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ASYMPTOTIC BEHAVIOR OF A NONLOCAL DIFFUSIVE
LOGISTIC EQUATION*

ARNAUD DUCROT! AND PIERRE MAGALT

Abstract. The long time behavior of a logistic-type equation modeling the motion of cells is
investigated. The equation we consider takes into account birth and death processes using a simple
logistic effect as well as a nonlocal motion of cells using a nonlocal Darcy’s law with regular kernel.
Using the periodic framework we first investigate the well-posedness of the problem before deriving
some information about its long time behavior. The lack of asymptotic compactness of the system is
overcome by making use of the Young measure theory. This allows us to conclude that the semiflow
converges for the Young measure topology.
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1. Introduction. This work is concerned with the study of the integro-differen-
tial equation

dru(t,z) + div (u(t,z)J [u(t,.)] (z)) = f (u(t,2)), t >0, z € RY,
(1.1) Ju(t, )] (x) = =V (K ou(t,.)) (z),
u(t,x +2rk) = u(t,z) Vt >0, z € RN, k e ZV.

Here o denotes the convolution operator on the N-dimensional torus TV = RY /27ZN
defined for each TV-periodic and measurable functions f and g by

(Fo9)(@) =T [ s =)o)y,
T
whenever the above expression makes sense for a.e. x € TV. Equation (1.1) is sup-
plemented together with some initial datum
(1.2) u(0, ) = ug(x) with ug nonnegative and TV -periodic function.

Problem (1.1) arises when looking at spatially periodic solutions of the integro-
differential equation

Owult,z) + V. (u(t,z)v(t,z)) = f (u(t,z)), t >0, z € RV,
V(ta {E) =-V (f]RN p(iC - y)u(t7y)dy) )
associated to a TV -periodic initial datum and fast decaying kernel function p. Indeed,

in such a context if u = u(t,x) is a spatially TV -periodic solution of (1.3), then it
becomes a solution of (1.1) with the T -periodic kernel K defined by

(1.4) K(z)= Y pla+27k).

kezZN

(1.3)
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The fast decay of p is obviously used to ensure the convergence of the above formula.

The problem of form (1.1) or (1.3) describes the spatiotemporal interactions of
cells or individuals, whose density at time ¢ > 0 and located at z € R" is denoted
u(t,z). The nonlocal flux J, namely, the convolution operator, takes into account
the nonlocal spatial interactions between individuals, while the vital dynamics of the
population is modeled by the nonlinear function f. Throughout this work, function
f : RY — R will be assumed to be of logistic type (see Assumption 1.1 for more
precise assumptions), with a prototypical shape f(u) = u(l — u).

The modeling of the motion of cells has a long history. If one omits, for the
moment, the vital dynamics of the population, that is, f(u) = 0, the nonlocal flux
operator J can be derived from particle interaction using the so-called mean-field or
Vlasov limit. This form allows us to take into account long range interaction between
cells. Let us now briefly describe such a mean-field approximation. Let us consider n
particles in RY interacting through a potential V;,. Then the spatial location of each
particle is denoted by X7 (t). Then law of motion reads as

dXpt) _ 1y n n _

m=1

(1.5)

where the potential is assumed to satisfy some scaling property:
(1.6) pnl(x) =nPp (n%x)

for some 5 € [0,1] and where p is a fixed given potential. Using the above particle
interaction modeling, the corresponding macroscopic law of motion is obtained by
investigating the convergence n — oo of the empirical measure p, () defined by

1 n
pn(t) = o Z Oxp(t)-
k=1

Using this framework, the scaling with 5 = 0 (resp., 8 € (0,1), resp. 8 = 1) cor-
responds to the so-called Vlasov limit (resp., mesoscale limit, resp., hydrodynamics
limit) (see [24, 22]). Roughly speaking, in one space dimension, that is, N = 1, n~!
corresponds to the characteristic length between particles, while n=? corresponds to
the characteristic length of interaction induced by the potential p,,. The Vlasov frame-
work, namely, 5 = 0, corresponds to order 1 length of interaction, that is, long range
interactions.

All these rescaled limits have been rigorously and formally investigated in the
literature not only for deterministic system (1.5) but also for noisy perturbation of
such systems. Let us mention the work of Oelschléger [23], where the author derived
the flux formulation J from the noisy system (1.5) with (1.6) and 8 = 0. In this work
the author also considers the case 5 € (0,1) and derived Darcy’s law for moderately
interacting potential (fast decay). In [24] the same author investigated the limit
behavior n — oo of (1.5) (without noise perturbation) for the case § € (0,1) as
well as the one-dimensional hydrodynamic limit. We also refer the reader to Morale,
Capasso, and Oelschléger [22] and Bodnar and Velazquez [9] for more modeling details
and formal derivations. Let us finally refer to Capasso and Morale [12] for rigorous
derivation of macroscopic equation coupling several scales and stochastic effects.

Note that the nonlocal law of motion described by (1.3) posed on RY with f(u) =
0 arises in many applicative fields and has attracted the attention of many researchers.
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The equation takes the form
(1.7) Opu(t,z) = V. (u(t, )V [p*u(t,.)] (z)).

We refer the reader to the introduction of the recent paper of Bertozzi, Garnett, and
Laurent [5] for the list of applications for different fields. This class of systems has
been recently studied in [5, 10] and [26] with an additional heterogeneous transport
term (see also the references therein). Further results in [2, 3, 4, 5, 11, 14] have been
obtained for (1.7) with a linear or nonlinear diffusive perturbation.

In the context of population dynamics, a nonlocal equation similar to (1.1) with
diffusive perturbation was previously considered in [21]. We also refer the reader to
Leverentz, Topaz, and Bernoff [19] and the references therein for swarming models
and numerical experiments. In the context of cell-cell adhesion, several works based on
the article of Armstrong, Painter, and Sherratt [1] consider some nonregular kernel K
(see also [6, 7] for more results on this topic). Let us also mention that system (1.1) or
(1.3) is also closely related to the so-called hyperbolic Keller—Segel equation. Indeed
the hyperbolic Keller—Segel equation with linear sensitivity and a logistic perturbation
takes the following form (see [25] for more results on this subject):

Owu(t,z) = V. [xu(t,z)Vu(t,z)] + f(u) for t > 0 and z € RV,
(1.8) (1—e2A)v(t,z) = u(t, z),
u(0,.) =ug € LY (RV).

Here x € R* denotes the sensitivity parameter. It is negative when the substance
with concentration denoted by v is attractive, while x > 0 if it has a chemorepulsive
effect. Next recall that

(-8 ) @) = [ T e (1) () (@)l
0

and

1 _ lwi?
Tean(t) (p) (x) = ()T /RN @ (v —y)e ar=Zidy.

