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A COMPACTNESS TOOL FOR THE ANALYSIS OF NONLOCAL
EVOLUTION EQUATIONS

LIVIU I. IGNAT, TATTANA I. IGNAT, DENISA STANCU-DUMITRU

ABSTRACT. In this paper we give a new compactness criterion in the Lebesgue spaces
LP((0,T) x Q) and use it to obtain the first term in the asymptotic behaviour of the
solutions of a nonlocal convection diffusion equation. We use previous results of Bourgain,
Brezis and Mironescu to give a new criterion in the spirit of the Aubin-Lions-Simon
Lemma.

1. INTRODUCTION

The aim of this paper is to give a new version of the classical compactness arguments in
the space LP((0,7T) x §2), [29], one which can be adapted to nonlocal evolution equations.
We will apply this new criterion for the analysis of the long time behavior of the solutions
of the following system

{ up=Jxu—u+Gx*|uliu— |ul u, e Rt >0,

u(0) = ¢,

where J and G are non-negative L'(R)-functions with mass one having a second and first
momentum respectively. More details about the assumptions on these two functions will
be given later.

Let us now recall a classical compactness result in the spaces LP((0,7), B), with B a
Banach space. Aubin-Lions-Simon Lemma [29, Th. 5] assumes that we have three Banach
spaces X — B < Y where the embedding X < B is compact. A sequence {f,}n>1 is
relatively compact in LP((0,7"), B) (and in C([0,T], B) if p = c0) if we can guarantee that
{fa}n>1 is bounded in LP((0,7), X) and |7, fn — fullLe(0,7—n),y) — 0 as h — 0 uniformly
in n.

There are situations where we cannot bound uniformly a sequence {g,},>1 in a space
that is compactly embedded in LP(2). Instead of that we have estimates on some Dirichlet
forms that vary with n, estimates that allow us to obtain the compactness of the sequence
{gn}n>1 (see for example [3], [24] and [2, Th. 6.11, p. 128]). Let us now be more precise. We
choose 1 < p < oo and Q C R? a smooth domain. Function p : R? — R is a nonnegative
smooth radial function with compact support, non identically zero, satisfying p(z) > p(y)

(1.1)
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if |2] < |y|. Set p,(z) = nip(nz). Let {g,}n>1 be a bounded sequence in LP(2) such that

//pnx— )gn (@) = gn(y)[Pdxdy < M.

Then as proved in [3], [24], [2, Th. 6.11, p. 128], sequence {g, }n>1 is relatively compact in
LP(€2). Our main contribution is to use this compactness argument instead of the compact
embedding X < B in the Aubin-Lions-Simon Lemma and to obtain a new compactness
criterion in LP((0,7") x Q).

The main compactness tool that we prove in this paper is the following one.

Theorem 1.1. Let 1 < p < 0o and 2 C R? be an open set. Let p : RY — R be a nonnegative
smooth radial function with compact support, non identically zero, and p,(x) = nep(nz).
Let { fn}n>1 be a sequence of functions in LP((0,T) x Q) such that

(1.2) /0 : /Q | fo(t, 2)Pdwdt < M

and

(13) w [ [ onte = ien) = ot Pardpar < o

1. If { fu}tn>1 1s weakly convergent in LP((0,T) x Q) to f then f € LP((0,T), WP(Q))
forp>1and f € L*((0,T),BV(Q)) forp=1.

2. Let p > 1. Assuming that Q0 is a smooth bounded domain in R, p(x) > p(y) if
|z| < |y| and that

(1.4) 10 fullLeo,m),w-100)) < M
then { f}n>1 is relatively compact in LP((0,T) x Q).

Extensions to mixed type space norms of the type LP((0,7), L9(f2)) could also be ob-
tained by adapting the estimates in this paper. The possibility of obtaining more general
nonlocal compactness tools as in Aubin-Lions-Simon Lemma (see Theorem below) re-
mains to be analyzed. In (I4]) for technical reasons we considered the space W~17(Q) but
we believe that the results still hold by replacing W~'?() with any space Y such that
LP(Q2) — Y continuously. More general functions p, can be considered, like those in [24]
but this is beyond the scope of this article. We leave to the reader the possible extension
of the above result to the case when p, are not necessarily obtained by rescaling a given
function p. The case of general weights p, will introduce new difficulties since technical
results in Lemma and Lemma 2.4l used in the proof of Theorem [Tl make use in an
essential manner of the fact that the weights are obtained by scaling from a given function
p-

Once we prove Theorem [[LI] we apply it in the analysis of the asymptotic behaviour of
system ([LI]). Recently, similar results to those in Theorem [[.I] have been employed in the
analysis of some numerical splitting methods for Burgers like equations [I3].

Let us now be more precise about the assumptions on the kernels J and G. We assume
that J, G : R? — R are non-negative functions satisfying the following assumptions
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(HO) /R J(2)dz = /R G(a)dz=1,

(H1) J € LM(RY 1+ |2]?), G € LY (R, 1 + |z)),
(H2) J is positive in a neighborhood of the origin

(H3) J is symmetric, i.e. J(z) = J(—z). In particular the first moment of J vanishes

/ J(2)zjdz=0, j=1,...,d.
Rd

Condition (HO) is assumed for simplicity. In fact the same analysis can be done for
integral equations of the type

wlter) = [ I = )ult.y) - ult.0)dy+

+/ Gz —y)(Jul ult,y) — Jul"tu(t,2))dy, = €R%t>0,
R4

u(0) = ¢,

without assuming that the mass of each of the functions J and G is one.

The well-posedness of this model has been analyzed in [14, Th. 1.1] under smoothness
assumptions of the functions J and GG. We emphasize that the same global well-posedness
result holds under the assumptions that J and G are non-negative L!(R?)-functions: for any
q > 1and ¢ € LY(RY)NL>®(R?) there exists a unique global solution u € C([0, 00), LY(RY)N
L>®(R%)) satisfying

lu(@)ll i@y < lollrmey and  [|u(t)|| poomay < |0l Lo ray-

Since J and G have mass one the mass conservation property holds

/R ult,x)de = /R pla)dr.

Since the proof of the global well-posedness follows by the same fix point argument as in
[T4] we will omit it here.

