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STABILITY RESULTS FOR DOUBLY NONLINEAR DIFFERENTIAL
INCLUSIONS BY VARIATIONAL CONVERGENCE

THOMAS ROCHE, RICCARDA ROSSI, AND ULISSE STEFANELLI

ABSTRACT. We present a stability result for a wide class doubly nonlinear equations, featu-
ring general maximal monotone operators, and (possibly) nonconvex and nonsmooth energy
functionals. The limit analysis resides on the reformulation of the differential evolution as a
scalar energy-conservation equation with the aid of the so-called Fitzpatrick theory for the re-
presentation of monotone operators. In particular, our result applies to the vanishing viscosity
approximation of rate-independent systems.

1. Introduction

This note is concerned with a convergence result for doubly nonlinear differential inclusions of
the type
oy (U (8)) + 0& (un(t)) 0 in X* for a.a.t € (0,7). (1.1)
Here, («v,) is a sequence of maximal monotone (and possibly multivalued) operators v, : X = X*,
(X, |- is a (separable) reflexive Banach space, and & : [0,T] x X — (—o00, 00| is a (proper) time-
dependent energy functional. We will prove that for a,, — « in the graph sense any limit point u
of the sequence (uy)nen is a solution to

a(u(t)) + 08 (u(t)) 20 in X* for a.a.t € (0,7T)

Throughout the paper, we write €;(u) in place of £(t,u). We will understand the multivalued
operator 9€ : (0,T)x X = X* to be a suitable notion of subdifferential for the possibly nonsmooth
and nonconvex map u — &;(u), namely the so-called the Fréchet subdifferential, defined at (¢,u) €
dom(€&) by

£ € 0&(u) ifandonlyif &(v) > & (u)+ (€, v—u)+o(llv—ul) asv— u. (1.2)

Observe that, as soon as the mapping u — &;(u) is conver, the Fréchet subdifferential O&;(u)
coincides with the subdifferential of u — €;(u) in the sense of convex analysis.

Doubly nonlinear equations as in (II]) arise in a variety of different applications, ranging from
Thermomechanics, to phase change, to magnetism. As such, they have attracted a substantial deal
of attention in recent years. Correspondingly, the related literature is quite rich. Being beyond
our scope to attempt here a comprehensive review, we limit ourselves to recording the seminal
observations by MOREAU [506], 57] and GERMAIN [37], as well as the early existence results by
ARAI [9], SENBA [71], CoLL1 & VISINTIN [26], and CoLLI [25]. The reader can find a selection of
more recent results in [5 21 [3] [7, 33| 41l 511 65 [69]. Without going into details, let us mention
that, over the last decade, the convexity requirement on the map w +— &€;(u) in the pioneering
papers [9, [7T], 26, 25] has been progressively weakened: in particular, in [51] a quite broad class
of nonsmooth and nonconvex energy functionals has been considered. Nonetheless, in all of the
aforementioned contributions the operator « is assumed to fulfill some coercivity property, namely
to have at least linear growth at infinity. We will refer to this case as viscous.
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The case of 0-homogeneous operators o has been recently investigated as well, for it connects
with the modeling of so-called rate-independent systems. We shall hence refer to this situation as
rate-independent. Some references in this direction are to be found in the papers [28, [29] [36] 43
48, [47, 53, 54, [55].

Additionally, relation (II]) has been considered in connection with the study of the long-time
behavior of solutions in [4} [31} [68] [70, [69], and their variational characterization in [6, [8, [72] [75].

The focus of this paper is on the study of the stability of the doubly nonlinear flows (L.
Namely, we investigate the convergence of solutions u,, to equations (LLIJ), under the assumption

ay, — « in the graph sense in X x X™ (1.3)

viz. for all (§,&*) € graph(a) there exists (£,,&) € graph(a;,) such that &, — £ in X and £ — &*
in X* as n — oo. The main result of this paper, Theorem [£5], states that cluster points u of the
curves (u,) are in fact solutions to the limiting equation

a(u(t)) + 08 (u(t)) >0 in X* for a.a.t € (0,T). (1.4)

We have to mention that stability results for the doubly nonlinear flows (L)) are already
available in the literature. For wviscous graphs a.,, a first convergence theorem in the case of
convex energies has been obtained by A1zicovict & YAN [I] (see also [72]), whereas stability
results for doubly nonlinear equations with nonconvex energies have been proved in [51] . This
issue has been recently reconsidered by VISINTIN [80L 81l [82], who has remarkably extended the
reach of the theory to treat subdifferential inclusions of the type

Bla(t)) +~y(u(t)) 20 in X* for a.a.t € (0,T),

with 8, v : X = X* maximal monotone operators, 8 cyclically monotone and v noncyclic mono-
tone, by resorting to the so-called FITZPATRICK theory [34].

Let us briefly recall that an operator o : X = X* is cyclically monotone if « is the generalized
gradient of some potential. Namely, if o = 0 for some proper, convex, and lower semicontinuous
function ¢ : X — (—o00, 00|, where the symbol 9 here denotes the subdifferential in the sense of
convex analysis. In the cyclic-monotone case o« = 9, it is well known that the relation y € 9v(x)
can be equivalently reformulated as (y,z) = ¥(x) + ¢*(y), where ¢* is the Legendre-Fenchel
conjugate of ¢ and (-, -} is the duality pairing between X* and X. The use of this variational fact
for the aim of variationally reformulating evolution equations dates back to BREZIS-EKELAND
[18, MI7] and NAYROLES [59] [60]. Among the many contributions stemming from this idea, the
reader is especially referred to the existence proofs by AucuMmuTy [II] and ROUBICEK [67], and
to the recent monograph by GHOUSSOUB [39] on self-dual variational principles (see also the
references in [72)]).

The Fitzpatrick theory allows us to extend this variational view to subdifferential inclusions

of the type ([4), with « possibly noncyclic monotone, by introducing representative functions
fa: X x X* — (—00, 0] for the operator «. These are convex functions f, with the property

V(z,y) € X x X", (y,2) < fa(z,y) and

y € a(z) iff (y,2) = fal(z,y).
The reader is referred to Section [2] below for a selection of relevant results within this theory.
In particular, in [80] these tools are used in order to reformulate variationally relations (LTI

for noncyclic monotone operators. This reformulation opens the way to devise a suitable I'-
convergence analysis toward structural stability of the flows.

(1.5)

As for the rate-independent case, one shall mention the stability results for hysteresis operators
from the classical monographs [19, [42], [78] (see also [74]). Another stability result in the rate-
independent setting is in [72]. Moreover, we record VISINTIN [81[82], which exploits the Fitzpatrick
idea in the rate-independent context, but by taking perturbations in d&, (again, in a possibly
noncyclic monotone frame).

Finally, the approximation of rate-independent flows by viscous flows (in the cyclic-monotone
case) has been recently attracted a great deal of attention. This is especially critical as viscous and
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rate-independent evolutions usually call for different analytical treatments. The vanishing viscosity
approach to abstract rate-independent systems has been in particular developed in [32, 49] [50].
More specifically, in the latter two papers it has been shown that the vanishing viscosity limit leads
to the notion of BV solution to a rate-independent system. In the recent [52], still within the
cyclic-monotone frame, the p, — 1 limit, where p,, is the homogeneity of the potential 1, of a,,,
has been addressed, and it has been proved that BV solutions arise in the limit. A stability result
with respect to variational convergence for the latter solution concept has also been obtained.

Our result. The focus here is that of obtaining a stability result for the differential inclusions
(1) by allowing for maximal generality on the perturbations «,, and on the functional €. In
particular, we shall neither assume super-linear equi-coercivity in «,,, nor cyclic monotonicity. As
for the energy €, we do not require neither smoothness nor convexity with respect to u, but still
ask for lower semicontinuity and some coercivity, see Assumption B.9 below.

This generality sets our result aside from the available contributions on this topic. In particular,
our analysis also encompasses the passage from viscous to rate-independent doubly nonlinear
evolution. Indeed, we are able to treat here the p,, — 1 case for noncyclic monotone operators «,,
(in this setting, p, is the coercivity exponent for a,,). In our general context, we prove that the
so-called local solutions [49, [50] to a rate-independent system arise in the p,, — 1 limit.

The basic idea for handling the noncyclic monotone case, is to resort to a variational reformu-
lation of the flows (1) which is well suited for discussing limits. By letting f,, represent the
monotone operator «,, in the sense of ([LA) and assuming the validity of a suitable chain rule
for the energy &, relation (L)) is proved to be equivalent (see Proposition BI2) to an energy
conservation identity, namely

t

8t(un(t))+/ fan(an(s),—aﬁs(u(s)))dt: €0(u(0) +/ 8 (u(s))ds for all t € [0, T).
~—— 0 — 0

energy at t initial energy — ——~——

dissipated energy on [0, t] work of ext. actions

(1.6)
The strategy is then to prove that, by passing to the liminf in (L], the structure of the relation
is preserved. In particular, we provide sufficient conditions under which the lim inf of the integral
of the representative functions f,, is a representative function of the limit graph «. Care here
is given to developing such a lower semicontinuity argument for functions which are only BV in
time. This allows us to directly include the case of rate-independent flows.

Let us once more emphasize that we can encompass in our analysis a broad class of time-
dependent energies € : [0,T] x X — (—o0, +00], (possibly) nonsmooth and nonconvex with respect
to the state variable u, but still satisfying a suitable set of coercivity and regularity type conditions
mutuated from [51]. Note that in such a general setting existence of absolutely continuous solutions
Up : [0,T] — X to () is presently not known. A possibility in order to overcome this would
be to strengthen our assumptions on the energy functional &, for instance assuming it to be a
suitable perturbation of a (\-)convex functional, as in [66] [65] [5T]. We however refrain from this,
for the sake of keeping maximal generality for the convergence result. In this respect, our result
should be regarded purely as a stability analysis, with focus on the convergence properties of the
operators (o). A stability result with respect to suitable convergence of the energy functionals
could also be obtained, closely following the lines of [51, Thm. 4.8]. Again, we have chosen not
to detail this, in order to highlight the usage of the Fitzpatrick theory to deal with the noncyclic
operators (., ). This very generality will allow us, for instance, to address in the upcoming Section
[43] the quasistatic limits of a class of dynamical problems, which can be in fact reformulated as
doubly nonlinear equations of the form (IIJ).

Structure of the paper. Section[2contains some background material on Fitzpatrick theory, and
on the notions of variational convergence for functionals and operators which will be relevant for
the subsequent analysis. In Section 3.I], some further preliminaries of measure theory and convex
analysis are provided, whereas in Section the basic assumptions on the energy functional &
are stated in detail, and suitable reformulations of (1)) are discussed. In Section [ we state our
main stability result Theorem and thoroughly comment it. We also give two corollaries (i.e.
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Theorem (.8 and Proposition 9] in two particular cases: specifically, Prop. deals with the
pn — 1 vanishing-viscosity limit. We conclude Sec. 4] by discussing classes of energy functionals
to which our results apply (cf. Sec. [£2)), and developing applications to rate-independent limits of
Hamiltonian systems (in Sec. [£3]). The proof of Theorem [ is developed throughout Section [Bl
also exploiting some results from Young measure theory which are contained in Appendix [Al

2. Fitzpatrick theory

Within this section, we shall systematically use the notation

m(§,€7) = (£,€)  forall (§,£7) € X x X~

for the duality pairing between the reflexive space X and X*, and identify possibly multivalued
operators a : X == X* with the corresponding graphs a C X x X* without changing notation.
We recall that a: X = X* is monotone if

(€ =&0,6— %) =0 forall £ € a(f), & € alé)

(where (-, -) denotes the duality pairing between X* and X), and that it is mazimal monotone, if
it is maximal for set inclusion within the class of monotone operators.

