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QUALITATIVE ANALYSIS OF A COOPERATIVE
REACTION-DIFFUSION SYSTEM IN A SPATIOTEMPORALLY
DEGENERATE ENVIRONMENT*

PABLO ALVAREZ-CAUDEVILLAT, YIHONG DU%, AND RUI PENGS$

Abstract. In this paper, we are concerned with the cooperative system in which diu — Au =
pu + a(z, t)v — a(z, t)uP and drv — Av = pv + B(z, t)u — b(z, t)v? in Q x (0, 00); (dvu, dyv) = (0,0)
on 99 x (0,00); and (u(z,0), v(z,0)) = (uo(x),vo(x)) > (0,0) in Q, where p, ¢ > 1, Q C RN (N > 2)
is a bounded smooth domain, «, 8 > 0 and a, b > 0 are smooth functions that are T-periodic in ¢,
and p is a varying parameter. The unknown functions u(z,t) and v(z,t) represent the densities of
two cooperative species. We study the long-time behavior of (u,v) in the case that a and b vanish on
some subdomains of  x [0,7]. Our results show that, compared to the nondegenerate case where
a, b > 0on Q x [0,T], such a spatiotemporal degeneracy can induce a fundamental change to the
dynamics of the cooperative system.
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1. Introduction. In this paper, we analyze a class of cooperative reaction-
diffusion systems of the form

(1.1)

Opu — div(dy (z, t)Vu) = pa(z, t)u + oz, t)v — a(z, t)u? in Q x (0, 00)
O — div(da(x, t)Vv) = pa(z, t)v + Bz, t)u — b(x, t)v1 Tl
(O, dyv) = (0,0 on 99 x (0, 00),
(u(z,0),v(x,0)) = (ug(x),vo(x)) > (0,0) in .

This problem may be used to describe the evolution of two cooperative species, with
densities u(z,t) and v(x, t), respectively, that are randomly dispersing in a habitat €,
whose mutual cooperative effects are measured by the positive functions « and S.
The function pair (ug(x),vo(z)) stands for the initial density of the populations, and
W1, po are the intrinsic growth rates of the species. The nonnegative functions a
and b measure the strengths of intraspecific competition of the species, while the
positive functions d; and do represent the diffusion rates of the species. Moreover,
the Neumann boundary condition means that the species are enclosed in §2, with no
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population flux across the boundary 9f2. Note that if the region 2 is surrounded by
a lethal environment, then the homogeneous Dirichlet boundary conditions should be
used instead. Throughout this paper, we assume that p,q > 1 and §2 is a bounded
smooth domain in RY (N > 2).

In the case that all the coefficient functions in (1.1) are positive constants, and
homogeneous Dirichlet boundary conditions are used, this system was investigated in
[18, 19]. In [20] and [3], such a system was considered when all the coefficients are
functions of 2 only (independent of t), with a=(0) = b=1(0) # (). It was shown in
[19] that in the situation considered there, qualitatively the system behaves like the
classical scalar logistic equation, and in the case of [20, 3], it follows from [3] that
the system behaves like the time-autonomous degenerate scalar logistic equation (as
described in [8, 13]).

Since the natural environment is typically periodic in time, it is reasonable to
assume that the coefficient functions in (1.1) are time-dependent with a common
period T in ¢. In such a situation, in the absence of a second species, namely (1.1)
with v = 0, the problem reduces to a periodic-parabolic logistic problem, which
was considered in [9]. It was shown in [9] that the degenerate periodic-parabolic
logistic problem may behave in a drastically different way from the time-autonomous
degenerate logistic problem as described in [8, 12].

The main purpose of this paper is to investigate the degenerate system (1.1), and
to reveal some fundamental changes of behavior from those obtained in [3]. As re-
marked in [9], a good understanding of the model in the degenerate cases is important
in order to determine the scope of changes of dynamical behaviors that a heteroge-
neous environment may cause to ecological systems. For example, based on the results
of this paper, it is possible to use a perturbation approach as in [10] to reveal sophis-
ticated patterns of the solutions to the corresponding standard cooperative system in
a spatiotemporal environment which is close to the degenerate case considered here.

In order to make the main points of this paper more transparent, we consider only
a special case of (1.1) by setting d; = do =1 and 1 = pe = p, with p regarded as a
bifurcation parameter. The general case can be handled largely by the same method,
but with more involved notation, etc. Therefore the system to be investigated in
detail in this paper is given by

Opu — Au = pu + afx, t)v — a(x, t)uP .
1o Opv — Av = Zv + Bz, t)u — b(z, t)v? in 2 x (0, 00),
(1.2) (Oyu, d,v) = (0,0) on 99 x (0, 00),

(u(z,0),v(x,0)) = (ug(x),vo(x)) > (0,0) in .

Here a(z,t), B(x,t), a(z,t), and b(x,t) are T-periodic in time, i.e.,
Y(z, t+T) =~(z,t), withy€ {5, a,b}.

The habitat Q is a bounded domain of RN, N > 2, with 99 of class C?*? for some
0 € (0,1), u € R, v is the outward unit normal vector of 99, and v € C?%/2(Q x R)
for all v € {a, B,a,b}. By (uo(x),vo(z)) > (0,0), we mean that both uo and vy are
nonnegative and not identically zero.

We always assume that o, § > 0 and a, b > 0. If a and b are positive, then it is
easy to show that (1.2) behaves like the scalar periodic-parabolic logistic problem as
described in [17]. More precisely, let 119 be the principal eigenvalue of the cooperative
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periodic eigenvalue problem

h® — AP — afz, t)V = ppd

(x .
» 0T — AU — B(z, 1)® = oW in @ [0, 7],
(1.3) (0,®,0,7) = (0.0 on 99 x [0, 7],
(®(x,0), U(x,0)) = (®(z, T), ¥(2,T)) in .

Then the nonlinear periodic cooperative problem

Ou — Au = pu + ax, t)v — alx, t)u? .
O — Av = pv + B(x, t)u — b(x, t)v? in xR,
(O, dyv) = (0,0 on 0N x R,
(u(z,0),v(x,0)) = (u(z, T),v(z,T)) in Q

(1.4)

has a unique positive solution (uy,v,) if and only if p € (uo,00). Moreover, the
unique solution of (1.2) converges to (0,0) as t — oo if u < pg, while for u > po,
(u(z,t),v(x,t)) converges to (u,,v,) as t — co.

In this paper, we will focus on the degenerate case that both a=1(0) and b=1(0)
are nonempty, but not identical. Specifically, we assume that

{(z,8) €@ x[0,T]: a(z,t) = 0} = (2 x [0, T7]) U (QF x [T, T)),
{(z,t) € QA x [0,T]: bz, t) =0} = (A x [0,T*]) U (D x [T*,T)),
where T* € (0,7) and Q&, Qf are nonempty, open, connected sets satisfying
Of C Q, Q_BCQ and Q_gﬂﬂ_l(’):@.

We also assume that 9Q¢ and 92§ are smooth.

These assumptions are ecologically reasonable. Mathematically they allow us to
avoid certain excessive technicalities. For example, if (9Q& U 0Q8) N 9Q # 0, then
considerable technical difficulties arise in the mathematical analysis, since singularly
mixed boundary value problems have to be considered in the limit. Moreover, when
Q_g N QY # 0, additional techniques are required in the analysis. To keep the paper at
a reasonable length, we have refrained from discussing these cases here.

Obviously,

S4 = {(z,t) e QA x [0,T]: a(z,t) > 0} = (AL UIN) x (T*,T),
Y= {(2,t) € @ x [0,T] : b(x,t) > 0} = (Q% UIN) x (T*,T),

with
0 =0\02, 0% =0\
For convenience, we also use the notation

¥ = (Q x [0,T*]) U (Q¢ x [T*,T)),
¥o= (% [0,T7]) U () x [T*,T)).

Clearly,

{(z,t) € A% [0,T): az,t) =0} =&, {(z,t) € A x [0,T]: b(z,t) =0} = X,
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F1c. 1. Illustrative graphs of Q x [0, T (left), £& (middle), and Y (right).

See Figure 1 for the illustrative graphs of Q x [0,7], %2, and .
A simple special case in which the above conditions are satisfied is given by

c1pa(2)q(t) < alz,t) < copa(2)q(t),  cipp(2)q(t) < bz, t) < capy()g(t),

where ¢1, co are positive constants, p,(z), py(x) are nonnegative functions satisfying
— =a —1 ‘b
P, 1<0) = 05, Py (0) = ng

and ¢(t) is a nonnegative T-periodic function satisfying ¢=1(0) N[0, 7] = [0, T*].

Clearly, our assumptions on a and b allow much more general situations to happen.
We remark that the results in [9, 10] also hold under more general conditions along
the lines of this paper.

Under the above assumptions, we first consider the periodic-parabolic cooperative
system (1.4), proving the following result.

THEOREM 1.1. Problem (1.4) has a unique positive solution (u,,v,) if and only if
1€ (o, oo ), where pioo is the principal eigenvalue of the periodic eigenvalue problem

0@ — AD — a(r, t)xaxo,r+)V = Heo® in X,

OV — AV — B(z,t)xax(o,7+]P = eV in 8,

0, =0,¥ =0 on 992 x (0,77,
(1.5) d=0 on O x (T*,T],

U=0 on QY x (T*,T),

O(x,0) = (x,T) in Q8,

U(x,0) = TU(x,T) in Qf,

where x,, denotes the characteristic function of a set w.

We remark that the existence of the principal eigenvalue pi of (1.5), the regular-
ity of the associated eigenfunction (®, V), as well as upper and lower bounds of pio,
will be proved in detail in section 2 below.

Second, we study the long-time behavior of the unique solution (u,v) of (1.2),
and our result reads as follows.

THEOREM 1.2. Let (u,v) be the unique solution of (1.2). Then the following
assertions hold:

(a) If i < o, then limy_oo (u(m, t),v(z,t)) = (0,0) uniformly in 2.

