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DISPERSIVE PERTURBATIONS OF BURGERS AND
HYPERBOLIC EQUATIONS I : LOCAL THEORY

FELIPE LINARES, DIDIER PILOD, AND JEAN-CLAUDE SAUT

ABSTRACT. The aim of this paper is to show how a weakly dispersive perturba-
tion of the inviscid Burgers equation improve (enlarge) the space of resolution
of the local Cauchy problem. More generally we will review several problems
arising from weak dispersive perturbations of nonlinear hyperbolic equations
or systems.

1. INTRODUCTION

This paper is the first of a series on the Cauchy problem for dispersive pertur-
bations of nonlinear hyperbolic equations or systems. Our motivation is to study
the influence of dispersion on the space of resolution, on the lifespan and on the
dynamics of solutions to the Cauchy problem for “weak” dispersive perturbations of
hyperbolic quasilinear equations or systems, as for instance the Boussinesq systems
for surface water waves.

In the present paper we will focus on the model equation (which was introduced
by Whitham [64] for a special choice of the kernel k, see below):

(1.1) up + utly + / k(x — y)ug(y, t)dy = 0.
This equation can also be written on the form
(1.2) U +uuy — Luy, =0,

where the Fourier multiplier operator L is defined by

L€ = p©)f(©),

where p = k.
Precise assumptions on k (resp. p) will be made later on. In the original
Whitham equation, the kernel k£ was given by

nh 1/2 .
(1.3) k(x):% R<t2“5 5) e e,

1/2
that is p(&) = (—m;hg .

The dispersion is in this case that of the finite depth surface water waves without
surface tension.

The general idea is to investigate the “fight” between nonlinearity and disper-
sion. Usually people attack this problem by fixing the dispersion (eg that of the
KdV equation) and varying the nonlinearity (say u”u, in the context of generalized
Kdv).
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Our viewpoint, which is probably more physically relevant, is to fix the quadratic,
nonlinearity (eg uu,) and to vary (lower) the dispersion. In fact in many problems
arising from Physics or Continuum Mechanics the nonlinearity is quadratic, with
terms like (u - V)u and the dispersion is in some sense weak. In particular the
dispersion is not strong enough for yielding the dispersive estimates that allows to
solve the Cauchy problem in relatively large functional classes (like the KdV or
Benjamin-Ono equation in particular), down to the energy level for instance

Two basic issues can be addressed, a third one will be presented in the final
section.

1. Which amount of dispersion prevents the hyperbolic (ie by shock formation)
blow-up of the underlying hyperbolic quasilinear equation or system. This question
has been apparently raised for the first time by Whitham (see [64]) for the Whitham
equation (II)). A physicist’s view of that problem is displayed in [47] where it is
claimed that the collapse of gradients (wave breaking) is prevented when p(§) =
|€]%, @ > 0 “by comparison of linear and nonlinear terms”.

A typical result (see [56], [12]) suggest that for not too dispersive Whitham type
equations that is for instance when p(§) = [£|*, —1 < a < 0, ([CI]) presents a
blow-up phenomenum. This has been proved for Whitham type equations, with a
regular kernel k satisfying

(1.4) k € C(R) N L'(R), symmetric and monotonically decreasing on R,

by Naumkin and Shishmarev [56] and by Constantin and Escher [12], without an
unnecessary hypothesis made in [56]. The blow-up is obtained for initial data which
are sufficiently asymmetric. More precisely :

Theorem 1.1. [12] Let ug € H*®(R) be such that

inf [up(2)] + sup uj ()| < —2k(0).

z€R z€R
Then the corresponding solution of (1)) undergoes a wave breaking phenomena,
that is there exists T = T (ug) > 0 with

sup |u(z,t)| < oo, while sup |u(t, )| = oo ast — T.
(z,t)€[0,T)xR zeR

The previous result does not include the case of the Whitham equation (1)
with kernel given by ([3]) since then k(0) = oo, but it is claimed in [I2] that the
method of proof adapts to more general kernels.

This has been proven recently by Castro, Cordoba and Gancedo [II] for the
equation

(1.5) uy + uty + DPHu =0,

where H is the Hilbert transform and D? is the Riesz potential of order —f, i.e.
DP is defined via Fourier transform by

(1.6) DAf() = el f(¢),

LAnd thus obtaining global well-posedness from the conservation laws.
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for any 3 € R. It is established in [I1] (see also [29] for the case 3 = 3) that for
0 < B < 1, there exist initial data ug € L2(R) N C**9(R), 0 < 6 < 1, and T'(ug)
such that the corresponding solution u of (LX) satisfies

T [Ju-, 1) ey = +00.

This rules out the case —1 < a < 0 in our notation. As observed in [49], the
proof in [IT] extends easily to non pure power dispersions, such as (L3 and thus to
the Whitham equation (). Note however that it is not clear whether or not the
blow-up displayed in the aforementioned papers is shocklike. The solution is proven
(by contradiction) to blow-up in a C'*% norm and the sup norm of the solution
and of its derivative might blow-up at the same time.

The case 0 < a < 1 is much more delicate (see the discussion in the final Section).

Remark 1.1. Similar issues have been addressed in [43] for the Burgers equation
with fractionary dissipation.

2. Investigate the influence of the dispersive term on the theory of the local well-
posedness of the Cauchy problem associated to the general “dispersive nonlinear
hyperbolic system” ([I0). Recall that, for the underlying hyperbolic system (that
is when £ = 0 in (£I0) below) assumed to be symmetrizable, the Cauchy problem
is locally well-posed for data in the Sobolev space H*(R"™) for any s > & + 1.

The question is then to look to which extent the presence of £ can lower the
value of s. This issue is well understood for scalar equations with a relatively high
dispersion, as the Korteweg-de Vries, Benjamin-Ono, etc,... equations, much less
for equations or systems with a weak dispersive part.

Again, we will focus in the present paper on the scalar equation (I1]) on its form

([C2) that is
(1.7) Oy — DYOpu + udu = 0,

where x,t € R and D is the Riesz potential of order —« defined in (I8). When a =
1, respectively a = 2, equation (LL7)) corresponds to the well-known Benjamin-Ono
and respectively Korteweg-de Vries equations. This equation has been extensively
studied for 1 < a < 2 (see [I5] and the references therein). In the following we
will consider the less dispersive case 0 < a < 1. The case a = % is somewhat
reminiscent of the linear dispersion of finite depth water waves with surface tension
that have phase velocity (in dimension one and two, where k is a unit vector) which

writes in dimension one or two

o1 @09 o (tanh((k|ho) e T 2\%;
(18) b = =t (M) (e )

In the case a = 0, equation (7)) becomes the original Burgers equation
(1.9) Oy = udy 1,

by performing the natural change of variable u(z,t) = u(x — ¢,t), while the case
a = —1 corresponds to the Burgers-Hilbert equation

(1.10) Oy + Hu = ud,u,
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where H denotes the Hilbert transform. Equation (II0) has been studied in [I1, 27].
The following quantities are conserved by the flow associated to (L),

(1.11) M(u):/Ruz(:v,t)dx,
and
(1.12) H(u) = /]R (%|D%u(x,t)|2 - éu%x,t))dw.

Note that by the Sobolev embedding Hs(R) — L3(R), H(u) is well-defined
when o > % Moreover, equation (7)) is invariant under the scaling transformation
uy (2, 1) = Au(Az, \* ),
for any positive number X. A straightforward computation shows that |lux||z. =
Asta—g [ull 7., and thus the critical index corresponding to (L) is so = 5 — a.

In particular, equation (L) is L*-critical for a = 3.

By using standard compactness methods, one can prove that the Cauchy problem
associated to (IZ) is locally well-posed in H*(R) for s > 2.

Moreover, interpolation arguments (see [58]) or the following Gagliardo-Nirenberg
inequality, (see for example the appendix in [I1]),

3a=1 o, 1 1
lullze < llull 3= 1D w5, a2 3,

combined with the conserved quantities M and H defined in (LII) and (LI2)
implies the existence of global weak solution in the energy space H % (R) as soon as

o > 1 and for small data in Hi(R) when a = 1 (see [58]). More preciselyf:

Theorem 1.2. Let 3 < o < 1 and ug € H=(R). Then (7)) possesses a global
weak solution in L°°([0,T]; H= (R)) with initial data ug. The same result holds when
o = 1 provided |uo| 12 is small enough.

Moreover, it was established in [22] that a Kato type local smoothing property
holds, implying global existence of weak L? solutions :

Theorem 1.3. Let 3 < a <1 and ug € LQ(I%). Then (L) possesses a global weak
3

solution in L>([0,00); L*(R)) N 1L} (R; H? (R)) with initial data .

loc
However, the case 0 < a < % is more delicate and the previous results are not
known to hold. In particular the Hamiltonian H together with the L? norm do not
control the H % (R) norm anymore. Note that the Hamiltonian does not make sense
when 0 < a < %

The main result of this paper establishes that the space of resolution of the local
Cauchy problem enlarges with «. More precisely we will prove

Theorem 1.4. Let 0 < oo < 1. Define s(o) = 2 — 32 and assume that s > s(a).
Then, for every ug € H*(R), there exists a positive time T = T(||ug||m=) (which
can be chosen as a nonincreasing function of its argument), and a unique solution

u to (L) satisfying u(-,0) = ug such that
(1.13) ue C([0,T]: H*(R)) and 0yu € L*([0,T]: L>(R)).