Observe that under the assumptions (HO), (H1) and (H3) there exist positive constants
R, § such that

JE) <1-4)? [¢] <R,

~

where A = 1 [L, J(2)|z|*dz. Under these assumptions it has been proved in [14, Th. 1.4]
that the solutions of (.1 decay similar to the classical heat equation: for any 1 < p < oo
the following holds:

(1-5) Hu(t)HLP(Rd) < C(]% d, ||<P||L1(Rd)a ||<P||Loo(Rd))(t + 1)_

vl

(-1
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This decay property has been obtained in [14] by the so-called Fourier Splitting method
[25], 26, 27] and in a more general setting in [16]. When p = 2 a similar argument has also
been used in [2§]. As far as the authors know, the case p = oo in ([L3)) is open.

In the case when the nonlinear term is supercritical, i.e. ¢ > 1+ 1/d, the first term in
the asymptotic behavior has been analyzed in [14] under the additional assumption that
J € S(R%), the class of rapidly decreasing functions. There the main idea was that the
nonlinear part decays faster than the linear semigroup and then the first term in the long
time behavior is given by the linear semigroup. This has been already observed in [§] in
the case of the classical convection-diffusion system.

The aim of this paper is to give an answer to the critical case ¢ = 1+1/d even though we
give a proof that both treats the critical and super-critical case. We emphasize that we do
not require function J to belong to S(RY) as in [I4]. The subcritical case 1 < ¢ <1+ 1/d
is still open. The method we employ is the so-called four step method that consists in the
analysis of some rescaled orbits {u,(t)}. We refer to [32] for a review of the method in the
case of the porous medium equation.

We consider two important quantities

1

A= —/ J(2)|z|*dz and B = (By,...,Bq),Bj= [ G(2)zdz,j=1,...,d.
2 R4 Rd

The main result concerning system ([L.I]) is the following one.

Theorem 1.2. Let J and G be two non-negative functions satisfying hypotheses (H0)-(HS3).
For any ¢ € LY(R?) N L>(RY) the solution u of system (1)) satisfies

-5 (2

where the profile f,, is the smooth solution of the equation

_AAfm - %ZL’ ’ v.fm = gfm —ab - V(|fm|q_1fm) m Rd,

(1.6) lim ¢20%)

t—o0

=0, 1<p<oo,
LP(R4) =P

with fRd fm = m where m is the mass of the initial data ¢ and
1, g=1+4
=
0, ¢g>1+ é.

Next, we say a few words about the above asymptotic profile

U(t,z) = t‘d/2fm(%>.

When ¢ > 14 1/d or B = 0, 4 the asymptotic profile is the rescaled heat kernel solution of

U, = AAU, z€R%t>0,
(1.7)
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When ¢ =1+ 1/d and B # 014, U is the unique solution of the following equation

U, = AAU — B-V(|UYU), x € Rt >0,
(1.8)

The well-posedness of this system has been analyzed in [9] in the one-dimensional case and
in [I0] in the multi-dimensional case. It has been proved in [I] that the profile f,, is of
constant sign and decays exponentially to zero as || — oc.

We remark that in the case of the symmetric function G, i.e. G(z2) = G(—z), the solution
of (LI)) converges to the heat kernel since in this case B vanishes. When B # 0 we obtain
in the limit the solutions of the viscous convection-diffusion equation. Along the paper
we will consider the case of nonnegative initial data, so nonnegative solutions of system
(LI). The case of sign-change solutions could also be analyzed with small modifications of
the proof (see [9] for a rigorous treatment of the critical case for the convection-diffusion
equation).

In the linear case, i.e. u; = J % u — u, the asymptotic behavior has been obtained in
[5] by means of Fourier analysis techniques and in [I8] by scaling methods. In [I§] the
scaling argument works since it is applied to the smooth part of the solution. Refined
asymptotics have been obtained in [I5], [I7]. We also recall here [30, BI] where a scaling
method is used for equations of the type u; = J x u — u — uP. There the authors obtain
barriers for W and its derivatives, W being the smooth part of the solution of the linear
equation u; = J % u — u. Once these barriers are obtained the authors split the solution
of the nonlinear problem in a way that permits obtaining uniform Hélder estimates and
then compactness. The method developed here is more flexible in the sense that it uses
only energy estimates that involve the linear part of the equation and the good sign of the
nonlinearity.

In the local case, i.e. u; = Au+ a - V(|u|?"'u), the same analysis has been performed
in a series of papers. In [§] the case ¢ > 1+ 1/d is treated and the results in the critical
case have been obtained by a careful space-time change of variables and using weighted
Sobolev spaces. The sub-critical case is more difficult and the one-dimensional case has
been considered in [9]. The extension to higher dimensions has been obtained in [10] and

[].

In contrast with the analysis in [§] here we assume that the initial data belong to the space
LY(R¥) N L>*(RY). This assumption is necessary since even in the linear case u; = J *u —u
a lack of smoothing effect is present. More precisely the solutions of the linear model are
as regular as the initial data. In the case of the heat equation with initial data in L!'(R?)
the solution at any positive time belongs to any LP(R?) space 1 < p < oo, and this type
of gain of integrability can also be proved for the nonlinear convection-diffusion [8].

We recall some similar models to those analyzed here. In [22] the author considers a
one-dimensional model that is nonlocal in the diffusive part u; = J * u — u + uu, with
J = e~ 1"l 'and he proves that its solutions converge to the ones of Bourger’s equation with
Dirac delta initial data. However the key tool used there, an Oleinik estimate O, u(t) < 1/t
in D'(R) is not available in our model. The methods used here can be adapted to analyze
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similar models but with nonlinearities of the type (u?),, ¢ > 2, [12]. In these cases, entropy
conditions in the sense of Kruzkov [21] should be imposed on weak solutions in order to
have a well-posed problem. This does not appear in our model since the nonlinearity does
not involve derivatives.

The models considered here could be related with the ones considered in [7] where a
scalar conservation law with a diffusion-type source of the type u; + V - f(u) = APu is
analyzed. There P; is essentially given by @(5 ) >~ (1+|€]?)~*a(¢) and even more general
models are considered. However, in order to obtain the long time behavior of the solutions,
the authors assume that the initial data belong to some H”(R?) spaces where N is large
enough. In view of our analysis here we believe that the results in [7] can be obtained by
assuming less regularity on the initial data. The analysis of these models by our methods
remains to be considered in future papers.