(b) If 1 € (1o, too), then limy o0 [(u(z,t), v(z,t)) — (up(z,t), v, (2, 1)) = 0 uni-

formly in Q.
(¢) If u > oo, then
lim (u(z,t+nT),v(z,t+nT)) = (c0,00)

n—oQ

uniformly in compact subsets of (Q x (0,T*]) U ((Q§ U QY) x [0,T]), and

lim (u(z,t+nT),v(z,t+nT)) = (Qu(x,t),zu(x,t))

n—roo
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uniformly in every compact subset of (\ (Q_SUQ_g)) x(1*,T), where (U, V)
1s the minimal positive solution of

(1.6)
Ou — Au = pu + a(z, t)v — a(z, t)uP

Ovo — v — w4 Bl thu— (o, typn @\ EFUR) < (),

(Oyu, 0,v) = (0,0) on O x (T*,T),
(u,v) = (00, 0) on L@Qg uon) x (T+,7),
(u(z, T*),v(x,T*)) = (00, 0) in Q\ (Q8UQY).

In Theorem 1.2(c), by u = oo on (908 U 9QY) x (T*,T), we mean that
u(z,t) — oo as d(z, 0% UINY) — 0 uniformly for t € (T*,T),
and by u(z, T*) = oo in Q\ (22 UQY) we mean that
u(x,t) — oo as t decreases to T* uniformly for z € Q\ (Q% U QY).

The same interpretation applies to v. The existence of a minimal positive solution
to (1.6) will follow from a more general result proved in section 3. As in [11], under
further conditions on a and b at t = T', we can obtain a better understanding of the

behavior of (U,,V,) (and hence that of (u(z,t + nT),v(z,t + nT) in O\ (QFUQh)
at t =T as n — o0) in part (¢) of Theorem 1.2.

Compared with the nondegenerate case of a, b > 0 on Q x [0,T], we see from
Theorem 1.2 that the dynamical behavior of (1.2) is fundamentally changed when
degeneracy occurs. Moreover, the change is significantly different from the time-
autonomous degenerate case described in [3]. The long-time dynamical behavior of
the cooperative system obtained in this paper resembles that of the single species case
considered in [9], but the mathematical techniques here are very different. Indeed, the
system here is much harder to treat, and several new ideas and techniques are intro-
duced in this paper to overcome a number of highly nontrivial difficulties associated
with the system. Additional techniques are required to handle the other ecologically
natural case Q¢ N QY # (), which we have left for future work. We believe that the
ideas and techniques developed in this paper should be useful for future investigations
on this and related systems.

2. Linear eigenvalue problems. Our main aim in this section is to analyze the
asymptotic behavior of the following linear periodic—parabolic eigenvalue problem:

8t¢—A¢+/\a(:E,t)¢—a(x,t)w :,U,¢ in QxR
- (Ov 0, 0u1p) = (0,0) on 9N x R,

(@(2,t), (. 1)) = (P2, t + T),p(x, t +T))  in Q xR,

as the nonnegative parameter A goes to infinity. We will show that the limits of
the principal eigenvalue and the corresponding principal eigenfunction of (2.1) satisfy
(1.5). Our results in this section will become crucial in the study of the qualitative
properties of the nonlinear problem (1.2).

If (2.1) is time-autonomous, i.e., the coefficients are independent of time ¢, such an
asymptotic limit (as A — co) was obtained in [2, 5, 15, 1, 6] under various conditions
of the coefficient functions.
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2.1. Basic properties of the principal eigenvalue of (2.1). Problem (2.1)
can be formulated as an abstract eigenvalue problem,

() -+()

in the space
Xo:={(¢,0) € (C?Y2(QA x R))? : ¢, 9 are T-periodic in t},
where L) is the operator defined by

[y O — A+ Xa(zx,t) -
AT -8 Ay — A+ \b(z,t) )’

assuming Neumann boundary conditions and T-periodicity, and with the domain of
the operator dom (L)) = X defined by

X1 ={(¢,0)e(C*HOHI2(QxR))?: 8,0 =0, =0 on OQXR, ¢, 1) are T-periodic in t}.

One may argue as in [4] to show that, for fixed A\ and large constant m > 0, the
inverse operator (£, +mI)~! from X; to X is compact and strongly positive. Hence
it follows from the Krein—Rutman theorem that there exists a unique r > 0 and a
unique (subject to constant multiples) positive function pair (¢, ) € X7 such that
(Lx +mI) " Hdr,¥n) = 7(dr,¥n). Tt follows that there is a unique value p = pq(\)
such that (2.2), and equivalently (2.1), has a unique positive solution (¢y, 1) (subject
to a constant multiple). Such a value p is known as the principal eigenvalue of (2.1)
in Q (under Neumann boundary conditions), and we denote it by

1L, Q) = pr(N).

The corresponding positive eigenfunction pair (¢x, 1) € X is called the principal
eigenfunction. When Dirichlet boundary conditions are used, this kind of eigenvalue
problem was discussed in detail in [4].

For convenience and later use, we denote by

Ul[ﬁ(vly‘é)vﬂ] and Nl[ﬁ(vly‘é)vﬂ]
the principal eigenvalue of the operator

Oy — A+, —«
EWI’V?)::( i at—A+V2>

for any (4, Va2) € X( under Dirichlet and Neumann boundary conditions, respectively.
Moreover, the following properties are easily deduced from [4]:

(1) o1 [‘C(Vla ‘/2)7 Q] > [‘C(‘/lv ‘/Q)a Q]

(2) Monotonicity with respect to the potentials,

Jl[ﬁ(vl,‘/z),Q] > Ul[ﬁ[Ul, UQ),Q],
pa[L(Va, Va), Q] > pa[L(Un, U2), 0,

lf‘/l Z U17 ‘/2 Z U2 and (Vla‘/Q) 75 (U17U2)-
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(3) Monotonicity with respect to the domain for Dirichlet boundary conditions,
g1 [‘C(‘/ly ‘/2)7 QO] > 01 [E[‘/lv ‘/2)7 Q]v

if Qg C Q.
LEMMA 2.1. The principal eigenvalue py(\) of (2.1) is continuous and strictly
increasing. Moreover, the limit oo = limy_, o0 p1(\) satisfies

(2.3) po = p1(0) < pioo < minfof, o'},
where O’{, j €{a,b} is the principal eigenvalue of the elliptic problem
—Ap=o0p in Q%, =0 on 696.

Proof. Since a, b are nonnegative and not identically zero, the monotonicity of
u1(A) is clear, and we also have pg = p1(0) < 11 (A) < poo for all A > 0.

To prove the continuity, for any given A, take a sequence {\,} such that A\,, — \.
Then consider the sequence of operators

— O — A+ Aa —a
An _6 8t -A + )\nb ’

For any € > 0, there exists an integer ng = ng(e) such that, for every n > no,
Aa—e < \a<Aa+e, Ab—e <\ b< Ab+e.
Thus, we find that, for any n > ny,
w[Lx —e diag{1,1};Q] < ua[Ly, Q] < i [Ly + e diag {1,1}; Q]
or, equivalently,
L —e <Ly, Q) < [l Q +¢, n > no.

This proves the continuity of 1 ()).
Furthermore, we have

w1 (A) < o1[L(Aa, Ab), Q] < o1[L(Aa, Ab), QF].

Let (¢o,%0) be the principal eigenfunction corresponding to o° := o1[L(Aa, \b), Q§].
Then we have

Ohdo — Ado > ¢y,  dol(x,t) = go(z,t+T) in Qf x R.

Multiplying the above inequality by a principal eigenfunction corresponding to of
and then integrating over Q¢ x (0,7) by parts, it follows immediately, using the
periodicity of ¢, that 0 < ¢f. Therefore p1(\) < 0§ for all A € R, and 80 jioe < 0f.
Similarly, we have joo < 0%. a

2.2. Characterization of poo. In this subsection, we study the qualitative
properties of 1o as the principal eigenvalue of (1.5), as well as its associated principal
eigenfunction. Our first result in this direction is the following.
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THEOREM 2.2. Let pus be given as above. Then there exists a function pair
(P, W) such that

& e O2H0.1+0/2 ((Q

U@ x (17,7,
@] (Q_S X (T*vT])> ’
P € C1H+0.(140)/ (Q_S X [T%,T]) \ (090 x {T*}))»

(@x .17
U € O2H0.1+0/2 <<§ % (0,7%])
(2.4) e T (@ x [T, 7))\ (99 < {T"}))
* ],
U =0 in Qb x (T*,T),
® >0 in (2 x (0,77 U (2
U >0 in (Qx(0,T7%)

®=0in QL x (T

0 x (T7,7)),
U (g x (T, T1),

and (P, ¥, 11~) satisfies (1.5).
Proof. Let {(éx,%r)} be the principal eigenfunction corresponding to (M),
normalized by

(2.5) _max (ox +Un) =1,
ax[0,7]

and satisfying ¢y, ¥ > 0. Since 0 < ¢y, ¥ < 1in Q x [0, 7], we can find a sequence
{An} with A\, = 0o as n — oo such that {(¢,, ¥y, )} satisfies

Ordx, — Adx, + Ana(x, t)dx, — oz, 1)y, = u1(An)da,

26) | P — M Abla o, — Bl 6s, = ()i, in xR,
' (Ov P, > Outhr,) = (0,0) on 02 X R,
(6, (2,0), %, (,0)) = (&, (2, T), ¢, (2, T)) in 0,

and
(éx,,,0,) — (2, ) weakly in L2(Q x (0,T)) x L*(Q x (0,T)) as n — oo,

for some ®, ¥ € L?(Q x (0,7)) with 0 < &, ¥ < 1 almost everywhere (a.e.) in
0 x (0,T). To avoid excessive notation, from now on we will write {(¢,, ¥,)} instead

of {(ox,,¥x,)}-
Step 1. In this step, we prove

(2.7) (®,0) # (0,0) in Q2 x (0,7).
To do so we argue by contradiction. Suppose that
(én,1bn) — (0,0) weakly in L2(Q x (0,T)) x L*(Q x (0,T)) as n — oc.
For any fixed n > 1, let us consider the auxiliary problem

Orp — Ao + ¢ = (oo + 1)on + a(, 1)1y,

) O — D+ = (row + Db+ Bl t)g, O
’ (Ov, 0un) = (0,0) on 99 x (0, 0),
(o(z,0),n(z,0)) = (1,1) in Q.
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For each n > 1, problem (2.8) admits a unique solution, denoted by
(Pns 1) € CPHOIFOR(Q x (0, 00)) x C2HOTH2(Q % (0, 00)).
Moreover, by the parabolic comparison principle one can easily see that