We shall provide here a minimal aside on the Fitzpatrick theory, essentially mutuated from [79].
The reader is however referred to [20] 2] 22| 23] 38| [39] [45] [46, 62} [63] for additional material and
a collection of related results and applications to PDEs.

Representative functionals. We denote by F(X) the set of functionals ¢ : X x X* — (—o00, c0]
such that

¢ is convex, lower semicontinuous, and (&, &%) > w(€,£") V(&%) € X x X*.
We associate with ¢ € F(X) the set & C X x X* given by
(E&)ca & pl6e) =m0 (2.1)
Whenever (2)) holds we say that ¢ represents «, that ¢ is representative, and that a is repre-

sentable. A representable operator can be represented by different representative functionals (cf.
Example[Z4 below). On the contrary, each representative functional represents only one operator.

Example 2.1. In the cyclically monotone case of & = 9 for some (proper) convex and lower
semicontinuous potential ¢ : X — (—o00,00], a representative functional for « is given by the
bipotential (according to the terminology of [20])

P(€,87) = p(&) + ¥ (&) (2.2)
We have the following strict set inclusions

{maximal monotone operators} & {representable operators} & {monotone operators}.

Namely, representable operators are intermediate between monotone and maximal monotone. One
may wonder how to translate maximality at the level of representative functionals. The following
result provides a useful criterium for the representability of a maximal monotone operator.

Proposition 2.2 (Representative of a maximal monotone operator [70]). A functional ¢ € F(X)
represents a mazximal monotone operator iff ¢* € F(X*). In this case, if @ represents a then ¢*

represents a~ ! = {(£,£*) 1 (£%,€) € a}.
The Fitzpatrick and the Penot functions. Given o« C X x X* with a # 0 we define the
Fitzpatrick function (associated with «) f, : X x X* — (—o00, o] by
fal(&€7) =m(&, &) +sup{m(éo — &€ — &) ¢ (§0,&) € a}
= sup{n(&o,&") — (& —£,&5) : (&,&5) € ) forall (§,") e X x X*
and the Penot function (associated with ) p, : X x X* — (—o00, 00| by
Po = (m+ In)*™. (2.4)

(2.3)
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Both f, and p, represent a. Moreover f, and p, are respectively the minimal and maximal
element (with respect to pointwise ordering) of the functional interval
J(a) ={p € F(X) : ¢ represents a}. (2.5)

In particular, in the cyclically monotone case of a = 91, there holds

fa(§,67) SP(&) +97(€7) < pal€,€7) forall (§,€7) € X x X7 (2.6)

Let us also point out that, in view of the definitions ([Z3]) and (Z4)) of f, and p, the following
formulae hold

fa(gug*) = Sup{ﬂ'(fo,f*) + W(f,gg) - paﬁl(ga‘uéb) : (60753) € XXX*} V(§,§*) € XXX*? (27)

pa(&,€7) = sup{m(&o, &) + (£, §5) — fa-1(&5.&0) + (§0,&p) € X xX™} V(E,€) € Xx X7, (2.8)
namely fo (pa, resp.) is the convex conjugate of the Penot (Fitzpatrick, resp.) function of the
inverse operator o !.

Finally, for later use we observe that
0€al0) = fo(,€")>0 forall (£,£")e X x X*. (2.9)
Self-dual representatives. Recall that a function ¢ : X x X* — (—o00, 00] is called self-dual iff

P(&,€7) =" (£7,€) forall (§,£7) € X x X~

The interval J(«) from (23) includes self-dual representative functions [63] Thm. 3.3]. In the
cyclically monotone case of a = 0v, an example in this direction is given by the bipotential
@2). Out of the cyclically monotone realm, an example of a self-dual representative in the case
a = v+ 0y with v skew adjoint is (§,&*) — ¥ (&) + ¥* (=& + €*) [38].

In the general case, the indirect proof of the existence of self-dual representative functions is
due to PENOT [61] 62] and SVAITER [76], whereas direct constructions have been firstly provided
by PENOT & ZALINESCU [64] under some restriction on «. An explicit self-dual representative
function in the general maximal monotone case has been recently obtained by BAUSCHKE & WANG
[15] and reads

1
) > = inf WEFCGEF )+ fal€ = CE =)V FICIP+ ¢ 2.10
€6 =5 il a6+ CE ) L= 8 =)+ I+ ICZ) (210
Note that neither the Fitzpatrick function f, nor the Penot function p, are self-dual in general.

Let us now recast the characterization of maximal monotonicity of Proposition in the fol-

lowing.

Proposition 2.3 (Self-dual representatives = maximality). An operator a: X = X* is mazimal
monotone iff it is represented by a self-dual functional .

Proof. By [17], if o is maximal monotone, then it admits the self-dual representative (2.1I0).

As for the converse implication, note that by self-duality of ¢ and © we get

" (€5,6) = (&, ¢67) =2 7(&, &) =77 (€5, ).
Thus, ¢* € F(X*) and Proposition [Z2] applies. O

Self-dual representatives vs. Fitzpatrick and Penot functions. Let  C X x X* be a
cyclically monotone operator with o = 9 for some convex and lower semicontinuous potential
¥ X — (—o00,00]. As already observed, a self-dual representative of « is the sum of ¢ and its
convex conjugate. However in general the Fitzpatrick functional f, may differ from ¢ + ¥*, as
shown by the following.

Example 2.4. Consider X = R = X* and set o = identity, namely o = 9¢ with ¥(§) = %52.
The Fitzpatrick function of 8 is fau (£, %) = €2/4 + (€)% /4 + € - £* /2, which is not self-dual.
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Fitzpatrick and Penot functions in the case of 1-positively homogeneous potentials.
Our next result reveals that, when a = 9¢ and ¢ : X — (—o0, +00] is positively homogeneous of
degree 1, then also the Fitzpatrick functional f, coincides with the bipotential (22)).

Proposition 2.5. Let 1 : X — (—00,00] be convex, lower semicontinuous, and positively homo-
geneous of degree 1, viz. p(AE) = Mp(§) for all £ € X and A > 0.

Then, the Fitzpatrick function of the subdifferential of 1 coincides with the sum of ¥ and its
convex conjugate, i.e.

fou(§,€7) = () +97(€7)  for all (§,€7) € X x X™. (2.11)

Before developing the proof, we recall that, for all ¢ convex, lower semicontinuous, and 1-homogeneous
there exists a closed convex set 0 € K C X such that 1 coincides with the Minkowski functional
of K, viz.

w(é)—MK(é)—inf{a>0 : geK}. (2.12a)
Furthermore,
P (€¥) = T« (€%) where K* C X* is the polar set of K, i.e.
K*={¢ €K' : n(6,¢") < 1V¢e K}, (2.12b)
so that
V() ey Mg(§)+Ik-(£7) =m(& €. (2.12¢)
For later convenience, we also recall that
P(€) = sup w(,€) forall{ € X. (2.12d)

Proof of Proposition[Z23 Tt follows from the definition of the Fitzpatrick function (23] and from
(212d) that
Jou (&, €7) = sup{m(0, &) — Mk (§0) +7(£,&5) — k= (&) : (S0, &) € a}
STk« (€%) <Mk ()
Hence, we obtain that fay(£,£%) < Mk (§) + Ik-(€*) for all (£,£*) € X x X*.

For the opposite inequality assume first that £* ¢ K*. Then there exists § € K such that
m(&,&*) > 1. Choose an arbitrary £ € OMg(§) = OMg(N\) for any positive A > 0. Then,
taking into account that Mg (Ao) + Ik (§5) = (&0, &5) < A, we get

T(Ao, &™) — M (M) + (&, &5) — Ir+(&5)
> A7(€0,&%) — 1)+ 7(&,&5) = +o0 as A — oo.

Therefore fay(£,£*) > Ix-(€*). On the other hand, taking into account that OMk(0) = K*, we
deduce that

fow(§,€7) = sup{m(£,&5) : & € K™} = Mk(§).
Eventually, we get that fay(§,&*) > Mg (§) + Ik~ (€*) for all (§,£*) € X x X*, which concludes
the proof. (I

Corollary 2.6. Let ¢ : X — (—00,00] be convez, lower semicontinuous and positively homoge-
neous of degree 1. Then

fou(&,€7) = (&) +9¥7(€7) = pay-(§,€7)  for all (§,€7) € X x X™. (2.13)
Proof. To prove (2.13) we observe that
Jop =¥ +9" = W +¢7)" = f5, = poy-

where the first identity is due to Proposition2.5] the second one to the fact that ¢ +* is self-dual,
and the last one to (2.8]). O
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2.1. Approximation of maximal monotone operators. In the next lines, the symbol X may
stand for the space X, for X*, or for X x X*. Let f,, f : X = (—o0, 00] be convex, proper, and
Ls.c. functionals and let a,, @« C X x X* be maximal monotone operators. We introduce the
notation

Iliminf f,, (x) := min{liminf f,, (x,), x, — x in X},
n—00 n—oo

Ilimsup f,, (x) := min{lim sup f, (x,), x, — x in X}.
n—00 n—oo

These correspond to the classical I'-liminf and I'-limsup constructions (cf. e.g. [27]), with respect
to the weak and the strong topology of X, respectively. We will use the following convergence
notions, for which the reader is referred to [10]:

f, =»f < D-limsupf, <f < T-liminff,

n—00 n—0o0

an —=a & V) ea I, E) Eay - & =& & —En

where the symbol M, stands for Mosco convergence in X and -+ is usually referred to as graph
convergence. In particular, Mosco convergence corresponds to ['-convergence with respect to both
the strong and the weak topology of X and can be made more explicit by
Vxp, — %, f(x) < liminf f,(x,)

n—oo

f o
n—f <
Wx € X, Ixp, = x 1 (%) = f(X)

In the case of cyclically monotone operators, graph convergence is known to be equivalent to
the Mosco convergence of the respective potentials (up to some normalization condition), viz. we
have the following result.

Theorem 2.7 ([I0, Thm. 3.66, p. 373]). Let ¢, ¢ : X — (—o0,+0o0]| be proper, convex and
lower semicontinuous functionals. The following are equivalent:

i) O¢n —=+ ¢ in X x X* and there exist (&,,E) € O¢y, such that &, — & in X, £ — & in
X", ¢nl&n) = 0(§), and (&,£7) € 9¢;
i) dn — ¢ in X.
The importance of graph convergence is revealed by the following identification lemma, basically
consisting of the approzimation version of [16, Prop. 2.5, p. 27].