2We recall that we excludes the value o = 1 which corresponds to the Benjamin-Ono equation
for which much more complete results are known.



DISPERSIVE PERTURBATIONS OF BURGERS EQUATION 5

Moreover, for any 0 < T' < T, there exists a neighborhood U of uy in H*(R) such
that the flow map data-solution

(1.14) Sq U — C([0,T"); H*(R)), ug — u,
1S continuous.

Remark 1.2. Theorem [[4] fails in the case a = 0. Indeed, it is a classical result
that the IVP associated to Burgers equation (9] is ill-posed in H %(R) For the
convenience of the reader, we sketch briefly the proof of this fact.

Let ug € H23(R) \ Wh*(R) be such that u)(x) ) —X and up € C°(R\ {0}).

We approximate ug by a regularizing sequence {ug .} C C*(R) N H?(R) such that

(1.15) lluo.e —wol,,2 — 0 and ug (0) = —cc as €— 0.
H2 ¢—0 ’

2

Assume that the IVP associated to (I3) is well-posed in H 2 (R). Then there exists
a positive time 7' = Ts (uo) and a solution u € C([0,T] : H2(R)) of (LJ) emanating
from ug. Let us prove first that we have the persistency property, that is, assuming
furthermore that uy € H*(R), for some s > %, that the corresponding solution
is defined in C([0,7"] : H*(R)), with 7" > T. We follow an argument in [5§].
For any n > 0 such that 3 < 2 + 1 < s, we have [lu|/L~ < %HU”H3/2+7} and

< C||u||;%9|\u|\%s, where § = —Lz. By the

_ 3"
S—2

the interpolation inequality HuHH% .

classical H* s > %, theory of the Burgers equation, one has the energy estimate on
[0, 7]

d
—lullzre < Cllue ] peful.

Consequently, ||u(t)||%. is majorized by the solution y(t) of the differential equation

C
y'(t) = —y' T2
vai
0/2
on its maximal time of existence [0, T'(n)]. One easily finds that y%/2(t) = 5 5%’0 rRIETE
—35-3/3%Y%

proving that T'(n) — 400 as n — 0, so that 77 > T.
Coming back to the approximate sequence {ug .}, we denote by u. the solution
associated to wug, it follows from (LIH) and the standard theory of the Burgers
equation that its associated time of existence T, s in H?® for any s > % satisfies

1

Te,s =T 0 as e€—0.
infg ug

By the previous consideration, the existence time T.s in H 3 (R) satisfies

< T s. Letting € — 0, the continuity of the flow map in H 2 (R) would imply
0, a contradiction.

|| wiee

T,
T

Remark 1.3. In the case a = 1 in Theorem [[4] we get s(1) = %, which corresponds
to Kenig, Koenig’s result for BO [37].

Remark 1.4. Of course, the problem to prove well-posedness in H%(R) in the
case % < a < 1, which would imply global well-posedness by using the conserved
quantities ([LII) and (LI2]), is still open. This conjecture is supported by the

numerical simulations in [44] that suggest that the solution is global in this case.
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The use of the techniques in [26] might be useful to lower the value of s. Observe
that the value o = 1/2 is the L? critical exponent.

Remark 1.5. Tt has been proven in [55] that, for 0 < a < 2 the Cauchy problem
is C?- ill—posecﬁ for initial data in any Sobolev spaces H*(R), s € R, and in par-
ticular that the Cauchy problem cannot be solved by a Picard iterative scheme
implemented on the Duhamel formulation.

On the other hand, it is well-known that one can still prove local Well—posednessﬁ
for equation (7)) below H21(R) when o > 1. Actually, the Benjamin-Ono equa-
tion (corresponding to o = 1) is well-posed in L?(R) [30, 54] as well as equation
(TI0) when 1 < « < 2 [26] (see also [25] for former results). The question to know
whether the same occurs in the case 0 < a < 1 seems to be still open.

Remark 1.6. Theorem [[.4] extends easily by perturbation to some non pure power
dispersions. For instance, in the case of (L), it suffices to observe that
tanh |¢|

where [R([¢])] < [¢]7%/2 for large [¢].

Remark 1.7. One could wonder about the existence of global solutions with small
initial data. This was solved in [63] when a > 1 but the case o < 1 seems to be
open.

Remark 1.8. Tt has been proven in [63] that the fundamental solution G,, of (7))
can be written as

1/2
) — e[ + R(je)).

Ga(xa t) = til/(aJrl)A (tl/(%'i‘l)) ’

where A satisfies the following anisotropic behavior at infinity :

—O l-a z e
A(z) 2400 |2[ot2 and A(2) e Clz| ™= cos (a <a|——|—|1> + Z) )

This suggests the possibility of existence of global weak solutions with initial data
in a L? space with anisotropic weight as it is the case for the KAV equation (see

134).

We now discuss the main ingredients in the proof of Theorem [[4l Since we
cannot prove Theorem [[.4] by a contraction method as explained above, we use a
compactness argument. Standard energy estimates, the Kato-Ponce commutator
estimate and Gronwall’s inequality provide the following bound for smooth solutions

lull e s < elfuol|prs e o 10wl

Therefore, it is enough to control [|9yul| 1 1 at the H*-level to obtain our a priori
estimates.

Note that the classical Strichartz estimate for the free group e*”" % associated
to the linear part of (L), and derived by Kenig, Ponce and Vega in [40], induces
a loss of 1TTO‘ derivatives in L, since we are in the case 0 < av < 1 (see Remark
211 below). Then, we need to use a refined version of this Strichartz estimate,
derived by chopping the time interval in small pieces whose length depends on the
spatial frequency of the function (see Proposition below). This estimate was

o)

3That is that the ow map cannot be C2.
4Assuming only the continuity of the flow
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first established by Kenig and Koenig [37] (based on previous ideas of Koch and
Tzevtkov [46]) in the Benjamin-Ono context (when av = 1) .

We also use a maximal function estimate for e'?“% in the case 0 < o < 1, which
follows directly from the arguments of Kenig, Ponce and Vega [4I]. Moreover
to complete our argument, we need a local smoothing effect for the solutions of
the nonlinear equation (7)), which is based on series expansions and remainder
estimates for commutator of the type [D*0,,u] derived by Ginibre and Velo [22].

All those estimates allow us to obtain the desired a priori bound for ||y ul| 11 1,

at the H*-level, when s > s(a) = % — %‘3‘, via a recursive argument. Finally, we
conclude the proof of Theorem [[.4], by applying the same method to the differences
of two solutions of (ILT) and by using the Bona-Smith argument [10].

The plan of the paper is as follows. The next section is devoted to the proof of
Theorem [[4l We then prove a ill-posedness result for (7)), namely that the flow
map cannot be uniformly continuous when % <a< %, based on the existence of
solitary waves the theory of which is briefly surveyed in the last section where we
present also some open questions concerning blow-up or long time existence that
will be considered in subsequent works and comment briefly on the BBM version

of the dispersive Burgers equation ().

Notations. The following notations will be used throughout this article: D® =
(—=A)2 and J* = (I — A)% denote the Riesz and Bessel potentials of order —s,
respectively. H denotes the Hilbert transform. Observe then that D' = H0,.

For 1 < p < oo, LP(R) is the usual Lebesgue space with the norm || - || z», and for
s € R, the Sobolev spaces H*(R) is defined via its usual norm ||¢|| s = || J°|| 2.

Let f = f(z,t) be a function defined for € R and ¢ in the time interval [0, T,
with 7" > 0 or in the whole line R. Then if X is one of the spaces defined above,
we define the spaces L} X, and L} X, by the norms

i, = (1 01%a)* ana Wrlix, = ([ 156 015a)”

when 1 < p < oo, with the natural modifications for p = co. Moreover, we use
similar definitions for the spaces LILY and LILY., with 1 <p, ¢ < oo.

Finally, we say that A < B if there exists a constant ¢ > 0 such that A < ¢B (it
will be clear from the context what parameters ¢ may depend on).

2. PROOF OoF THEOREM [ 4]

We start by proving various dispersive estimates.

2.1. Linear estimates, energy estimates and local smoothing effect. In this
section, we consider the linear IVP associated to (7))

{ O — D¥0pu =0

(2.1) u(x,0) = ug(x),

whose solution is given by the unitary group e!”” 9%  defined by
(2.2) P Oy = F (M F(ug))

We will study the properties of e!?“% in the case where 0 < o < 1.
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2.2. Strichartz estimates. The following estimate is obtained as an application
of Theorem 2.1 in [40].