It follows that

v—e?Av=us vt x) = / pn(x —y)u(t, y)dy,
RN

where

NS

0o gl Lol
T) = ———e¢ ame2id].
P (@) /0 (4re2]) %

In particular for N = 1 we have

€

p(x) = ¢

—e |

Hence the hyperbolic Keller—Segel equation is rewritten as (1.1) with the kernel p =
xpn - For this class of systems the kernel K defined in (1.4) has a singularity only at
x = 0. Such a situation will not enter the framework of this work.
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Coming back to (1.1) the assumptions of this work read as follows.
Assumption 1.1. Function f : RT™ — R is concave and takes the form of

fw) =uh(u) Yu>0

for some function h : R* — R of the class C'' that satisfies h(1) = 0 and the following
changed sign condition:
(1.9) h(u) >0 Yu € [0,1), h(u) <0 Yu>1, and lim h(u) = —oc0.
U—r 00

Note that such an assumption holds true for the prototypical function h(u) = 1—u.
Our second assumption is related to the properties of the kernel operator K.

Assumption 1.2. Function K : RY — R satisfies the following properties:

(i) K is a TV-periodic function of the class C3 on RY.

(ii) The Fourier’s coefficients of function K on TV denoted by {¢,[K]}, .~ satisfy
cn[K] >0 for all n € ZV \ {0}. Here the Fourier coefficients are defined by

en K] = |’11’N|_1/ e” MK (x)dx Yn e ZN.
TN

Note that condition (ii) in the above assumption is related to a repulsive property
of the kernel, so that (1.1) exhibits a diffusion-like effect. This will be used in a
forthcoming modeling work on cell motion [17] (see also [18] for more results on this
subject).

If we come back to the formulation (1.3) with kernel p, let us note that Assump-
tion 1.2 (ii) can be rewritten as follows in terms of Fourier transform of p using the
relationship (1.4):

cal K] = |11‘N|*1ﬁ(2n ) >0 Vn ez \ {0},

2
where p denotes the Fourier transform of p defined by
p (&) ::/ p(x)e ™ Edy  for £ € RN,
RN

Due to this remark, if p : RV — R satisfies p € W! (RN) ncs (RN), for each
multi-index « of length || < 3 the series

T Z D%p(x + 27k)
kezZN

is uniformly converging on [—, 7T]N, and p(¢) > 0 for all £ € RV, then function K
defined by (1.4) satisfies Assumption 1.2.
Example 1.3. Assuming that N = 1, it is readily checked that the kernel

a2 2
plz) =e (resp-, p(x) = m)

satisfies all the aforementioned assumptions and its Fourier transform is

7(€) = vre ™ (resp., (&) = 7).
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Of course the kernel corresponding to the one-dimensional hyperbolic Keller—Segel
equation p (z) = e~ also has a positive Fourier transform. But as mentioned above,
due the singularity of p at 0, we will not consider this class of problems.

Example 1.4. As mentioned above, the regularity assumption for p is not satisfied
for the one-dimensional hyperbolic Keller—Segel equation. However, the assumptions
considered in this work allow us to deal with the following modified version of the
hyperbolic Keller—Segel equation with chemorepulsive effect:

Opu(t, x) = 0y (u(t,z)0yv(t,x)) + f (u(t,x)) for t >0 and z € R,
(1.10) (1- 528§)k v(t,x) = u(t, z),
u(0,.) =up € LY (R),

with & > 2. Indeed, in that case one has v = (pi* *u) with py(z) := %e*‘f_lm.
For k > 2 we have pi* € W2k=L1(R)n C?~2 (R). Moreover the Fourier transform is
positive since pi* (&) = p1 (§)k > 0. Hence we deduce that Assumption 1.1 is satisfied
for k > 3.

Assumption 1.2 is a relatively strong assumption on the interaction kernel. This
type of condition has been used by Chayes and Panferov [14, Corollary 2.7] to prove
a convergence result for similar system with a linear diffusive perturbation and no
logistic term. Bernoff and Topaz [2] discuss the positivity condition on the Fourier
transform of the interaction kernel for this class of model problems (without the
logistic term). As far as we know, the logistic effect together with nonlocal diffusive
motion (namely, (1.1)) has not yet been considered in the literature.

2. Preliminary. The aim of this preliminary is to derive the existence and
uniqueness of solution for (1.1)—(1.2) and to provide estimates of the solutions that
will be used in what follows to derive their asymptotic behavior.

Before going further let us introduce some notation that will be used in the paper.

For each k € N, let us denote by Cé“ (RN ) the Banach space of functions of class
C* from R¥ into R and [0, 27]"-periodic endowed with the usual sup-norm

k
I6lly00 =D sup [DPp(z)].

p—=0 TzERN

For each p € [1,+00], let us denote by Lf (RY) the space of measurable and [0, 2]"-
periodic functions from R”Y to R such that

||(PHL§’(RN) = HQO”LP((ﬂTJ)N) < +o00.

Then L} (RY) endowed with the norm ||| L2 (&) is a Banach space. We also in-
troduce its positive cone Lf , (RY) consisting of all functions in L (R") almost
everywhere positive.

Finally if (X,d) is a metric space, then Lip(X) denotes the Banach space of
bounded and Lipschitz continuous functions from X into R endowed with the usual
Lipschitz norm

@ Sl = s @+ s OO gy e i)

(z,y)EX?, xy d(x,y)
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2.1. Solution integrated along the characteristics. In this section we in-
vestigate the existence of solution of (1.1) with initial data ug € L;° (RY). To do so
let us first investigate the characteristic curves of the problem.

LEMMA 2.1. Let Assumption 1.2 (i) be satisfied. Let u € C([0,7] L (RM)).

Then the map v(t,z) = (VK ou(t,.)) (z) belongs to C'([0,7] ,Cﬁl (RN) )N and satis-
fies the following estimates:

IV o0 < IVE g o llults s ey

1div v (s llg,00 < IAK g o0 et N sy, -

The proof of this lemma is omitted. Next the following lemma will allow us to
define the characteristic curves.

