B(xX(xty), t —to) +
Y(lwot || jto,8)) - If there exists a causal surjective mapping ® : dom(®) C G% — Q%
and functions fo € KL, 0 € Koo, 00 € Koo, such that [|w||j.¢,) < oo(|[Pwl|[o,,]) and
(@ = Dw)(®)] < Bolllwllo,nyt = h) + o(llwlin,y) for any w € dom(®) € G} and
any t > h > 0; in addition, if there exist two functions p,e of class Ko such that
ogo(I+p)oy(s)<(I+e)"L(s) Vs >0, and either of the following is satisfied,

1. [P,C] is well-posed and Hf;})/c(W[to,oo)) C Wlto, 00) for any Ty, € 6% X

Sy,
IT. Assumption 3.1 holds for W[tg, o), []5, C] has the uniqueness property, H?/O/c

is relatively continuous for any x, € 638 X 623, and Ry, ) (®—1) Vg <7 <
oo 1§ compact, ~
then the closed-loop system [P,C] is also input to output stable. More specifically,
for any function a of class K, there exists a function € KL such that, VI, €

G0 x 612, Vilns € Wlto, 00), Wt > to, we have |(Hf;;/0wo+)(t)| < B((E) 1) + (a+
)[04 101 where 3 € Koo is defined by 5() £ (o +1)o (I+ p)oryo (I +e"1)2().
Proof. This follows directly from Theorems 3.2, 3.5, and 3.6. a0

4. Applications.

4.1. Linear time-invariant systems. Let & = L™(R;R™), J & L>®(R;RP),
and W £ U x Y. Suppose that A, B,C, D are real matrices of dimensions n x n,
nxm, nxp, mx p, respectively, with (A, B) controllable and (A, C') observable. The
nominal plant P is defined by the set Bp = B4 5 ¢ p with

%A,B,c,pé{(u,y)ewe T z+ Bu, y x+ Du }

satisfies for some x € L2 (R; R")
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Similarly, suppose that A,B,C’,lj) are real matrices of dimensions 1 X 1, n X m,
7L X p, m X p, respectively, with (A, B) controllable and (A, C) observable. We define
the perturbed plant P by the set B = B pe.p Lett =0 be the initial time.

Corresponding to the nominal plant P, we define operators

<I§) USW, v (ti—>/_too (%) (t — T)o(r)dr, teR),

t
L:W-—-U, w|—>(t»—>/

— 0o

(4.1)
Lt — nw(r)dr, t e R) ,

where the following d denotes the unit delta distribution and for any ¢ > 0,

(M) (t) A ( Fexp{t(A+BF)}B+5(t) L xm )
N (C+DF)exp{t(A+BF)}B+5(t)D ) *

L(t) & (rF)exp{t (Atfe Aﬁqc)} (8 _5%p) +6(t) (Omxm Imxp)

with real matrices F' and H chosen such that both A + BF and A+ HC' are stable
(all eigenvalues in Re s < 0).

From [6, section 4.1] and [35, section 6.4.1], for any v € & with v(t) =0Vt <0,
we have L ((})v) = v and ||(3)v]ljo,g < (M) a - [[v]ljo,g; and for any w € W with
w(t) = 0Vt <0, we have [|Lw|o4 < [|L]la - [[w]jo,g, where || - |4 is the norm for

(4.2)

distribution. The operators (%ﬂ) and L are similarly defined for the perturbed plant
P.
PROPOSITION 4.1. For the perturbed plant P, define a functional m as follows

Py _ — M(uAO)
(4.3) iU o WENB, ue (N(qu)) T~

Then, there exists a functional mo : W™ N By — (U)o and a nonnegative number
p > 0 such that for any w— € W~ N %1_5,