Similar nonlocal models have been introduced recently in [6] where the nonlocal convec-

tive term takes the form
u(t,y) + u(t, )\ 2
[ ooty = (ML HEDY,
R

2

where ¢ is an odd function. The possible application of the methods introduced here
remains to be analyzed. From the very beginning, the main difficulty in these models
is the global existence of the solutions. Some models when the convection is nonlocal
have been considered previously in [19], u; = uz, + G * u? —u?, g > 2 and [20] , u; =
Upe + (UK %))y, ¢ = 2. The main difficulty in obtaining the asymptotic behavior for
similar models where the convection is dominant, i.e. 1 < ¢ < 2, is to obtain an entropy
estimate. Even if the entropy inequality can be avoided in the critical case it seems to
be crucial for the uniqueness of the solutions of the limit equation in the sub-critical
case. However, we refer to [4] where the asymptotic behavior of systems of the type u; =
Au — 9,(|u|?'u) with ¢ subcritical is obtained without entropy estimates but rather with
a kinetic formulation that allows to use some compactness arguments previously employed
in the case of multidimensional scalar conservation laws [23]. The possible application of
these kinetic methods to the case on nonlocal diffusion and/or convection remains to be
analyzed in the future.

The paper is organized as follows. In Section 2l we review a few compactness arguments
known to be useful in the analysis of time evolution problems and prove Theorem [I1]
Once the compactness tool is obtained, in Section [Bl we prove Theorem

2. COMPACTNESS TOOLS

In this section we review a few classical compactness tools and give some results that
will allow us to prove the main result of this paper.

First we recall some results given in [29] about the characterization of compact sets in
LP((0,T), B) where B is a Banach space and 1 < p < oo.

Theorem 2.1 ([29], Th. 1). Let F C LP((0,T), B). F is relatively compact in LP((0,T"), B)
for 1 < p < oo, or C([0,T], B) for p= oo if and only if
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to
(1) { ft)dt, f e .7-"} is relatively compact in B for all 0 <t; <ty <T,

(2) ||7'hf fllro,r-n),8) = 0 as h — 0 uniformly for f € F.
The following criterion is also given.

Theorem 2.2 ([29], Th. 5). Let us consider three Banach spaces X — B < Y where
X < B is compact. Assume 1 < p < oo and
i) F is bounded in L*((0,T"), X),

@) | Tnf — flleecor—n),y)y = 0 as h — 0 uniformly for f € F.
Then F is relatively compact in LP((0,T), B) (and in C([0,T], B) if p = o0).

The last criterion is obtained mainly by using Theorem 2] and the following inequality
that follows from the fact that X is compactly embedded in B: for any € > 0 there exists
n(e) > 0 such that

(2.1) lulls < ellullx +n(e)llully, YueX.
In the nonlocal setting we will obtain a similar inequality in Lemma

Now we recall some compactness results that have been proved in the nonlocal context
[3], [2] and in a more general setting in [24].

Theorem 2.3 ([2], Th. 6.11, p. 128). Let 1 < p < oo and Q@ C R? be an open set. Let
p:RY = R? be a nonnegative smooth radial function with compact support, non identically
zero, and p,(z) = nlp(nz). Let {f,}n>1 be a bounded sequence in LP(Q) such that

(2.2) / / Pl — )| ful) — Fuly)Pdedy < M.

The following hold:
1. If {fu}us1 is weakly convergent in LP(Q) to f then f € WY(Q) for p > 1 and
f e BV(Q) forp=1. Moreover

IV fllr)y < C(2,p) M

2. Assuming that Q is a smooth bounded domain in R and p(x) > p(y) if |z| < |y| then
{fu}n>1 is relatively compact in LF(S2).

We point out that the assumption on the compact support of function p could be re-
moved. In fact once we have estimate (2.2)) for a function p we also have this estimate for
any compactly supported function p with p < p.

The above results hold under more general assumptions on the weights {p, },>1 and on
a bounded domain  in R? with Lipshitz boundary. As proved in [24, Th. 1.2] we can
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assume that {p, },>1 is a sequence of radially symmetric functions in L*(R9) satisfying
pn >0, ae. in R?

(2.3) Jpa () =1, ¥ n>1,
lim,, f|m|>5 pn(x)de =0, V§>0

and that

//Q |z — y|? |fn ) = fuly)[Pdedy < M.

Then the results in Theorem 2.3 remain true in dimension d > 2. In dimension d = 1 some
technical assumptions have to be assumed [24, Th. 1.3]. Choosing p,(r) = n(n|z|)?p(nz)
with p radial and decreasing, these technical assumptions hold and we obtain the results
in the second part of Theorem We also recall that under the above conditions on p,
a Poincaré inequality holds [24, Th. 1.1]

by 5 < €000 [ [P ) < s

In view of this inequality the boundedness of { f,,},>1 in L? (Q) is guaranteed by (2.2) if we
assume that {f,},>1 is bounded in L'(Q2) and Q has finite measure.

Proof of Theorem 11l Using the same arguments as in the proof of Theorem (see [2]
Ch. 6, p. 128]) we obtain the results in the first part.

We now prove the second part of the theorem by following the ideas in [29] but taking into
account the particular estimate ([L3]). From now on, in order to simplify the presentation,
we assume that p is supported in the unit ball.

Step. I. Compactness in LP((0,7), W=1?(Q2)). We now check the hypotheses in
Theorem [2.J] Let us choose 0 < t; <ty < T and set

to
= / fn(s,x)ds
t1
Estimate (3] gives us that

n / / ol — )| gn(2) — guly) Pddy < MTP.
QJ0

Theorem applied to sequence {g, },>1 shows that there exists g € W'?(Q) such that,
up to a subsequence, g, — ¢ in LP(Q2) so in W~1P(Q)). Estimate (L4]) shows that the

second requirement in Theorem 211 is also satisfied. Hence {f,},>1 is relatively compact
in LP((0,T), W=17(9)).

Step. II. Compactness in LP((0,7), L} (2)). Since { f,, }n>1 is bounded in LP((0,T") x

2) then up to a subsequence { f, },,>1 weakly converges to some function f in LP((0,7") x ).
The first part of Theorem [[LT] guarantees that f € LP((0,T), W'P(Q)).
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We now use the strong convergence in LP((0,T), W~17(€2)) obtained in Step I, estimate
(L3) and the fact that f € LP((0,T), W'?(2)) to prove that up to a subsequence, { f,, },>1
strongly convergences to f in LP((0,7") x Q).

To simplify the presentation we will always denote the subsequence by {f,},>1. Also,
when possible, we will not write all the constants in inequalities of the type f < C'g using
instead f < g.