Lemma 2.8. Let a,, == a, (£,,€)) € an, &n — &, € — &, and liminf,, o (&, %) < m(€,€%).
Then (£,£*) € a.

In order to prove this, quite classical, approximation lemma, in the particular case of cyclically
monotone operators, what is actually needed is just the implication i) = 4i) in Theorem 27 above.
Indeed, let d¢,, —= 09, (&n,E5) € Oy, With &, — €, &5 — €%, and liminf,, o 7(&n, &) < (€, €%)
be given. We readily have that

0< 6(&) +67(€7) — m(€,€7) < limin (9 (Ex) + ¢3(E5) — w(€0,€7)) =0

where we have used the fact that ¢} M, o* iff ¢, M, ¢ [10, Thm. 3.18, p. 295], i.e. the
bicontinuity of the Legendre-Fenchel transformation with respect to the topology induced by the
Mosco convergence. Therefore we conclude that (£, £*) € a.

Remark 2.9. As indeed one just needs
0pp =25 0¢ = ¢ <TI'liminf¢, in V and ¢* < T-liminf¢’ in V*
n—oo n—oo

in order to check for Lemma 2.8 one may wonder if asking directly the two I'-liminf conditions
above would weaken the convergence requirements on the functionals. This is however not the
case. Indeed, under some very general condition of equi-properness type, we have that the two
separate I'-liminf conditions are indeed equivalent to ¢, M, ¢ [72, Lemma 4.1] and hence entail

dpp —=5 0.
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Our next aim is that of extending the above arguments to the case of noncyclically maximal
monotone operators. In particular, we present an extension of Theorem 2.7] in terms of represen-
tative functions, and in particular of the Fitzpatrick and of the Penot functionals.

Theorem 2.10. Let (o), a be mazimal monotone operators o, o : X = X*. The following are
equivalent:

i) an a0 in X x X*,
i) fo <TD-liminf f,, in X x X*,
n—oo
iii) T-limsup,,_, o Pa, < pa 0 X X X*.

Exactly as above, the proof of Lemma [Z8 follows just from implication i) = ii). We shall
however give a full equivalence proof for the sake of completeness and comparison with Theorem

27 In particular, note that Condition #i) above is weaker than f,,, 2 f.. That is to say that
the former Theorem 2.7] does not follow directly from Theorem 2.10

Proof. Claim 1: i) = 4i). Fix (£0,&5) € « and let (§on, &S,) € an be such that &, — & in X
and &, — & in X*. Moreover, let &, — £ in X and & — £* in X*. We have that

hnrggf fon(€ns &) > linrgioréf (7(&ons &) — T(Eon — €nson))
=m(&0,&") — (& — &£ &)

In particular, by passing to the supremum with respect to (£,&}) € «, we conclude that f, <
I'liminf,, 00 fa, -

Claim 2: i) = iii). Observe that a,, —= « implies a;; ' %+ o', hence Claim 1 yields f,1 <
I'liminf f_-1. By convex conjugation and taking into account (2.8) and [10, Thm. II1.3.7, p. 271],
n—00 "

we then have

Pa = (fo—1)" > (I‘fliminf fa—1> = T-limsup pq,, -
n—00 "

n—oo

Claim 3: i) = 7). Fix (£,£*) € a and let (§,,)) € a, fulfill §, — €in X, & — € in X*, and
limsup pa,, (6. 1) < pa(§,€7) = (€, €)

n—oo

(such sequences exist as I'-limsup,, , ., Pa, < po). In particular, we have that

pOtn (57175:;,) < W(f,g*) + En

for some sequence €, — 0. By exploiting the extension of the Brgnsted-Rockafellar approximation
Lemma from [44, Thm. 3.4], we have that there exist (&,,&) € @, such that for alln € N

1€n = &nll® < en, 167 — &I < en.

Then, a classical diagonal-extraction argument yields én — ¢ in X and éj‘l — & in X",
Claim 4: 4i) = ¢). Again by convex conjugation, and (2.8), we deduce from ii) that

pa-1 = I'-limsupp 1.

n—oo

Therefore, in view of Claim 3 we have that a;; ' —%+ a~!, whence a,, — a. O

3. Setup and preliminary results

Before stating our working assumptions in Sec.[3.2] in the upcoming Sec. BT we recall all the basic
definitions, and tools of measure theory and convex analysis, which we will use in the following.
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3.1. Preliminaries of measure theory, BV functions, and convex analysis. We start with
the notion of measure with values in a Banach space X, which later on will either coincide with
the reflexive space X, or with R.

Definition 3.1 (Vector measure). Let (€2, %) be a measurable space. A function p: ¥ — X is
called a (Banach-space valued) vector measure, if

V(A)ien»Ai € S with (i#j= A;NA; =0) itholds pu <U Al-) = u(d). (31
i€N i=1
Here the convergence of the series on the right-hand side has to be understood in terms of the
norm of X.

Definition 3.2 (Variation of a measure). Let (€2,X) be a measurable space and p : ¥ — X a
vector measure. Then the variation of u, denoted by ||| : ¥ — [0, 0], is given by

[[14[|(A) := sup {Z (A - (Aien € 2, |JAi=A, Vi#j: ANA; = 9} (3:2)
=1 €N

for all A € ¥. If || p||(©) < oo then we say p is of bounded variation.

Indeed, ||p]| itself is a (positive) measure on (2, X)), see [30, Prop. 9, p. 3].

Definition 3.3 (Absolute continuity and singularity of measures). Let (€2, %) be a measurable
space, (1 : X — X a vector measure, and v : ¥ — [0, 00] be a (real-valued, positive) measure. We
say that p is absolutely continuous w.r.t. to v, and write u < v, if

VAes: [vAd)=0 — M(A):o]. (3.3)
Moreover, we say that two real-valued, positive measures . and v are singular, and write p L v,
if there exist By, By € ¥ with By U By = Q and By N By = () such that
VAeX: w(Ay=pu(ANB;) and v(A)=v(ANBsy) (3.4)
We recall the following generalization of the Lebesgue decomposition theorem, see e.g. [30, Thm.
9, p. 31].

Theorem 3.4 (Lebesgue decomposition theorem). Let (£2,X) be a measure space, o be a Banach
space-valued measure of bounded variation and A a real valued, positive measure. Then there exist
two unique vector measures Cac, osin on (Q, X), which are of bounded variation, such that

[oacll < A, flosinl| LA and 0 = 0ac + Osin - (3.5)
BV functions. We fix here some definitions and notation concerning BV -functions on [0, T| with
values in a Banach space X, referring e.g. to [58] for a comprehensive introduction to the topic.

We denote by BV ([0, T]; X) the space of the measurable, pointwise defined at every time ¢ € [0, T7,
functions v : [0, T] — X such that their pointwise total variation on [0, 7] is finite, i.e.

M
Var(v; [0,T]) = sup { Z lv(tm) —v(Em—1)|l : O0=to <t1 <...<tm-1 <ty = T} < 00.
m=1

More in general, given a convex, lower semicontinuous, 1-positively homogeneous functional 9 :
X — [0, +00), we denote by Var, the induced total variation, i.e.

M
Vary (v; [0, T]) = sup { Z P(tm) —v(tm—1)) : 0=to <ty <...<tpy_1 <ty= T} < 0.
m=1

(3.6)

It is well known that the distributional derivative dv of a curve v € BV (0,T; X) is a vector
measure in M(0,T'; X), where

M(0,T; X) = { Radon vector measures y : (0,7) — X with bounded variation },

which we will endow with the weak*-topology.
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Notation 3.5. Let v € BV([0,T]; X). Applying Thm. B4 with the choices 0 = du and A = £
(where £ denotes the one-dimensional Lebesgue measure on [0, T]), we find that there exist vector
measures (du)ac, (du)sin € M(0,T; X) such that

[(dw)acll < £, ||(du)sin]] L £ and du = (du)ac + (du)sin - (3.7)
Thanks to the Radon-Nikodym property of the reflezive space X, the Radon-Nikodym derivatives
. ( du)ac . ( du)sin .
Uac(t) 1= , Ugin(t) 1= exist for a.a.t € (0,T). (3.8)
dg ([ (du)sinl|

For later use, we remark that for any convex, lower semicontinuous, 1-positively homogeneous
1+ X — [0,400) there holds

T T
Vary(u; 0, T]) = / Blitae(t)) dt + / iiain ()] duin (1) (3.9)

The recession function. Finally, we recall the concept of recession function (see [35, Chap. 4]).
Note that the following definitions and results, which are stated in [35] for convex functions on
R™, in fact extend to an infinite-dimensional setting, as it can be easily checked.

Definition 3.6 (Recession function). Let X be a vector space and g : X — (—00, 00] be a convex
functional. Its recession function ¢g* is defined as

9% (z) :==sup{g(y +2) —g(y) : y € D(9)} - (3.10)

Trivially adapting the argument from [35, Thm. 4.70, p. 290], it can be shown that that g is
positively homogeneous of degree 1 and convex. Moreover, if ¢ is lower semicontinuous, so is g°°.

Furthermore, there holds
g(y+1tz) — g(y) g(y+1tz) — g(y)

g°(2) = tli)rgo - = ?38 ; for every y € D(g) . (3.11)

In what follows, we will denote by f2° the recession function of the Fitzpatrick function f,, viz.

f(6,€7) =sup{fa(€+ 2,8 +27) = fa(z,27) : (x,27) € D(fa)} - (3.12)

We now prove a useful representation formula for f5°, cf. [35, Prop. 4.77, p. 294].
Lemma 3.7. There holds
f(&,€7) = sup{(€7, o) + (65, &)+ (§0,&5) € D(pa-1)} V(£,€7) € X x X (3.13)
Proof. Following the proof of [35, Prop. 4.77], from BII) and (27 we infer
[e's) * fa$+t§,$*+t§* _fa (E,(E*
feo(6€) = sup 2! )= Jale,t)

>0 t
> sup 1 (+(€", o) + 1{65,)
t>0

(65, 3) + (27, €0) = pa-1(€0:5) — falw,a"))
> (6,60 + (65, €)
7 (6,2 + (2", ) — ot (60, 88) — fal2,2%)) ¥ (60, 6) € X x X7, 10,
In view of ([27]), we thus conclude that
fE€) 2 sup{(€7,€0) + (65,€) ¢ (60,6) € Dlpa1)}-

The converse inequality may be proved arguing along the very same lines, cf. also the proof of [35]
Prop. 4.77]. O

As a direct consequence of Lemma 3.7l we have the following representation formula for the
recession function of f,, in the case « is the subdifferential of a 1-positively homogeneous potential.
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Corollary 3.8. Let ¥ : X — R be convex, lower semicontinuous and positively homogeneous of

degree 1, and let K* C X* be the associated polar set, cf. 212). Then,
f55(&,€7) = sup{(&5. &) + (€7, o) = (§0,&5) € X X K™} (3.14)
Proof. Formula (B14) follows from (BI3)), taking into account that

Pa-1 = poyr =+ " =Y + Ik,
and that D(y)) = X by assumption. O

3.2. Basic assumptions. In what follows, we will suppose that
X is a reflexive Banach space (3.15)

and that
a: X = X" is a maximal monotone operator with 0 € «(0). Blao)

As for the energy functional &, along the lines of [5I] we require the following coercivity and
regularity type conditions. Recall that OE denotes the Fréchet subdifferential of the map u +—

&, (u), cf. (2).