LEMMA 2.2. Let Assumption 1.2 (i) be satisfied. Let u € C([0,7] L (RN)) be
given. Then setting for v(t,x) = (VK ou(t,.)) (x) the nonautonomous system

Oy (t, s;2) = —v(t, Iy (t, s;2)) for each t € [0, 7],
(2.2)
Iy (s, s;x) = x,

posed for each s € [0,7] and each x € RN generates a unique nonautonomous contin-
uous flow {Ily(t, s)}; se(o,-» that is to say,

Iy (¢, 75 )y (r, 85 2) =y (¢, 852) Vi, s, € [0,7] and Iy (s,s;.) =1,

and the map (t,s,x) — Iy (t,s;x) is continuous. Moreover for each t,s € [0,7], we
have

Iy (t, s; 2 + 27k) = I, (¢, s;2) + 27k Vo € RN, k€ ZN,

the map © — Iy (t, s;x) is continuously differentiable, and one has
t
det(9, 11y (¢, s;x)) = exp <—/ div v (1,11, (1, s; x)) dl) .
S
Proof. This result follows by using classical arguments on ordinary differential
equations and the estimations obtained in Lemma 2.1. d
In order to make the notion of solution we will use in this work precise, assume

first that u € C* ([0,7] x R,R) N C([0,7],CY , (RY)) is a classical solution of (1.1)-
(1.2). By setting for 0 < s <t <7

t
(2.3) Vo (t,s;x) = exp (—/ divv (1,11, (1, s; x)) dl) ,
then one has

%(u(t, Iy (£, 0)2) Ve (t, O;x)) - [atu(t, Iy (£, 0; ) — v(t, Iy (£, 0; 2) Vu(t, ILy (¢, 0; z))
—ult, Iy (¢, 0; ) div v(t, ILy (¢, 0; x))} Vo(t,0; ).

Hence a classical solution of (1.1)—(1.2) satisfies

%(u(t,Hv(t,O;x))Vv(t,O;x)) - h(u (t,Hv(t,O;x)))u(t,Hv(t,O;a:))Vv(t,O;x).
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It follows by using (2.3) that

(2.4) w(t, Iy (¢,0;x)) = exp </0 h(u(l, 11y (1,0;2)))+div v(I, (1, O;x))dl) ug (),
or equivalently

(2.5)
u(t,xz) = exp (/0 h(u(l, 1Ly (1, t;x))) + div V(l,Hv(l,t;x))dl) uo (I, (0, x)) .
Set

(2.6) v(t,x) = o VK (x — z)u(t, z)dz.

By using the change of variable z = 11, (0, ¢; z) we obtain

v(t,z) = VK (z—T1Iy(t,0; 2))u(t, Iy (¢, 0; 2)) exp <— /Ot div v(l, 1, (1, 0; 2))dl> dz.

TN

Combining the above formula together with (2.4), we obtain

@7  vita) = [ VK-t 0;2)els netm@oRn)d, oy g
TN
The above computations lead us to the following definition of solution.

DEFINITION 2.3 (solution integrated along the characteristics). Let ug € Lg° >, (RY)
be given. Let T > 0 be given. A functionu € C([0, 7], Lé7+(RN)) N L>((0,7), Lge, (]RN))
is said to be a solution integrated along the characteristics of (1.1)—(1.2) if u satisfies
(2.5) with v defined in (2.6).

Then our existence result reads as follows.

THEOREM 2.4. Let Assumptions 1.1 and 1.2 (i) be satisfied. For each uy €
Ly, (RN), system (1.1)~(1.2) has a unique solution integrated along the charac-
teristics t — U(t)ug in C([0,+00), L  (RY)) N LS, ([0,00), Lg%, (RY)).  Moreover
{U(t)}15¢ s a continuous semiflow on LBX:_ (RYN), that is to say,

(i) UR)U(s) =U(t+s) for allt,s >0 and U(0) =

(ii) the map (t,up) — U(t)up maps every bounded set of [0, +00) x L%, (R) into

a bounded set of L3, (R);

(iii) (Continuity) if {t, }nGN( [0,4+00)) = t < +00 and {ug},cy is a bounded

sequence in Lg%, (RN) such that |jufy — UOHL;(RN) — 0 as n — +o0, then

WU (tn)ug — U(t)u0||L;(RN) — 0 as n — +o0.

The semiflow U also satisfies the two following properties:

(28) U(t)uo 2 0 VUO 2 0, Vt 2 0,

(29) U@ uollpyav, < " fuollpyawy Yt >0 with M = sup hw)
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Furthermore, if in addition ug € VVﬁl’1 (]RN), then U(.)ug € C’l([O +00) L1 (RN) ,
and if in addition vy € Cﬁl (RY), then u(t,z) = U(t) (uo) (z) belongs to Cl([O +00) X
RN R) and u(t, ) is a classical solution of system (1.1)-(1.2).

In order to prove the above lemma we set

(2.10) w(t,x) = u(t, (¢, 0;x)).

Next (2.4) yields to

(2.11) w(t,x) = exp (/0 h(w(l, z)) + div v(I, I, (I, O;x))dl) ug () .
Hence one obtains
w e C ([O,T] s Lgoy (RN)) )

On the other hand, note that (2.7) provides

(2.12) vit,a) = [ VE(x -0yt 0;3))els (wE2)dy () gz,
’]I‘N

Then (2.11)—(2.12) leads us to the following fixed point problem:
w o N w w
(V) e C([0,7], L (RY)) x C ([o,r],q} (RY) ) and <V> =T (V) :
wherein the operator 7 is defined by 7(7) = (75,/) and

(2.13) w'(t,z) = exp (/O h(w(l,z)) + div v/ (I, 11,(1,0;x)) dl) uo (),

Vita) = [ VE(@ -1t 0;3)els M(w)dy 3) 4z,
’]I‘N

We will now sketch the proof of Theorem 2.4 by showing that the contraction mapping
theorem applies for 7 as soon as 7 > 0 is small enough. This will ensure the existence
and uniqueness of a local solution. To do so we fix 7 > 0, a value that will be chosen
later on, and we consider the Banach space X defined by

X =C([0,7],L (RY)) x C ([0, 7], C} (RM)N)

endowed with the usual product norm:

1] = 1legonazomy + IMleonemnm:
We also introduce the closed subset X+ C X defined by
Xt =c(0,7],L3 (RY)) x C([0,7], Cf (RM)N) .

Now we consider the operator 7 : XT — X defined by 7(¥) = (7“\',’,/), with (w',v)
defined in (2.13). Note that due to (2.5) one has

(2.14) T(Xt)c X+,
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Next let us set

Uo(t) = (33) € X T with vo = VK o uy.

For each U € X and x > 0 we denote by Bx (U, ) the closed ball in X of center U
and radius k.

Now let k > 0 be given. We claim that there exists 7 > 0 such that for each
7€ (0,7)

(2.15) T (X" NBx (Uy,x)) € Xt N'Bx (Uy, k).

To prove this claim, let (%) € X N Bx (Uo, k) be given. Note that

H <lj) HX < |Uollx + & =: M(k).