In the following we prove that for any €' C Q such that d(©2,0Q) > 0, {fu}n>1 is
relatively compact in LP((0,7") x ). From now on for a set O we will denote

O, =0+supp(p) ={z+0, x € 0,0 c supp(p)}.

The following two Lemmas will be very useful in our analysis. Their proof will be given
later.

Lemma 2.1. Let Q be and open set of R, For any 1 < p < oo there exists a positive
constant C(p, Q,p) such that the following inequality

w [ [ oute = lute) ~ uPdedy < CGo.0.p) [ [Vl

holds for allm > 0 and u € WP(Q).

Lemma 2.2. Let ) be a bounded domain and x € C}(Q). There exists a positive constant
C =C(Q,x,p,p) such that for every e € (0,1) the following inequality

1

- HUH%FLP(Q)

(2.4) © / P < en? / / ol — y)lu(z) — uly)Pdrdy + / ful? +
Q Qpn QPn Qpn

holds for all ne'/? > 1 and for all u € LP(RY).

Remark 1. In the right hand side of inequality [2.4) we have e~* and the W=1P(Q)-norm.
We believe that some improvement in (24) can be done by allowing the norm of the last
term to be in some space Y with LP(Q) — Y and replacing e~ correspondingly. The
extension of Lemma [2.2 to general spaces Y will enlarge the class of nonlocal problems
where the scaling arguments used in this paper can be applied.

Let us fix ' C € such that d(,09Q) > 0 and choose a smooth function y compactly
supported in € such that y = 1 in €'. We choose N, large enough such that Q’pn C Q for
all n > Nj.

Applying Lemma with g = f, — f to the set Q" we have for any n > £~ /7 that

1
25) Il S [ [ pule=wlota) = g@Pdsdy-+e [ 1o+ ol ey

Pn Pn Qpn
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We integrate the above inequality on the time interval [0,7] and use that ||g||lw-1r@) <
gllw-1.r() to obtain

/ / XN = I Sen” / / ) / pale =0 = Nt2) = (fa = 1)t y)Pdedydt

Pn

+g/ / T 1/ 1= s

< [ [ /  ale = )Ifalt,) — fult,y)Pdrdyde

T
p (1 — ,x) — )| Pdadyd
+en/0 /lpn/,pnmx WIF () — f(t,y)Pdedydt
1 T
(Ul + 1oman,) 5 [ 1500 = FOy 100

Since for n > max{Ny, e */?} we have that Q) C Q we use estimates (L2), (L), Lemma
21 and the fact that f € LP((0,T), W'?(Q)) to obtain that

1 T
J L T YR VS B (VXU A

Using Step I, up to a subsequence, we obtain that for any € € (0, 1)
lim sup / [ 16 = fdadt S 04 17 oy 000
n— o0 /

Then f, strongly converges to f in LP((0,7T) x Q). Applying a standard diagonalisation
procedure we can extract a subsequence, denoted again by { f,,},>1, such that f, — f in
LP((0,T), Ly, (€2)).

Step. III. Compactness in LP((0,7"), L*(2)). We now use the following result in [24]
Lemma 5.1, Lemma 7.2]. For a positive number r > 0 we set

Q. ={reQ:d(z,00) >r}

Lemma 2.3. Let Q be a bounded Lipschitz domain of R?. There exist constants ro > 0
depending on ) and on p and C, Cy (depending on p, Q) and d) so that the following holds:
given 0 < r < rg we can find Ny > 1 such that

(2.6) Liar<ci [ gl + Corn? [ [ oot =)ot - st sy

for every g € LP(Q) and n > Nj.
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We apply the above Lemma with g = f,, — f and integrate the resulted inequality on
the time interval (0,7"). Thus

/OT A
<[ (=g | [t =l = 1) G- Dt Pz
s [ [ n-rerw [ [ ol - s

R / / / pul@ — (6, 7) — f(ty)Pdadyd.

Using estimate (L3) and Lemma 21 we get

/OT/QUn_f‘p’S/OT QT|fn—f|p+rf”M—|—r”/0T/Q|vf|p.

Since f,, — fin L?((0,T), LY

loc

hmsup/ It M+/ L),

This implies that, up to a subsequence, f, — f in LP((0,7),LP(2)) and the proof of
Theorem [I.1] is now finished. UJ

(Q2)) we can let n — oo and then for any r € (0,ry) we have

Proof of Lemma[21. We first consider the case when = RY. By scaling, it is sufficient
to consider the case n = 1. Since

2.7) u() — uly) = / (z— ) - Vuly + s(z — y))ds

we get that

//de plx —y)|u(z) — u(y)|Pdedy < //de plz —y)|x — yf? /01 Vuly + s(x — y))|[Pdsdady
=/de(z>|z\p/Rd\vu|p.

In the case of a bounded domain © we first extend u to R? such that ||[Vul|psge <
C(Q)||Vul|Lr(@). Then we have

w [ / pule = yu(@) — uly)Pdrdy < 7 / / ol = y)luta) — uly) Pdrdy

SC(p,p)/ \VUIPSC(p,Q,p)/ [Vul”.
Rd Q

The proof of Lemma [21] is now complete. O
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The rest of this subsection is devoted to the proof of Lemma 2.2l In order to give its
proof we need some auxiliary Lemmas.

Lemma 2.4. Let 1 < p < oo. There exists a positive constant C = C(p, p,d) such that for
every € € (0,1) the following inequality

(2:8) Cllull}, gy < 2|7 / / pn(w—y)|ule) —u(y) Pdady+lul? o |+ 2l g
Rd JRdA

holds for all ne'/? > 1 and for all u € LP(RY).