Assumption 3.9 (Assumptions on the energy). We assume that the pair (€,0&) has the following
properties:

Lower semicontinuity: The domain of € is of the form D(E) = [0,T] x D for some D C X,
and 9€ : [0,T] x D = X*. Furthermore, we ask that

u > E4(u) is Ls.c. for allt € [0,T), 3Co>0: V(t,u) € [0,T] x D : &(u) > Cy and @eo)
graph(0¢&) is a Borel set of [0,T] x X x X*. 0

Coercivity: Set §(u) := sup,c(o, ) E+(u) for every u € D. We require that
u +— G(u) has compact sublevels. @B&r)

Time-differentiability: For any uw € D the map t — &Ei(u) is differentiable with derivative
Or€¢(u) and it holds

4Cy >0:Vu e D : |8t8t(u)| < Cl&g(u) @82)

Weak closedness: For all t € [0,T] and for all sequences (up)nen C X, & € 0E¢(up), Fn =
E+(un) and pp = 0:&4(uy) with

U, wuinX, & —&mX*, p,—p and E,— EinR
it holds
(t,u) € D(0E), £ € O (u), p < 0€i(u) and E = & (u). BE&s)

Remark 3.10. In fact, up to a translation, we may always suppose that the constant involved in
([BLEY) is strictly positive. As in [51], combining ([BLE2)) with the Gronwall Lemma we observe that

3C>0 V(Hw e TIxD S <C inf &w) (3.16)
te |0,

Later on, Assumption will be complemented by a suitable version of the chain rule for &€, cf.
Assumption [£.4] below. As already mentioned, in order to investigate the stability properties of
the doubly nonlinear equation

a(i(t)) + 08 (u(t)) 30in X* for a.a.te (0,7T), (3.17)

under graph convergence of «, it is essential to resort to the Fitzpatrick function f, associated with
a. In the following lines, we will therefore shed light on how ([BI7) can be in fact reformulated in
terms of an energy identity (cf. (320) below) featuring f,. At first, we will confine the discussion
to the case of absolutely continuous solutions u to (BIT).
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Reformulations of (3I7) in the absolutely continuous case. Preliminarily, let us precisely
define what we understand by an absolutely continuous solution to (BIT).

Definition 3.11 (Absolutely continuous solution). In the framework of (3.15), Blag)), and ([BLEL),
we say that a curve u € W11(0,T; X) is a solution to ([B.17), if there exists & € L(0,T; X*) with

£(t) € (—a(u(t)) N9& (u(t))  for a.a.te (0,T). (3.18)

In what follows, with a slight abuse of notation we will sometimes say that (u,£) is a solution to

BI7), meaning that (BI8) holds.

In Proposition B2, we reformulate (8.I8) by means of an energy identity involving the Fitz-
patrick function f,. In the proof, a key role is played by the chain-rule condition (3I9) below on
the energy &, whereas note that not all of the conditions collected in Assumption are needed.

Proposition 3.12 (Variational reformulation). In the framework of BI5), let o : X = X™* fulfill

BLag) and suppose that & : [0,T] x X — (—o0, +00] complies with BLE), BIEL), BLEL), and the
following chain rule: for every u € WH(0,T; X) and € € L*(0,T; X*) such that

T
sup &y (u(t)) < oo, &(t) € 0&(u(t)) for a.a. t € (0,T), / fala(t), =£(t)) dt < oo,
t€[0,7] 0

(observe that, thanks to BLEL), the first of the conditions above guarantees fOT |0:E¢(u(t))|dt < oo
as well), there holds

the map t — & (u(t)) is absolutely continuous and

4 | (3.19)
E?,t(u(t)) = (&(t),u(t)) + 0: & (u(t)) for a.a.t € (0,T).

Then, the following implications hold:
(1) if (u, &) € WH1(0,T; X) x LY(0,T; X*) fulfills the energy identity

E¢(u(t)) —I—/O fa (u(s),—£&(s)) ds = Ep(u(0)) —|—/O Or€s(u(s))ds forallt € (0,T], (3.20)

then (u,§) is a solution to BIT) in the sense of Def. [3 111
(2) every solution (u,&) to BIT) (in the sense of Def. [T 11)) fulfilling

T
sup &:(u(t)) < oo, /0 [ (€(¢),a(t)) | dt < oo, (3.21)

te[0,T]

complies in addition with the energy identity (3.20).

Observe that, for every solution (u,&) to BI7), since —¢ € a(w) a.e. in (0,7) and 0 € «(0), we
have (—¢€,4) > 0 a.e. in (0,7). Hence the second of (B.2])) in fact reduces to fOT<—§, 4) dt < 0.

Proof. Let (u,§) fulfill 320). Taking into account that fo (&, —&) > 0 a.e. in (0,7") thanks to
(29), and exploiting BLE2) we gather

E¢(u(t)) < Ep(u(0)) + Cy /Ot Es(u(s))ds for all ¢t € (0,77, (3.22)

whence sup;c (o 7] &(u(t)) < oo. Therefore, a fortiori 3.20) yields fo (4, —¢) € L'(0,T). Hence
the pair (u, ) fulfills the conditions for the chain rule (3I9)), which yields for all ¢ € (0, 7]

[ a0 ~05)) ds < Eo(u0) = Extut) + | 0. (uls))ds
0 0 (3.23)

T
< / (—€(s), (1)) ds.

Using that f,, represents «, it is immediate to deduce from the above inequality that —£(¢) €
a (u(t)) for almost all ¢ € (0,T), thus (u,§) is a solution to (BI7) in the sense of Def. B111
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Conversely, let (u, &) € WH1(0,T; X) x LY(0,T; X*) be a solution to ([B.17) (in the sense of Def.

BI1) fulfilling in addition B21)). Then, since f, (4, —§) = (=, %), the chain rule (BI9) applies,
yielding, for all ¢ € [0, T], the energy identity

/ Jo (a(s), —&(s)) ds = / (—€(s), alt)) ds
0 0
T
= £0(u(0)) — &:(u(t)) + / BrE.(u(s)), (s)) ds.

Remark 3.13. A few comments on Proposition B.12 are in order.

(1) It is not difficult to check that in Proposition the Fitzpatrick function f, could be
replaced by any representative functional for «.

(2) Observe that, in the chain of inequalities (3:23)) leading to the proof of part (1) of Propo-
sition BI2] it is in principle necessary for (320) and for the chain rule (3I9) to hold as
inequalities, only. The proof of part (2) requires (BI9) to hold as an equality, instead.

4. Main results

Before stating Thm. 5] let us precise our hypothesis on the sequence («,) of maximal monotone
operators.

Assumption 4.1. Let «;, : X = X* fulfill Blag)) for alln € N and
der,eo,c3 >0, p>1, ¢>1 VneN V(r,y) € a, :
P q (Blal)
(y,2) = crlle]]? + callyll —cs-
Furthermore, there evists o : X = X* fulfilling Blagl) such that o, —= .
Remark 4.2. Combining (Blagl) with the graph convergence of (a,) to a, it is immediate to conclude
(y,z) > cr||z||” + c2||lyl|? — c3 for all (z,y) € a. (4.1)

The following example guarantees that our analysis encompasses the p,, — 1 vanishing-viscosity
limit.

Example 4.3. Let (p,) C [1,+00) fulfill p, | 1 as n — oo, and let us set

1
@[Jn(:b):p—Hpr", o =0, : X =3 X"
Clearly, (¢,) Mosco-converges to (x) = ||z||, hence (a,) converges in the sense of graphs to

a = J1. Observe that X (y) = qin||y||§§" with ¢, = pn/(pn — 1) € [2,00] for all n € N, and that

1 1
(o) = llaler 4+ llyllE = el =yl for all (@,y) € an.

n n

Therefore, Assumption A1] is satisfied.

The main result of this section addresses the passage to the limit as n — oo in the doubly
nonlinear equations

an(u(t)) + 0&:(u(t)) 20 in X* for a.a. t € (0,7). (4.2)

In particular, we will assume to be given a sequence (u,,) of absolutely continuous solutions to ([@2)
and we will show that, if the sequence («;,) complies with Assumption [£1] up to a subsequence
(un) converges to a curve u fulfilling a suitable generalized formulation of BIT).

Observe that, Blaal) in principle only allows for a bound of the type ||ty ||11(0,7;,x) < C. That
it why, we can only expect a BV ([0, T]; X )-regularity for the limiting curve u, and I1) has to
be weakly formulated accordingly. This will be done through an energy inequality akin to (3.20),
cf. [@3) below. Therein, suitable replacements of the “time-derivative” of w are suitably handled
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in terms of the Fitzpatrick function f, and of its recession function f3° (cf. Definition B.6]), and
of the absolutely continuous and singular parts of the Radon derivative du of u. Having in mind
the role of the chain rule (3.19) relating (BI7) and the energy identity (3:20), it is to be expected
that a suitable BV wersion of (3I9) will play a relevant role. We state it in the following:

Assumption 4.4. Let u € BV ([0,T]; X) and € € L'(0,T; X*) fulfill

T
sup Ei(u(t)) < oo, &(t) € 0&(u(t)) for a.a. t € (0,T), /o falu(t), —£(t)) dt < oo,

t€[0,T]
and suppose that the map t — &y (u(t)) is almost everywhere equal on (0,T) to a function E €
BV ([0,T)). Furthermore let du and dE denote the Radon derivatives of u and E.

Then, for almost all Lebesgue points to of the absolutely continuous parts tiae and Fa. of du
and dE there holds

Eac(to) = (€(t0); tac(to)) + 0i1o (ulto)) for all &(to) € €4, (ulto))- Bleq)

~ Observe that, since X has the Radon-Nikodym property, the set of Lebesgue points of ti,. and
E.. has full Lebesgue measure in (0, 7).

As it will be clear from the proof of Thm. below, Assumption [£.4] does not only provide a
motivation for the energy inequality ([4.5]), but it also has a key role in the proof of the passage to
the limit as n — oo in ([@2)).

Theorem 4.5. Assume BI3). Let o, « : X = X* fulfill Assumption [L1], and suppose that
€:[0,T] x X — (—o00,4+00] complies with Assumptions B9 and [£4. Let us consider a sequence
(ug) C D of initial data such that

ug —~up in X, Eo(ug) — Eoluo), (4.3)

and let (up,&,) C WHL(0,T; X) x LY0,T; X*) be solutions to ([E2) in the sense of Definition[3.11],
fulfilling the initial conditions u,(0) = uy. Suppose that, in addition, for all n € N the functions
(un,&n) comply with the energy identity (3.20).