Then recalling the definition of (w', v') in (2.13) and setting H (k) = sup,co, ar(x) P(5)
one has

0,00 T Us || x =: K1 (7)

(216) sup [div v/(t, )|z < | AK]
te[0,7]

and

sup_ [’ (2,.) = wo()zge < 7l|Uollx (H(r) + Ki1(r)) er D,
te[0, T

Moreover one has

Sup V't = voll ey~ < 27|[Uo| x| K l|3,006™" | TN| [M (k) + H ()] -

Recalling (2.14), the above computation completes the proof of (2.15).

We now claim that there exists 7* € (0,7) such that for each 7 € (0,7) there
exists L(7) € (0,1) such that for each ({), (}2) € X N Bx (Uo, k)

e ()T, s () - ()],

To prove this claim let 7 € (0,7) be given. Let (1), (J2) € X+tNBx (Ug, k) be given
and let (w], v}) and (wh, vb) be defined as in (2.13) with (w, v) replaced, respectively,
by (wy,v1) and (wg,v2). Now before proving (2.17), let us first observe that due to
(2.2) and Gronwall’s inequality one has for all t € [0,7] and x € TV

(2.18) v, (¢,0,2) = Iy, (¢,0,2)[| < 7lva = Valloqom.cne™ ™
From the above estimate we obtain

(2.19) vy = vall UK s.00mlve = vallogo,cne™ ™ 7e™ T [[lugl|
+ | Kll2,00e™ O 7H (1) w1 = w2l (0,71, 250 T |10l o-

Here we have set

H'(k) = sup [h/(s)].
s€[0,M (k)]
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Recalling (2.16), one gets for each t € [0, 7]
(2.20)

[wi (t,-) = wi(t, )zge < 7l|Uo||xem T+THAT) {H'(K)Ilwl —walle(o,7,25)

+ sup ||div v} (1,11, (1,0;.)) — div v5 (I, Iy, (Z,0;.)) |L§cdl} .
1€[0,7]

To complete the proof of (2.17) let us notice that for each I € [0, 7] one has
||d1V V?l (lv Iy, (lv 0; )) —div VI2 (la Uy, (lv 0; )) ”Lu"o
< 2HU0||X67—H(H)”KH3,OO SI;EV HHV1 (l, 0, CC) — 1, (lv 0, :E)H
EdS

+ Vol x 1K [|2,006™ ) H ()7 Jay, — walle(o,r),L50)-

Hence (2.17) follows from (2.19)-(2.20) making use of (2.18).

Finally one concludes from (2.15) and (2.17) that for 7 small enough, the contrac-
tion mapping theorem applies to operator 7. Hence the operator 7 has a unique fixed
point in X+ N By (Uy, k). Recalling (2.10), this ensures the existence and uniqueness
of the local solution integrated along the characteristic of (1.1) as well as (2.8).

Let us mention that the smoothness of the kernel K (namely, of the class C3)
is a key ingredient in deriving the existence and the uniqueness of the solution. We
refer the reader to [6, 7] for other methods whenever K is less smooth (and without
logistic nonlinearity). See also [20] for other existence and uniqueness results for the
two-dimensional Euler equation in fluid mechanics.

It remains to show that the semiflow is globally defined. Recalling the definition
of M in (2.9), one deduces from (2.5) that

(2.21) u(t,z) < exp (Mt) Vy (t,0; 11y (0, ;)™ 1) uo (ILy (0, ;) ,

which completes the proof (2.9). Recalling Lemma 2.1 and ug € Lge (RN ), one obtains

that there exists some constant M > 0 such that
(2.22) IVt Mo oo+ 1iv V(E oo < M exp (M).
Recalling that

t
Vo (£,0; 10y (0,¢;2) ") = exp (/ div v(1, 11, (1, 0)x)dl> ,
0

one infers from (2.21) and (2.22) that there exists some constant M > 0 such that

—

M
lu(t, )o,00 < exp (Mt)exp <M exp (Mt)) luollo,00 ¥t > 0.

The result follows.
Remark 2.5 (conservation law). The above computations lead us to the following
conservation law: For each Borel set A C TV and each 0 < s < ¢,

/Hv(t,s;.)A u(t, r)dr = /Aexp {/: h (u (1,1, (1, s;z)))] u(s, 2)dz.
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3. A priori estimates and energy functional. When dealing with (1.3) for
f = 0 and with initial datum in L'(R"), it is well known (see, for instance, [11, 26])
that the functional E[u(t,.)] := [pn (p*ult,.)) (z)u(t, z)dz is decreasing along the
trajectories. In the context of periodic initial datum, one can also check that the
functional & defined by

Eifult, )] = /T (K ou(t, ) (z)ult, 2)da

is also decreasing along the trajectories of (1.1). However, here we shall make use of
another energy functional. Let u = u(t, x) be a classical solution of (1.1)—(1.2). Then
let us consider the functional

1

(3.1) Blutt, ) = ey |

G (u(t,z)) dx,

wherein function G : [0,00) — [0, 00) is defined by
(3.2) G(u) = uln(u) —u+ 1.

Then the following lemma holds true.

LEMMA 3.1. Let Assumptions 1.1 and 1.2 (i) be satisfied. Let ug € Lg° (RN
be given. Let u = u(t,xz) be the solution of (1.1)—(1.2). Then one has for each
(t,7) € (0,00)% witht — 7 >0

Elu(t+7,.)]—Elu(t — 7,. /_ > lInlPen(E) [en (u(s, ) ds

(3.3) nent

t+7
— ﬁ /TN s,x) [In (u(s, z))| |h (u(s,x))| dzds.

Proof. Let u be a classical solution of (1.1). Then one has

%E[u(t, ) = —ﬁ /TN w [l ()] | ()] d + ﬁ /TN w (AK o) da.

On the other hand, let us notice that for each ¢ € L7 (R") one has

|TN|/ (AKop)dr=Y" alpler[AK o] = — S k[2eilK] lex [¢]-

kezZN kezN

Hence (3.3) holds true for classical solutions.

Let ug € LEO(]RN ) be given and let u denote the corresponding solution of (1.1).
Let us consider a sequence {uf } >0 C Cﬁl (RY) such that ||u? —uo||pr — 0 as n — oo.
If we denote by u™ the classical solution of (1.1) with initial data u{, then Theo-
rem 2.4 (iii) ensures that u” — u in Cj,. ([0, 00); L& (RY)). Since u" satlsﬁes (3.3), u
also satisfies (3.3) using the above convergence as well as the Lebesgue convergence
theorem. The result follows. O

Before using this functional, let us first derive some estimates on the solution of
(1.1)=(1.2) provided by Theorem 2.4. Our first estimate reads as follows.

LEMMA 3.2. Let Assumptions 1.1 and 1.2 (i) be satisfied. Let ug € Lg° L (RY) be
giwen. Then one has

JU o | ey < max (Jluolly ey, [TV]) Ve > 0.
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Moreover we have the following dissipativity property:

limsup [[U (#)uol| 3 mr) < ).
t—4o0

The above lemma shows the semiflow U is bounded dissipative in L} (RY).