Before starting the proof of this Lemma a few comments are needed. The case p = 2 is
reduced after using the Fourier transform to the following inequality

(29) C(p) < <[ (5(0) - 25)) +1] + ﬁ

Using that p is a smooth radially symmetric function we obtain that its Fourier transform
decays at infinity and moreover, p(0) — p(&) ~ [£]? for € ~ 0. This shows the existence of
two positive constants ¢; and ¢y such that

a|€)? ~ ~ o€

This property implies that inequality (Z3) holds for all n > e~1/2.
The local version of inequality (28] is the following one

VE e R

(2.10) V¢ e R

(2.11) 1l ey S Ellullfy s ey + € Ul 1o gga)

= e (1 = &)l oy + €I = ) 2ull}, -

We remark that when p # 2 this inequality is not a consequence of a duality argument since
the dual of W'P(RY) is W17 (R%). Inequality (ZIT) holds by proving that, depending on
the Fourier localization of u, its LP-norm is controlled by one of the two terms in the right
hand side of (ZI1)). In fact, for any 0 < < 1 using classical multiplier arguments (see
[11], Ch. 5]) we have

(2.12) [l ey S BT — AV 2ul| ogay, supp@ C {£:[¢] 2 67"}
and
(2.13) [l ey S BT — A) )| poay,  suppa C {€: €] S B

Proof of Lemma[2.4) Let us first make a change of variable to avoid the presence of p,(z) =
nép(nz). Estimate ([Z8) is equivalent to the following one

214)  Clulfe <cfn / / v — y)lu(x) = uly)Pdedy + [0l g,
+51||

A) 1/2

u”LP(Rd)
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We use a decomposition of u that has already been used in [16]. Let us choose n € C°(R9)
with

/dnzl and  [Vn|+ 0| < p-
R

This choice of 1 can be always done if p is positive in some open set. We write
U=v+w, v=nxu, W=U—7.

We now emphasize some important properties of v and w. First of all observe that both
of them have the LP-norm controlled by the LP-norm of u:

(2.15) vl omay < C)lullLr@ay,  |wllp@ay < C0)llullLrre
and moreover
ul| Loray < ] Loray + [|w]| Lo (ay.-

Since the mass of 7 is one we have the following representation for w:

wia) = [ 1o = y)(ua) ~ ulw)dy,

Holder’s inequality gives us that

210) [ (L) [ [ -l - uwpdsdy
<Cp) [ [ ota=lue) = uty)Paody.

In the case of v, since fRd Oz;m=0,7=1,...,d, we write its gradient as

(Vo)(z) = (Vi u)(z) = | Vn(z —y)(u(z) —uly))dy.

Rd

Thus the same argument as before gives us that
(217) Vol <) [ [ 199t = pllutz) ~ u(y)Pdedy
R Rd JRd
<Clnp) [ [ plo = v)luta) - uly)Pdsdy.
R4 JRdA
We now prove estimate (2Z14). In view of (210) for en? 2 1 we have that

(218) wP Sen [ [ pte = plute) - uty)pasdy
Rd Rd JRd
We claim that v satisfies the following inequality for all € € (0,1) and for all n > 1

(2.19) V]| oy S PN = n2A)20]| pogay + 72N = n2A) 20| Lo gay.
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Estimates (2.19), 21I5) and 2I7) imply that

[0y S <[ [ o0 [ [F0p] 4 7= 028) 20l
R4 R4
Se[ [ [ [ st = g)lute) = ul)Pdsdy] + 10 = 028) 2 0y
R4 Rd JR4

Sel [ ant [ ] p@ = ylu(@) - uly)Pdedy] + T = 028) " 2ul, g
R Rd JRA Lr(®e)"

Taking into account the above estimate and estimate (2.I8)) for w, we obtain that (2.14])
holds. It remains to prove that (2.19) holds. Writing explicitly the terms in the right hand
side of (2I9) we reduce it to the case n = 1. In this case inequality (2I9]) follows from

estimates (Z12) and 2.13). O

Lemma 2.5. Let Q be a smooth bounded domain of R and p € (1,00). For any smooth
function x supported in Q) there exists a positive constant C(x) such that

(2.20) Ixullw-1o@ey < COOullw-100)-

Proof. We consider the case of the smooth function u. The general case follows by density.
By the definition of the space W~'P(R%) there exists a sequence @, € W (R?) with
||90n||W1’p’(]Rd) <1 such that

< XU, Py >W71,p(Rd)7W1,p/(Rd): /d Xupn — ||XUHW71,1)(Rd).
R

Since x has the support included in 2, we have yp, € VVO1 P ,(Q) and
Ixnllyprr o) < lxllwre@llenllwrar @ < Clx)-
Hence
[ xuen < lallw-ss@llxenllyg ) < COOllullw-1oc0
Letting n — oo we obtain the desired estimate. 0

Lemma 2.6. Let p: R? — R be a radial function with compact support, p(0) # 0, Q be a
domain in R? and 1 < p < oco. For any smooth function x supported in §) there exists a
positive constant C' = C(x,p, ) such that the following inequality

(2.21) / , L onle =l @) = (o)) sy

QPn

holds for any n > 0 and any u € LP(RY).

Proof. Let us first observe that since p is radially symmetric and p(0) # 0 we have

1
supp(pn) = 5supp(,0)-
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For z ¢ Q, and y € Q we have that p,(x —y) =0. If y ¢ Q then x(z) = x(y) = 0. Similar
things hold if we interchange x and y. Hence

ez) v [ [ o=yl - )y
/Q / pn( — )| (xu)() — () (o) Pddy.
Using the following identity

(xu)(z) — (xw)(y) = x(@)(u(z) —u(y)) + uly)(x(z) — x(y))

we obtain that

(2.23) / / ol — )| () () — () (9) [Pledy
<P / / ol — y)lu(x) — u(y)Pdrdy

/Q/Q pn(@ — y)luy)|’[x(z) — x(y)["dzdy.

Using identity (2.7)) for x it follows that

(2.24) / / ol — ) () PIx(@) — x(y)Pdady
Qpn Qpn

<n? / /
Qpn Q/)n

< Inlhwreeqes [ el [ futlay

Qpn

e = ()P =l [ 100+ e — ) Py

Putting together estimates ([2.22), (2.23)) and (2.24]) we infer the desired estimate (2.21)). O

Proof of Lemma[Z4. From Lemma 4] we know that for any ¢ € (0,1) and ne'/? > 1 the
following inequality holds for all v € LP(R?) :

ol S [ | [ pale = loa) = o) Peady + Zolly-voae + ol

We now localize the above inequality by applying it to v = yu where y has been extended
by zero outside of 2. Thus

Lt sen [ ] e =lten) @) = o) Pded -+ 2Nl s, + llnlfoee

By Lemma 2.5 and Lemma 2.6l we deduce that

1
Larser [ ] e —lut) —uPdsdy+e [+l
Qpn 4 U, Q €

Pn

and the proof is finished. O
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3. PROOF OF THEOREM

Before starting the proof of Theorem we need some preliminary results that will be
used throughout the proof.