Then, there exist functions w € BV ([0,T]; X) and £ € L1(0,T; X*) (with ¢ > 1 from Blail))
satisfying w(0) = ug, £(t) € 0E(u(t)) for almost allt € (0,T), and such that up to a (not relabeled)
subsequence

un(t) = u(t) Vt € [0,T], dun = (in)ac - £ljo.7) — du € M(0,T;X), (4.4)
and (u, &) satisfies the energy inequality

&.(ult)) + / fo (ine(s), —£(s)) ds + / 13 (itin(), 0) [} dur)ain (5)

4.5
< &o(u(0)) + /t 0€s(u(s))ds  forall t €[0,T], )
0
as well as
£(t) € (—aftac(t))) NOE(u(t)) for a.a.t € (0,T). (4.6)
Furthermore, there exists E € BV ([0,T]) such that

E(t) = &(u(t)) for a.a.t € (0,T), E(t) > & (u(t)) forallte[0,T), (4.7)

and we have the pointwise energy identity
Eoc(t) + fa (Gtac(t), —£(1)) = D:E&4(u(t)) for a.a.t € (0,T). (4.8)

Remark 4.6. In view of Proposition B.I2] a sufficient condition for functions (u,,&,) solving ([€.2])
to comply with the energy identity ([8:20), is that they fulfill

sup &i(un(t)) < oo and (=&, i) € LH0,T).
te(0,T)

This, provided that the absolutely continuous version (BI9) of the chain rule holds.
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In Section .2 we will discuss some sufficient conditions on & for both the chain rule (819) and
its BV -version of Assumption [£4] to hold.

4.1. Further results. We conclude this section with some results which shed light on the inter-
pretation of the energy identities (3] and (L)) satisfied by the pair (u,&). More precisely:

- Proposition .7 focuses on the case in which we have the additional information that u is
absolutely continuous. For instance, this is granted whenever u occurs as limiting curve
of a sequence (u,) C WH1(0,T : X) of solutions to the differential inclusions ([2), driven
by operators («;,) which fulfill a stronger version of condition Blagl), cf. Thm. [£.8] ahead.

- In Proposition we address the special case in which « = 9v, with ¢ : X — [0, +00)
a convex, lower semicontinuous, and 1-homogeneous dissipation potential. We show that
in this case any u € BV ([0,T]; X) complying with the energy inequality (£3H) is a local
solution (cf. [49,[50]) to the rate-independent system (X, &, ).

The absolutely continuous case. Under a slightly stronger version of the chain rule of As-
sumption €4 Proposition 7 shows that, if in addition we have that the curve u is absolutely
continuous on (0,7T), then f$° (Usin(t),0) = 0 for ||( du)sin|-a.a. t € (0,7T), and (@3] holds on every
sub-interval [s,t] C [0,T]. Furthermore, the pair (u, &) solves (3.17) in the sense of Definition B.11]

cf. (@II) below.

Proposition 4.7. In the framework of BI3), let o : X = X* fulfill Blagl), and € : [0,T] x
X = (—o00,400] comply with Assumption BAl and with the following chain rule: for every u €
WbHY(0,T; X) and € € L*(0,T; X*) such that

T
sup &i(u(t)) < oo, &(t) € 0E(u(t)) for a.a. t € (0,T), /o falu(t), —=£(t)) dt < oo,

te[0,T
then
(du)sin =0 = (dE)sin =0 (4.9)
and the chain rule inequality BLE4) holds.
Let (u,&,E) € BV([0,T]; X) x LY(0,T; X*) x BV([0,T)) fulfill @&ET) and @SX). Suppose in
addition that uw € WH1(0,T; X). Then,
EcwWh"Y(0,T). (4.10)
Furthermore, the pair (u,§) fulfills
—£(t) € au(t)) for a.a.t € (0,T), (4.11)

and there holds the improved energy inequality

xult) + [ falilr),~€() dr
. ) (4.12)
< Es(u(s)) +/ O (u(r))dr for allt € (0,T), for a.a.s € (0,t) and for s = 0.

Finally, if € also fulfills the enhanced chain rule BI9), then @I2) holds as an equality for
every 0 < s <t <T.

Proof. Since u € W11(0,T; X), its distributional derivative du has zero singular part, viz. du =
UacL. Then, it follows from (@I that dF = E.L, viz. E is absolutely continuous. Therefore,
([£38) becomes

E(t) + fao (u(t), —£(t)) = 0:&4(u(t))  for a.a.te (0,T). (4.13)
Now, combining this with the chain rule inequality (BIE4]), we conclude that f, (u(t), —£(t)) <
(—&(t),u(t)) for almost all ¢ € (0,7), hence (AII)) holds. Then, to prove [@IZ)) we integrate
(#13), thus obtaining

E(t) + /t fo (@(r),=&(r)) dr = E(s) + /t 0 (u(r)) dr forall0 <s<t<T, (4.14)
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and we use ([A.7]).

If moreover € complies with the chain rule (319), then E(t) = &, (u(t)) for all t € [0,T], since
both functions ¢ — E(t) and ¢ — &:(u(t)) are continuous on [0,7] and coincide on a set of full
Lebesgue measure. Therefore from (@I4) we get [@I2) for ¢t — &;(u(t)). This concludes the
proof. (I

As a straightforward consequence of Prop. [£7 we have the following result, showing that,
under a stronger coercivity assumption on the sequence of maximal monotone operators (o) (cf.
([I3) below), any sequence (u,) of solutions to (£2) converges up to a subsequence to a curve
complying with (@I0)-#IZ). In particular, observe that, unlike in Blagl), in (ZI0) we do not
allow the “degenerate” value 1 for exponent p. Indeed, Theorem [£.§ below for instance applies
to a sequence of operators a, = Oy, with ¢, (v) = 1/p,||v||P» and p, L p > 1 asn — co. In
this way, we obtain a stability result for doubly nonlinear differential inclusions driven by wviscous
dissipation potentials, which generalizes the results in [I, Thms. 3.1, 3.2].

Theorem 4.8. In the frame of [BIH), suppose that & : [0,T] x X — (—o0,+00] complies with
Assumptions and B4l Let o, : X = X* fulfill Blag) for alln € N and

der,e0,e3 >0, p>1, ¢>1 VneN V(z,y) €a, : (4.15)

{y,2) = crl|zl|” + collyllE — cs. '

Suppose that there exists o : X = X* fulfilling Blag)) such that o, —= a. Let (u}) C D be a

sequence of initial data fulfilling @E3) and let (un,&,) C WHL(0,T; X) x L1(0,T; X*) be solutions

to @2)), fulfilling u,(0) = uf and BZI) for every n € N.
Then, there existsu € WHP(0,T; X ) with u(0) = ug such that up to a (not relabeled) subsequence

Uy (t) — u(t) for allt € [0,T], u, —u in WHP(0,T; X), (4.16)

and there exists £ € L1(0,T; X*) such that the pair (u,§) is a solution to BIT) in the sense of
Definition [311), fulfilling the improved energy inequality ([EI2]).

The proof is outlined at the end of Sec.

The rate-independent case. Let us now focus on the case in which

a = Jy with ¢ : X — [0, 400) convex, lower semicontinuous and 1-positively homogeneous
(4.17)
with associated polar set K* C X*. In this case, the energy inequality (&3] rephrases in a more
explicit way.

Proposition 4.9. Assume B.1I5). Let o fulfill @I7) and let (u, &) € BV(0,T; X) x LY(0,T : X*)
satisfy the energy inequality (D). Then, (u,&) fulfill
—¢(t) e K* for a.a.t € (0,T), (4.18)

E¢(u(t)) + Vary(u; [0,t]) < Eo(u(0)) —I—/O OhEs(u(s))ds forallt €0,T], (4.19)

with Vary from (3.0]).

In the frame of rate-independent evolution, ([@I8)) is interpreted as a local stability condition,
while the energy inequality ([@I9) balances the stored energy &£;(u(t)) and the dissipated energy
Vary (u; [0, ]), with the initial energy and the work of the external forces fot Or€s(u(s))ds. In fact,
the local stability (£I8) and the energy inequality ([ZI9) yield (a slightly weaker version of) the
notion of local solution to the rate-independent system (X, &,v) from [49, 50]. Therein, it was
observed that this concept is the weakest among all notions of rate-independent evolution, in that
it yields the least precise information on the behavior of the solution at jump points. On the other
hand, local solutions arise in the limit of a very broad class of approximations of rate-independent
systems. This is in the same spirit as the stability results of this work. In particular, notice that
the maximal monotone operators a,, converging in the sense of graphs to @ = 01 need not be
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cyclically monotone. An example in this direction in the plane X = R? is given by the graphs
an = 0+ (1/n)Q where Q is a rotation of 7/2. In this case a,, — % but each a,, is noncyclic.

We now proceed with the

Proof of Proposition [{.9 Let (u,&) € BV(0,T;X) x L*(0,T : X*) fulfill (Z5). Now, in view of
Proposition 2.5 and of formula (2.12D), we have
o Ctne (1), —E(1)) = (it (£)) + 0" (—€(1)) = Vtne 1)) + I (—€(1)) for ant € (0.7). (4:20)

Furthermore, we have that

fo© (sin(t),0) = Sup, (€0, tsin () = ¢ (tsin(t))  for [|(du)sin[-a.a. t € (0,T) (4.21)

where the first inequality is due to ([3:14) and the second identity to (2.12d).
Then, taking into account formula ([B9) for Var,, (£3) yields

&1 (u(t)) + Vary (u; [0,1]) —i—/o I+ (—€(s)) ds < Ep(u(0)) —l—/o 01€s(u(s))ds forall ¢t € [0,T7,

which is equivalent to (I8)—-(ZI19). O

4.2. Sufficient conditions for closedness and chain rule. Following [51], we now show that
conditions of A-convexity type on the energy functional € ensure the validity of the closedness

property BLEs]), of the chain rules (319), BLE4), and of property ().

More precisely, in [51], Sec. 2] the following subdifferentiability property was introduced.
Definition 4.10. Let € : [0,7] x X — (—o0, 00| fulfill (B[Eg). For every R > 0, set
Dr={ueD: S(u) <R}.
We say that € is uniformly subdifferentiable (w.r.t. the variable u) if for all R > 0 there exists a
modulus of subdifferentiability wf : [0, T] x Dr x Dg — [0, +00) such that for all ¢ € [0,77:

wi(u,u) = 0 for every u € Dp,

the map (t,u,v) — wi(u,v) is upper semicontinuous, and (4.22)

E(v) — &¢(u) — (&0 —u) > —wli(u,v)|[v —ul for all u, v € Dg and & € D€ (u).

It was shown in [51l Sec. 2] that, a sufficient condition for (£22) is that the map u — &;(u) is
A-convez uniformly in ¢ € [0, T], namely

INER Vte0,T)Yug, ui € DVOe[0,1] :

A (4.23)
€4((1 = O)ug + Bur) < (1= 0)&(uo) +0€:(ur) = 50(1 = 6) o — w |-

Suitable perturbations of A-convex functionals also fulfill the closedness and the chain rule prop-
erties: we refer to [66, 51 65] for more details and explicit examples.

We have the following

Proposition 4.11. Let € : [0,T] x X — (—o0,+oo] fulfill BLE), BLEL), and the uniform subd-
ifferentiability condition [@22). Then, & complies with the closedness condition [BLE3)), with the

chain rules BI9) and BIEL), and with property (E9).