Proposition 2.1. Assume that 0 < o« < 1. Let q and r satisfy % + % = % with
2<q,r < +oo. Then
a a=1
(2.3) e % D T u|pap, S lluollr2
for all ug € L*(R).

Remark 2.1. In particular, if we choose (q,r) = (4,00), then we obtain from (23)
a Strichartz estimate with a lost of (1 — «)/4 derivatives

tD* 0 e
" “uollpare S ID T uollz2 -

Next, we derive a refined Strichartz estimate for solutions of the nonhomogeneous
linear equation

(2.4) Ou — DOpu=F .

This estimate generalizes the one derived by Kenig and Koenig in the Benjamin-
Ono case o« = 1 (c.f. Proposition 2.8 in [37]). Note that the proof of Proposition
2.8 in [37] is based on previous ideas of Koch and Tzvetkov [46].

Proposition 2.2. Assume that 0 < o < 1, T > 0 and § > 0. Let u be a smooth
solution to (24) defined on the time interval [0,T). Then, there exist 0 < k1, ko <
% such that

(25) |0l g2 e S T JHEF TG e g o+ TS TIOR
for any 6 > 0.

Remark 2.2. In our analysis, the optimal choice in estimate (23] corresponds to

§=1—%. Indeed, if we denote a =1+ 4+ 152+ fand b=1-30 + 122 4 § we

should adapt § to get a = b+1— 5, since we need to absorb 1 derivative appearing

in the nonlinear part of (L7) and we are able to recover § derivatives by using

the smoothing effect associated with solutions of ([Z4). The use of 6 =1 — § in
3 3a

estimate (23] provides the optimal regularity s > s(a) = 5 — = in Theorem [[.4l

Proof of Proposition[Z2 Following the arguments in [37], and [46], we use a non-
homogeneous Littlewood-Paley decomposition, u = ) 5 un where uy = Pyu, N is
a dyadic number and Py is a Littlewood-Paley projection around || ~ N. Then,
we get from the Sobolev embedding and the Littlewood-Paley theorem

’ ’ 1/2
a2 S 17 ez oy S (1" OuunllFar, )
N

whenever 0'r > 1. Therefore, it is enough to prove that

(2.6)
s,.1-a étl-a 35, 1-a_é+l-a
[0punllz e ST DA T =72 un | pgepz + T2 DV 3T~ 720 Fyllrz,

for any r > 2 and any dyadic number N > 1.

In order to prove estimate (2.6]), we chop out the interval in small intervals of
length T%N~% where & is a small positive number to be fixed later. In other words,
we have that [0,7] = |J I; where I; = [a;,b;], |I;| ~ T"N~?% and #J ~ T'~%N?.

jeJ
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2 1

Let ¢ be such that — + — = 5 Then, since uy satisfies dyuy — D*O,un = Fi, we
q T

deduce that

1/2
HaacUNHLZ’TL; = (E HamuNH%%L;)
. J
J

< (T<N-0) (Zna uly o)

< (T"N=%)3~4 (ZHe P dpu ey 1,

J
/ 1/2
t—t')D9, NI
+0| [ ea ey, )"
i
Therefore, it follows from estimate (23] that

|0sunllpz e S (TFN"0)%73 {(ZHD 9 UNHL“’L2>1/2
(T [0 o rni @) )
J I

< (TN 5 (T FND) 2 | DY uy| e 2

T
1/2
+(T”N“5)%’%(T”N‘5)%(/| 3y dt)
STEHDN S ey + TN

S . . 11 1 . . y

which implies estimate (Z0]) since — = 1 5 Thus given 6 > 0, choosing 6" and
q r

r such that 6" — 5“ & <0, k= % - %, ko = k(1 — %), with kK = %, the lemma
follows. O

2.3. Maximal function estimate. Arguing as in the proof of Theorem 2.7 in
[41], we get the following maximal function estimate in L? for the group e!P” %

Proposition 2.3. Assume that 0 < o < 1. Let s > % Then, we have that

[N

(2.7)  ||etP" % UOHL2L[ iy S ( Z sup  sup |eP7 Oz qq(2)|? ) < Juol|ms s
|t\<1j<z<]+1

for any up € H*(R).

The key point in the proof of Proposition 2:3lis the analogous of Proposition 2.6
in [41] in the case 0 < a < 1.

Lemma 2.4. Assume that 0 < o < 1. Let 1, be a C*° function supported in the

set {€ € R @ 2k=1 < |¢] <281} where k € Z. Then, the function HY defined as
2" if 2] <1

(2.8) He(z) =14 2%(a|~2  if1<|a| <e22F

(1+22)~1 if || > 2ok
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satisfies
(29) | [ eterernpie] < Hia).
for [t| < 2. Moreover, we have that
—+o0
(2.10) S Hp(I) < 2
l=—00

Note that the implicit constants appearing in 29) and @ZI0) do not depend on t
or k.

Proof. The proof of estimate (2Z9) follows exactly as the one of Proposition 2.6 in
[41]. Next, we prove estimate (2.I0). We get from (28] that

c2ak

+oo [ ]
STOHR(I) =HO)+ > HE(h+ Y. H()
l=—0c0 =1 l c2ak
(2.11) m\kg il
<242 Y okmra2 > (147
1=1 1>[c20k] 41

Now, observe that
2cxk:

[e
s/ o]~ Fde < 2%,
0

| M
~
|

=

(14+a)k

which implies estimate ZI0) recalling (ZI1) and the fact that 2~ 2 < 2¥ since
0<a<l. O

Proof of Proposition[2.3. The proof of Proposition is exactly the same as the
one of Theorem 2.7 in [41]. The difference in the regularity s > % instead of s > HTO‘
comes from the fact that we use estimate ([2I0) in the last inequality of the estimate
at the top of page 333 in [41]. O

Corollary 2.5. Assume that 0 < o < 1. Let s > %, 8> % and T > 0. Then, we
have that
+oo

(2.12) (Z sup  sup |etDaazu0(:1:)|2)
t|<T j<z<j+l

[N

< W+ 1) Jluola-

Jj=—00
for any up € H*(R).
Proof. We can always assume that T' > 1, since the proof of estimate (Z12)) is a

direct consequence of estimate (Z7) in the case where 0 < T < 1. Arguing exactly
as in the proof of Corollary 2.8 in [41I], we obtain that

-

+o00 1
@13 (X s sup [P Ou(@)?) < T ol .
e ST i<a<jt1

for any s > % Now fix g > % Then, we have that (1 + a) = s > % In the case
where s < s¢, estimate (2I3) implies directly estimate (ZI2). On the other hand

if so <'s, we apply (ZI3) with sg, so that the left-hand side of ([2I2)) is bounded
by T#||uo|| g0 < T?||lug|| g+, which also implies the result in this case. O
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2.4. Energy estimates. In this subsection, we prove the energy estimates satisfied
by solutions of (7).

Proposition 2.6. Assume that 0 < o <1 and T > 0. Let u € C([0,T] : H*(R))
be a smooth solution to (). Then,
(2.14) Ju(-, )2 = [[uoll 22,
for all t € [0, T]. Moreover, if s > 0 is given, we have
c||Oru o

(2.15) lull e 5 ol e5

The proof of estimate ([ZI3)) relies on the Kato-Ponce commutator estimate [36]
(see also Lemma 2.2 in [57]).

Lemma 2.7. Let s > 0, p, p2, ps € (1,00) and p1, ps € (1,00] be such that

11,1 _ 1, 1
:D_:D1+:D2 p3+p4 - Then,

(2.16) 17°, Agllee SN0ufllLes |5 glloe + |T° fllLos |9l s
and
(2.17) 1T5(f)lee SN fllzell2gllzee + |7 fllLea gl Les-

We also state the fractional Leibniz rule proved in [42] which is a refined version
of estimate (2I7) in the case 0 < s < 1 and will be needed in the next section.

Lemma 2.8. Let 0 = o1 + 02 € (0,1) with o; € (0,7) and p, p1, p2 € (1,00)
satisfy 1—17 = p% + p%' Then,

(2.18) I1D?(fg) = fD%9 — gD fllLe S 1D fllLes [ D72 ]| Lrz -

Moreover, the case oo =0, pa = o0 s also allowed.

Proof of Proposition[2.6l. We obtain identity (214) multiplying equation (L) by
u, integrating in space and using that the operator D%0, is skew-adjoint.

To prove estimate (ZI3]), we apply the operator J* to (), multiply by J5u
and integrate in space, which gives

1d
(2.19) ——/ | Jou|?dr = —/ Jou[J?, u)Oude — / Jou(J* Opu)udz.
We use the commutator estimate ([Z.I0) to treat the first term appearing on the
right-hand side of ([ZI9) and integrate by part to handle the second one. It follows
that

1d s 2 < s 2

(2.20) 3 177 ul Dlze S 10sul, Hllzge [ /7u( OZ: -
Therefore, we deduce estimate [216) applying Gronwall’s inequality to 220). O

2.5. Local smoothing effect. By using Theorem 4.1 in [40], we see that the
solutions of the linear equation ([Z1]) recover «/2 spatial derivatives locally in space.