On(2,1) < pn(x,t) < Co

(29) (2, t) < ml. ) < Co

in 2 x (0,00) for all large n,

where

Co = |poo| + 1+ max {a, f}.
Qx[0,7]

On the other hand, following the same argument as in step 1 of the proof of Theorem
3.3 of [9], we can conclude that

(Pnymn) = (€' e™") in CHV2(@ % [0,77]) x CH2(@ x [0,7])
for any 0 < T < . Using (2.9), it therefore follows that, for any integer k > 1,

maxg, o 71(¢n(2,t) + ¥n(z,1)) = maxg, (o 7 (dn(z, t + kT) + ¥n (2, t + k1))
< maxg, (o 71 (n(@,t + KT) + o (2, t + KT))
< 467kT

for all large n. By sending k — oo we immediately have

lim max (¢n(x,t) + (2, t)) = 0.
n—=00 Ox[0,7T)

This is a contradiction with (2.5). So (2.7) holds.
Step 2. (®, ) in the range (z,t) € Q x (0, T*].
In this range, since a(z,t) = b(x,t) = 0, (¢n,¥,) is the unique solution of

O — Ap = a(z, t)hn + 1 (M) pn . .
(2 10) O — An = 6<xvt)¢n + Nl()‘n)wn i €2 (O’T ]7
’ (O, 0,m) = (0,0) on 99 x (0,7%],

(90(5070),77(517,0)) = (¢n($70)»¢n($»0)) in .

Note that the right-hand side of the equations in (2.10) possesses an L> bound that
is independent of n. We use standard parabolic LP-estimates and conclude that, for
any r > 1 and 0 < ¢g < T,

1(n, ¥n)llx, < Ce

for some constant C¢, > 0, independent of n, where
X, = W2HQ x (e0, T*)) x W2HQ x (€9, T¥)).
By taking r large enough and applying the embedding theorems, we see that
(¢n, ¥n)lly < C = Cleo),
with

Y = CHHO0H0/2(Q x [eg, T*]) x CHHOOHD/2(Q x [, T*]).
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Thus, using a standard diagonal argument we can pass to a further subsequence
such that

(éns ) — (&,9) in CVV2(Q x [eo, T7) x CV2(Q x [e, T7]) as n — o0
for every given €y € (0,T*). Necessarily (¢, ) = (®,¥). Thus, (®, ¥) solves
0P — AP = a(z, )V + pee® . N
(2.11) 0V — AV = Bla )® + pow 2017,
(0,9,0,7) =(0,0) on 09 x (0,T7].

By standard parabolic regularity we see that (®,¥) € Z, and (®, ¥) satisfies (2.11)
in the classical sense, where

Z = CPHOITO2 (0 5 (0,T7]) x C*FOIH02(6 % (0,77)).
Step 3. (®,¥) in the range Q x (T*,T). B
We choose ( to be a smooth T-periodic function on €2 x R with ¢ = 0 near 992 x R.

Multiplying the first equation in (2.6) by ¢ and then integrating the resulting equation
over  x (0,T) by parts, we have

T T
/ / (= nCe — Su A+ Ma(@, )¢ — oz, )b} = (M) / / buc.
0 Q 0 Q

Dividing the above identity by A, and then letting n — oo, combined with (2.3) and
(2.5), we obtain

/oT /Q a(a, )®(x, t)¢(x,t) = 0.

By the arbitrariness of (, it is necessary that
a(x,t)®(x,t) =0 a.e. in Q x (0,7).
In view of a(xz,t) > 0in Q¢ x (T, T), it follows that
(2.12) O(x,t) =0 ae in Q) x (T", 7).
Arguing in a similar manner, from the second equation of (2.6) we can prove
(2.13) U(z,t) =0 ae. in Q4 x (T*,7).
We now restrict ourselves to Q0 x R. In this range, ¢, satisfies

(2.14) Orpn — Adp — a(z,t)hn = p11(An)Pn in Qf x R,
' ¢n(fL’, 0) = ¢n(l’,T) in QS

Due to (2.3) and 0 < ¢,,, ¥, < 1, by standard parabolic interior estimates (see, e.g.,

[14] or [16]) and embedding theorems, for any compact subset K C Qf x R and any
r > 1, there exists a positive constant C' = C'x which is independent of n such that

[@n(z: )l w2 (x) < C-
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Therefore, by passing to a subsequence of {¢,} and a diagonal argument, we may
assume that

¢p— ® in CLEOUTO2(a xR,
and & satisfies, in W2'! and, hence, in the classical sense,
® — AP = poo®  in Qf x (T, 7).

Here we have used (2.13) and Q2 C Q8.

In the following, we will determine the boundary condition satisfied by <I>|Qg x(T*,T]
over 00% x (T*,T]. Multiplying the first equation in (2.6) by ¢,, and then integrating
over § x [0,T], we deduce

T T T
/ / IVon|? < m(An)/ /¢i+/ /aqﬁwn < (Jptoo |+ ||| 00)T'|Q| for all large n.
0 Q 0 Q 0 Q

Hence, it follows that

T T
(2.15) / / V|2 —|—/ / 2 < (1 + |poo] + ||a]|oo) T2 for all large n.
0o Jo 0 Jo

That is, {¢n } is a bounded set in the Hilbert space W, °(Qx [0, T]) with inner product

T T
(u,v):/ /Vu-VU—i—/ /uv.
0 Jo o Ja

Hence by passing to a subsequence if necessary, we have
¢ — ® weakly in W, O(Q x (0,T)).

Thus ® € W, °(Q x (0,T)), and so for a.e. t € [0,T], ®(-,t) € H'(Q). Moreover, due
to (2.12), for a.e. t € (T*,T], ®(-,t) = 0 over @\ Q4. Thanks to the smoothness of
Q§, it then follows that

<I>(-,t)|Qg € H&(Qg) for a.e. te (T7,T).
As a result, our analysis shows that ® is the unique weak solution of
0rp — A — pioop = 0 in Q8 x (T, T,
(2.16) $p=0 on 00§ x (T*,T1,
oz, T*) = O(x, T*) in Q.

By standard regularity theory (see, for instance, [16]), ® € C2+0:1+0/2(Qa x (T*,T)).

Similarly, using the second equation in (2.6), we can show that U € C2+0-140/2(Qb x
(T*,T)) solves

Op) — A — g =0 in QY x (T*,T),
(2.17) =0 on 90 x (T*, T,
Y@, T") = ¥(z,T7) in

and passing to a subsequence,

P — U in CLEFOOFO/2(Qb S R).

loc

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



510 PABLO ALVAREZ-CAUDEVILLA, YIHONG DU, AND RUI PENG

Step 4. ¢,, — 0 uniformly on any compact subset of ﬁ x (T*,T], and ¢, — 0

uniformly on any compact subset of Q% x (T*,T.

We will prove this conclusion in three substeps. We first prove a weaker conclusion
that ¢, — 0 uniformly in any compact subset of (2% U0Q) x (T*,T), and 1, — 0
weakly uniformly in any compact subset of (% U0Q) x (T*,T).

For sufficiently small € > 0, we denote

Qf . = {z € Q_‘i: d(xz, 005 \ 09) > €}.

We note that 24 _ is nonempty and smooth for all small € > 0. Clearly, 0Q C QF ..
Furthermore, there exists o = o(¢) > 0 such that a(x,t) > o for (z,t) € Q¢  x [T™ +
¢, T — ¢]. Therefore, we have

(2.18)  Oibn = Adn + A0 n < |pioo| + [[aflcc := Co in QF X [T +¢6,T — ¢

for all large n.

We now take a function ¢ € C*([T* + ¢, T — €]) such that £(T* +¢) =0, £(t) =1
for t € [T* +2¢,T — €] and 0 < £(t) < 1fort € [T* +¢,T —¢]. Then, for each n > 1,
we define

b (2, t) = L(t) P (, ).
By simple calculation, using (2.18), we find that, for all large n, h,, satisfies

Othy, — Ahy, + N\oh, < C in Q¢  x (T*+€6,T — €,

(2.19) Oyhy =0 on 0 x (T* +¢,T — €,
' hn <1 on (9Q4 .\ 0Q) x (T + ¢, T — €,
ho(z, T* +€) =0 in Qf ,

where C1 = C(€) =: Cy + max(p«4.,7—q [¢'(t)] > 0. Consequently, a simple compari-
son consideration shows that the unique solution wu,, of the elliptic problem

—Au, + Apou, = Cq in Q% ,
(2.20) Opun =0 on OS2,
U, =1 on (691,5 \ 09)

satisfies

ho(2,t) <up(x) for (w,t) € QY X [T +€,T — €.
In particular, as £(t) = 1 for t € [T 4 2¢,T — €], we have

bn(z,t) <up(x) for (z,t) € QY X [T7 + 26, T —¢].

We will show that w, — 0 uniformly on 24 , , and clearly our weaker conclusion on

¢n, will follow from this claim due to the definition of Q¢ .. We choose T € C?(Q1% )
such that

0 on % o,

1 on a small neighborhood of 999 _ \ 09,

v<1 on Qi, .

o < <l
IN I
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It is easy to check that, for all large n, v,, := M+ Tis a supersolution to (2.20)
and 0 is a subsolution. So the uniqueness of solutions to (2.20) ensures w, < T, in
Q4 .. Hence, we have

1 _
Up(2,t) <Ap? =0 in Q% ,, asn — oo,

which is what we wanted. This proves our weaker conclusion on ¢,. The same
argument carries over to prove the weaker conclusion for ,.

Second, we prove that on any compact subset of (Q\ (Q& U Q})) x (T*,T],
(¢n, ¥n) — (0,0) uniformly.