Proof. To prove this estimate we will first deal with the classical solution. To do
so let us assume that uy € Cﬁl (RN) with up > 0. Let us denote by u = u(t,z) the
corresponding classical solution of (1.1) (see Theorem 2.4). Then integrating (1.1)
over TV yields

d 1 1

1
BTN Jox u(t,x)dx = T o fult,z))dx < f (W /11‘N u(t,x)dx) .

Note that the above inequality holds true using the Jensen inequality (recall that f
is assumed to be concave; see Assumption 1.1). The results follows using the usual
ordinary differential arguments with Assumption 1.1. The case of solutions integrated
along the characteristics (see Definition 2.3) is handled using a regularization sequence
of initial data. ]

Our next estimate reads as follows.

LEMMA 3.3. Let Assumptions 1.1 and 1.2 be satisfied. The function

v(t,z) := (VK oul(t,.)) (z) satisfies v.e L*((0,00), Wﬁl’m(RN))N,
and one has for each t > 0
v v(t, )l g vy < JAK [loo max (Jluolly vy, [TV])
and

limsup ||div v(t,.)[|eo < [|AK]|oo| TV
t——+oo

The proof of the above lemma is straightforward using Lemma 3.2. It will allow
us to derive the following uniform bound.

LEMMA 3.4. Let Assumptions 1.1 and 1.2 be satisfied. Then for each initial
datum ug € LB)O(]RN), one has for each t > 0 and a.e. x € RY

u(t,w) < max (|luolloos Mo (Jluoll3cen)) ) -
where Mo = Mo(z) is defined using (1.9) by

Mo(z) =inf{t >1: C(2)+h(y) <0Vy >t} and
C(z) == |AK|[, o max (z,]TN]).

Moreover we have the following dissipativity property:

timsup u(, )lo.ce < Mo (o3 an) ) -
t—4o0

Proof. Here again we only prove the above estimates for the classical solution.
The usual limiting procedure allows us to extend this estimate for solutions integrated
along the characteristics according to Definition 2.3. Let ug € Cﬁl (RN) with ug > 0
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be given. Let u = u(t,x) be the corresponding classical solution of (1.1). Then one
has for each ¢ > 0 and # € TV

O = vVu + u (divv + h(u)) .

On the other hand, recalling the notation of Lemma 2.2, one gets for each ¢ > 0 and
ze TN

du (t, 11 (t,0; x))
dt

= Owu(t, Iy (t,0;2)) — v(¢t, Iy (¢, 0; ) Vu(t, IL, (¢, 0; )).

Hence by setting X (¢) := u (¢, 11, (¢,0; x)) one obtains

d);_t(’f) = X(t) [divv(t, TL, (£, 0)z) + h (X (£))] .

Due to Lemma 3.3 we obtain

dX (1)

—= < X(1) [C (luollyem)) +h(X®)]  and  X(0) = uo(x).

Therefore this yields
u(t,10,(t,0:2)) = X (¢) < max ([[uolloos Mo (Jluoll 3. ) )

and since the map « — II, (¢, 0; z) is invertible, the proof is complete whenever uy is
smooth enough. d

Let us prove an identity that will be used in what follows.

LEMMA 3.5. Let Assumptions 1.1 and 1.2 be satisfied. Letug € Lg°, (RN) be given

and let us denote by u = u(t, z) the solution of (1.1)~(1.2). For each F € C* (TV x R)
the map t — [1n F (x,u)dz is of the class C' and one has

d .
pr /TN F(z,u(t,x))dx :/TN [u(t, 2)Fy(z,u(t,z)) — F(z,u(t,2))] div v(t, z) dx

- Vo F(z,u(t,z))v(t, z)ds
TN

+ /11‘N Fo(z,u(t,x))u(t, z)h(u(t, x))dz,

with v(t,x) = (VK ou(t,.)) (x).
Proof. Let u be a classical solution of (1.1). Let F € C? (T" x R) be given.
Then multiplying (1.1) by F,(z,u) and integrating over TV leads us to

d

E/ F(z,u)dr = Fy(z,u)div (uVK ou)dx —|—/ Fy(z,u)uh(u)dx
TN TN

TN

= _ /JI‘N uV [Fy(x,u)] vdx +/ Fu(x,u)uh(u)dz.

TN

Next, one has

uV [Fy(z,u)] = V [uF,(z,u) — F(z,u)] + Vo F(z,u),
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which yields

4 F(z,u)dz :/ [uFy(x,u) — F(z,u)] div vdz
dt TN TN

- V. F(z,u)vdr + Fy(z,u)uh(u)dzx.
TN TN

This completes the proof of the identity for classical solutions and the C? test function.
The case of the C! test function is obtained using a limiting argument, and the case
of solution integrated along the characteristics can be handled by using a classical
regularization procedure. a

4. Asymptotic behavior. In this section we investigate the long time behavior
of (1.1)—(1.2). In order to overcome the possible lack of asymptotic smoothness of
the trajectories, we will use the Young measure framework. First notice that due to
Lemma 3.5 (and Lemmas 3.3 and 3.4), for each n € Z" the map t — ¢, [u(t,.)] is of
class C! bounded up to its first derivative (by choosing the test function F(z,u) =
e™®q). Next due to the a priori estimate (3.3) one obtains that for each solution

: _ N
ti}inoo e [u(t,.)] =0 for each n € Z™ \ {0} .
By using the convergence of the Fourier coefficients ¢, [u(t,.)] it is clear that for a

given sequence {tj} k>0 — 00 one can find a subsequence g, — +00 and a constant
¢ € R such that a

u(ty,,.) — cin L* (TV) .

The limit solution may depend on the sequence {tx}r>o.
Remark 4.1. From the above remark one concludes that

(4.1) lim |v(¢,.) =0.

t—Foo ||1,oo

Indeed if {tx}r>0 is a given sequence tending to oo, then from the regularity of the
kernel (of the class C®) the sequence {v(tg,.)}r>0 is bounded in CZ(R™)N and thus
relatively compact in Cﬁl (RMYN. Let ¥ be a limit point of the above sequence in
C}(RN)N. This means that there exists a subsequence {ty, },>0 such that

. _ = 1NN

plgrolo V(tn,,.) =V in Cy (R™)™.
From the above remark, possibly along a subsequence, one may assume that there
exists some constant ¢ € R such that u (t,,.) — ¢ weakly in L? (T"). Hence one
gets that for each z € TV

VK(x —y)u (ty,,y) dy — c/ VK(x—vy)dy = 0.
™ ™
This justifies (4.1).