Proposition 2.9. Assume that 0 < a < 1. Then, we have that
(2.21) D% "% ug || Lo 2. S o] L2,
for any ug € L*(R).

However in our analysis, we will need a nonlinear version of Proposition [2.9]
whose proof uses the original ideas of Kato [34].
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Proposition 2.10. Let y denote a nondecreasing smooth function such that supp x' C
(=1,2) and x,,) = 1. For j € Z, we define x;(-) = x(- — j). Let u € C([0,T] :
H>(R)) be a smooth solution of [I1) satisfying u(-,0) = ug with 0 < o < 1.
Assume also that s >0 and | > % Then,

(/()T/R(|DS+%u(x’t)|2+|DS+%H“(557t)F)X}(:E)d;Edt)

1
S (U+ T+ 10wull s poe + Tlullpge s ) llull g s -

The proof of Proposition [2.10]is based on the following identity.

1
2

(2.22)

Lemma 2.11. Assume0 < o < 1. Let h € C*®(R) with b’ having compact support.
Then,

. D8, f)hdx = D= 2+ |DEHSfIP)Wd Ro(h)F,
@23) [ f(D°0, )b | (D% R+ D%+ [ fRo0f
where ||Ra(h) fll12 < call F(DW)|| 11| £l L2, for any f € L*(R).

a+1

Proof. Plancherel’s identity implies that
(2.24) 2/f(Da81f)hdx: —/f[Daaw,h]fd:cz/f[HDO‘+1,h]fd:Jc,
R R R

since D' = HO,..
On the other hand, we obtain gathering formulas (21), (22), (23) and Proposition
1 in [22] with a = 2p and n = [u] = 0 that

(2.25) [HD“" h)f = Pf —HPHf + Ro(h)f
where
Pf=(a+D)DEWDES) and |Ra(h)fls < call FD )21 lse.
Therefore, we deduce identity ([2:23]) combining [224)) and (227l O

Proof of Proposition[2.10. The proof of Proposition 2.10] follows the lines of the
one of Lemma 5.1 in [4I]. Apply D® to (L), multiply by D*uy; and integrate in
space to get

1d
(2.26) ——/ |D5u|2dea:—/DSJFO‘@zuDSqudI—I—/Ds(uamu)Dqujdaj:().
2dt Jg R R

We use estimate ([2.I6) and integration by parts to deal with the third term on the
left-hand side of (2:26))

(2.27)

S S 1 S S S

/RD (udyu) D uyjdx = —E/R(Bmuxj + ux;)|D u|2d:10—|—/R[D ,ulOyuD ux jdx
< (102ullzge + llull pge) ullZe
Therefore, we deduce gathering (Z23)), (226), (ZZ1) and integrating in time that
T
/ / (ID* T2 u(z, t)* + |D* 2 Hu(x, t)]*) X (x)dadt
o Jr
< (14T + 100l 3 1 + Tlhullie )6l 15

which implies estimate (2.22)) by using the Sobolev embedding. O
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The starting point for the proof of Theorem [[4] is a well-posedness for smooth
solutions obtained in [58 (note that we also need to use the Bona-Smith method
[10] to obtain the continuity of the flow).

Theorem 2.12. Let 0 < o < 1 and s > 3. For any ug € H*(R), there exists a
positive time T = T(||ug||g=) and a unique solution to (L) u € C([0,T] : H*(R))
satisfying u(-,0) = ug. Moreover, the map : ug € H*(R) — u € C([0,T] : H*(R))
18 CONLINUOUS.

2.6. A priori estimates for smooth solutions.

Proposition 2.13. Assume(0 < a <1 and s > %—%‘l. For any M > 0, there exists
a positive time T = T(M) such that for any initial data vy € H*(R) satisfying
[luol|lms < M, the solution u obtained in Theorem is defined on [0,T] and
satisfies

(2.28) A (u) < Co(T)lluoll
for all T € (0,T), where
(2.29)
+o0 %
N () i= max {ull e me, 10wl g 2 0+ D)7 (D0 Tl e gy oz )
Jj=—00

p> % and Cs (T) is a positive constant depending only on s and T.

Proof. Fix 0 < a < 1, s() = 3 — 32 < 5 < 2 and set § = s — s(a) > 0. Let
ugp € H*®(R) and w € C([0,T*) : H*(R)) be the corresponding solution of (L)
obtained from Theorem[ZT2land defined on its maximal interval of existence [0, 7).

We want to obtain an a priori estimate on the quantity A%(u) defined in (2:29)).

For 0 < T < T*, let us define

Xp(u) = ullgems, () = |9l
and
+o0 %
pr(w) = A+ T) (3 Tl oy )
j=—00

First, we rewrite the energy estimate (210 using the above notations as

1 s
(2.30) Ny (u) S Jluoll =T 77 ().

To handle v%(u), we use estimate ([Z2) with 6 = 1 — § and ¢ > 0 defined as
above and deduce that

(2.31)
V() S T ul g + T2 755 (udyr) 5
ST ull gy + T (llull g2 100ull 12 e + I1D° 2 (uBs)l| 2. ),
where 1 and Ky are two positive number (lesser than 1) given by Proposition 221
The fractional Leibniz rule stated in Lemma gives that
(2.32)

1D° 1% (udp) | g, < [[uD* " E Opull g, + 100l ee | D 2] 2] 5

S D" % 0pull s, |+ 100ull .z llull e
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Now, we deduce from estimate ([222)) that

D>~ 0l

—+oo
(3 D F0suleqy ooy

j——oo

1
2

(2.33)
< ( 5 - sup | D° Hull 41y xp0.1)

j=—00
S+ 1))+ T+ 105ul s e + Tllull errs ) * lull s
Therefore, we conclude gathering (2.31)-([2.33) and using estimate that
(2.34) @30)
1 s
Yr(u) < ||U0||HseCT2’YT(u)
) T T () + T (0)(1+ ) (14 T+ X () + TH3(w)

Using that u solves the integral equation

Nl=

3

u(t) = etP" %o qy — /Ot e(t=t)D% 0 (udyu) (t')dt’,
we deduce from estimate (212) that
(2.35) () S Mol g+ T2 (i)l
<

for any 6> 0. Now, we choose 0 < 6
have that

%,sothat%—i—ﬁgs—l—i—%. Thus, we

T340 i)l 2 < 11757 % (udpu)| 2, -
It follows then from ([Z35) and arguing as in (Z31)-233) that
l s
() S ool e ()
1
x {14 Thap(u) + T (u)(1+ ) (1+ T+ Np(w) + T () }.

Now, observe that T"2~5(u), T%Fy;} (w), T s (u), T%ugp(u) and TA%(u) are
nondecreasing functions of 7" which tend to 0 when 7" tends to 0. We define 1" such
that

NK S =1 S NK S =1 S
(2.37) max {T 2ym(u), T2y 2 (u), T pi(u), T2 i (u) T/\ (u)} =<

(2.36)

Moreover, we can always assume that T <T* by choosing (if necessary) a constant
smaller than 1/2 on the right-hand side of ([23T). Therefore, we deduce gathering
Z30), 34), 230) and ([Z37) that Z28) holds with some positive constant Cy (T
(which can be chosen greater than 1).

Finally, we check that T > ¢(M) where M is positive constant such that
[luol|lms < M. Indeed, since ([Z3T) holds true, we know that one of the terms

appearing on the left-hand side of (Z37) is equal to % Without loss of generality,

we can assume that f’””y%(u) = 1. This combined with (Z28) implies that

< T%2C(T) |uol| e < T*C(T)M,

N =
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which concludes the proof of Proposition 2.13] O

Remark 2.3. In the L? subcritical case a > %, one can take advantage of the scaling
invariance of equation (7)) to assume that the initial data is small in H*(R). The
arguments of Theorem 1.1 in [37] could be used to give an easier proof of Proposition
in this case.

2.7. Uniqueness and L2-Lipschitz bound of the flow. Let u; and us be two
solutions of (7)) in the class (ILI3) for some positive T', with respective initial data
u1(+,0) = ¢1 and us(-,0) = ¢o. We define the positive number K by

(2.38) K= max{HaxulHLlTLgOa ||8zu2||L1TL;° }
We set v = u; — us. Then v satisfies
(2.39) 0w — D®0pv + vOpuy + u0,v = 0,

with initial data v(-,0) = ¢1 — 2. We multiply (Z39) by v, integrate in space and
integrate by parts to deduce that

d
—lvlze S (100wl + 100uz ]l nge) o (- BIIZ:,
for all ¢ € [0, T]. Tt follows then from Gronwall’s inequality that

(2.40) (-, t)llze = llur(8) = ua( )]z S e llor — @212,

for all ¢ € [0,T7.
Estimate (240) provides the L?-Lipschitz bound of the flow as well as the unique-
ness result of Theorem [[.4] by taking @1 = ps.