~ M(2 (w—)AO - ~ i~
(44 mom)= (RO | e ma(@o)] < - -],

and for any w— € W~ NV, the graph gg— defined by (2.2) satisfies

W VI(7ro (W_)Av _ pmiome(W-)
@) g ={(RE ) low €W [veut} =GR,

where (U)o £ {u €U~ | AT, € [0,00), such that u(t) =0Vt < —T,}.
Proof. Since (A, C) is observable, we have that for any w_ € W~ N B, there

exists a unique Zo € R such that the equations & = AZ + Bu and Yy = Ci + Du hold
with (u(t),y(t)) = w_(¢) for t < 0 and (0) = Zo. In addition, |Z¢| < r1|w—]| with
r1 > 0 independent of w_. Since (A, B) is controllable, we obtain that (A + BF, B)
is controllable, and thus for this 7o € R™, there exists a vz, € (4~ )o such that

(4.6) o = / ' exp {(o — YA+ BF)} Bug, (r)dr.

— 00

Moreover, vz, || < re|Zo| with o > 0 independent of Z,. Thus, a functional w9 can
be defined by

(47) ) ZW_Q%;—)(U_)Q, W_ > Uz,
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and we have ||ma(w-)|| < r271[[w-||. From similar techniques as in [9, section 4.4], we
know that the graph G5~ 5 defined by (2.2) can be expressed as

w_ My v+ F exp{-Az}%o + +
(4.8) Gl = {(mvmp exp{_AF}io) 0.0y €W ‘ veu }

By using (4.6) and (4.7), we know that the right-hand side of (4.8) equals
(4.9) {(I\:ﬂ(”z( )A”))\[OOO)EVW ‘ vezﬁ}.

N(ma(w—_)Av)

From (4.3) and (4.7), we have that (4.4) holds with 5 = || (% )||A rg-71 > 0, and thus

g;””( ) equals (4.9); this implies (4.5). O

PROPOSITION 4.2. For any w— € W™ N %T, there exists a w_ € W~ NB, with

(4.10) ol <51 CA) Ly L0 - Nl 1],

and a causal surjective map &5 : Gp~ — gr satisfying ¥t > h >0, Yw, € Gp~,
(@5 — Dwy)(1)] < Bollw-Aw]|(—oonst — h)
(4.11) I (22 HLHA Nl

where function By € KL and p > 0 is the same as in Proposition 4.1.
Proof. Let the functional 71, w2 be defined as in Proposition 4.1. For any w_ €
W™ N B, we have that (4.4) and (4.5) hold. It is easy to see that

2 ( M(m2(w-)N0) B ~
- = (Nmz(m)m)) (o) EW NB

and that the graph G5~ of the nominal plant P is
w_ M(ma(w—)Av) + +
Gp = {(N(m(w,)m)) |[O,oo) ew ‘ vel }
Thus, a natural causal surjective map ®4_ : gg’ — g;ff can be defined as

M(7m2(w-)Av) M (o (w-)Av) +
(4.12) (N(ﬂz( )/\v)) }[O,oo) = (N(ﬂ-2( )/\U)) |[0,oo) Voeur.

Since mo(w_) € U)o, there exists a Ty_ € [0,00) such that ma(w_)(t) = 0 Vt <
—Ty_. It is elementary to show that

M(7 0 7 M (7o (0—
leo— = I (erza=ne ) o or < IO a - IZ0L - I (B2 Y
and thus from (4.4), we have that (4.10) holds.

For any w; € Gp~, there exists a v € YT such that wy = (M((:j((w ))/f;’))) 110,00)-

From (4.12), we get ((®gp_ — Nwy)(t) = (%:g) (mo(w_) Av)(t) Vt > 0; and since
ma(w_)(t) =0Vt < —Ty_, we have for any ¢ > h > 0 that

|(@5_ — Dw) ()] < Lol () (m2(@-) Av) |-y p)st —h)
+ (1\]\4;]1\5) a - IL4 - (R (r2(@=) A 0)llin,i—nys

where fp is any function of KL such that ‘(NN/H M) (Lo)(¢ )‘ < Bo(llvllo,paystr —

hi1) ¥t1 > hq for any h; > 0 and any v € U with v(s) = 0 Vs € (—o0,0] U [h1, 00).
Therefore, from w_ A wy = (me(wW_) A v), we obtain that (4.11) holds. O
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U r =
do + }—1> T—delay—u> = flz,u) | m
—_ yl =7
us s = —k(ys) y2 A+ Yo

F1G. 2. Nonlinear plant with input delay in closed-loop system.