Proof. In [51, Prop. 2.4], it was proved that condition (#.22)) implies (BLE3)) and [B.I9). The validity
of (BLE4) and @3) can be checked trivially adapting the arguments developed for the proof of [51]
Prop. 2.4], to which the reader is referred. (]
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4.3. Examples of quasistatic limits. Our approach to the approximation of doubly nonlinear
evolution equations in particular allows us to discuss quasistatic limits of dynamical problems.
Indeed, the flexibility in the choice of the approximating graphs «,, possibly noncyclic monotone,
makes it possible to take rate-independent limits of Hamiltonian systems. We shall provide here
some examples of ODEs and PDEs that can be reformulated within our frame.

Let us start by considering the case of a nonlinearly damped oscillator. In particular, let ¢ = q(t)
represent the set of generalized coordinates of the system, M be the mass matrix, and U = U(q)
its smooth and coercive potential energy. Assume moreover that the system dissipates energy
in terms of a positively 1-homogeneous and nondegenerate dissipation potential D = D(q). By
rescaling time t as et, the quasistatic limit of the system corresponds to the limit as € — 0 in the
equation

e2M{+ 0D(4) + VU(q) > 0. (4.24)
The latter can be rephrased as a single doubly nonlinear Hamiltonian system in the pair v = (p, q),
by introducing the Hamiltonian H(p, q) = U(p) + ¢-M ~'q/2, the symplectic operator

0 1
=4 o)
and the dissipation potential B(p, q) = D(p). Then, ([@24) reads
dD(p,¢) +J (5, 4) + VH(p,q) > (0,0), (4.25)
which can be equivalently rewritten as
dD(p) + ¢+ VU(p) 3 0,
—ep+ Mg =0,

Taking the quasistatic limit e — 0 in relation (£25]) requires to deal with the graphs o = dD+eJ ,
which are noncyclic monotone for all € > 0. Apart from the coercivity assumption [Blazl) (which
can however be relaxed in this case), this situation fits into our theory. In particular, solution
trajectories to the dynamic problem ([@24]) converge to solutions of the corresponding quasistatic
limit. By generalizing the choice of the graphs a., convergence can be obtained for a large class
of different approximating problems.

The nonlinear oscillator example can be turned into a first PDE example by considering the
nonlinearly damped semilinear wave equation

e2ug + 0D(ug) — Au+ f(u) = 0. (4.26)

This is to be posed in the cylinder 2 x (0,7") for some smoothly bounded open set @ C R™,
along with the positively 1-homogeneous and nondegenerate dissipation potential D, the smooth
and polynomially bounded function f, and suitable initial and homogeneous Dirichlet boundary
conditions (for simplicity). Equation (£226) can be variationally reformulated in terms of a first-
order system as

0D (ug,vy) + ed(ug, ve) + 0H(u,v) 3 (0,0) in U*xV* fora.a.te€ (0,T), (4.27)

where U = H}(Q), V = L?(Q), the functionals D : V? — [0, 0], and H : UxV — (—00,00] are
given by
1 ~ 1
D(us,vr) = [ D(ws)dw, H(u,v) = / SIVul? + fu) + SJof? ) da

Q o \2 2
for /' = f, and J(ug,ve)(x) = J(ue(x),v4(x)) for almost every z € Q. Equation (Z7) fits in
our frame along with the choice o = 9D + £, which are noncyclic monotone for all € > 0. In
particular, owing to our analysis we can take the quasistatic limit e — 0 in the latter (again by
suitably circumventing the lack of coercivity, which is inessential here).

Let us now provide a second PDE example by considering the quasistatic limit in linearized
elastoplasticity with linear kinematic hardening [40]. We let Q C R? be the reference configura-
tion of an elastoplastic body which is subject to a displacement u : Q — R? and a plastic strain
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p:Q— Rg:j’ (traceless or deviatoric symmetric 3x3 tensors). Then, the evolution of the elasto-
plastic medium is described by the system of the (time-rescaled) momentum balance (in R?) and
constitutive equation (in R3*3) as

dev
e2pugy — V-(C(e(u)—p)) = b,
9D(pt) + Hp = C(e(u)—p)

in Qx (0,T), where p = p(z) stands for the material density, C is the elasticity tensor (symmetric,
positive definite), e(u) = (Vu+Vu')/2 is the symmetrized strain gradient, b = b(t,x) denotes
some body force density, H is the hardening tensor, and D is a positively 1-homogeneous and
nondegenerate dissipation potential. The choice D(p;) = R|p:| for some R > 0 corresponds to
the classical Von Mises plasticity. We shall close the latter elastoplasticity system by imposing
homogeneous Dirichlet conditions on u and no-traction conditions at the boundary (for simplicity).
Then, the system can be recast in the form of a first-order system by augmenting the variables,
including the momentum v; = pu;. In particular, we can variationally reformulate the system as

OD (ug, ve, pt) + €d(ug, ve, pr) + 0H(u,v,p) 3 (,0,0) in U*xV*xP* for a.a.t € (0,T), (4.28)
where now the spaces are defined as U = {u € H'(;R3) : w = 0 in 99}, V = L2(4R3),
P = L2(Q;R3%?). The functionals and the operator are given by

Dlus, o0, pr) — / D(p)de Vp, € L'(QREP),
Q

1 1 1
H(u,v,p) = / (§(a(u)—p):((:(s(u)—p) + §p:Hp+ 2—p|v|2) dz V(u,v,p) € UxVxXP,
Q
Ut
J(ue,ve,pe) = | —uy V(u,v,p) € UXVxXP.
0

Once again, the operators o, = 9D + 7 are noncyclic monotone for all € > 0. In particular, our
analysis is suited in order to analyze the quasistatic limit € — 0 in the elastoplastic system ([@.28)]).
This clearly distinguishes our frame from the former variational principle from [73], which is of no
use in the dynamical case.

5. Proof of Theorem

Outline. Our starting point is the fact that, the functions (un,&,) fulfill for every n € N the
energy identity

Et(un(t))—i—/o Fo (it (5), —En(5)) ds:EO(ug)+/O 0o (un(s))ds  forall te (0,T]. (5.1)

From (&), we will deduce a priori estimates on the sequence (u,,&,). Relying on well-known
strong and weak compactness results, we will then prove the convergence (up to a subsequence)
of (un,&,) to a limit pair (u,&). Hence we will pass to the limit as n — oo in (5.1)), following
the lines of the proof of [5I, Thm. 4.4]. Namely, we will combine the finite-dimensional lower
semicontinuity theorem [35, Theorem 5.27], with tools from infinite-dimensional Young measure
theory (see Appendix [Al for some basic recaps), and refined selection arguments mutuated from
the proof of [51, Thm. 4.4]. Such arguments will yield the existence of a function ¢ € L1(0,T; X*)
such that the pair (u, ) fulfill the energy inequality ([A.3]).

Notation 5.1. Hereafter we will denote by the symbols C, C’ various positive constants, which
may change from line to line, only depending on known quantities and in particular independent
of n € N. We will also use the place-holders
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Step 1 - A priori estimates and compactness: It follows from (5.I)) and BLE2) (cf. also
estimate (8:22)) that E,(t) < E,(0) + C4 fg E, (s)ds for all t € [0,T]. Since sup,,cy En(0) < C
by (3), applying the Gronwall Lemma we deduce sup,¢o r{En(t) : t € [0,T]} < C. Therefore,
in view of assumption (BLE2)) and property ([B16), we conclude that
3C >0 VneN:  sup (S(un(t)) +|P.(t)]) < C. (5.3)
t ]

)

Thanks to [BLEL) we then infer that

JKeX VneNVte[0,T]: un(t) € K. (5.4)
Then, taking into account that fa, (in, —&,) > 0 a.e. in (0,7) in view of (2.9), (B1) yields
3C >0 VneN: I far,, (tms _gn)”Ll(O,T) <C. (5.5)

In view of assumption Blagl), from (E5) we conclude

T
/ c1liin(5)]) + call€n(s)]|2 ds < C.
0

Also due to (54), we ultimately deduce that
3C >0 VneN: ||’un||Bv([01T];X) + Hgn(S)HLq(O,T;X*) <C. (56)

I
:tq
—
~
=
|

Furthermore, from the energy identity (B.Il) we immediately infer that, setting h,(t) :

fot P, (s)ds, there holds

¢
o (£) — h(5) = —/ Fo (i (1), —En(r)ds <0 VO<s<t<T.
Therefore we have Var(h,;[0,T]) = E,(0) — E,(T)) + fOT P, (s)ds < C thanks to (53] and [{3).
Since (P,) is uniformly bounded in L>°(0,T), we conclude that
3C >0 VvneN: Var(E,;[0,T]) <C. (5.7)

Estimates (54), (5:6), (57)), and the Helly principle guarantee that there exists a subsequence
(ng) and functions v € BV ([0,T]; X) and E € BV([0,T]) such that, as k — oo,
(un, (t), &t (un, (1)) = (u(t), E(t)) in X x R for all t € [0,T], (5.8)
duy, =1, - £ = du in M(0,T; X). (5.9)
Exploiting Thm. [3:4] we decompose du as
du = (dt)ac + (du)sin = tac £ + s || (du)sin-
Observe that, by the lower semicontinuity ([BLEg]),
E(t) > & (u(t)) for all ¢t € [0,T]. (5.10)

Further, in view of estimate (5], there exists u € M(0,7) such that (up to not relabeled a
subsequence)

Fon (@r(-)s =€1(-)) - £ = p in M(0, T) (5.11)
Moreover, by an infinite-dimensional version of the fundamental compactness theorem of Young
measure theory (cf. Thm. [A.3]in Appendix [A]), we can associate with (possibly a subsequence of)
(§ni»> Pny,) alimiting Young measure (0¢)¢c 0,7y € (0, T; X xR) such that, for almost all t € (0,7)
it holds o+(X x R) = 1 and oy is supported on the set of the limit points of (&, (t), P, (t)) w.r.t.
the weak topology on X* x R, viz.

supp (1) € () (G0 Par D) k= ) (5.12)
JeEN
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(where with B we denote the closure of a set B C X* x R w.r.t. the weak topology). Further-
more, it holds

Eny — Cdoy(¢,p) =€ in LY0,T;X*) and (5.13)
X*xR

P, = pdoy(¢,p) =2 P in L>=(0,T). (5.14)
X*xR

Step 2 - Nonemptyness of admissible sets: From now on, for the sake of simplicity, we shall
write k instead of my . There exists a negligible set N C (0,T") such that for every ¢t € (0,7)\ N
convergences (5.8) and the support property (BI2) hold. Taking into account the closedness
condition ([BLE3)), it can be easily checked (cf. also [51, Sec. 6]), that for almost all ¢ € (0,7') there

holds
(t,u(t)) € D(9¢E),
E(u®) = E),  &(u(0) = E©), (5.15)
supp (1) C {((,p) € X* xR: (€& (u(t)), p<bili(u(t))}

In particular, from (EI4]) and the third of (&I5) it follows that

P(t) < 9,&(u(t))  foraa.te (0,T). (5.16)

Step 3 - liminf result for the Fitzpatrick function: In the next lines, we are going to prove

that
t

hmlnf fak (tn(r), =&k (r)) d
(5.17)

// (fac(r), =€) dffr<<pdr+/ 37 (is(r),0) [ (du)an| 7).