2.8. Existence. Assume that 0 < o < 1 and s > 2 — 32, Fix an initial datum

o € H*(R). 0

We will use the Bona-Smith argument [I0]. Let p € S(R), [pdz = 1, and
Jakp(z)dz =0, k € Z4, 0 < k < [s]+1. For any € > 0, define p.(x) = ¢ 'p(e~1x).
The following lemma, whose proof can be found in [I0] (see also Proposition 2.1 in
[35]), gathers the properties of the smoothing operators which will be used in this
subsection.

Lemma 2.14. Let s > 0, ¢ € H*(R) and for any € > 0, ¢ = pe x ¢. Then,

(2.41) bellaosr S € lllms, Vv =0,
and
(2.42) 16— bellrre—n =, ole”), VB0, s].

Now we regularize the initial datum by letting ug . = pe*uo. Since ug,. € H>*(R),
we deduce from Theorem [2.12that for any € > 0, there exist a positive time T, and
a unique solution

ue € C([0,Te]; H*(R)) satisfying ue(+,0) = uge.

We observe that ||ug ¢ s < ||uo| gr=. Thus, it follows from the proof of Proposition
213 that there exists a positive time T' = T'(|luo||zrs) such that the sequence of
solutions {u.} can be extended on the time interval [0, 7] and satisfies

(2.43) luellge sz < A7 (ue) < lluollme
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for all € > 0. Moreover, arguing as in the proof of Proposition 2.13] and using
estimate ([2.41]), we get that

(2.44) ID° ' 2uc|l 2 Lo S luo,ell e S € lluol|are,

(2.45) 102uell Lz Lo S luo,ellarsrr S € luoll e

and

(2.46) ID* 2 ucl 2 poe S N0l yoe-1vg S €72 lug) 1o
for all € > 0.

Now we will prove that {uc} is a Cauchy sequence in C([0,7T] : H*(R)). We set
v = U — Ue, for 0 < € < €. Then v satisfies

(2.47) 0yv — D*0pv + vOpue + ue Oyv = 0,
with v(+,0) = ug,e — ug,er. We deduce gathering [2:40), (242) and (243) that
(2.49 lollizrz =, o) and [olupns = of =)

for all 0 < o < s. It remains to prove the convergence in C([0,T] : H*(R)). Note
however that the proof in [57] does not seem to apply here since the regularity is
lower than 3/2.

Proposition 2.15. Assume 0 < o < 1 and 3 — 3?01 <s< % Let v be the solution

2
of @ZM). Then, there exists a time Ty = Ty (||ug|| =) with 0 < Ty < T such that
(

(2.49) Il s < T, () — 0,
where

[ (v) = max {\7(v), y7(v) }
with

Ar() = llvllegny, and y7(v) = 02|12 pee -
Proof. First, we deal with A%-(v). We apply J* to equation [241) with u; = u,. and
us = u, multiply the result by J%v and integrate in space to deduce that

1
(2.50) —£||v||%1 —|—/Js(vamuE)Jsvda:—F/Js(ué/amv)Jsvda: =0.

We treat the third term on the left-hand side of (Z50) by using estimate (2.16) and
integrating by parts. It follows that

1
/Js(ueﬁwv)ﬁvd:ﬂz/[Js,uez]Bvasvdx— —/awuezJS’UJS’Ud{E
(2.51) R R 2 Jr
S 18zv[l oo || TP uerl| L2 0]l s + 100 || oe [[0]1 e

For the second term, we have applied Holder’s inequality that

J? (0O ue) S vdx
R

@52 < (Jwdauc e + 1D* (wdeuo)l|z2) o]

S (lollzell@zuell e + |D*~H(8pv0pue) | 2 + | D*~H (vD3ue)l| 22 ) 0] -
Now we deduce using estimate (2I8)) with o = s —1 € (0,1) that
(2.53) [|ID*"H(8uv8pu) || 2 S 1020l Loe [ D¥ Optie 12 + (|1 D7 D] 12| Ot | Lo
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and
ID* = (vO3ue) |2 < oD OFucl L2 + [0~ ]l e[| Gue | e

S [ollLa D~ 0ucll e + 1D* ol| 2| Qe e
Hence, we conclude gathering (250)—(2Z54]) that

d
Zllollee S (10wl o + 10pue oo ) loll s + (fucll s + e[l ) [0z0] e

(2.54)

+ |1 D* 7 0Zucl [ Lo 0]l 2 + |0Zuc]| L= | D* ™ o]l 2.
Thus, Gronwall’s inequality yields

T 1
/\%(’U) 5 (HuO,e — u01€/||Hs +/ f(t)dt)eCT2 (”axue”L%LgoJFHazusl|‘L%Lgo),
0

where
F#&) = (luell s + luell o) 10s0]| Lo + [1D* 7 Oucl| < [[v]l 2 + [ Zue | Lo | D*~ ]| 2.
Therefore, we get from Holder’s inequality and ([243) that

1
(2:55) N (0) S (TH||uo]| 173 (0) + ge,or) T Mol
where
1 _ 1 _
geer = lluo.c—uo,e | s +T= | D 7' 0Zucl p2 pee 10l g r2 +T2 | 03uell 2 o 1D 0] e 2
satisfies
(2.56) Jer — 0,
e,e’—0

in view of (Z43)-(240) and (243).
To handle 74 (u), we use estimate (2.2) as in Proposition 213 and deduce that
(2.57)

¥ (©) ST oll gy + T T2 (W0pue)llz + T[T % (uerdov)ll 2.,
where k1 and k2 are two positive number (lesser than %) given by Proposition 2.2
We deduce from estimate (ZI8]) that
(2.58)

17575 (vdoue) | Lz, S N0stiell L Lo 0l ge s + 10512 Bpuiel| 12 e 0l e r2-
By using estimate ([2I8]) again, we get that
(2.59) 17 (wedov)l 2, S 1000) 12 Loe e |y + lue D* 5050 1,
Next, we estimate the second term on the right-hand side of ([Z319) as follows

e D45 9] 15

+oo
:( Z ||Ue'DS_1+75w“||%2([j,j+1)x[0,T]>)

j=—o00

(2.60) . )
2 s+
< (D2 luelieqsnxiom) sup || D3 Hol 211 x o.7)
J

j=—o0

=

S (L+T)uo| sup ID** EHo| L2 541) ¢ [0,71):
JE
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where we used ([243) for the last inequality. Moreover, we argue exactly as in
the proof of Proposition 210l using that v satisfies equation ([2:47) and using the

estimates (Z5I)—(254) to deduce that
(2.61)

sup || D*F2 Hol| 2, j41)x[0,7)
JEZ

1 1
S (LT +110suell s poe + 100uer ||y poe ) * 0l g ms + T2 |Juerl|Lge ar: |02 12 Lo
1 _ _
+ T2 (||D* 7' 2ucll 2. oo 10l e 2 + [102ucll L2, oo [|1D° M0l L5 12) -

Hence, we deduce from (Z57)—(2E]1) that

(2.62)
Yi(0) S TENG(0) + T2 (L4 T)P ol (1 + T + T ol ) * (i (0) + 75 (0))
+ T Geer,
where
Jeor = ||DS?1+%81U€”L2TL50||U||L§‘S’L§

+ (L4 T)uoll s (IID*  Duellpa oo 0l Ly 22 + 105uel 3220 1D° 0]l e r2),
so that
(263) ge,e’ — 07

e, e’ —0
due to ([Z43)—(246) and 2417).
Therefore, we conclude the proof of Proposition 215 gathering (Z55]), 2356,

252) and (Z53). O

With Proposition2-I5 at hand, we deduce that {u.} satisfies the Cauchy criterion
in (C([0,T1] : H*[R)),|| - ||L391H;) as € tends to zero. Therefore, there exists a

function w € C([0,T1] : H*(R)) such that
(264) ||’U,6 — UHL%‘&H; ;3 0.

Moreover, we deduce easily from (2.64)), that u is a solution of (L) in the distri-
butional sense and belongs to the class (LI3]) (with 7} instead of T').

2.9. Continuity of the flow map. Once again, we assume that 0 < o« < 1 and
3 -3¢ < s <3/2. Fix ug € H*(R). By the existence and uniqueness part,
we know that there exists a positive time T' = T'(||ug||z+) and a unique solution
ue C([0,T] : H*(R)) to (I’0). Since T is a nonincreasing function of its argument,
for any 0 < T” < T, there exists a small ball B;(ug) of H® centered in ug and of

radius 0 > 0, i.e.
Bj(uo) = {vo € H*(R) : |vo — uol|a= < 5},

such that for each vy € Bj(uo), the solution v to (Il emanating from v is defined
at least on the time interval [0,7"].