3.1. Preliminaries. In the following we denote
Ja(z) = AJT(\), Ga(z) = MNG(\x), G(z) = G(—x), Gi(z) = NG(\z).
Lemma 3.1. The following integration by parts identities hold

(3.1) /Rd(J £ ® — O)(2)T(x)de = / O(2)(J * U — U)(x)dx

Rd

=5 [ [ 9= 0)(@() = 2)(¥(e) — ¥o)dady

and
(3.2) / (G*® —®)(x)V(x)dx = / (2)(G* ¥ — U)(z)dx.
Rd R
Proof. Use Fubini’s theorem and in the first case the fact that J(—z) = J(z). O

Lemma 3.2. For any p € [1,00]| there exist two positive constants C(p,J) and C(p,G)
such that

(3.3) IN2(Jx % 9 — )|l o ey < C(p, J) | D*Y]| 1o ray
and
(3.4) INGx % — )|l ogay < C P, ) IVY | Logey

hold for all X\ > 0 and ¢ € C?(R%).

Proof. We treat the cases p = 1 and p = oo since the other cases follow by interpolation.
A Taylor expansion up to the second order gives us that for any z,y € R? the following
holds

bly) — blx) = V(@) (y — o) + / (1 - 8)(y — 1) D + s(y — 2))(y — 2)'ds.

After a change of variables we have

Wb =) =X [0 =)0 — ey = 3 [ )0t - 3) - vle))ds
= \? /]Rd J(2) [ — ; -Vip(x) + % /01(1 — 8)zD*)(z — %)ztds} dz.

Since J is radially symmetric we have

(3.5) / J(2)zjdz=0 forall j=1,...,d
Rd
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and
(3.6) / J(2)zjzpdz =0 forall 1 <j#k<d.
]Rd

Those identities give us that

2
37)  N(Jhx— ) (x Z/ (1—s) / z)zjzk%(x—%z)dz ds

and then for p € {1, 00} inequality B3) holds with C(J) = 5 [o. J(2)|2|*dz.
In the case of the second estimate (B.4]) we use the 1dent1ty

bly) — d(x) = / (y— ) - Vib(z + s(y — 2))ds
to obtain

B3 MGrrv—v)e) =X [ GO =)0 () — )y

-2 [ 6@ (- -vw)a = [ G [ Vil — Zydsds
:/RdG(z)/olz Vil + 5 )dsdz.

Using the same arguments as in the first case we obtain the second estimate.

3.2. Proof of Theorem We consider the family {u)(t)}>o defined by
un(t, ) = Mu(\%t, \x).
It follows that u) is a solution of the following rescaled equation

39 {(u,\)t:)\2(J,\*u,\—u,\) + M=DF2(Gy wuf —ul), 2 eRYE >0,
3.9

ux(0,2) = @x(x),

where ) (z) = Mp(\x).
The proof of Theorem is divided into four steps.

17

Step I. Estimates on the rescaled solutions u,. We recall [T4, Theorem 1.4] that

solution u of system (1)) satisfies for any p € [1,00) and ¢ > 0 the following estimate

_d(q-1
(3.10) [u()]| Lr@ay < Cs 1@l Li@ay: 1€ Lo @a)) (E + 1) 21 P).

In the sequel we will denote by C' a constant that may change from line to line, may
depend on [[¢[[z1(rey and ||¢]| e (raey but it is independent of the scaling parameter A. In
the following lemmas the constant M will depend on ||| £1(ray and [||| oo ray. We will not

make explicit this dependence unless this is necessary.
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Lemma 3.3. For any 0 < t; < ty < 0o and p € [1,00) there exists a positive constant
M = M(ty,p) such that

[uallzoo (11 12), oY) < M
holds for all X > 0.

Proof. Using estimate (3.10) and the fact that the rescaled solutions satisfy
_1
lu(®ll oy = A7) [u(A2)] 1o qasy,
we deduce that for any p € [1,00) and ¢ > 0 the following inequality holds for all A > 0:

A2\ 3(1-3) ify 1
(3.11) lur(®) ]| pogeay < C (m) (1-3),

Using that t > t; we obtain the desired estimate. O

Lemma 3.4. For any 0 < t; < ty < oo there exists a positive constant M = M (t;) such
that the following inequality

t2
z2 / / / I = y)ur(t ) — un(t,))? dadydt < M
t1 R4 JR4

holds for all X > 0.
Proof. Multiplying ([33) by uy and integrating over R? we get

__||u,\(t)||%2(Rd) = /Rd N2 (T x uy — uy)un(t) do + /Rd NA=DF2 (G sy — ud) up(t) da.

Using that G\ has mass one the last term in the above identity is negative. Indeed,

/Rd(GA*ui)(t,x)uA(t,z) dr = /[Rd /[Rd Gr(z — y)usl(t, y)ux(t, z)dxdy

4 +1 1 +1 +1
< G —(—qt, i, )dd:/qt,d.
< [ ] e = (gt b + =gt ) )dwdy = [ )

Next, integrating (B.12]) over the interval (¢1,ts) and using identity (B.1)) we obtain

to
o) ey + [ [ [ = st ) = unt,0))? dadyt < fus(e0) e,
t1

Using inequality (BI1) in the case p = 2 we conclude that

t2
¥ / / / Ta(@ — )t ) — ux(t, )2 dedydt < Ct, *
t1 Rd JR4
and the proof finishes. O

Lemma 3.5. For any 0 < t; < ty < oo there exists a positive constant M = M(ty) such
that

||UA,t||L2((t1,t2),H*1(Rd)) <M
holds for all A > 1.
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Proof. Multiplying [3.9) by v € C?(R?), integrating over R? and using Lemma B.1] we get

/ ux(t, )(z) do = / N2 (T % uy — up)p(x) do + / \d(—a +2(G,\ s ui —ul) Y(x) do
Rd Rd

R4

=5 [, [ e =) = vl st ) = us(t) dady
+ [ MOIRGy wh— )t ) da

where G,(2) = G\(—z). Using Cauchy’s inequality, the fact that A > 1 and ¢ > 1+ 1/d
we get

| [ ot ao] < (5 [ [ he =@ - o))

< (5 [, [ = nosten) it o)
1N = il [ oty )

Applying Lemma 2] to J, and t, Lemma B2 to G, and estimate (3I1)) to uy we deduce
that

(3.13)

‘/ ux(t, ) dzv‘
Rd

S 1ller ey [()3 /d /d Iz = y)(ur(t, z) — ur(t, y))? dxdy)l/2 el
R JR
Thus

foni Ol S [ [ @ =) unt0) = (k) dady 7500

Integrating this inequality on the time interval (¢;,%5) and then applying Lemma [B.4] we
obtain the desired result. U

Step II. Compactness in L} ((0,00), L'(R?)). We first establish the compactness of
the family {uy} in L} .((0,00) x R?). Using estimates on the tail of {u)} we will obtain
strong convergence in L} ((0,00), L'(R?)).