Recall that (¢, %,) — (®,¥) weakly in L*(Q x [0,7]) x L*(Q x [0,7]), ® =0
over Q4 x (T*,T], and ¥ = 0 over Q4 x (T*,T]. We now define

&(t)= | on(z, t)ds, On(t)= [ n(z,t)da.

a b
Q% Q3

Then (&,,9,) — (0,0) in L*([T*, T]). Hence (&,,9,) — (0,0) a.e. in [T*,T]. Thus we
can find a sequence t; decreasing to T™* such that (&, (tx), 9, (tx)) — (0,0) as n — oo
for each k > 1. So we have

0< O, tg)?dr < bn(z,t)dz — 0
Sli Qi

and

0< (2, 1) de < Vn (2, g )dx — 0,

b b
Q7 Q7

as n — oo for each k > 1.
In view of what we have proved in the last part of Step 3, for any given small
0 >0and k > 1, we can find ¢ > 0 small such that, for all large n,

0<®<§in (Q\ Q) x [t,T), 0 < ¢ < 6 on ONE X [tg, T,
and
0< W <din (Q\ QL) x [ty, T, 0 < b, <6 on 0 x [ty, T),
where
0 ={zxcQl: d,008) >0} and Q) ={zecQb: d(z,00) >}

We now take a sequence {e,,} which strictly decreases to 0 as m — oo. Since
0N c Q9 and 0Q¢ C Qi, by the weaker conclusions proved above for ¢,, and v,,, for
any given small § > 0, £ > 1, and m > 1, we can find a large n(m) with the sequence
{n(m)} converging to infinity as m — oo such that

Gr(my (2, 1) < 5 on 9L X [t, T — €m), Uy (2, 1) < 6 on 00 X [ty, T — €]

for each n(m).
Let &,(m)(t) be a smooth nondecreasing function such that

Enim)(t) =0 for t € [ty, T — €], Enm)(t) = 1for t € [T — e, T1.
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We then consider the problem

8tg - Ag = ﬂm¢n(m) + Ha”mwn(m) in [Q\ (Q_gUQ_Z)] X (tva]v

(2.21) g =0 on 9 x (ty, T,
' 9= Enim) on (002 U 0Q%) x (tx, T),
gz, ty) = Drn(m) (x,tr) in Q\ (QeUQb).

Let gn(m) denote the unique solution of (2.21). Then a simple comparison considera-
tion gives that, for all large n(m),

¢n(m) < In(m) in Q\ (Q_g U Q_g) X (tva]'

Moreover, by using LP-estimates away from {t = t;} and {t = T}, and using a
diagonal process, we find that, as m — oo, by passing to a subsequence,

Gn(my = ¢° in CTEOFN2Z@Q\ (Q2UQL)) x [7,T)) for all [r,T] C (ty,T),
and g = ¢g* is a weak solution of

019 — Ag = poo® + laf ¥ in Q\ (T UQE) x (1, T),

(2 22) 81/9 =0 on 89 X (tk;,j—‘]7
' g=2a on (992 U 0Q%) x (t, T,
9(@, te) = go(z) inQ\ (QauUnk),

where go(z) = 0in Q\ QF, and go(x) = ®(x,t;) for z € Q§ \ Q2. Thus go < J in
Q\ (Q2UQb). Hence, we find that

9(a,t) = [([noo| + llerllco)t +1]6
is a supersolution of (2.22). It follows that
g (x,t) <C§ in Q\ (QLUQY) x [ty, T,

with €' = (|poo| + [|efloe) T + 1.

Applying interior parabolic estimates to (2.21) we find that there exists Cy inde-
pendent of n(m) such that {g,m)} over 2\ (€7 , U Qg/z) X [tk—1,T] has a uniform
bound for its W! norm for any r > 1. It follows that g,,,,) — ¢* in the C+0).(1+6)/2
norm over this set. As a result, for all large n(m),

D(m) < Gn(m) < g*+0 < (C+1)5 mQ\(Q2,,UQL ) X [ty—1,T].

Obviously, this implies ¢y, (,,,) — 0 uniformly in Q\ (2§ UQf) x [ti—1,T] as m — oo
for each k > 2. Since t;, — T, this implies that a subsequence of {¢,}, and hence
{¢n} itself, converges to 0 uniformly on any compact subset of Q\ (Q2UQY) x (T*, T).
The conclusion for 1, can be proved similarly.

Third, to complete the proof of Step 4, it remains to show that ¢,, — 0 uniformly
on any compact subset of Qg x (T*,T], and 1, — 0 uniformly on any compact subset
of Qf x (T*,T).

Again we give only the proof for ¢,, since that for 1, is similar. For any given
small e > 0, the above proved conclusion tells us that there exists ng = ng(e) large
such that

¢n < €on 898 x [T — €, T] for n > ng.
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Since Q_g C %, our earlier weaker conclusion infers that, by enlarging ng if necessary,
(2.23) on(z,t) < e for (z,t) EQ_SX [T* +€,T — €], n > nog.
It follows that, for n > ny,
Ordn — A < |poo| + llolloe in QF x [T —€,T],
(2.24) On < € on 9N x [T — ¢, T,
bn <€ in Qf x {T —¢}.

A simple comparison consideration applied to (2.24) then gives

Gn(,t) < e+ (Jpoo| + [lafloc)(t = T+ €) in Qf x [T' = €,T]
for all n > ng. Therefore, we get

On < (14 |ptoo] + ||aflc) in Q_g x [T —e€,T)] for all n > ng.
This, combined with (2.23), indicates that

On < €(1+ |pioo] + |lallsc) in Q8 x [T* +¢,T] for all n > nq,

which implies that ¢, — 0 uniformly on any compact subset of Q4 x (T*,T]. The
proof of Step 4 is thus complete.
Step 5. Summary and positivity of (&, ).
According to the above analysis, we have proved that, by passing to a subsequence,
o over Q x (0,7%], (¢n,1n) — (&, ) locally in the C2+01+0/2 norm;
over Q¢ x R, ¢, — ® locally in the C'*+%:(0+0)/2 norm;
e over QY x R, ¢, — ¥ locally in the C**+%-(1+0)/2 norm;
e over Q% x (T*,T], ¢, — 0 = ® locally uniformly;
e over Q% x (T*, T}, ¢, — 0 = ¥ locally uniformly;
o & CPHOIFI/2(Qa x (T*,T)), ® =0 on 9Q% x (T*,T);
o U c CHOIH02(Qb x (T*,T]), ¥ =0 on 9Qf x (T*,T].
The above properties and the argument in Step 4 also tell us that, in the C(Q)
norm,

On(,0) =, (-, T) = ®(-,T) = ®(-,0) and 9, (-,0) = (-, T) = ¥(-,T) = ¥(-,0).

In addition, from (2.11), it follows that (¢, ) = (®, ¥) is the unique classical solution
of the problem

0p — Ap = a(x, )Y + pioc : *
0.25) O — A — B, )6 + 1ot in @ (0,77,
’ (0o, D) = (0,0 on 99 x (0,T*],
(6(,0), ¥(x,0)) = (B(z,0), ¥(2,0)) in .

From (2.16) and (2.17), it further follows that (¢,v) = (®,¥) is the unique weak
solution of

06 — Ap = proct in Qg < (7,7,
0t — A = progth in Qf x (1,7,
b=0 on 00§ x (T*, T},

(2.26) b=0 on 904 x (T*,TY,

¢z, T7) = (2, T")  in g,
Y(x, T*) = U(x, T*) in Q.
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We now use the strong maximum principle to show that
® >0 in{Qx (0,7} U{Qd x (T*,T]}
and
T >0 in{Qx (0,7} U{QY x (T*,T7}.

We first claim ®(-,0) + ¥(-,0) #Z 0 in Q. Otherwise ®(-,0) = ¥(-,0) = 0, and so
(¢,%) = (0,0) is the unique solution of (2.25). In particular, this implies (®(-,T%),
U(-,7*)) = (0,0). Hence, the unique solution of (2.26) must be (¢,¢) = (®,¥) =
(0,0).

Furthermore, we have already shown that ® = 0 over (2 \ Qf) x (T, T] and
U =0 over (2\QY) x (T*,T]. Hence (®,¥) = (0,0) over Q x [0, T], contradicting our
conclusion in Step 1 that (®,¥) # (0,0), which therefore verifies ®(-,0) + ¥(-,0) #
0in Q.

Notice that (2.25) is a cooperative system and (0,0) is a strict subsolution. So
the well-known parabolic comparison principle for cooperative systems infers that
®(x,t) > 0 and ¥(x,t) > 0 for (z,t) € Q x (0,7%]. In particular, ®(z,T*) > 0
and ¥(z,T*) > 0 on Q. Thus, applying the parabolic comparison principle to the
decoupled system (2.26), we can conclude ® > 0 in Qf x (T*,T7] and ¥ > 0 in
Qg x (T*,T]. Our analysis also indicates that ®(x,t) has a jumping discontinuity
across (Q2\ Q8) x {T*} and ¥(z,t) has a jumping discontinuity across (2\ Q) x {T*}.

From Step 1 through to Step 5, we see that (@, U) satisfies (2.4) and (1.5). The
proof of Theorem 2.2 is now complete. a

Consider the eigenvalue problem

0tp — A¢ — afz, t)xXaxp,r ¥ = p¢  in X,
Oyh — A — B(x,t)xaxp,r+¢ = py  in X,
O =0up =0 on 99 x (0,T*],

(2.27) p=0 on 008 x (T*, T,
=0 on 904 x (T*,T],
d(x,0) = ¢(x,T) in 8,
1/)(%0) :w<$7T) in Qg

THEOREM 2.3. The eigenvalue problem (2.27) admits a principal eigenvalue

L= foo > 0 which corresponds to a positive eigenfunction (p,1) satisfying (2.4).
Conversely, if (2.27) has a solution (¢,) satisfying (2.4), then necessarily p = fico,
and (p,) is unique up to a constant multiple.

Proof. For any given (go, ho) € E := C3(Q) x C3(Q}), we extend go and hg by
0 to Q and denote the extended function pair by (g, h). Thus, (§,h) € C(Q) x C(Q).
Let (g, h) be the unique solution of the problem

O — Ap —afx, )Y =0

o — A — Bl t)p=0 B OT
(2.28) (006, 0u)) = (0,0) on 90 x (0, T,
o(x,0) =g in €,
(x,0) =h in Q.
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Clearly, g, h € C*H0140/2(Qx (0, T*])NC (2 x [0, T*]). We then consider the problem

O —Ap=0 in Q% x (T*,7],

b — Ay =0 in QY x (T*,7T),

¢:0 on aQSX(T*vT]a
(2.29) b=0 on QY x (T*,T],

oz, T*) = g(x,T*) in Q,
Yz, T*) = h(x, T*) in Qf.