4.2. General nonlinear plant with input delay. Consider the following
closed-loop system, which consists of a nonlinear plant with input delay and a nonlin-
ear controller shown in Figure 2. Assume that both functions f and k are continuous
with f(0,0) = k(0) = 0, that the system & = f(z,u) is forward complete (see Defini-
tion 2.9), and that the system & = f(x,uo + k(z + yo)) with input wy = (uo, yo) and
state z is input to state stable [27].

Since both k and f are continuous, there exist p; € Ko and ps € Ko such that

(@) < pu(z)),  |f(z,u)| < po(max{|z], [u]}).

The nominal closed-loop system (i.e., the closed-loop system shown in Figure 2 for
nonlinear plant without input delay) is given by

(4.13a) & = f(x,uo + #(z + yo)),

(4.13Db) up = ug + K(x +yo), Y1 = -,

and is input to output stable [33], i.e.,

(410) ()] < Blol &)+ (llwollpe) Ve > 0,¥awo, Va(0) = o,

for functions g € KL and v € Ko with w; = (u;,5;) for i = 0, 1.

We consider the determination of input delays which can be tolerated while pre-
serving the input-to-output stability of the closed-loop system shown in Figure 2.
To apply Theorem 3.2, we need to measure the distance between the nominal plant
and the perturbed plant with input delay. For the convenience of notation, let the
nominal plant P and perturbed plant P be defined by the following sets B p and B B
respectively:

(4.15) Bp ={w; € W, | w1 = (u1,y1) satisfies (4.16) for some =},
(4.16) = f(z,uw1), wy1=—x,

(4.17) B ={w €W, | w1 = (t1,7) satisfies (4.18) for some =},
(4.18) z(t) = f(x(t),a1(t = 7)), 1 =—-z, 7€(0,70]

For any wi— = (41-,91-) € W~ NB 5, choose wi— = (u1-,41-) € W™ N B with
uj— =a1— and y1_(t — 7) = g1—(t) for t <0. Then,
[[wi—|| < max { @1 [[(—o0, s | (@1, y1-) [0} < max {2]j@1—]|, [[y2-[I—r0)} -

Since ¢ = f(z,u) with f(0,0) = 0 is forward complete, we have by using [20,
Lemma 3.5] that |1 o) < a(r)v (11— (oo, —r1+ 1]l r)) < palro)v(2]n ),
and thus we obtain

(4.19) Jwr— || < 2f|w1—[| + p(ro)v (2| w1 -]),

where p is a positive-valued continuous nondecreasing function and v € K.
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Define a map ® : Gp'~ — ggl_ by

wir £ (urg,y14) = P(wiy) = Wiy = (Gay, G14) = (Uig, J14),

and thus 714 () = (y1—- Ay14)(t —7) VE > 0.
For any ¢t > h > 0, we have that

sup{[g1+(s)| : s € [, 2]} < sup{|f(=y1+(s), u11(s))| : s € [h,t]} < pa(llwis (1)
if t — 7 > h, then
|01+ —y14) ()| = [yt = 7) =14 ()] < 7 - sup{[14.(s)] = s € [h, 1]},
and if t — 7 < h, then

|G+ = y10) O] < [(y1-Ayr)(E — 7) = y1+ (W] + [y14-(R) — y14-(8)]
< 2lfwi—Awip[[—oo,n + 7 - sup{|ga+(s)] : s € [h, 1]}

Hence, for any ¢ > h > 0 and any w14 € Gp'~, we have
(4.20) |((® = Dwi)(B)] < Bollwr-Awis [l (—oo,npst = 7) + 7 - pa(llwitllpg)
with 8y € KL defined by

2r + 4= for r > 0,£ € [0,7);

_ 14+¢€
ﬁo(r,ﬁ)—{ 115 forr >0, > 1.