Therefore the goal of this section is to obtain more detailed convergence results on
the original distribution u(t,.). One of the main goals of this section will be to prove
the weak convergence of u(t,.) to a unique constant distribution as ¢ goes to +oo.
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Actually, we will prove a stronger convergence result by showing that there exists a
unique constant Foo := limy_, oo Flu(t,.)] such that

fut,.) = [Exf(0)+ (1 — Ex) f(1)] in L* (TV) ast — +o0

for each continuous function f : R — R. We will use this type of convergence result
to derive a strong convergence result for some specific initial data.

In order to state our result, let us recall some definitions related to Young measures
theory.

DEFINITION 4.2 (Young measure). Let (X,d) be a separable metric space and let
P(X) be the set of probability measures on (X,d). Let 2 be a given set endowed with
a o-algebra A. A map v : Q — P(X) is said to be a Young measure if for each Borel
set B € B(X) the function © — v,(B) is measurable from (2, A) into [0,1]. The set
of all Young measures from (2, A) into X is denoted by Y (Q, A; X).

DEFINITION 4.3 (narrow convergence topology). Let (X,d) be a separable metric
space and let (2, A, 1) be a finite measure space. The set Y (2, A; X) is endowed with
the narrow convergence topology; this topological space is denoted by (Y (Q, A; X); T),
which is defined as the weakest topology on Y (2, A; X) such that all the functionals

V(A X) 50— /A </X n(w)l/z(dw)) u(dz) € R

for A e A and n € Cp(X;R) are continuous. Here Cyp(X;R) denotes the space of
continuous and bounded maps from X into R.

Remark 4.4. Using the above notation, note that a sequence {v"},en CY (22, A; X)
narrowly converges to v € Y (2, 4; X) if and only if for each continuous function
n € Cp(X;R) one has

lim [ n(w)rn (dw) = / n(w)ve (dw),

wherein the above convergence holds for the weak-x topology of L> (92, A;R) with
respect to the parameter x € ). This can also be rewritten for each n € Cy(X;R)
and each ¢ € L' (Q, A;R) as

Ji [ ot)| [ o] w) = [ o | [ st aw)
In what follows we will denote
Y(RY, X) = ¥ (T, B(TY); X)
and for each Q € B(R)
V(QxRY, X) =Y (Qx TV, B(Q) @ B(TY); X).

The above spaces will always be endowed with the narrow convergence topology. For
this reason, in what follows we will not explicitly write down the topology 7.
DEFINITION 4.5 (local narrow convergence topology). Let (X, d) be a separable
metric space and let (Q, A, 1) be a finite measure space. The setY (R x Q, B(R) ® A; X)
is endowed with the local narrow convergence topology denoted by Tioe, which is de-
fined as the weakest topology on' Y (R x Q,B(R) ® A; X) such that all the functionals

Y QA4 X)dv — - </X n(w)y_(dw)) (dt@up) eR
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for each I C R bounded interval, A € A, and n € Cp(X;R) are continuous.

In the following we will use the above notion with (€2, A) = (TV,B(T")) and
X = [0,7] some real interval. Moreover we shall denote by Yo (R x RY;[0,7])
the topological space Y; (R x RN [0, *y]) endowed with the local narrow convergence
topology Tioc-

Remark 4.6. Let us also recall that since (']I‘N , B(TN )) is a countably generated
o-algebra then the topology Y3(RY, X) is metrizable (see, for instance, the monograph
of Castaing, Raynaud de Fitte, and Valadier [13]).

Using these definitions, the main result of this section reads as follows.

THEOREM 4.7. Let Assumptions 1.1 and 1.2 be satisfied. Let ug € LB’)OJr(RN) be
given and let uw = u(t,z) be the solution of (1.1) and (1.2) provided by Theorem 2.4.
Recalling definition (3.1) let Es > 0 be the quantity defined by

Ey = tliglo Elu(t,.)].

Let us denote by v = max (||uo]|oc, MO(”UQ”L;(RN))) (see Lemma 3.4 for the notation).
Then for each t > 0 the map x — 0yt belongs to Yy (]RN, [0, ’y]); Ex €[0,1] and

tllgl() 5u(t7.) = FEyd+ (1 — Ex) 61,

wherein the above convergence holds for the narrow convergence topology of Yy(RY,
[0,7]).

Before dealing with the proof of the above theorem, let us state and prove several
corollaries of this result. The first one is related to the velocity field v. In particular
this provides another of the convergence results stated in Remark 4.1.

COROLLARY 4.8. Under the same assumptions and notation as in Theorem 4.7,
the velocity field v(t,x) = VK ou(t,.)(x) satisfies

(4.2) lim v(t,z) =0 in Cﬁl (RM).

t—o0

We furthermore have the following point dissipativity estimate:

lim sup ||u(t, )]s < 1.
t—o0

Proof. Note that the convergence (4.2) directly follows from Theorem 4.7. Indeed
recall that one has

= |TN|~! xr — w w .
vita) =TV [ VK@=y) [/H Buge (@ >] dy

Hence one obtains using Theorem 4.7 that for each z € TV

1—-Fy
lim v(t,x) =

= | VEK(z—y)dy=0.
Jim TV V@ y)dy

In addition, since K € CZ(RY), {v(t,.)}:>0 is uniformly bounded in C?, which leads

us to v(t,.) — 0 as ¢ — oo for the topology of Cﬁl (RY) and completes the proof of

(4.2). Hence recalling the notation introduced in the proof of Lemma 3.4, one has
dX(t)

= = X (1) div V(£ 1L, (£ 0)2) + h (X ()]
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Thus since ||div v(¢,.)|lo..0c — 0 as ¢ — oo, one obtains that for each 7" > 0 and
reTV

limsupu(t,z) < W(T) := inf {z >1: sup||div v(¢, )]o,c0 +h(y) <O0Vy > z} :
t>T

t—o0

Finally note that because of Assumption 1.1, one has U(7') — 1 as T' — oo and the
result follows. O

Our second corollary allows us to characterize the asymptotic compactness of the
trajectories.

COROLLARY 4.9. Under the same assumptions and notation as in Theorem 4.7,
let {tn}n>0 be a sequence tending to oo as n — oo. Then the sequence {u(ty,.)} C
LB’O(RN) is relatively compact in Lé (RYN) if and only if E« € {0,1}. We furthermore
have

Esx =0 (resp., 1) & tlim u(t,z) =1 (resp., 0) in Lé(RN).
—00

This corollary is a direct consequence of Young measure properties (see Corollary
3.1.5 in [13]).

Our next corollary describes some situations ensuring that Eo, = 0.