By the well-known existence result for parabolic equations, we know that this
problem has a unique solution (w,z) € CO((T*,T], E1) N CY*((T*,T), Ep), where
Eo = L"(Q%) x L"(9) and E; = W2 (Q%) x W2 (Q8), r > 1. We may choose r
large enough such that Wy (Q§) x W' (Q}) embeds compactly into E.

With (go, ho) and (w, z) as above, we define the operator K : E — E by

K(go, ho) = (w, 2)(-,T).

It is easily seen that K is a linear operator. We show next that I is compact. Suppose
that {(gn,hn)} is a bounded sequence in E. Then there exists C' > 0 such that

—C < gn, hy < C in Q, where gy, h,, are the extended functions as before. Denote

by (gn, hn) the unique solution of (2.28), with (g, k) replaced by (§n, hy). Clearly,

(7C€t maxg (0,7 (a+B), 7CBt maxg (0,7 (a+B))

and (Ce' maxgxpo,7)(*+8) et maxﬁx[o,r](a+5))
are a pair of sub-supersolutions of (2.28); then a comparison consideration gives
_ (et maxgyo,r1(a+8) < Gny hn < Cet maxaxp,m@th) 1) O x [0, 7]
In particular, we have
,C’eT* maxg, o, 7] (@+5) < gz, T%) < CBT* maxgy o, (@+8) Qg
and
,C’eT* maxg, o, 7] (@ +8) < by, T%) < CBT* maxg o, (@ +8) Qg
Again, a simple comparison consideration, as applied to (2.29), yields
7CBT* nlaxﬁx[D,T](a+6) S wy, S CeT* maXEX[O’T](GH»ﬂ) in Qg X (T*,T]
and
_CeT* maxg (o, ) (@+05) <z, < CeT* maxg, o rj(@+8) 5, Qg % (T*,T],
where (wy,, z,,) is the solution of (2.29), with (g(z, T*), h(x, T*)) replaced by (g (x, T*),
hn (2, T*)). We may now apply the standard parabolic LP-estimates to the equation
satisfied by (wy,2,) to conclude that, for any » > 1 and 7 € (T*,T), there exists

Co > 0 such that

”w"”Wf’l(ng[‘r,T]) + HZ””Wf’l(ng[T,T]) <(Cy foralln>1.
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Moreover, by the Sobolev embedding result in [14] (Lemma IT 3.3) we deduce
||wn||cl+9,(1+9)/2(ﬁgx[T,T]) =+ ||Zn|‘cl+9,<1+e>/2(§gx[T7T]) <C
for some constant C' and all n > 1. In particular, we have
()l esogagy + 170Dl nsogy < C

Therefore, it follows from the compact embedding theorem that {(w, (-, T), z,(-,T))}
has a convergent subsequence in E. This proves the compactness of K.

Let P denote the cone of nonnegative functions in F and P° denote the interior
of P. It is easily seen that P is reproducing, namely, £ = P — P. We show that

KC is strongly positive, i.e., (P \ {(0,0)}) C P°.

Indeed, if g,h > 0 and (g,h) #Z (0,0) in E, then due to the comparison principle for
cooperative systems we know that the unique solution (g, k) of (2.28) satisfies g,h > 0
in Q x (0,7*]. Applying the comparison principle to (2.29) again, we find that the
unique solution (w, z) of (2.29) satisfies

w>0 inQx (T*,T] and z>0 in Q4 x (T, 7).
Moreover, thanks to the Hopf boundary lemma we also know that
Opew <0 on 94 x (I'",T] and 9pz <0 on o0 x (T*, T,
0

where v§ and 1§, respectively, denote the unit outward normal of 9Q% and 99§. In

particular we have

w(z,T) >0 inQy, OJpew(x,T) <0 on Iy
and

2(z,T) >0 in Qf, dypz(x,T) <0 on 092

This implies that (w(-,T),z(-,T)) € P°. Hence K is strongly positive.

With the above properties for K, we can now apply the Krein—-Rutman theorem
to conclude that the spectral radius r(K) of K is positive and corresponds to an
eigenvector wy € P°. Moreover, if Kw; = rw; for some w; € P, then necessarily
r =r(K) and w; = cwy for some constant c.

Let us now see how K and r(K) are related to the eigenvalue problem (2.27). Let
wo € P° be an eigenvector of K corresponding to r(K): Kwy = r(K)wo. Let Uy(t)
be defined by

Uo(t) = (9 O)lg, h(-t)lg) fort € (0,77
and
Uo(t) = (w(- )lag, 2(t)lgg) fort € (T7,T],

where (g, h) denotes the unique solution of (2.28) with g in place of (go, ho), and
(w, z) is the unique solution of (2.29).
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By definition, Up(T) = Kwy = r(K)wo in Q2§ x QY. Denote (&(-,t),¥(-t)) =
e Uy(t) and pp = — % Inr(K). Then, a simple analysis shows that (D, \il) 1) satisfies
(2.4) and (2.27).

Conversely, if (2.27) has a solution (®, ¥) satisfying (2.4), then let

ro =e T and (¢, ) = e M (D, ).

(z,0), h(z,0)) replaced by (¢(x,0), v (x,0)),

We easily see (¢, 1) satisfies (2.28) with (g(z,0),
b, T*) replaced by (¢(x,T*), v(z, T)).

and it satisfies (2.29) with (g(z,T™)
Moreover,

K(o(-,0),9(-,0))

(@(,T),¢(,T)) = e7*1(2(-, T), ¥(-, T))
7o(2(+0), (- 0)) = ro(¢(-, 0), ¥(+, 0)).

We also note that (¢(,70)|W,w(,70)|§) = (®(-,T7),¥(-,T)) € P° and it satisfies the
0
equation Kw = row in E. Thus, due to the Krein-Rutman theorem, we necessarily
have ro = r(K) and (¢(-, 0)|@»¢('7 0)|gz) = cwo for some constant c. It then follows
0
that (®,¥) = ¢(®, ¥). The proof is now complete. a
In Lemma 2.1 we have obtained an explicit upper bound for the principal eigen-

value pioo of (2.27); we now deduce an explicit lower bound for fie.
THEOREM 2.4. There holds

||Ch

*

foo > (1 - T—) min{c?, o'} — max {a, B}.
T Qx[0,T)
Proof. Let 11 () be the principal eigenvalue in (2.1). Denote v(z,t) = min{a(z, t),
b(z,t)} on Q% [0, T]. Then, v is a continuous and T-periodic function on Q xR, v =0
on (Q% UQb) x [0,T], and v > 0 in (Q\ (8 UQb)) x [0, T]. Then, by the monotonicity
of the principal eigenvalue on the weight functions, we have

(2.30) 11 (A) > 7y (N),

where 7i; (\) is the principal eigenvalue of the problem

O — AP+ Ny(z,t)p — a(x, ) = pd QxR
(2.31) Onp — A + My, 1)y — B, 1) = b )
. ( V¢7 u’l/)) ( ) ) on 0f) x R,
(¢(2,0),¢(x,0) = (¢(x,T),¥(x,T)) in Q.

Let (qz,zﬁl be a principal eigenfunction corresponding to 1 (M). Tt is easy to check
that p = ¢ + ¢ satisfies

hp— Ap -+ N, )p < (masy, oz fe B+ (V)p in @ xR,
(2.32) Oyp =0 on 002 x R,
p(,0) = pla, T) in 6.
We now denote by p (A) the principal eigenvalue of

Orw — Aw 4+ My(z,t)w = pw  in Q xR,
(2.33) Oyw =0 on 002 x R,
w(z,0) = w(z,T) in Q.
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It is well known (see, for instance, [17]) that p (A) is also the principal eigenvalue of
the adjoint problem to (2.33):

—0w — Aw + My(z,t)w = pw  in Q xR,
(2.34) Oyw=0 on 09 x R,
w(z,0) = w(x,T) in Q.

Take a principal eigenfunction w associated to u L (N) in (2.34). We then multiply the
inequality in (2.32) by w and integrate over 2 x (0,7T) to obtain

(2:35) _max {o, B} + () 2 i, (V).
Qx1[0,T]

On the other hand, in view of the choice of v, from Proposition 3.5 of [10] it follows
that

lim p (A) > (1 —T7"/T)min{of, abl.

A—00

Therefore, this, combined with (2.30) and (2.35), implies

oo = Jim i (3) > Tim Fy(N) > (1 — T*/T) min{of, o} — max {a, 6},
A—00 A— 00 Ox [0,7]

as we wanted. d
3. Nonlinear cooperative problems.

3.1. Existence and global stability of positive periodic solutions. In this
subsection, we investigate positive solutions of the periodic-parabolic system (1.4).
As in [9] for the scalar logistic equation, we can obtain the necessary and sufficient
condition for the existence of positive solutions of (1.4) as well as the global attractiv-
ity of such a unique positive periodic solution for the corresponding initial-boundary
value problem (1.2). Precisely, we have the following.

THEOREM 3.1. Problem (1.4) possesses a unique positive solution (u,,v,) if and

only if
(3.1) o < H < foo-
Moreover, if (3.1) holds, the unique solution of (1.2) satisfies

lim |(u(x,t),v(:c,t)) — (u#(x,t),v#(x,t)ﬂ =0 wuniformly for x € Q,

t—o00

and if u < ug, then

lim (u(z,t),v(x,t)) = (0,0) wuniformly for x € Q.

t—o00

Proof. Assume that (u*,v*) is a positive solution to (1.4). We set

m= max {u*(z,t)+v"(z,t)} +1 and r* = max{p,q} > 1.
ax[0,T]

Due to the uniqueness of the principal eigenvalues, it follows from (1.4) that

H= 1 [‘C(G<U*)p_1’ b(v*)q_l)’ Q]
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Hence, in view of the monotonicity properties stated in section 2, we have
po = p1[£(0,0),Q] < p
and
po= p[L{a(u )P b)), Q) < g [Llam™ T bm™ ), Q] < oo

This shows that (3.1) is a necessary condition for (1.4) to admit a positive solution.
We now assume that (3.1) holds. We use a simple super-subsolution method to
show that (1.4) has a positive solution. Indeed, we choose

(ﬂv 5) = (ka k’@),

where (¢,?) is a principal eigenfunction corresponding to the principal eigenvalue
u1[L(Aa, Ab), Q]. By the definition of jo, and our assumption of 4 < i, we can take
A > 0 sufficiently large such that

B < /Ll[ﬁ(Aav )‘b)v Q]7
and we then choose k£ > 0 large enough so that
(k¢)P"* > X and (k)T >\ on Qx[0,7).