Theorem 3.2 now asserts that, by using (4.14) and (4.20), the perturbed closed-loop
system shown in Figure 2 will remain input to output stable if the time delay 7 satisfies

(4.21) T-pao(I+p)oy(s) < (T+e)"'(s) Vs>0

for some functions p,e of class K. In the following, we give a concrete nonlinear
example to show that the closed-loop system remains input to output stable under
the perturbation of sufficiently small time delay in the plant.

Ezxample 4.3. Consider the feedback configuration in Figure 2. Let Y = Y =
L®¥(R) and W £ U x Y, and let f(z,u) = ¢(x) +u and k(y) = —ky, where k € R
and ¢ : R — R is a memoryless nonlinear function satisfying the sector condition
¢ € Sector (k1,k2) with k1,ke € R and k1 < ko <k, Le., [¢(x) — k1z][o(x) — k2z] <O
for x € R; this is equivalent to the following statement [5]:

(4.22) #(0) =0 and kj2?® < 2¢(x) < koa? Vo € R.
Thus, the nominal closed-loop equations in (4.13) are expressed as

(4.23a) & = —(kx — ¢(x)) + uo — kyo,
(4.23b) uy = —kx +ug — kyo, y1 = —=.

Consider the Lyapunov function candidate V(z) = x2/2, and the derivative of V
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along the trajectories of this system (4.23) is given by
V = —z(kz — ¢(z)) + x(uo — kyo) < —(k — k)2 + z(uo — kyo),
and thus we get that for any € € (0, k — k2),
V < =2V Vx| > |luo — kyoll/(k — ko — ¢).
Then, by using [16, Theorem 10.4.1], we obtain that for any € € (0,k — k2), there
exists a f1; € KL such that

1
(420)  [o(0)] < Bull2(0)]. ) + o — Fyoloy ¥t 0.

k— ko —
From (4.23)-(4.24), for any € € (0,k — k2) we have that (4.14) satisfies with gain
function

1+k

(4.25) vyr)=1+k+ m

)-r Vr>0,
where function 8 € KL in (4.14) also depends on € € (0,k — ko).

Consider again V (x) = 22/2, and the derivative of V' along the trajectories of the
system & = f(x,u) = ¢(z) + u is given by

V = 2¢(x) + zu < kox® + (22 + u?)/2 < (2ky + 1)V + u?/2.

Thus, from [2, Corollary 2.11], we know that the system & = f(z,u) = ¢(z) + u is
forward complete. Therefore, (4.19) satisfies. Since |f(z,u)| < (1 4+ max{|k1], |k2|}) -
max{|z|, |u|}, we have that (4.20) satisfies with function py € Ko defined by

(4.26) p2(r) = (1 + max{|k1|, |ko|}) -+ Vr >0.

From (4.21), (4.25), (4.26), and Theorem 2.19, it follows that the perturbed closed-

loop system [P, C] will remain input to output stable if for any given € € (0, k — k2)

with time delay 7 < 1/w, where w £ (1 + max{|ki|, [k2[})(1 + k + ;2E).

5. Concluding remarks. By providing a unified construction of an underlying
abstract state space applicable to input-output systems defined over a doubly infinite
time axis, this paper provides an input-output theory with an integrated treatment
of initial conditions, culminating in a statement and proof of a robust stability result.
The resulting gap distances take into account both the effect of the perturbation on
the state space structure (and hence the initial condition) as well as the input-output
response. This complements the robust stability theory of Georgiou and Smith [13] by
introducing initial conditions and applies the ideas of the ISS framework in a situation
whereby the conventional state-space formalism of ISS is not directly applicable due
to variation in the structure of the state space between the nominal and perturbed
systems which arise naturally in a robust stability setting.
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