Let 6 > 0 be given. It suffices to prove that there exists § = §(d) with 0 < § < &
such that for any initial data vy € H*(R) with |Jug — vo|lg= < ¢, the solution
v e C([0,T7"]; H*(R)) emanating from vy satisfies

(2.65) ||'UJ—11||L;°,H; < 6.
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For any € > 0, we normalize the initial data ug and vy by defining up = pe * uo
and vg e = p * Vg as in the previous subsection and consider the associated smooth
solutions wu., ve € C([0,7']; H*(R)). Then it follows from the triangle inequality
that

(266)  [lu—vllogn; < llu—uelsms + lue — vellg 1z + [[v — vell Lo as -
On the one hand, according to ([2.64]), we can choose ¢y small enough so that
(2.67) lu— veollLes ms + (| = veo ll Lo s < 26/3.

On the other hand, we get from (ZZI]) that

(2-9), —(2-5)5

l[to,eo = vo,coll2 S €0 luo — vollm= < €
Therefore, by using the continuity of the flow map for initial data in H?(R) (c.f.

Theorem [Z12]), we can choose ¢ > 0 small enough such that
(2.68) ||u50 _véo”L;",H; < 9/3.

Estimate (2.68) is concluded gathering (Z.66])—(2.63).
This concludes the proof of Theorem [L.41

3. AN ILL-POSEDNESS RESULT

As in [6], one can use the solitary wave solutions to disprove the uniform con-
tinuity of the flow map for the Cauchy problem under suitable conditions. More
precisely, we consider again the initial value problem (IVP)

Oy — DOpu+ud,u=0, z,tE€R,
u(z,0) = ugp(z).

Proposition 3.1. If 1/3 < a < 1/2, then the IVP @) is ill-posed in H*>(R)
with sq = % — «, in the sense that the time of existence T and the continuous
dependence cannot be expressed in terms of the size of the data in the H%*-norm.
More precisely, there exists c¢g > 0 such that for any 6, t > 0 small there exist data

uy, ug € S(R) such that

(3.1)

llutlls2 + [[uzlls2 < co, llur —uzlls2 <6, [lui(t) —u2(t)|s2 > co,

where u;(-) denotes the solution of the IVP B.1) with data u;, j=1,2.
Remark 3.1. For a € [%, %], Proposition Bl reinforces the result in [55] which states
that the flow map is not C2.

Proof. Let Q1 be the solution of the equation
1
(3.2) DO‘Q+cQ—§Q2:0, a>1/3,

with speed of propagation ¢ = 1 (see next Section for a justification of existence of
such a solution).
Set @u,c(x) = ¢ Q1(cx) and consider

(3.3) Ua,e(T,t) = pa,c(z — c*t) = ¢ Q1(cx — ctrer)
solution of the initial value problem ([BI) with initial data
w(z,0) = uq c(x,0) = ¢ Q1 (cx).
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L _ & be the critical

We choose two solutions ua,c,, Ua,c, With ¢1 # ca. Let s = 3

Sobolev index.
At time t = 0 we have that

[ua,e: (5 0) = taes () Fnn = 1D° (Paser = Paea) ()l
(3.4) = ”Dsas"am(')”%? + ”Dsas"am(')”%?
= 2(Pa,e1 ()s Pases () e -
Observe that for t > 0, [[D%@q.c, (-, t)||32 = [[D*Q1]]3, for j = 1,2. In fact,

D% pae; (- )17 = / ]2 302 e 2T Qy (€ ;)| dE

= 2201 psa |2, = || D% Q|2

(3.5)
On the other hand,
(o O s = [ D s (0) D @) d
= [16P% s (O Frcat@
(3.6) — (@) [ 162 Qu(/en)Rul€]ea) de
= @)V [P Q@ dy
= ()" [P @i @ an

Now set 0 = a such that 6 — 1 then

C2
(3.7) (Paer () Pases (N psa = [1D*Qu72 as 6 — 1.
Therefore,
(3.8) [tavses (+,0) = Uy (- 0) |3, — 0 as 6 — 1.

Now let t > 0, as before we only need to check the interaction

(3.9)

<ua,61 (1), Uey,co () t)>H'5a = /Dsa Pa,cq (v — c1t) D3 Pa,ca (x — cat) dx

= [t D g gy (O o O

= (c1¢) @V /e—2ﬂit£(c‘f‘—cg‘) €125 Q1 (€/c1)Q1 (€ ¢a) dE
i 1-a , o ~ =

_ (_1) /6—27mt0177(01 —c3) |,]7|2So< Ql (n) Ql(én) dn

C2
Making c¢f = N+ 1 and ¢§ = N, N € N, and letting N — oo, the Riemann-
Lebesgue lemma implies that

(3.10) / e 2N |125a G, () G ((

The result follows.

N +1
N

Yen)dn — 0.
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4. VARIA AND OPEN PROBLEMS

4.1. Solitary waves. This Subsection is essentially a survey of known results.
A (localized) solitary wave solution of (L) of the form u(x,t) = Q.(z — ct) must
satisfy the equation

(4.) D*Qu+eQe — 5Q3 =0,

where ¢ > 0.

One does not expect solitary waves to exist when a < % since then the Hamil-
tonian does not make sense (see a formal argument in [47]). For the sake of com-
pleteness, we present here a rigorous proof.

Theorem 4.1. Assume that 0 < o < L. Then @I) does not possesses any
nontrivial solution Q. in the class H% (R) N L3(R).

Proof. Fix 0 < a < 1 and ¢ > 0. Let Q. be a nontrivial solution of (£I) in the
class H% (R) N L3(R).
On the one hand, we multiply (@I]) by Q. and integrate over R to deduce that

(4.2) /|D%QC|2dx+c/Q§dx: E/dix.
R R 2 R

On the other hand, we multiply [@I]) by 2Q’, integrate over R and integrate by
parts to deduce that

(4.3 [ (0r@oaQan -5 [ @ =~ [ Qs

Moreover, we will need the following identity, stated in the proof of Lemma 3 in

139,

(4.4) /R(D%)m’dx = Q;I /R D% ¢|2dx,

for all ¢ € S(R). Hence, it follows gathering (£3) and ([@4) that

(45) @=1) [ 1D3Qdr—c [ Q2= [ Qi

5This implies that the Hamiltonian is well defined.
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Now, we briefly recall the proof of ([@4) for the sake of completeness. We have

by using Plancherel’s identity, basic properties of the Fourier transform and inte-
grations by parts that
d

[@wropsin =~ [ o014
Ay 2 _ el i/\—
—— [leraerds - [ jeneae) g aeras
~ d ~ =—
= a «@ 2 ae
—a [ leratera+ [ lregaeaes

(€o(€))de

_ 5 112 _ i «
—oz/R|D ¢ dx /Rdx(:zr(b)D pdx

~(a=1) [ IDEods— [ (D)o

which yields identity (ZA).
Finally, we conclude the proof of Theorem Il In the case o = %, we deduce
from @2) and @F) that [, Q2dz = 0 which is absurd. In the case 0 < a < %, we

3 )
obtain combining ([@2]) and [@3) that

1 o c
— [ |ID2Q.|?dx = 2dx <0
5 [ 103 Qe = 2 [ Qs <o,

which is also a contradiction. O

Remark 4.1. Tt is not difficult to see from the proof that Theorem [T still holds
true in the case o < 0 if one assumes that Q. € H%(R) N L*(R) N L*(R). In
particular, no solitary waves exist when o = —%. Note that this dispersion is that
of the Whitham equation for large frequencies. On the other hand, the Whitham
equation does possess solitary waves, as proven in [I3] by using that it behaves as

the KdV equation for small frequencies.

Remark 4.2. Zaitsev [66] has proved the existence of localized solitary waves of

velocity 0 < ¢ < €7 2/3 of (L)) in the case where p(&) = —1fj52.

The existence of finite energy solitary waves when o > % has been addressed in
[177], [I6] for the more general class of nonlocal equations in R™

(4.6) (=A)2u+u—uPtt =0,

In what follows we will consider only the one-dimensional case, n = 1.
The solitary waves are obtained following Weinstein classical approach by looking
for the best constant C), oin the Gagliardo-Nirenberg inequality

2 2 (a—1)+1
an [ (foeme) " (fle) T 0z 2y
R ’ R R p+2

This amounts to minimize the functional

P P (—
(Ju [D72u?)* ([ Juf?) "

(4.8) P (u) = T Jup+?
R
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In our setting, that is with p = 1 and one obtains (see [I7] and the references
therein):

Theorem 4.2. Let % <a<1. Then

(i) Eristence: There exists a solution Q € H?= (R) of equation [@I) such that
Q = Q(|z]) > 0 is even, positive and strictly decreasing in |x|. Moreover, the
function Q € H= (R) is a minimizer for JP°.

(ii) Symmetry and Monotonicity: If Q € H% (R) is a nontrivial solution of (@)
with @ > 0, then there exists xo € R such that Q(- — 0) is an even, positive and
strictly decreasing in |z — o).