In order to do so, employing [35] Corollary 1.116, p. 75], we decompose the measure p from (G.1T)
as follows: there exist piac, fsin, t1 in M(0,T") such that

prac < [[(dw)acll, psin < [[(du)sinll s pr L [(dt)acll + [|(du)sin|| and (5.18)
M = Hac + HMsin + 2N

In particular, uac is absolutely continuous w.r.t. the Lebesgue measure £. Since fq, (G, —&x) >0
a.e. in (0,T), we obtain pu; > 0. We will split the proof of (517 in two steps.

First step: Now, it follows from ([B.8) and (E.I8) and the Radon-Nikodym property of X that the
set of the points ¢y € (0,7T) such that o4 (X* x R) =1 and

(du) ([to — e,to + €] N[0, T7])

'[Lac(to) = 25% ;
R 1 to+e/2 .
£(to) = lim- £(t)dt, and (5.19)

e—0 ¢ t076/2

d(/;ZC (t) = gg% w([to — a,tog—i— el N[0,T)) c o
has full Lebesgue measure. From now on, we shall use the notation
Q:(to) :==[to —&,to +€] N[0, T] with ¢9 € (0,7") such that (5.19) holds. (5.20)
We then prove that
)= [ o lielto) =) don (G.0) (5.21)

with ¢ € (0,7T) such that (5I9]) holds. For any such tp, it is also possible to choose a vanishing
sequence (€x,)m such that for all m € N there holds

p{to — emyto+em} N[0, T]) = (du) ({to — €m,to +em} N[0, T]) =0. (5.22)
In order to show (5:2II), we will use ([2.7)), which yields
o (itae(to), —€) = SUp{{*  inelto)) — (G, 2) — pa-a(a™,2) = (m2") € X x X}, (5.23)
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In view of (5:23), we thus confine ourselves to showing that

d,uac * . *
i (to) > (2", thac(to)) — /X*XR (€, 2) oty (¢, p) = pa-r (2, 27) (5.24)

for all (z,2") € X x X* with po-1(z,2") < co.

Now, to check ([B.24]) we observe that, since oy, -£5 a also 04,:1 —£5 o~ ! in the graph sense, we can
apply Theorem 2.10] to Pot = fa.- Therefore, for any (x,2*) € X x X* there exists a sequence

(Tk, T} ) e Such that

(xg,xf) = (x,2*) and 1imsuppa;1 (2%, k) < pa-1(x*, ). (5.25)

n—oo

Combining (BIT) with the third of (EI9) (for the sequence (&,,)x fulfilling (B22])), we have that

dftac
t
1z (o)

~ lim lim e /Q OO (5.26)

m—00 k—o00

m—oo  k—oo

> lim inf lim inf 5;1/ (<:C;;, U (t)) + (—&k(t), vi) — pafl(flfz,l'k)) dt,
Qsm (tO) *

where in the latter inequality we have plugged in the sequence (x,z}) from (B.20) and applied
formula (B.:23) for f,,. On account of convergences (5.9) and (5.13)), and of the fact that (g, ) —
(x,z*), we have for every m € N

/ (x}, (b)) dt — (z*, du(t)). (5.27)
Qsm (tO) Qsm (tf))

/ (€k(t), vx) dt — <f(t),x> dt
Qe (t0) Qe (to)

- /Qsm(to) ([ o) dicn) .

Inserting (B.27)—(52]) into (5.26) and using (G.25]), we thus get

dftac
t
ic (to)

1
im inf — * _ _ . *
Z I}TILri)lilo Em <‘/Qsm (tO) <:E , du<t)> + /6251% (tO) (/“X* xR < C, :E> dat (C7p) pa (:I;7 ! )> dt)

and in view of (B.I9) we infer (524, whence the desired ([G.2T]).
Second step: choose tg € (0,T) such that it satisfies

(5.28)

ingin (t0) _ g (d0) ([fo — & to +¢] N[0, TY)
sin(to =0 [[(dw)sin|l ([to — &,t0 +] N[0, T7]) "

0 — i Lo —eto +£] N[0, T])
€0 ||(du)sm|| ([tO —&,tg + E] N [0, T]),

d,usin (tO) — lim 1Y ([to — &, tO + E] N [07 T]) < 0.

and (5.29)

[[(dw)sin]] ==0 [|(dw)sin|| ([to — &, to + €] N[0, T])
The set of all ¢y failing any of ([5.29)) is a ||( du)sin|-null set. We are now going to prove that
d,Ufsin .
T (to) = f&7 (tsin(to), 0) - (5.30)
([ (dw)sin |

for any to € (0,T) complying with (5.29). As before, we will use the notation (E20) for the
set Q< (tp) with any such tg, and we choose correspondingly a vanishing sequence (&,,) such that
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(E22) is satisfied. In order to show (530), in view of the representation formula BI3]) for f5° it
is sufficient to show that

m(to) > {(x*, Ugin(to)) for all (z,2") such that p,-1(x,2") < oo. (5.31)
With the same argument as in the previous lines, we see that
dptsin
Tenmid
N e oy DR CRE DL
> liy?lfilof hrggéf ||(du)bll’l||1(Q€m ) /Qsm(t(,) ((xh, ur(t)) + (—E€k(t), Th) — pa,—1 (zF, zx)) dt,

(5.32)

where (zy, ;) as in (0.25) approximates (z,z*) from (G31). Once again, due to (5.9) and (G.13)
we have for every fixed m € N that

/ (x, Ug(t)) dt — (", du(t)) and
Qe (tO) Q- (tf))

/ (€(t), zp) At — <é(t),:c> dt.
Qe (to) Qe (to)

By construction (cf. (5:29)), there holds
T ) Lo, o & 4O) = @i
A T T @onTaD Jo o (€07 =0
em (T
o
We thus conclude (@31]), whence (G30).

))pafl(x,x*) =0.

In conclusion, passing to the limit as ny — oo in (B]) and relying on the initial data convergence

[@3), the energy convergence (B.8)) joint with (EI0), (5I4), and the lower semicontinuity (&1,
we have obtained

// (fac(s), =€) das<pd5+/ 722 (iin(5), 0) | du)nl|(5)
// (fac(s), =) das<pds+/f i (9),0) [(du)n(s)  (533)

< &(u / / pdos(¢,p)ds for all t € (0,T7.
*xR
Step 4 - Enhanced support properties of the Young measure (Ut)te(o,T)= We can now
improve the third of (5IH]), showing that indeed

supp (o¢) C{(¢,p) € X* xR : ¢ € 9 (u(t)), —¢C € a(u(t)), p < & (u(t))} fora.a.te (0,T).

(5.34)
To this end, observe that, passing to the limit as ny — oo in (B]) (written on the interval (s,t)),
yields, in view of convergences (5.8), (5.11)), and (5.14), the following energy identity

E(t) + u([s,t]) = E(s) + /tp(r) dr forall0<s<t<T  with (5.35a)

(s, 1) / /*XR (ttac(r), =C) dov (¢, p) dr (5.35b)
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the latter inequality due to (521)). In particular, observe that

T
/ / Fou (itnc (1), =€) dory(C,p) dE < o0 (5.36)
0 * xR

Let T C [0,T] be the set of all Lebesgue points ¢ of P (5.14), such that relations (5.19) and (5.21))
hold, and
. Eto+5)—E(tg— £
Eac(to):hm (0+2) (O 2) .

e—0 e

Then T has full measure. Let us now choose a sequence (g,,), €n | 0, such that (522)) holds.
Then, passing to the limit as e, | 0 in (B38) (written for s =ty — ,,,/2 and t = tg + £,,,/2), we
obtain

Eac(tO) + /X* Rfa(uaC(tO)u _C) doto (Cap) S /X* deato (Cup) for all tO eT (537)

(up to removing from T a set of zero Lebesgue measure). Now, observe that thanks to the third
of (L.I5) and (53], the Young measure (o¢)¢c(o,) satisfies the assumptions of the forthcoming
Lemma [A4l Therefore, in view of the Young measure version of the chain rule inequality (BLE4)
therein, we find that

—Eac(to) +/ detO (Cvp) < / <_Ca ﬁaC(t0)> dato (Cvp) for almost all tO e7. (538)
X*xR X*xR

Combining (37) and (E.38), we deduce that for almost all ¢t € T (and hence for almost all
to € (0,7)) it holds

/ (Falline (t0), —C) — (—C, e (t0))) o (1) < 0. (5.39)
X*xR

Since f, is a representative function for «, we easily see that (£.39) holds as an equality, and that
in fact

—C € atac(to)) for oy,-a.a. (¢,p) € supp(oy,)-

Since ty € (0,T) is arbitrary out of a Lebesgue-null set, we have ultimately proved the desired
support property (534). Furthermore, as a by-product of (&.31)—-(E39) holding as equalities, we
infer the following pointwise energy equality

Eac(t) + /X* Rfa(uac(t), —{)do¢(¢,p) = /X pdoe(¢,p) for a.a.t € (0,7). (5.40)

*xR

Step 5 - Selection argument and conclusion of the proof: We can now apply Lemma [A5]
and deduce that there exist measurable functions ¢ : (0,7) — X and P : (0,7) — R such that

(&(t),p(t)) € argmin { fo(tac(t), =) —p: (¢, p) € 8 (¢, u(t), Uac(t))} for a.a.t e (0,7), (5.41)

with S(lt,u(t),uac(t)) ={((,p) € X* xR : (¢ € 9&(u(t)), —C € a(tac(t)), p < 0&i(u(t))}. In
particular,

€(t) € 0, (u(t)),  —E(t) € altae(t)),  and P(t) < ;& (u(t)) for aa.te (0,T), (5.42)

We then have the following chain of inequalities for almost all ¢ € (0,7")

)= [ Ualiae(t).~0) =) dnC.p)
> faliiae(t), —€(t)) — P(t) (5.43)
> (—6(0). taclt)) — D4E4(u(t) > —Eac(t),

where the first identity follows from (&.40), the second inequality from (G4T]), the third one from
the fact that f, is a representative function for @ and from ([5.42]), and the last one from the chain
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rule inequality (BLE4). Therefore we infer that all inequalities in (5.43]) hold as equalities, which
proves ([A8). In particular, we have that for almost all ¢ € (0,7T)

PO = [ pdoGr) = & (o).
KR (5.44)
fa(uac(t)a —§(t)) = ~/X* R fa(uac(t)v _C) dUt(Cup) = <_§(t)u uac(t» .