Then, it is easy to check that (u,7) is a positive supersolution of (1.4). On the other
hand, we set

(u,v) = (e9, €9)),
where (¢,1)) is a principal eigenfunction corresponding to the principal eigenvalue jo.
Thus, if one chooses € > 0 small enough such that

“max (ap? )Pt < p—po and  max (b7 Ne? <y — po,
ax[o, 1] — Qx[0,7]

then (u,v) is a subsolution of (1.4). Hence, a standard iteration consideration implies
that (1.4) has a positive solution.

Furthermore, when condition (3.1) is satisfied, a simple modification of the ar-
guments shown in [3] can be used to show that (1.4) has a unique positive solution,
denoted by (u,v,), which attracts all positive solutions of (1.4) in the sense that

lim (u(z,t + nT),v(z,t +nT)) = (u,(x,t),v,(2,t)) uniformly on Q x [0, 7,

n—oQ

and if p < pp, (0,0) is the unique nonnegative solution of (1.4), which is a global
attractor of (1.2) in the sense that

lim (u(z,t),v(x,t)) = (0,0) uniformly on Q. a

t—o0

Clearly Theorem 1.1 and parts (a) and (b) of Theorem 1.2 follow directly from
Theorem 3.1 and the results in section 2.
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3.2. Asymptotic behavior of the positive solution of (1.4) when yu —
Hoo- In this subsection, we discuss the asymptotic behavior of the positive solution
(up,vy) of (1.4) as p — poo. First, by a simple comparison and sub-supersolution
argument we can easily see that (u,,v,) is strictly increasing in p for g1 € (o, ftoo) in
the sense of u,, < u,, and v,, < v, on Q x [0,7] for any pg < p1 < pa < fico-

We begin with the following lemma.

LEMMA 3.2.  For j € {a,b}, denote QL = Q\ Q). Let m € C*(QL x [0,T7])
be a given positive T-periodic function. Then, for any k € (—oo,00) and r > 1, the
periodic-parabolic problem

Ow — Aw = kw — j(z, t)w" in QL x 0,77,

O,w =0 on 9 x [0, T,
(3.2) ,

w = m(x,t) on 90 x [0, T,

w(z,0) = w(x,T) in QI

has a unique solution wi* € C>'(Q x [0,T]). Moreover wi® > 0 on QL x [0,T), and
wpt is a strictly increasing function with respect to m(x,t) and k in the sense that
w™ > w™ in QL < [0,T] if my >, % ma on O x[0,T], and wit > wjll in Q1 x[0,7)
Zf k1 > ko.

We remark that Lemma 3.2 is the same as Lemma 4.2 of [9] except that the
condition imposed on a and b in this paper is less restrictive; the proof of Lemma 3.2
is similar to that of Lemma 4.2 of [9] (with some obvious modifications).

LEMMA 3.3. Let (u,,v,) be the unique positive solution of (1.4) for p € (1o, oo )-
Then, as jt = oo, Uy and vy, Tespectively, converge to oo uniformly on every compact
subset of (Q x (0,T*]) U (92 x [0,77]) and (2 x (0,T*]) U (24 x [0,T]).

Proof. By the monotonicity of (u,,v,) with respect to u, we need only prove the
desired result along a sequence pi, — fioo. Since p[L(Aa, Ab), Q] = pso as A — o0,
we take

tn = p1[L(Ana, Apb), Q] = poo with A, = 00,  as n — oo.

For simplicity, we denote (u,, , vy, ) by (tn,vy). For fixed p,, we also let (¢n, 1) be
the principal eigenfunction associated with the eigenvalue pu,,, with maxg, 1o T]((bn +

¥n) = 1.

A simple computation shows that

form a pair of sub-supersolutions of (1.4), where r* = max{p, ¢} > 1 and M,, is chosen
to be so large that

(Mn¢n)p_1 Z )\n7 (ann)q_l Z )\n on ﬁ X [0’1—‘]7
which also implies
(u,v) < (7,T) on Q x [0,T].

Thus, due to the uniqueness of (uy, vy,) it follows that

1 e Ie)
A T on S < Mpdn, A n < v < My, on Q x [0, 7.
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On the other hand, from Theorem 2.2 and its proof, for any compact subsets K; and
K satisfying

K Cc@x(0,ThU(Q2xR), Ko (Qx(0,T*])U(Q} xR),
we have that
(G, b)) — (®,0) in C*HK,) x C*YKy), asn — oo,
where (@, U) satisfies (1.5) and (2.4) with ® > 0 in K7 and ¥ > 0 and K5. Hence,
Up(x,t) > )\72*71’1 ¢n(x,t) = 0o uniformly in K
and
vp(z,t) > )\ﬁd)n(x,t) — 0o uniformly in K.

To conclude the proof, it suffices to show that

(3.3) Up(2,t) — oo uniformly in QF x [0,7], asn — oo
and
(3.4) vp(x,t) = oo uniformly in Q_g x [0,T], asn — oo.

In what follows, we prove only (3.3) since (3.4) can be verified similarly. We first
observe that w,, satisfies

Optn, — Aup = pinty, + a(z, t)v, in QF x [0,T7],
with u,(z,t) > 0 on QF x [0, 7], and we have already proved that

Un (z,t) — oo uniformly on any compact subset of Qf x [0,T], as n — oo,
and

tn (2, T*) — oo uniformly in QF, asn — oo.

We need only handle the case of o > 0; if poo < 0, the proof is similar by con-
sidering the equation satisfied by z,(x,t) = e(!~#e)ty, (z,t). Thus, we may assume
that pu, > 0 for all n > 1, and so

O, — Ay, = pinuy + a(z, t)v, >0 in QF x [0,T7].
Hence, by the parabolic maximum principle, it is enough to prove

(3.5) Un (T, tn) = min uy(z,t) — 00 as n — 00,
0Qg xR

where (2, t,) on 0Q% x [T, T + T*].
To verify (3.5) we proceed by contradiction. Suppose that (3.5) does not hold
and so, by passing to a subsequence, we may assume that

Up (T, t) < CF forallm > 1
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for some positive constant C*. Due to the smoothness of 01§, we can find a small
R > 0 such that for any x € 0, there exists a ball B, g of radius R such that
By r C Q% and B, g NONE = {z}.

To produce a contradiction, we first claim that there is a constant § > 0 and a
sequence of constants c¢,, satisfying ¢,, — oo such that

R
(3.6) Un (T s t) + Cpw(x) < up(z,t) if 5 <l|le—yn| <R, T "<t<T+T"

where w(z) = e~ dle=yal® _ 6_5R2, and y,, is the center of the ball B, r.
A simple computation gives

Aw + pinw = (46%|2 — yp|* — 2N6 + un)(f‘”m*yn\2 — uneffm?

Thus, we can take a large § > 0 such that
Aw + pnw > (46%[2 — yo|> — 2N8)e*1*=" > 0 for all z € By, #\Brya(yn),

where Brja(yn) = {z € RN : |z —yn| < R/2}.

We now choose a compact set K CC Qf such that K D U2, Br/s(yn). By what
has already been proved, u,(x,t) — oo uniformly in K x R, and hence there is a
sequence ¢, with ¢, — oo such that

Un (T b)) Fen (€O /A0y <y (2,8) for all @ € Brya(yn) C K, t € [T*, T+T").
We may further require that
Un (T, th) + cn(tf‘mz/4 - e*‘mz) < up(z,T*) for all z € QF.

Then, as un(z,t) > up(Tn,t,) on QF x [T*,T + T*], we find that u,(z,t) is a super-
solution of the problem

(3.7)
dw — Aw = pw in By, r\Bry2(yn) x [T*, T +T7],

W = U (Tp, ty) on 0By, r x [T*,T 4+ T%],
W = Up (T, tn) + Cn(6_6R2/4 - €—5R2) on OBpjs(yn) x [T*,T +T"],
w(x, T*) = up(x, T*) in {R/2 < |z —yn| < R}.

One also sees that w,(xn,tn) + cyw(z) is a subsolution to (3.7). The comparison
principle for parabolic equations then yields (3.6). Consequently, as n — oo, we find

(3.8) OvpUnl(zp tn) = €n0u, Wz, = 26n5R€75R2 — 00,

where v, = (Yn — Tn)/|Yn — Tnl.
On the other hand, by Lemma 3.2, for any n > 1, the T-periodic problem

Ow — Aw = ppw — a(z, t)w? in Q\Q§ x (0,7,

O,w =20 on 082 x [0,T],
(3.9)

W = Up(Tn,tn) on 00§ x [0,T7,

w(x,0) = w(x,T) in Q\QF
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admits a unique positive solution, denoted by wv,,. It is easily seen that u, is a
supersolution of (3.9). Due to Lemma 3.2, we have v, < u, on Q\Q& x [0,7]. If we
replace 1, by pioo and replace wy,(zy,t,) by its upper bound C* in (3.9), we obtain
a unique positive solution of (3.9), denoted by Uy. By Lemma 3.2 again, v, < Uj
on Q\Q¢ x [0,T]. In particular, an||L°°(ﬁ\Qg><[O,T]) has a bound independent of n.
Thus, the LP-estimates and Sobolev embedding theorem imply that {v,} is bounded
in C10:0/2(Q\ Q¢ x [0, T)), and so ||V, (., tn)”Lw(ﬁ\ng[o,T]) < (Y for some Cy > 0.
Since

vn(2,t) < up(z,t) for all (z,t) € Q\QG x [T*, T +T*] and un(wn,tn) = vn(Tn, tn),
we conclude that
(3.10) OvpUnl(@n.tn) < OvnVnl(z, ) < Co.