COROLLARY 4.10. Under the same assumptions and notation as in Theorem 4.7,
let us assume that there exists § > 0 such that ug(z) > § for a.e. x € RN. Then one
has Eog = 0 and limy_,oo u(t,z) =1 in L& (RN).

Proof. Recalling the notation introduced in the proof of Lemma 3.4, one has

%t(t) = X (t) [div v(¢, 1L, (¢,0)x) + h (X (¢))] .

From this one may observe that u(t,z) > 0 for all ¢t > 0 and € TV. Since
Idiv v(¢,.)]Jo,c0 — 0 as t — oo, there exists 7' > 0 large enough such that

(Idiv v(t, )]o,00 < & VE>T,

where € > 0 is a given parameter such that h(0) — e > 0. Now using the above
integration along characteristic, one obtains that for each ¢t > T and each x € TV

u(t,x) > o(t),
wherein ¢(t) is the solution of the ordinary differential equation

¢'(t) =) [h((t) —¢], t =T, and ¢T)= min u(T,z).

xzeT

Since h(0) — & > 0, there exist n € (0,1) and 7" > 0 such that
(4.3) u(t,z)>n Vt>T, z € TV,

Let f:[0,7] — R be a given continuous functions such that

f(s) =0if s >nand f(0)=1.

Then according to Theorem 4.7 one has

lim flu(t,z))dr = Ex.

t—o00 TN
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On the other hand, because of (4.3) and the definition of f, one has f(u(t,.)) = 0 for
each ¢ > T, which implies that Eo = 1. Hence 0y, ) — 01 as t — oo and the L'-
convergence follows from standard Young measure properties (see [13, 27, 28]). d

It remains to prove Theorem 4.7. This proof requires several lemmas. Before
going into the proof of Theorem 4.7, let us first recall further definitions and notation.
Recalling the definition of v in Theorem 4.7 let us consider the probability space
P (TN x [0,7]), and let us recall that the usual weak-* topology on P (TV x [0,7]) is
metrizable using the so-called bounded dual Lipschitz metric defined by

[, v
TN x[0,7]

Recall that the Lipschitz norm is defined in (2.1). Therefore the above distance does
not correspond to the 1-Wasserstein distance. We refer to Theorem 18 of Dudley
[16] and to the textbook of Billingsley [8] for the equivalence between the weak-x
topology on P (TY x [0,7]) and the topology induced by © (.,.). In what follows, the
probability space P (T x [0,7]) is always endowed with the metric topology induced
by © without further precision.

Let {t,}n>0 be a given increasing sequence tending to oo as n — co. Using the
above definition, one will show the following result.

LEMMA 4.11. Under the assumptions of Theorem 4.7, let T > 0 be given. Then
the sequence of maps " € CO ([T, T); P (TN x [0,7])) defined by

O (1,v) = sup{

, feLip (TY x[0,9]), [[fllLip < 1}~

i = TN de @ Su(eqe, o)

is relatively compact in C° ([T, T); P (TN x [0,7])). Note that the definition of i
means that for each continuous function f € C (TV x [0,7];R)

(4.4) / f (@ y)du @, y) = [TV / f (@ u(t + b, 2)) da
TN X [0,7] ™~

Proof. This result is a consequence of the identity provided in Lemma 3.5. Let us
first show that there exists some constant M > 0 such that for each (¢,s) € [0,00)?

(4.5) O (ITV|7 'z ® bu(t,2), TN |7 da @ Sy (s.0)) < Mt — 5.

Let F = F(z,u) € C* (TY x R) be given. Let (¢,s) € [0,00)® be given such that
s < t. Then Lemma 3.5 yields

(4.6) /’JI‘N F(z,u(t,z))dr — /TN F(z,u(s,x))dr = /St Ir(l)dl,

wherein we have set
Ir(t) := /TN [u(t, 2)Fy(z,u(t,x)) — F(z,u(t,2))] div v(¢, z) dx

- Vo F(z,u(t,x))v(t, z)de
TN

+ o Fo(z,u(t,z))u(t, z)h(u(t,z))dx.
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On the other hand, since 0 < u(¢,x) < v and using the estimates for v in Lemma 3.3,
one directly obtains that there exists some constant M = M(y) such that for all
F e C* (TN x R) and each I € [0, 00)

(4.7) TrD] < M| FlLip r~ x(0,4)5%)-

Finally (4.5) follows from (4.6) and (4.7).

To complete the proof of the lemma, it is sufficient to notice that Prohorov’s
compactness theorem (see [8]) implies that P (TV x [0,7]) is a compact metric space,
and the result follows from the Arzela—Ascoli theorem. O

Now using well-known results about Young measures (see, for instance, [13, 27,
28]), since u is uniformly bounded, the following compactness result holds true.

LEMMA 4.12. The sequence {5u(tn;~)}n>0 is relatively compact for the narrow
convergence topology of Yy (]RN, [0, ’y])

Using the two above results, namely, Lemmas 4.11 and 4.12, one may assume
that, up to a subsequence,

(48) nh_}II;O ILL? = and nh_}II;O 5u(tn7w) = Uy,

where the limits hold respectively for the topology of C? (R; P (’]I‘N x [0, ’y])) and for

loc

the narrow convergence topology of Y (RN ,[0, 7]) Here we would like to recall that
the limits y; and v, depend on the chosen and fixed sequence {¢, },,>0.

Next, due to (4.4), one has for each continuous function f € C (T x [0,7];R)
and each n >0

[, tewigen=m [ ] 5w ) d
TN x[0,7] TN J[0,7]
Passing to the limit n — oo yields

/ Fy)duo () = [TV / F (2y) dvs (y) da,
TN x[0,7] TN J]0,7]

for each continuous function f € C' (TV x [0,7]; R). This can be rewritten as
(4.9) po = [TV | tdz @ v,.

Next the following lemma is also a direct consequence of Young measure properties.
LemMMA 4.13. The sequence {5u(t+tn,r)}n>o is relatively compact for the local

narrow convergence topology of Yy ioc (R x RY;[0,7]).
Using the above result, up to a subsequence, one may assume that there exists a
Young measure v = vy, € Y; (R x RY;[0,7]) such that
(4.10) lim dy (¢, 1+,2) = Vt,z for the topology of Y} 10c (R x RY: 0, 'y]) .
n—oo
As a consequence one has

(4.11) pe = |TN|Yde @ vy, for ae. (t,x) € R x TV,

Here let us also recall that v, , depends on the chosen and fixed sequence {¢,,},,>0.



1750 ARNAUD DUCROT AND PIERRE MAGAL

The aim of the next lemmas is to identify the family of measures v4 ;. Our next
result describes first the property of vy ,.