Combining (5.44) with (533) we ultimately deduce (£E). Now, from ([£3]) with ([@6]) we have that

fOT | (=&(t), tiac(t)) | dt < co. Since o complies with ([@I]), we then conclude that £ € LI(0,T; X*).
This completes the proof. O

Remark 5.2 (The role of the Fitzpatrick function). As pointed out in Remark BI3 the variational
reformulation of the doubly nonlinear differential inclusion (BI7) could be given in terms of any
representative functional for a. The distinguished role of the Fitzpatrick function f, is apparent
in the passage to the limit argument developed in Step 3 of the proof of Thm. Therein (cf.
BE21)-([E28), we exploit the duality formula [27) for f,, as well as Theorem 2100

Remark 5.3 (Refinement of the measurable selection argument). A close perusal of Step 5 in the
above proof reveals that, in principle, it should be sufficient to select the functions ¢t — (£(¢), p(t)) in
the set 8(t,u(t)) == {(¢,p) € X* xR : ¢ € D& (u(t)), p < ;& (u(t))}, i.e. dropping the requirement
—( € afiiac(t)). Indeed, if we were in the position of applying Lemma [A5] to the set 8, from the
chain of inequalities (5.43) the second of (5.44]) would still follow, yielding —£(t) € a(tac(t)) for
almost all t € (0,7, i.e. (@G).

Nonetheless, the extension of Lemma to the set 8 seems to be an open problem, at the
moment, cf. the upcoming Remark

We conclude this section with the

Proof of Theorem[{.8 Repeating the calculations from Step 1 of the proof of Thm. L5 we prove
that the sequence (uy,) is bounded in W1?(0,T; X) and in addition fulfills estimate (5.3]). There-
fore, convergence (LI6) holds. We use the arguments from the above Steps 1 and 4 to in-
fer that there exist (¢, F) € LY(0,7;X*) x BV([0,T]) complying with (£7) and (S). Since
u € WHP(0,T; X), Proposition .7 applies, and we conclude the proof. O

APPENDIX A. Young measure results

We fix here some definitions and results on parameterized (or Young) measures (see e.g. [12] 13|
141 [77]) with values in a reflexive Banach space Y. In particular, in Section [Blthe upcoming results
are applied to the space Y = X* x R.

Notation A.1. In what follows, we will denote by £ 1) the o-algebra of the Lebesgue measurable
subsets of (0,7) and by %B(Y) the Borel o-algebra of Y. We use the symbol ® for product o-
algebrae. We recall that a £y 1y ® %(Y)-measurable function h : (0,T) x Y — (—o0,40q] is a
normal integrand if for a.a. t € (0,T) the map y — h,(y) = h(t,y) is lower semicontinuous on Y.

We consider the space Y endowed with the weak topology, and say that a Lo 1) ® %(Y)-
measurable functional b : (0,7) xY — (—o0, +00] is a weakly-normal integrand if for a.a. t € (0,T)
the map

y — h(t,y) is sequentially lower semicontinuous on Y w.r.t. the weak topology. (A1)

We denote by .#(0,T;Y) the set of all £ r)-measurable functions y : (0,7) — Y. A sequence
(yn) C A (0,T;Y) is said to be weakly-tight if there exists a weakly-normal integrand h : (0,T") x
Y — (=00, +00] such that the map

T
y — hi(y) has compact sublevels w.r.t. the weak topology of Y, and sup/ h(t, yn(t)) dt < oo.
0

n
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Definition A.2 (Young measures with values in Y). A (time-dependent) Young measure
in the space Y is a family o := {04 }4c(o,r) of Borel probability measures on Y parameterized by
€ (0,T), such that the map on (0,7T)

t 04(B) is Zr)-measurable for all B € %(Y). (A.2)
We denote by #/(0,T;Y) the set of all Young measures in Y.

The following result is taken from [51] (cf. Thms. A.2 and A.3 therein). It is a generalization of
the so-called Fundamental Theorem of Young measures (cf. the classical results [I12, Thm. 1], [I3}
Thm. 2.2], [14], [77, Thm. 16]), to the case of Young measures with values in Y endowed with the
weak topology (see also [66, Thm. 3.2] for the case in which Y is a Hilbert space endowed with the
weak topology).

Theorem A.3 (The Fundamental Theorem for weak topologies). Let (y,) C #(0,T;Y) be a
weakly-tight sequence. Then,

(1) there exists a subsequence (yn,) and a Young measure o = (01),c ) € #(0,T;1) such
that

weak
lim sup ||yn, (O)|ly < oo and supp(oy) ﬂ {Yn, () : k> j} for a.a.t€(0,T), (A3)
k

1oo

(where BY™ denotes the closure of a set B C'Y w.r.t. the weak topology), and such that
for every weakly-normal integrand h : [0,T] x Y — (—o0,00] such that h™ (-, yn, (*)) is
uniformly integrable it holds

k—o0

T T
lim inf ; h(t, yn, (t)) dtZ/O Ah(t,y) do¢(y) dt. (A.4)

(2) In particular, let (yn) C L9(0,T;Y) be a bounded sequence, with q € (1,+00]. Then, there
exists a further (not relabeled) subsequence (yn,) and a Young measure o = {Ut}te(o T) €

Y(0,T;Y) such that for a.a. t € (0,T) properties (A3) hold. Setting y(t) := [,y doi(y)
for almost all t € (0,T), there holds
Yn, =y in LP(0,T;Y). (A.5)

A.1. A Young-measure version of the chain rule. In what follows, we will work with Young
measures with values in the space Y = X* x R. Our first result, a small variation of [51], Prop.
B.1], provides the version of the chain rule inequality ([BIE4) in terms of Young measures used in
Step 4 of the proof of Thm.

Lemma A.4. In the frame of BIH), let o : X = X* fulfill Blagl) and the coercivity condition
1), and let € : [0,T] x X — (—o0,+00] comply with Assumption Il Let u € BV ([0,T]; X)
satisfy

T
sup &i(u(t)) < oo, (t,u(t)) € dom(9€) for a.a. t € (0,T), /0 [0r€¢(u(t))|dt < oo,

t€[0,T)

(A.6)
JE € BV ([0,T]) such that E(t) = & (u(t)) for a.a.t € (0,T),

and let (0¢)tco,r) € Z'(0,T; X* x R) be a Young measure such that
V(€ p) € supp(0y) : § € 0&(u(t)), p < Oi&i(u(t)) for a.a. t € (0,T) (A7)

/ /  falin(s).~0)do(¢.p)ds < o0 (A8)

Then, for almost all t € (0,T) such that t is Lebesgue point of Eac and Uae there holds

Bul) 2 [ (Giae®) +2) den(C.). (1.9)
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Proof. We consider the set K (t,u(t)) := {(§,p) € X* xR : £ € 0&(u(t), p < 0:&:(u(t))}.
Repeating the very same arguments as in the proof of [51, Prop. B.1], we can show that there
exists a sequence (&, py) of strongly measurable functions (&,,pn) : (0,7) = X* x R such that

{(&n(t),pn(t)) : n e N} C K(t,u(t)) C {(&(t),pn(t)) : neN} foraa.te (0,7) (A.10)
(where B denotes the closure of B C X* x R w.r.t. the strong topology of X* x R).

We now claim that the sequence (&,,p,) can be chosen such that

VneN:§&, € LN0,T; X*) and sup/ Fa(tac(t), =& (1)) dt < 0. (A.11)
neN
To this aim, we define the function g(t) := inf{ f4 (tac(t), =) : ({,p) € K(t,u(t))} for almost all
€ (0,T). Notice that due to (AIQ) it holds

g(t) == inf {fa(uac(t), —&,(t))} for a.a. t € (0,T) (A.12)

and hence g is measurable on (0,7). Moreover,
t)dt < ac d dt A3
[0 [T it -amc <. (A1)

With a straightforward adaptation of the argument of [51, Prop. B.1] (see also [66, Lemma 3.4]),

from (A12) and (A.13]) we deduce (A.1T]).

In view of the obtained (AJ0) and (AIIl), we are in the position to apply the chain rule
inequality [BIE4) to the pair (u,&,) for every n € N. Therefore for every n € N there exists a set
T, C (0,T) of full measure such that Ea.(t) > (&,(t), tac(t)) + pn(t) for all t € T,,, where we have
also used that p,(t) < 0:&;(u(t)). The set T = [,y Tn, has still full measure, and there holds
forallt €T

Eac(t) > (¢ ttac(t)) +p  for all (¢,p) € conv K(t, u(t)), (A.14)
the latter set denoting the closed convex hull of K (¢, u(t)). Integrating (A1) w.r.t. the measure
o we obtain (A.9]). O

We conclude with the measurable selection result exploited in Step 5 of the proof of Thm.

Lemma A.5. In the framework of BIH), let a : X = X* fulfill Blag) and the coercivity
condition [@I), and let € : [0,T] x X — (—o00,400] comply with Assumptions and @4
Furthermore, let uw € BV ([0,T]; X) fulfill (AS6). Suppose that for almost all t € (0,T)

S(t,u(t), tac(t)) == {(C,p) € X" xR : ¢ € € (u(t)), —C € altac(t)) ,p < d&e(ult))} # 0.
(A.15)
Then, there exist measurable functions & : (0,T7) = X* and P : (0,T) — R such that

(&(2), P(t)) € argmin{ fo (tac(t), =C) = p: (¢, p) € 8(t,u(t), tac(t))}  for a.a. t € (0,T). (A.16)

Proof. The argument follows the very same lines of [51, Lemma B.2]. First of all, we observe that
argmin { fo (ttac(t), —=C) — p : (¢, p) € 8(t, u(t), tac(t))} #0 for a.a. t € (0,T). (A.17)

To this aim, let (Cn,pn) C S(t,u(t), Uac(t)) be an infimizing sequence: then there exist constants
C, C’ > 0 such that for every n € N

C 2 fa(ttac(t), —Cn) = Pn = (=Cns tac(t)) — Pn = c1llitac ()| + c2[|Gullf —cs = C" (A.18)
where we have used that —(, € (), the coercivity property ([@I) of «, and that p, <
9&¢(u(t)) < C due to the fact that sup,e(o ) E+(u(t)) < oo and to BIEF). Therefore, we in-
fer that sup, cn(||Cnllf + |pn]) < oo. Hence, there exist (¢,p) € X* x R such that, up to a not
relabeled subsequence, ¢, — ¢ in X* and p,, — p. Thanks to the closedness condition ([BLE3]) and to

the weak closedness of a(tac(t)), we have (¢, p) € 8(t,u(t), tac(t)). Using that ¢ — fo(tac(t), —()
is (sequentially) weakly-lower semicontinuous, we conclude that

hnH—l>1£f (fa(uac(t)a _Cn) - pn) > fa(uac(t)v _C) -D
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and (A7) ensues.

Once obtained (A7), the argument for (A.16) is a straightforward adaptation of the proof of
[51, Lemma B.2], to which we refer for all details. Let us only mention here that the existence
of (&, P) as in (A0) is a consequence of the measurable selection results [24, Cor. I11.3, Thm.
11L6]. O

Remark A.6. Let us stress that the requirement ¢ € a(tac(t)) in the definition (AI5) of the set
S(t, u(t), ac(t)) has a crucial role in proving that

argmin{ fo (tac(t), —C) —p : (¢, p) € S(t, u(t), tac(t))}

is nonempty. In fact, it ensures the estimates in (AI8)) for any infimizing sequence ((p, pn)-
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