Clearly (3.8) and (3.10) contradict each other. This then implies that (3.3) is true.
The proof is now complete. d

To better understand the asymptotic behavior of (u,,v,) as p — oo, We need
the following lemma.

LEMMA 3.4. Given two smooth bounded domains Doy, D C RN with Dy CC D.
Let {c,}52 1 be a given positive sequence with ¢, — oo as n — oo, and let @, be the
unique solution of

(3.11) —Ap+enp=caxp, inD, @=0 ondD.
Then, for all n > 1, we have

max p, < 1, miny, > do
D

Do
for some constant 69 > 0.
Proof. The existence and uniqueness of ,, is obvious, and ¢,, > 0 in D. Since 0
and 1 are a pair of sub-supersolutions to (3.11), the uniqueness ensures maxp ¢, < 1.

To show ming ¢, > do > 0, we will argue indirectly. By passing to a subse-
quence, we may assume that

(3.12) on(rn) =minp, — 0 asn — oo,
Do

where x,, € Dy. We may also assume that x, — z* € Dy as n — oco. Then, we set
T =z, + \/%y, namely, y = /¢, (z — x,,), and define

Pn(y) = on (;C_ny + wn) :

Clearly, ¢, solves
~Agn = xpr —¢n D", G, =0 on dD",

where

1
Dg:{y: —y—i—xneDo}, D":{y:

NGy

1
N D}.
\/ay—i—:c S

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



524 PABLO ALVAREZ-CAUDEVILLA, YIHONG DU, AND RUI PENG

Moreover, 0 < ¢, <1 and ¢,,(0) = @, (x,) — 0 as n — oo due to (3.12).
If 2* € Dy, then we notice that Xpr — 1 locally uniformly in RY. By the

standard elliptic interior LP-estimates, for a given ball B C RY and r > 1, we can
conclude that ||@,, |[y2.- < Cp for some positive constant Cy, independent of n. Hence,
using the Sobolev embedding theorem, a diagonal argument gives that, by passing to
a subsequence if necessary, @, — @ in C1(B), for any B ¢ RY. Additionally, ¢
satisfies

(3.13) ~Ap=1—¢ nRY, 0<p<I, @(0):0:%}}\?@.
Standard elliptic regularity theory implies that ¢ € C?(RY). Thus, —A@(0) < 0,
which gives 1 =1 — ¢(0) < 0, a contradiction.

If 2 € 0Dy, we assume that z} € 0Dg is the closest point on dDg to zy,.
By a translation and rotation of the coordinate system, we may also assume that
2* = 0 and the outward unit normal vector of 9Dy at 0 is the x'-axis, where we
write z = (2',2%,...,2") and z, = (z,22,...,2Y). Passing to a subsequence if
necessary, we may assume that

&= lim /¢, |z, — )| for some £ € [0,+oc].
n—oo
If £ = +00, it is easy to see that, subject to a subsequence, ¢ = lim,,_,~, @, satisfies
(3.13), and we obtain a contradiction as before.
We now assume that +oo > & > 0. In this case, one can see that, up to a
subsequence, ¢ = lim,,_, , ¢, satisfies

—Ag = xpyicey —¢ MRY, 0<@g <1 ¢0)=0= min &.

Furthermore, the elliptic regularity theory guarantees ¢ € CH(RN)NC?({y' < &}). If
€ > 0, then 0 is an interior point of {y! < ¢} and we can obtain a contradiction as
before by using —A@(0) < 0.

If £ = 0, then 0 lies on the boundary of {y! < &} = {y! < 0}. We must have
@(y) > 0 for y € {y* < 0} since otherwise we reach a contradiction as before using
the fact that —A@(y) < 0 whenever ¢(y) = 0 and y is an interior point. We now
consider @ on the half space {y! < 0}, where ¢ satisfies

-Ap+¢=1>0.

Since 0 = ¢(0) < @(y) for y € {y* < 0}, by the Hopf boundary lemma, we deduce
9,14(0) < 0. On the other hand, 0 = $(0) = ming~y ¢ and ¢ € C*(RY). So we have
V@(0) = 0, which therefore implies 0,1¢(0) = 0. Again, we have a contradiction.
Since every possibility leads to a contradiction, we have proved ming_ ¢, > do
for some positive constant dg. a
THEOREM 3.5. Let (uy,v,) be the unique positive solution of (1.4) for p €
(MO»NOO)' Then, as M= fhoos

(up,vp) = (00,00)  uniformly on compact subsets of (ﬁx(O,T*])U((Q_SUQ_g)X[O,T])
and
uniformly on compact subsets of (Q\ (02U QL)) x (T*,T),

(s 0p) = (U, V.

oo V)
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where (U
(3.14)

Moo’KHoo) is the minimal positive solution of

Ou — Au = poou + oz, t)v — a(z, t)u?
v — Av = lioov + Bz, t)u — b(x, t)v?
(Ovu, Oyv) = (0,0)
(u,v) = (00, 00)

(u(z, T*),v(x, T*)) = (00, 0)

in (0\ (B UQR) x (T°,7),

on 0Q x (T*,T),
on (092 UINY) x (T*,T),
in Q\ (U QY.

Proof. As before, since (u,,v,) is increasing in pu € (o, fioc), We need only
consider the limit of (u,,vn) := (4, ,v,, ) along an increasing sequence {u,} which
converges to fio as n — oco. For clarity, we divide our proof into several steps.

Step 1. We show that for every compact subset K of (Q\ (Q3 U Qb)) x (T*,T),

(3.15) {un} and {v,} are both uniformly bounded in K.
For given small € > 0, we denote
Qe ={zecQ\(QFU): dz,QFU) > ¢}.

Then, for all small ¢, Q. is nonempty and smooth. Since a(z,t), b(x,t) > 0 in Q. x
(T*,T), we may assume that

a(z,t), b(z,t) > cc on Qe x [T*+¢,T — ¢
for some positive constant c.. We also assume that
a(z,t) + B(x,t) <mg on Qx[0,7)
for some constant mg > 0, and denote r, = min{p,q} > 1. We may require i~ +
mo > Ce.

For fixed n > 1, we consider the problem

Oru — Au = fisot + mov — ccu?

v — A = 1o + mott — 01 in Q¢ x (T* +¢€,T — ¢,

(O, Dyv) = (0,0)
(3.16) U= Up

V= Up

u(x, T* +¢€) = up(z, T* + ¢€)
v(z, T* 4+ €) = v, (x, T + ¢)

on I x (T* +¢,T — ¢,

on (0Q:\ 0Q) x (T* +¢€,T — €,
on (002 \ 09Q) x (T* +¢€,T — €,
in €,

in Q..

Clearly, (3.16) has a classical solution, which is unique. In addition, (un,v,) is a

subsolution of (3.16).

In what follows, we are going to find a supersolution of (3.16). To this aim, let

us consider the following two auxiliary problems:

(3.17) W = (foo + mo)w —cew™, t>T 46  w(T*+¢€) = o0,
and

—Az = (oo + mo)z — 2™ in Q,,
(3.18)

Oyz=0 on 9, z=o00 on 9N\ .
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The unique solution w(t) of (3.17) can be explicitly written as

w(t)Z(@)”1’16(“““"0”[e<ﬂw+mo><n—1>t—e<ﬂw+’"°><”‘1)(T*+6)]ﬁ, t>T"+e.

From [7, 8], we also know that (3.18) admits a unique positive solution, denoted by

z(x). Clearly, 1 is a subsolution to (3.17) and (3.18) due to peo + mg > ¢, and so it

follows from a comparison analysis that w(t) > 1 in [T* +¢,T] and z(z) > 1 on Q..
According to the definitions of w(t) and z(zx), for fixed n, it is easy to see that

w(t) + z(x) > up(x,t) and w(t) + z(z) > v, (z,t) in (0N \OQ) x (T +¢€,T —¢)
and
w(T* +¢€) > up(x, T* +¢) and w(T* +¢€) > v,(z,T* +¢) on Q..

Furthermore, using the fact that w(t), z(z) > 1, and p, ¢ > 7. > 1, one can easily
check that (w(t) + z(x), w(t) + z(z)) satisfies the required differential inequalities for
a supersolution of (3.16). Hence, for any n > 1, by the comparison principle for
cooperative parabolic systems, we conclude that

Un(2,1), vp(z,t) < w(t) +2(z) on Qe x [T* +¢6,T — €.

In view of the fact that for fixed small € > 0, w(t) + z(z) is bounded on Qg x [T™* +
2¢,T — €], we can find a positive constant Cy such that

Up, Uy < Cg on Qo X [T* +2¢, T — ¢ foralln > 1.

Due to the arbitrariness of € and the choice of €, this clearly implies (3.15).
Step 2. We now show that

(3.19) U, — oo uniformly in Q_g x [T*,T], as n — oo,
and
(3.20) v, — oo uniformly in Q3 x [T*,T], asn — oo.

We prove only (3.19) since (3.20) can be verified similarly.

According to Lemma 3.3, for any given small ¢ > 0 and a small neighborhood
Q5 C Q of Qf, we can find a sequence {0, } satisfying o,, — oo as n — oo such that
u,, satisfies

(Un)t — Aup = ppun + a(z, t)v, — a(z, t)ul,

(321) Z MnUn + GnX((‘Tgx[T*fe,T}) - aouﬁa

on QY x [T* — ¢, T, for some constant ag > 0. Moreover, we have u, (z, T* — €) > 6,
onﬁg with ¢, = oo as n — oo.

To simplify notation, we denote QY = Dy and Ot = D. So Doy C D, and Dy, D
are smooth. We need only consider the case of pioc > 0; if 1o < 0, the proof is similar
by considering the equation satisfied by z, (z,t) = e(1=#<)ty, (z,t). Furthermore, we
also replace o,, and &, by min{o,, &,}, which is still denoted by o,,. Thus, from
(3.21), for all large n, we have

(3.22) { (un)t — Auy > TnX (Box[T*—e,T]) — agub, in D x [T* —¢,T),

Up (2, T* — €) > oy in D,
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with o,, — o0 as n — oo.