(iii) Regularity and Decay: If Q € H?%(R) solves @), then Q € H(R).
Moreover, we have the decay estimate |Q(z)| + |2Q'(z)] < %, for all z € R
and some constant C' > 0.

Remark 4.3. Contrary to the case of the KdV equation the solitary wave cannot
decay fast (for instance exponentially) because the symbol i£|€|* of the dispersive
term is not smooth at the origin when « is not an even integer.

Uniqueness issues have been addressed in [I7], [16] for the class of nonlocal

equations ([L6]). They concern ground states solutions according to the following
definition (see [17])

Definition 4.3. Let Q € H? (R) be an even and positive solution of &) . If
JP)(Q) =inf {JP)(u) : uwe HE(R)\ {0}},
then we say that @ is a ground state solution.

The main result in [I7] implies in our case (p = 1) that the ground state is unique
when a > %

Observe that the uniqueness (up to the trivial symmetries) of the solitary-waves
of the Benjamin-Ono solutions has been established in [4].

Note that the method of proof of Theorem does not yields any (orbital)
stability result. One has to use instead a variant of the Cazenave-Lions method,
that is obtain the solitary waves by minimizing the Hamiltonian with fixed L? norm.
This has been done in [2] in the case a =1

If % < « < 1, one has then to obtain solutions of (A1) by solving the minimiza-
tion problem

(4.9) min{H (u) : ||ulp2=1}.

As we previously noticed, results in that direction are obtained in [I3] where a
conditional orbital stability result is given for the original Whitham equation, using
in a crucial way that it reduces to the KdV equation in the long wave limit.

On the other hand, it has been established in [32] that the ground state is
spectrally stable when o > %

No asymptotic results seem to be known (see [38] for the case of the Benjamin-
Ono equation, a = 1).

Remark 4.4. The existence and stability properties of periodic solitary waves of
(C7) when a > 3 is studied in [31].
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4.2. Long time existence issues. An important issue for the rigorous justifica-
tion of nonlinear dispersive equations as asymptotic models of more complicated
systems such as the water waves system, nonlinear Maxwell equations (see for in-
stance [48] in the context of water waves) is the influence of dispersion on the
lifespan of solutions to dispersive perturbations of hyperbolic quasilinear equations
or systems which typically arise in water waves theory. Typically, those systems
write

(4.10) U+ BU + ¢ A(U,VU) + eLU =0,

where the order 0 part 9;U + BU is linear hyperbolic, £ being a linear (not nec-
essarily skew-adjoint) dispersive operator and ¢ > 0 is a small parameter which
measures the (comparable) nonlinear and dispersive effects. Both the linear part
and the dispersive part may involves nonlocal terms (see eg [65], [60]).

Boussinesq systems for surface water waves are a classical example of such sys-
tems.

When £ = 0 one has a quasilinear hyperbolic system and if it is symmetriz-
able one obtains a lifespan of order 1/e for the solutions of the associated Cauchy
problem.

On the other hand, even when the nonlinear part is symmetrizable and £ skew-
adjoint, the existence on time scales of order 1/e (and actually even the local-well-
posedness) is not obvious since the action of the symmetrizer on the dispersive part
leads to derivative losses and the energy method does not work in a straightforward
way.

A basic question (in particular to justify the validity of (ZI0) as an asymptotic
model) is thus to prove that the life span of the solution of (I0) is at least 1/e
and to investigate whether or not this life span is increased by the presence of the
dispersive term eL.

For scalar (physically relevant) equations the second question is trivial since they
appear most often as skew-adjoint perturbations of conservation laws of the form
(after eliminating the transport term by a trivial change of variable)

(4.11) us + ef(u), — eLu, =0,
for which existence on time scales of order 1/e is trivial. Actually, whatever the
dispersive term L one has the dichotomy: either the solution is global, either its

life span has order 0(1/¢), as immediately seen by the change of the time variable
7 = et which reduces ([@IT]) to

(4.12) ur + f(u)y — Lu, =0,

This question is not so elementary with a different scaling. A toy model will be
again the dispersive Burgers equation written now on the form

(4.13) Ou + D*Opu = eudyu,  u(-,0) = ug.
Setting v = eu, this is equivalent to solving

(4.14) Ov + D0yv = v0yv, w(+,0) = eup.

6Note however that the Boussinesq systems (Z16)) cannot be reduced exactly to the form ([@I0Q)
except when b = ¢ = 0. Otherwise the presence of a ”"BBM like ” term induces a smoothing effect
on one or both nonlinear terms.
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Our main concern here is to prove the existence of strong solutions to (I3
defined on time intervals of length greater than 1/e, for small € > 0 and —1 < a <
1/2, a # 0. Observe that we have hyperbolic blow-up on time T' ~ 1/e€ in the case
a = 0, which is nothing else than the Burgers equation.

This question is not a simple one, as shows the related example of the Burgers-
Hilbert equation which corresponds to av = —1.

(415) Up + euy + Hu = 0, ’U,(-, 0) = uo,

where H is the Hilbert transform.
In fact, Hunter and Ifrim [27] (see a different proof in [28]) have shown the rather
unexpected result :

Theorem 4.4. Suppose that ug € H?(R). There are constants k > 0 and ¢y > 0,
depending only on ||Juo||gz , such that for every e with |e| < e, there exists a
solution u € C(I;; H*(R)) N CY(I.;; HY(R)) of @IH) defined on the time-interval
I. = [~k/€e® k)€ .

Remark 4.5. It would be interesting to consider a similar issue for the dispersive
Burgers equation [@I4) when —1 < o < 1/2, o # 0. One might think of using the
dispersion, as in the normal form approach (in a different context), see [19, 20, (211
[I8] . This will be carried out in a subsequent paper.

Remark 4.6. Although outside the range of equations studied here, we would like
to mention the case &« = —2 which corresponds to the so-called reduced Ostrowsky
equation and for which it has been proven in [24] the existence of global solutions
under the following conditions on the initial data ug: ug € H*(R) and 1 — 3uf > 0.

It is interesting to note however that an “hyperbolic” blow-up may occur otherwise
(c.f. Theroem 2 in [24]).

The long time existence issue is specially important to justify rigorously (as
asymptotic models) physically relevant systems such as the Boussinesq systems
(4.16)

{ O+ divv + e div (nv) + €(a divAv — bAn,) =0

2
Ov+Vn+esV(|[v]?) + e(cVAp — dAv,) =0 o (#1,m2) €RY, LER.

where a, b, ¢,d are modelling constants satisfying the constraint a + b+ c+d = %
and ad hoc conditions implying that the well-posedness of linearized system at the
trivial solution (0, 0).

It has been proven in [59] (see also [53] and [65, [60] for another water wave
system) that (ZI0) is well-posed on time scales of order 1/e (with uniform bounds).
The method is “hyperbolic” in spirit and works for all the physically admissible
Boussinesq systems except the more dispersive one, of “KdV-KdV” type

(4.17) om+divv+ediv(nv) +edivAv =0
' OV +Vn+esV(v[®) +eVAn=0 ’
and for the two-dimensional regularized (BBM) version of the original Boussinesq

system. For ([@I7) it was proven in [50] by using dispersive estimates that the
existence time is O(1/+/e).

(1'171'2) S R2, t e R,

Remark 4.7. The discrepancy between the results above can be explained as follows.
The proofs using dispersion (that is high frequencies) do not take into account the



26 F. LINARES, D. PILOD, AND J.-C. SAUT

algebra (structure) of the nonlinear terms. They allow initial data in relatively
large Sobolev spaces but seem to give only existence times of order O(1/+/€). The
existence proofs on existence times of order 1/¢ are of “hyperbolic” nature. They do
not take into account the dispersive effects (treated as perturbations). Is it possible
to go till O(1/€?), or to get global existence? This is plausible in one dimension
(the Boussinesq systems should evolves into an uncoupled system of KdV equations
see [61]) but not so clear in two dimensions.

4.3. Blow-up issues. We have already mention briefly the possibility of blow-up in
finite time for equations like (L) in the case of very weak dispersion (-1 < a < 0).

Actually three different types of blow-up, arising from different phenomena, could
occur for (7).

(i) “Hyperbolic” blow-up, that is blow-up of the gradient, the solution remaining
bounded. This is a typical property of scalar conservation laws and it is not likely
to occur when « > 0 according to the formal argument in [47] and the numerical
simulations in [44].

As already mentioned, a blow-up of this type has been proven for Whitham
type equations with a very weak dispersion. This question though is open when
0 < a <1, one does not even know in this case if a control on the L° norm of the
solution prevents blow-up as it is the case for the generalized KdV equation, see [1]
(this property is of course false for hyperbolic quasilinear equations).

It is interesting to investigate similar issues for weak dispersive perturbations
of systems, for instance for the “weakly dispersive” Boussinesq systems. A good
candidate is the system studied by Amick [3] corresponding to a = ¢ = b = 0 and
d = % in [@I6) and which was studied in the 1D case by Amick [3] and Schonbeck
[62] as a perturbation of the Saint-Venant system.