LemmaB3land LemmaB5 give us that {u,} is uniformly bounded in L ((0, c0), L2 .(R%))
and {Oyuy} is uniformly bounded in L? ((0,00), H'(Q)) for any bounded domain € of
R?. Taking into account that L?(Q) is compactly embedded in H~¢(Q) for any ¢ > 0,
and H () is continuously embedded in H~'(Q) for 0 < € < 1, by classical compact-
ness arguments ([29], Corollary 4, p. 85) we deduce that {u,} is relatively compact in
C([t1,t2], H2(Q)) for all 0 < t; <ty and 0 < € < 1. Extracting a subsequence we get

ur, = U in C([t1, ta], H()).
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Using estimate (B.II) we obtain that for each fixed ¢ > 0, the family {uy, (t)},>1 is
uniformly bounded in L (R?). Then any subsequence {uy, (t)},>1 weakly convergent
should converge to U(t). Indeed, if uy, () — v in LP(Q2) then uy, (t) — v in D'(2) and
hence v = U(t). This fact shows that for every ¢ > 0 and p € (1, 00) we have

uy, (t) = U(t) in L? (RY).

loc

The uniform bound given in (BI1)) of {u,(¢)} transfers to U(t). Hence, the limit point
U belongs to L2.((0,00), LP(R?)) for all 1 < p < oo and moreover we get that

loc
. C
(314) ||U(t)||Lp(Rd) S h{n inf ||U)\(t)||Lp(Rd) S m, Vit>0.
—00 t2 D

Let us now prove the strong convergence in L} ((0, 00) xR?). LemmaB.3] Lemma B4 and
Lemma[3.5lshow that for any 0 < t; < t, < oo there exists M = M (t1, ||o||1wray, [|©]] Lo ra))
such that

(3.15) [l L2t b2y xrety < M,

to

(3.16) 2 [7 ] e = g unto) - ey Vdodydt < M
t1 Rd JR4

and

(317) HuA,tHLZ((tl,tz),H*l(Rd)) S M

Let us now choose a function p as in Theorem [[.1] such that 0 < p < J. In view of
hypothesis (H2) this is always possible. Also ([BI6]) holds with function p instead of J.
We apply Theorem [Tl to family {u,}a>o and to the time interval (¢;,t2). We obtain that
there exists a function v € L((t1,t), H'(R?)) such that, up to a subsequence,

Uy — v in L2((t17t2);leoc(Rd)>‘

The previous analysis shows that v = U. Thus U € L2 ((0,00), H'(R?)) and, up to a
subsequence
uy — U in L},.((0,00) x RY).
We now prove that in fact uy strongly converges to U in L} ((0,00), L*(R?)). Using a

loc

standard diagonal argument the compactness in L}, _((0,00), L'(R%)) is reduced to the fact

that for any 0 < t; < t; < oo the following holds

to
(3.18) / |ur(O)|| L1 (z)>m)dt = 0 as R — oo, uniformly in A > 1.

t1

This follows from the Lemma below since the initial data ¢ belongs to L'(R?).

Lemma 3.6. There erists a constant C = C(J, G, ||¢||p1(ra), ¢l oora)) such that the
following inequality
t t1/2

(3.19) />2R up(t, x)dxr < /||>Rg0(a7)d:£ + C(ﬁ + ?)

holds for any t > 0 and R > 0, uniformly on A > 1.
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Proof. Let ¢ € C*(R?) be such that 0 < ¢ < 1 and satisfies (z) = 0 for |z| < 1 and
Y(x) = 1 for |x| > 2. We put Yr(z) = ¥(x/R). We multiply equation ([B9]) by ¢z and
integrate by parts to obtain

/Rd ux(t, x)Ygr(z)dr — /Rd ox(2) YR (z)dr =\ /Ot /Rd un(s, ) (Jy * Y — ¥r)drds

t
L d—a)+2 /0 /R ul(5,2) (G Y — o) ().
We now use Lemma with p = oo, the fact that
I1D?*(YR) || Lo ey = R D*Y| pooray, | VURI| omay = B VY| oo (rey

and the conservation of the L*(R%)-norm of uy to find that
t
(3.20) / ux(t, z)Yr(z)dz 5/ ox(x)Yr(x)dr + R_2||D2w||Loo(Rd)/ / ux(s, x)dxds
Rd Rd 0 JRd
t
XD R ]| ey /0 /R (5, )dds

< / P+ EID oty
z|>R

t
+)\d(l—q)+1R—1||v¢||Lw(Rd)/ /d ui (s, x)dxds.
0o Jr

To estimate the last term in the above inequality we use the decay of uy given by (BITI)
and obtain that

t t )\d(q—l)d tA2 d
)\d(l—q)—i-l/ / Ui(S,ZL’)dZIde 5 )\d(l—q)-i-l/ d(tjfm _ )\—1/ %.
0 JRrd 0 (1+ M)~z 0 (1+s) >

Since )
[ ds , 2 0, ¢>1+1,
lim « DN TCESN) = lim T daen) =
e Jo (Ls)E s T (L4 a?) 2, g=1+7,
we find that
t
(3.21) A=)+ /0 /]Rd ul (s, x)dxds < CtY/2.
Going back to ([3.:20), using that A > 1 and ¢(z) = 1 for |z| > 2 we get
[ (@) + O + ) (@) 4O + )
ux(t, x xﬁ/ plz)dr + (= + —= S/ plz)dr + (= + —=
l2|>2R 2| >AR R R lz|>R R R
and the proof of the Lemma is finished. O

In view of [BI8) {u}rso is relatively compact in L} _((0,00), L'(R%)) so uy — U in
L} ((0,00), LY(R%)). This result also shows that for a.e. t > 0 we have

(3.22) lus(t) = U(®) | piea) = 0 as A — oo,
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In particular ||U(t)|[11(ge)y = m, a.e. t > 0.
This fact will be used in Step IV to obtain the main convergence result of this paper.