LEMMA 4.14. There exists a measurable map a : R x TV — R such that 0 <
a(t,z) <1 for a.e. (t,z) € R x TV and

Vi = [1 —alt,x)] 6o + a(t,x)d; for a.e. (t,x) € R x TV,

Proof. The proof of this lemma relies on the energy functional E (see (3.1)). Let
T > 0 be given. Then (3.3) implies that

(4.12) lim // u(t, +t,x)) dtdz = 0,
n—oo TT]><’JI‘N

wherein G : [0,00) — [0,00) denotes the continuous function defined as CAv'(s) =
s|ln(s)||h (s)|. Recalling the definition of x} in Lemma 4.11, one obtains that for all
n>0

T
= // utty +tea)dido = [ | [ Gl du o)
| T T,T) ><’J1‘N =T | JTN x[0,7]

Combining (4.8), (4.11), and (4.12) one obtains that

T
/ / l G (y) dut,w(y)] dxdt =0 VI > 0.
=T JTN | /]0,7]

Since the map u — @(u) is positive and only vanishes at u = 0 and u = 1, one gets
that

supp v, C {0} U {1} for a.e. (t,z) € R x TV,
The above characterization of the support allows us to rewrite this as (see [15])
Ve = Vn ({0}) 80 + vin ({1}) 61 for ace. (t,x) € R x TV,

Finally set a(t,z) = vy, ({1}). Recalling that (¢,z) — 14, is measurable with value
in P ([0,7]), function a is measurable and the result follows. a

Our next result reads as follows.

LEMMA 4.15. There exists a measurable map b : R — R such that function
a = a(t,z) provided by Lemma 4.14 satisfies a(t,x) = b(t) for a.e. (t,x) € R x TV,

Proof. Here again the proof of this lemma relies on (3.3). Recalling Assump-
tion 1.2 (ii) let us notice that (3.3) yields that for each 7 >0

lim / F|2er K] e[t + b, )] dt = 0.

T kezZN\{0}

This more particularly implies that for each given k € Z \ {0} and each 7 > 0 one
has

T

lim |ex[u(t + tn, )]|* dt = 0.
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Now Hélder inequality yields for each ¢ € L7 (R), for each 7 > 0, and for each
k€ ZN \ {0} that

T

li_>m o(t)ex[u(t + ty, .)]dt = 0.

Using the definition of 14, in (4.10) and its description in Lemma 4.14 one obtains
that for each 7 > 0 and for each k € ZV \ {0}

T T

tim [ o(t)enfun(t, ))dt = / o(t)enlalt, J]dt = 0.
This implies that ci[a(t,.)] = 0 for all k& € ZN \ {0} for a.e. t € R, and the result
follows. O

In order to complete the proof of Theorem 4.7, we will prove the following lemma.

LEMMA 4.16. The following hold true: Es € [0,1] and b(t) = 1 — Ex for a.e.
teR.

Proof. The proof of this result is based on the identity derived in Lemma 3.5 with
F(z,s) = s applied with u(t +t,, x), which for each n > 0 and each ¢t > —t,, reads as

(’9t/ u(t—i—tn,x)dx:/ u(t + ty, z)h(u(t + t,, x))dz.
TN TN

Let ¢ € C! (R) be given. Multiplying the above equation by ¢ for each n > 0 large
enough such that supp ¢ C [—t,,00) and integrating over R leads to

—/ @'(t)u(t—l—tn,x)dtd;v:/@(t)/ [ (2) d5u<t+tmm)(z)] dxdt.
RxTN R TN /]0,7]

Letting n — oo and using Lemma 4.15 leads us to the following: for all ¢ € C! (R),

/ O (t)b(t)dt = / @(t)/ l (z) (1 =b(t)) 00 + b(t)d71) (dz)} dxdt = 0.
R R ™ [ /[0,7]

This implies that there exists some constant b* € [0,1] such that b(t) = b*.

Finally, recalling that E[u(t + t,,.)] = Esx as n — oo for each ¢ € R directly
yields Eo = 1 — b*, and the result follows. 0

To complete the proof of Theorem 4.7 note that we infer from the above lemmas
that Eo € [0,1], while vy , = Exodo + (1 — Exo)dy for ace. (t,x) € R x TV. Recalling
that function ¢t — y; defined in (4.8) is continuous from R into P(TY x [0,7]) and
that (4.11) implies that for all t € R

pe = TV |7l da @ (Esdo + (1 — Ex)dy).
Finally recalling (4.9) one obtains that
Vy = FEoodp + (1 — Ex)dy for ae. o € .

Since the sequence {t,},>0 denotes any sequence increasing tending to infinity, re-
calling the definition of # — v, in (4.8), Lemma 4.12, and Remark 4.6 this completes
the proof of Theorem 4.7.
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5. Concluding remarks. In this work we have given a detailed description of
the asymptotic behavior of system (1.1)—(1.2) (see Theorem 4.7). The situation E, €
(0, 1) remains a pathological behavior (see Corollary 4.9). However, we conjecture that
as soon as ug #Z 0 then the corresponding solution u = u(t,x) strongly converges to
1 (namely, Es = 0). This means that the Lebesgue measure of the set Z, = {z €
TV @ wu(t,z) = 0} tends to zero as t goes to co. However, we are not able to prove
this result for general initial data (see Corollary 4.10).

Let us finally notice that even if such a pathological behavior (E4, € (0,1)) occurs,
then it is “unstable” with respect to diffusive perturbation. Indeed if we consider the
equation

(5.1) Owu(t,x) = Au(t, ) + div (u(t, z) (K ou(t,.)) (z)) + f (u(t,z))

on TV, supplemented together with some initial data ug € Lg°, (RY), then it is easy
to see that under the regularity Assumption 1.2 (i) for the kernel K the solution
goes to 1 uniformly as t — oo as soon as ug Z 0. To see this, let us first notice
that using the strong maximum principle one has u(t,z) > 0 for all ¢ > 0 and
x € TV. Next uniform bound of the solution follows from arguments similar to those
in Lemma 3.2 coupled with the maximum principle. Because of the uniform bound of
the solution, the convection term is also uniformly bounded, and the usual parabolic
regularity applies and ensures that the solution is asymptotically relatively compact
in C (TY). Moreover the functional ¢ — Efu(t,.)] defined in (3.1) is decreasing along
the trajectories and satisfies a property similar to that in (3.3), which reads as

d 1 2
{IWI +ul nul|h(u)|| d

_E[u(tv )] == |TN| -~

1

+ W /11‘ . u(x)AK (z — y)u(y)dzdy.
N TN

Recalling that Assumption 1.2 (ii) ensures that the last term in the above equality is
negative, one directly obtains the convergence to 1 for the solution.

Acknowledgment. The authors would like to thank the anonymous referees for
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