We next construct a lower bound for w,,. For this purpose, in Lemma 3.4 we take
Dy, D as above, and the sequence {¢,} satisfying ¢, — 0o as n — oo will be chosen
later. For n > 0 to be determined, we define

1

wn(x) = e on(z),

where ¢, and ¢, are given as in Lemma 3.4. Then, a simple calculation gives

P P

—Aw, = nci 'xs —nek '
(3.23) " fen, XDy —Mn Pn
< neq ' xp, — aowh in D,
provided that
_p_
(3.24) nes” " on > apw?.

D

In view of wP = nPch~ ' P and ¢, < 1, it is easy to check that (3.24) holds by choosing
1
n=af~". Moreover, if we take

1 p—1

cn =agyPon”
then ¢, — 0o as n — oo and w,, satisfies

(3.25) —Aw,, < O XDy — aowt in D, w, =0 ondD.

Thanks to the choice of 1, ¢,, and the fact of ¢, < 1, we have w, < (aoan)% on D.
Thus, for all large n, w,, < o, on D. This, together with (3.25) and (3.22), allows us
to use the comparison principle to conclude that w, < u, in D x [T* — ¢, T] for all
large n. In particular, over Do x [T* — €, T], we have

1
Up > Wy > nekop(z) > (aoan)%(So — 00 asn — 0o,

where dp > 0 is given in Lemma 3.4. Clearly, this implies (3.19).
Step 3. Completion of the proof.
By Lemma 3.3 and the conclusions proved in Step 2, we find that, as n — oo,

(tn,vn) — (00, 00) uniformly in compact subsets of (Qx (0, T*])u((Q_gUQ_g) x[0,T7]).
Thanks to (3.15), a standard regularity argument concludes that
(Un,vy) = (U, ,V,..) uniformly on any compact subset of (Q\ (¢ U Q_S))X(T*, T),
as n — oo, where (U,__, V). ) satisfies the first two equations of (3.14), and 9,U,,_ =
0yVu., =00n0Q x (T*,T).

We next show that

(3.26) tlii% (U s Vi) = (00,00) uniformly for z € Q\ (Q3 U QY),

(3.27) lim (U, , V) = (00,00) uniformly for ¢ € [T*,T).
d(x, QEUQE)—0
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Since (uy,, vp) increases to (U, , V. ) asn — oo, we have U, > up and V,,_ > vy, for
all k > 1. In (3.26), we verify only lim; 7+ U, = oo uniformly for z € Q\ (28 UQY),
since the other assertion can be proved similarly. Suppose that this is not true.
Thus, there exist sequences z, € Q\ (28 U QY) and t,, decreasing to T* such that
Up.. (@, ty) < M for all n > 1 and some constant M > 0. So we have

(3.28) up(2n,tn) <M foralln>1, forall k > 1.

On the other hand, by Lemma 3.3, we know that uy(2,, T*) — oo as k — oo uniformly
in n > 1. Thus there exists ko large such that wug, (z,,T*) > 3M for all n > 1. Since
the function wug, (x,t) is uniformly continuous in its variables, and t,, — T, we deduce
[to (T s tn) — Uk (T, T*)| = 0 as n — oco. Thus for all large n,

Uko (T tr) > Uge (X0, TF) — M > 2M,

which is in contradiction to (3.28). This proves (3.26). The proof of (3.27) is similar,
where we use Lemma 3.3, (3.19), and (3.20).

The above analysis shows that (U,_, V. ) is a solution to (3.14). It remains to
show that (U, ,V,. ) is the minimal positive solution of (3.14). Let (U, V) be any
positive solution of (3.14). Then applying the comparison principle for cooperative
parabolic systems, we easily see that

(tn,vn) < (U, V) in (Q\ (QFUB)) x (T*,T).
<

Letting n — oo we deduce (U, ,V,..)
positive solution of (3.14). O

(U,V). Hence (U,_,V,..) is the minimal

3.3. Long-time behavior of the positive solution of (1.2) when p > pioo.
As preparation, we first consider a more general version of (3.14); namely, for any
given p € (—o00,00), we study the problem

(3.20)
oru — Au = pu + a(z, t)v — a(z, t)uP

0o — Av = pv + Bz, thu — b(x, t)o° in (0 (5 UQR)) x (T*,T),

(Opu, Byv) = (0,0) on 00 x (T*,T),
(u,v) = (00, 00) on_(@Qﬁ UonNg) x (T*,7),
(u(z, T*),v(x, T*)) = (00, 0) in Q\ (QUQY).

LEMMA 3.6. For any pu € (—o00,00), problem (3.29) has a minimal positive

solution (U,,V ) and a mazimal positive solution (U, V,) in the sense that any
positive solution (U, V') of (3.29) satisfies

U, <U<T,, V,<V<V, in(@\(@Q§uUQb) x (T*,1).
Proof. Given small € > 0, define
O i={recQ: dz,Q U0l <c}.
Then, for each integer n > 1, let us consider the initial-boundary value problem

O — Au = pu + oz, t)v — a(z, t)yu? . . .
6tv*Av:NUJFﬁ((xvt))U*b((x,t))vq in Q\QF x (T*+¢,7T),

(330)  { @u0,0) = (0.0 on 80 x (T 4 &,T),
(u,v) = (nan) on 0f)° x (T* +¢,1),
(u(z, T* +¢),v(z,T* +¢)) = (n,n) in Q\ Q=
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A standard analysis shows that (3.30) admits a unique positive solution, which is
denoted by (un,v,). Moreover, it is easy to show by a comparison argument that
(tun,vy,) increases to (Us, Vz) as n — oo, where (Uy, V) stands for the minimal positive
solution of

Ou — Au = pu + afx, t)o — a(z, t)hu? . R .
O — Av = pv + B(x, t)u — b(x, t)v? i Q\Q° x (T" +&,T),
(Ovu, d,v) = (0,0) on I x (T* +¢,T),
(u,v) = (00, 00) on 00° x (T* +¢,T),
(u(z, T* +¢e),v(x, T* +¢)) = (00, 0) in Q\ Q°.

Taking ¢ = 0 we find that (Up, Vo) is the minimal positive solution of (3.29). Fur-
thermore, using the parabolic comparison principle for cooperative systems we easily
deduce that

U, >U;,, > Uy, Vo, >V, >V when eg > e > 0.
Thus, we can find a decreasing sequence ¢, with €, — 0 such that
(UEn ) ‘/571. ) - (ﬁv V)v

where (U, V) is a positive solution of (3.29). Let (U, V) be any positive solution of
(3.29). Then, applying the parabolic comparison principle, we deduce that

U, >U, V. >V foreveryn.
Passing to the limit n — oo yields
U>U, V>V,

which indicates that (U, V) is the maximal positive solution of (3.29), and this com-
pletes the proof. a
We are now ready to complete the proof of part (¢) of Theorem 1.2.
THEOREM 3.7. Assume that it > fieo, Ug, Vo € C(ﬁ), and ug > 0 vg > 0, with
ug Z0 and vg Z 0. Then, the unique solution (u,v) of problem (1.2) satisfies
nl;rr;o(u(z, t+nT),v(z,t+nT)) = (00, 00)

uniformly on compact subsets of (2 x (0,7*]) U ((Q§ UQY) x [0,T]), and

lim (u(z,t +nT),v(t +nT)) = (U, (z,1),V,,(2,1))

n—oo

uniformly on every compact subset of (Q\ (% U Q_g)) x (T*,T).
Proof. For any given € > 0, let us denote by (u®,v%) the unique solution of the
initial-boundary value problem

O — Au = (foo — €)u+ afx, t)v — alx, t)uP

in 2 x (0,00),
0w — Av = Sz, t)u + (oo — €)v — b(a, )01
(3.31) (dyu,d,v) = (0,0) ! on 99 x (0, 00),
(u(z,0),v(x,0)) = (uo(x),vo(z)) in Q.

Since p > fiso, it is clear that (u,v) is a supersolution of (3.31). So we have

(3.32) uf(z,t) <u(x,t) and v°(z,t) <wv(z,t) on Q x [0,00).
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Furthermore, let (u,,. —c, v, —<) be the unique positive solution of

Ou — Au = (foo — &)u + afx, t)v — alz, t)uP

O — Av = Bz, t)u + (oo — £)v — b(x, t)v? in Q% R,
(Opu, d,v) = (0,0) on 002 x R,
(u(z,t),v(x,t)) = (u(x,t +T),v(x,t +T)) in Q xR.

It follows from Theorem 3.1 that, as t — oo,
(3.33) (u®(2,t),v (2,8)—(upo.—c(2,1), v —e(, 1)) — (0,0) uniformly on Qx |0, T7.
Thus, due to (3.32) we obtain

liminf u(x,t +nT) > u,, —(z,t), liminfv(z,t +nT) > v, —(z,1),

n—roo n— oo

uniformly on Q x [0, T, for every small € > 0. Letting ¢ — 0 and using Theorem 3.5,
we conclude that

lim (u(z,t+nT),v(x,t +nT)) = (c0,0),

n—oQ
uniformly on compact subsets of (Q x (0,7*]) U ((Q2§ U Q_g) x [0,7T7]), and

(3.34) linn;g.}f u(z, t+nT)>U, (z,1), liminfv(z,t +nT) >V, (2,1)

n—roo

locally uniformly in (Q\ (Q2 U Q_g)) x (T*,T). Furthermore, by the parabolic com-
parison principle, we easily see that, for every n > 1,

(3.35) u(x,t+nT) <U,(z,t), v(z,t+nT) <V, (z,t) in (Q\(QFUOYL)) x (T*,T).
Hence, if we denote
(’lNLn(I, t)v ’Dn(x, t)) = (U(:Z?, t + TLT), U(SC, t + TLT)),

then we can apply the standard parabolic regularity theory, together with (3.34), to
deduce that, subject to a subsequence,

(i, 0n) — (U, Vi) locally uniformly in (Q\ (Q_SUQ_g)) x (T*,T) as n — o0,

where (U, V,,) is a positive solution of (3.29). Moreover,

f]u EQ# and V, ZK#.
From this, combined with (3.35), we find that
(0#7‘7#) = (Q;,HKM)7

and therefore,

lim (u(z,t +nT),v(z,t +nT)) = (U, (x,1),V,,(2,1))

n—oo

locally uniformly in (Q\ (QF U Q_g)) x (T*,T). O
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