Step Illa. Passing to the limit. Using the results obtained in the previous step we
can pass to the weak limit in the equation involving uy. Let us choose 0 < 7 < t. For any
test function ¢ € C>°(R?) we multiply equation ([39) by 1 and we integrate on (7,t) x R
We get

/ ux(t, z)(x)dr — / ux(7, ) (x)dx
Rd
/ / N2 (Jy % uy — up)p(z)dxds + N 0F2 /t/ (G * ul —ud)Y(x)dzds
R4 Rd
/ / N (Jy % — p)un(s, x)dads + X479 +2/ / (G 1) — P ui(s, z)dxds.
Rd

First of all observe that since for any ¢ > 0, uy(t) — U(t) in L} (RY), 1 < p < oo, we have

loc

U(t,x)w(x)dx—/ U(r, z)(z)dz.

Rd

/Rd ux(t, z)ip(x)dr — /Rd ux(7, 2)¢(v)dr —

Rd
Using identity (B.7)) and the Lebesgue dominated convergence theorem we obtain that
('])\ * 1/} TP 2]21 /]R;d ZZZ]8 a - AAw(x)7

where

A= 1/ ()| .
2 ]Rd

Since uy — U in L'((7,t) x R%) we obtain by using the Lebesgue theorem that

/ /Rd NIy * = Y)un(s, z)dxds — A/ / AYU (s, )dxds.

For the term involving G we prove that
(3.23)

¢ ~ Oa q > 1+ é
Ad(1-a)+2 / g (Grxp —)ul(s, z)dzds —

J! o B V() U5, 0)dads, q =1+
where

B = (Bl,...,Bd), Bj = G(z)zjdz.

R4
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When ¢ > 1 + 1/d we use Lemma B2 for G and estimate (3I1)) on the LP-norms of u, to
get

ooz [ t [ 1= = s, 21dads
T Rd

" t
< NDHIAG * 6 = )] ey / / uA(s, @) dds
T JR4
t ds
S IVY | Lo (ray A/ (14 A2) 56D
< ||V¢||Lm(Rd) AU 500 as A — oo,

Let us now consider the case ¢ = 1+ 1/d. First observe that identity (B.8]) and Lebesgue
convergence theorem give us that for any z € R?

MGy * ¢ —)(z) = B-Vi(z), X\ — oo

The results in the previous step and Hélder’s inequality give us that for a.e. ¢ > 0 the
following holds

||U§(t) - Uq(t)HLl(Rd) < /Rd lux(t) — U(t)|1/2(|u)\(t)|q_l/2 + |U(t)|q_1/2)dat

2q—1

2g-1
S llua(t) — U(t)lllL/f(Rd)(lm(t)IIqufl(Rd) U@ psa-1 gay)
SC@)[un) —U@) | pr@ay — 0, X — o0,

Hence u! — U? in L'((7,t), L*(R?)) and in consequence the second convergence in (3.23))
holds.
All the above convergences show that U satisfies

/R U(t, ) (a)de — / U(r, 2)(x)dz

d = A/Tt /Rd U(s,xﬂi;w(x)d:):ds + oz/: /Rd Ul(s,x)B - Vi(z)dxds,

where o =1if¢g=1+1/dand o =0 for ¢ > 14 1/d. Thus, when ¢ > 1+ 1/d or B # 0 4,
U is a distributional solution of the heat equation U; = AAU. When ¢ = 1+ 1/d and
B # 0,4, U is a distributional solution of the equation: U, = AAU — B - V(UY).

Step IIIb. Identification of the initial data. Let us choose 7 = 0 in the previous
step. Using estimate (B2I) and the mass conservation of uy for any ¢ € C?(R?) we get

‘/Rdux(t’ z)ip(z)dr — /Rd ux (0, 2) () da

t t
< ||D2¢||L00(Rd)/ /d ux(s, z)dzds + Ad(l_q)HHD@DHLoo(Rd)/ /d ui(s, x)dzds
0o Jr 0 Jr

S D poo may + 2| D|| oo (.
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Letting A — oo and using that for any ¢ > 0, uy(t) — U(t) in L*(RY) we get
} / (t, 2)¢(2x)dx — my (0 )} SHID*Y || peqay + 12 DY || ooy, VE > 0,
R4
where m is the mass of the initial data . This shows that for any ¢ € C?(R%)

lim g U(t,x)(x)dx = my(0).

t10

We want to show that this is true for any smooth bounded function ¢ and then U(t) — mdy
in the weak sense of nonnegative measures in R%.

Let us now choose 1 a bounded smooth function. For any ¢ > 0 we choose 1. € C%(R?)
such that || — 9| eoray < €. Then

}/Rd (t, ) d:z:—m@b()‘
)/R (t, ) (tb(x) — e ))dx)+m\w<o)—we(o>|+%d U(t, o). (x)dz — ma. (0)

< 2em + |9 [wzoo may (t + £1/2).
Thus there exists ¢ty = to(e) such that for all ¢ € (0,1,) the following holds

’/Rd (t,z)(x) de — my(0 )’§45m.

This shows that U(t) goes to mdy as t — 0 in the sense of measures.

In conclusion the limit point U satisfies U € L2.((0,00), L*(R?))N L2 ((0,00), H(RY)).
When g > 1+ 1/d or B = 04, U is a solution of the heat equation U; = AAU with md
initial data. When ¢ =1+ 1/d and B # 0y 4, U is a solution of the equation:

U, = AAU — B-VU?, z € R4t >0,
(3.24)

Since for any 7 > 0 we have U(7) € L'(R?) classical results on parabolic equations show
that for any 7 > 0

U e C((r,00), L"(RY) N L*®((7,00) x RY).

Using the fact that the heat system as well as system (B.24)) have a unique solution (see [9],
[10] for complete details) then the full sequence {u,}, not only a subsequence, converges
to U.

Step IV. The asymptotic behavior. We recall that from Step II we have
|ua(1) = UD)|[p1may = 0 as A — oo.
After setting t = A\? and using the self-similar form of U(¢, z)
Ult,z) =t~ PU1, 2t71?) = =2 f, (xt7/?)
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we obtain that solution u of system ([LI]) satisfies
tlim |u(t) = U(t)| 11 gay = 0.
—00

This is exactly (L6 in the case p = 1. The general case, 1 < p < oo, follows immediately

since
2p—2

o) — U aoqay < lae) = U012 oy () ety + 00 L) ™

< llu(t) = UG | Byt 2073 = o(t=50-).

L (R%)
The proof of Theorem is now completed.
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