Actually they proved global well-posedness when the initial data are small, com-
pacted supported, perturbations of constant states. Such initial data leads to gra-
dient blow-up for the underlying Saint-Venant system.

An interesting question is to prove results similar to those of Amick and Schon-
beck in the 2D case.

(ii) “Dispersive” blow-up (DBU), or focalization due to the focusing of short or
long waves. This phenomenon is typically a linear one (see [8,[9]). Roughly speaking
it implies that there exist solutions with smooth, bounded and square integrable
initial data that becomes infinite at prescribed points in space-time. One also have
solutions starting from decaying, smooth and bounded initial data that can become
arbitrary large at prescribed points (see [9]).

It is shown in [9] that DBU occurs for the linear fractional Schrédinger equations

(4.18) iug + (=A)2u=0 inR" xR,

By similar methods (using for instance the asymptotics in [63], one can prove
similar results for the linear equation

(4.19) O — D*0pu=0, «a>0.
For (AI9) (as for (AI8) when a > 1), the DBU is due to the focusing of short

waves.
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Extending this to the nonlinear equation (7)) is an open problem.

(iii) “Nonlinear-Dispersive” blow-up. This blow-up phenomenum, due to the
competition between nonlinearity and dispersion is expected to occur for L? criti-

cal or super-critical equations such as the generalized Korteweg-de Vries equation
(GKaV)

(4.20) Oru + uPOpu + 02u = 0,

when p > 4. The only known result for GKdV is that of the critical case p = 4
m‘] The supercritical case p > 4 is still open but the numerical simulations in [7]
suggest that blow-up occurs in this case too. Recently, Kenig, Martel and Robbiano
proved in [39] that the same type of blow-up occurs for the critical equation

(4.21) Opu — DOy + [u**0pu = 0

when « is closed to 2, i.e. near the GKdV equation with critical nonlinearity.
Recall that for the dispersive Burgers equation (L), the critical case corresponds
to a =1 (or a =1 for equation [@ZI).

Things are a bit different for the dispersive Burgers equation (7)) equation since
in addition to the L? critical exponent a = 1/2, one has the energy critical exponent
a = 1/3 which has no equivalent for the generalized KdV equations. As this stage
one could conjecture that the Cauchy problem for the dispersive Burgers equation
(L7 is globally well-posed (in a suitable functional setting) when o > 1, that a
blow-up similar to the critical GKdV case, occurs when o = %, that a supercritical
blow-up occurs when % <a< %, and that a blow-up of a totally nature occurs
in the energy supercritical case, that is when 0 < a < %.This is supported by
numerical simulations [44] but should be difficult to prove.

4.4. Fractionary BBM equations. We comment here briefly on the BBM ver-
sion of the dispersive Burgers equation, namely

(4.22) Oy + Oy + udyu + DOpu = 0,

where the operator D® is defined in (L.0)).

The case a« = 2 corresponds to the classical BBM equation, « = 1 to the BBM
version of the Benjamin-Ono equation.

For any o the energy

E(t) = /R(u2 + |D%ul?)dx

is formally conserved. By a standard compactness method this implies that the
Cauchy problem for ([#22]) admits a global weak solution in L>(R; H % (R)) for any
initial data ug = u(-,0) in H% (R).

One can also use the equivalent form

2
(4.23) Oru+ 9, (I + D)1 (u + %) —0,

"Note that DBU occurs for all values of p 8.
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which gives the Hamiltonian formulation

up + Jo Vi H(u) =
Where the skew adjoint operator J, is given by J, = 9, (I + D%)~! and H(u) =
1 Ja( u + 1u®). Note that the Hamiltonian makes for v € HS (R) if and only if
« 2 3
The form (£.23)) shows clearly that the fractionary BBM equation is for 0 < o < 1
a kind of ”dispersive regularization” of the Burgers equation.

We will focus on the case 0 < a < 1. Actually when o > 1, [@23) is an ODE
in the Sobolev space H*(R), s > = , and one obtains by standard arguments (see
[51L [B]) the local well-posedness of the Cauchy problem in H*(R),s > %. When
a =1 (the Benjamin-Ono BBM equation), the conservation of energy and an ODE
argument as in [58| or the Brézis-Gallouét inequality (see [2]) implies that this local
solution is in fact global.

Things are a bit less simple when 0 < « < 1 since [@23) is no more an ODE, in
any Sobolev space. By a standard energy method one obtains local well-posedness
in H*(R),s > 3.

One can in fact easily improve this result.

Theorem 4.5. Let 0 < a < 1. Then the Cauchy problem for (L22) or [L23) is
locally well-posed for initial data in H"(R), r > 1o = % — .

Remark 4.8. It would be interesting to lower the value of r,, in particular down to
the energy level r = 5, or to prove an ill-posedness result for r < 7.

Proof. We first derive the suitable energy estimate, that is

d ( T
(4.24) 1 uC Bl < ClIul, #)ll7s.
All the following computations can be justified by smoothing the initial data.
We set 7 = s + 5. One readily obtains
1d
2dt
By the fractional Leibniz rule in [42] (see Lemma 2:])) one gets
(4.25) J?(uug) = uJuy + uy JJu + R,
where R is estimated as
(4.26) [1Bl[L2 < CIlT°"ul[ o || T Uzl Lo,
for any 0 < € < s and 1—17 + % = 1. Integrating by parts, one has thus

1
(4.27) / Jé (uug) Joude = = / ug (J5u)?dr + / RJ*udx
R 2 R R

Estimating the first integral on the RHS reduces to proving

(|75 + [T5F 2 uf?) do = —/ J? (wug) JPudz.
R R

(4.28) [ tusu?de < Clull s

To do so we use the Sobolev imbedding
2

H 2 YR LP(R <Pas=—
(R) = LP(R),  p < pas = 37—5——
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and

H%(R);}Lq(R)a nga:

Thus, provided

1 2
+ — S 15
pa,s qu

that is s > % - 370‘, one obtains by Holder inequality

/R|um(JSu)2|dx < C||um|\Hs+%fl(R)|\Jsu||§{%(R) < C||u||§{5+% .

One now estimate the last integral on the right-hand side of [@27). We will
prove actually that

(4.29) ‘/RRJSuda:’ < lull? v -

2

Noticing that J*u € H 2 (R), we use the Sobolev imbedding H % (R) < L1-= (R) to
obtain by Holder’s inequality

‘/RJSuda:‘ < CIR| o |lull-
R

LTFo
By the fractional Leibniz rule, on has for any 0 < € < s,

IR|| = <CIT°"u| o ||Juyg| o .
L1t L1+ L1ta

Observe that
H*t5~1"¢R) — LT (R) and H 3 (R) < LT (R),
provided

1+« 1 «
> - — — — 1=
T 25 (s+2 1—¢) and

Choosing such an € is possible provided
1—-3a<4s+3a—25,

that is when s > % — 370‘, orr > % — . This achieves the proof of [@29) and of the
local H” estimate.

By classical (compactness) arguments, one gets the existence of a solution u €
L>(0,T*, H"(R)), where T* = T*(||uo||g~) > 0.

We now prove the uniqueness of this local solution. We have of course to take
profit of the smoothing effect of the operator (I + D*)~!. Heuristically, in the
Burgers case (a = 0), the uniqueness holds when |lu,||z= is controlled. This is
replaced here by a control on || D'~*ul| . which is fine since D'~*u € H™~'+*(R),
andr—14+a> % by our choice of r.

Let w and v be two solutions and w = u — v. One has

(4.30) wy + 0, (I + D) Hw + %w(u +v)) =0.
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We take the L? scalar product of ([30) with D%w and apply the Leibniz rule and
integration by parts to get

1 o
5/(|Dsw|2—|— |D**E |!)da < / |D*(u + v)w, D*w)|dx
(4.31) “7F &

1
+—/ \(u+ )] |Dsw|2d:c+/|RDsw|dx,
2 R R

where ||R|| 2 < ||D*“(u + v)||Le || Dw|| La, % + % =3, forany 0<e<s. As
above, the first two integrals on the RHS are majorized by C/||u + v||g+||wl||%. (we
recall that r = s + §). Similarly, one obtains that

/ [RDwldz < [lu+ o] w3
R

and we conclude with Gronwall’s lemma.

The strong continuity in time of the local solution and the continuity of the
flow map can be established via the Bona-Smith trick (see for example the proof of
Theorem [T4)).

O

Remark 4.9. Proving that the existence time of the local solution of
(4.32) Ovu + Opu + eudpu + eD*Opu = 0,
is for o € (0,1) strictly larger than O(1) is an open question.

Remark 4.10. Tt has been established in [9] that the linearization of ([@22) at 0
displays the dispersive blow-up property if and only if o < 1.

Issues concerning a possible “nonlinear” blow-up for ([@22]) are not clear and
totally open. The numerical simulations in [44] suggest that a blow up might
occur, at least when 0 < o < %
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