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SUB-RIEMANNIAN GEOMETRY OF STIEFEL MANIFOLDS

CHRISTIAN AUTENRIED, IRINA MARKINA

ABSTRACT. In the paper we consider the Stiefel manifold V,, ; as a principal U(k)-
bundle over the Grassmann manifold and study the cut locus from the unit element.
We gave the complete description of this cut locus on V;, ; and presented the sufficient
condition on the general case. At the end, we study the complement to the cut locus
of Vag k.

1. INTRODUCTION

A sub-Riemannian geometry is an abstract setting for study geometry with non-
holonomic constraints. A sub-Riemannian manifold is a triplet (Q, D, gp), where @
is a C"*°-smooth manifold, D is a smooth sub-bundle of the tangent bundle T'Q) of the
manifold @ (or smooth distribution) and gp is a smoothly varying with respect to ¢ € @
inner product gp(q): D, x D, — R. The topic is actively developed last decades and
as, now classical, sources we refer to [1I, 11} 20, 24 28].

One of the main objects of interest in sub-Riemannian geometry are normal and
abnormal geodesics that are two different but not mutually disjoint families. The ex-
ponential map is not a local diffeomorphism anymore. Nevertheless, the singularities of
the exponential map, as in the Riemannian geometry are closely related to the cut locus
and failure of the optimality for geodesics. The cut locus in sub-Riemannian geometry
is an object that is of big interest, but rather poorly studied. There exist very few re-
sults concerning the global and local structure of it and most of them restricted to low
dimensional manifolds. The work [25] studies the one dimensional Heisenberg group,
and the results easily can be extended to higher dimensions. A full description of the
global structure of the cut locus for the groups SU(2), SO(3), SL(2), and lens spaces is
given in [I0]. For the groups SO(3), SL(2), and lens spaces the cut locus is a stratified
set, whereas in SU(2) it is a maximal circle S! without one point. The reader will find
similar structures to those that obtained in the present work. The global structure of
the exponential map and the cut locus of the identity on the group SE(2) is completely
presented in [27].

The nature of normal and abnormal geodesics and complexity of the cut locus struc-
ture in sub-Riemannian geometry on the example of the Martinet manifold is pointed
out in the work [4]. The Martinet manifold is the smooth manifold R* with smooth
distribution spanned by vector fields
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and an inner product, making X, Y orthonormal. The cut locus in this case is the
Martinet surface y = 0 minus the abnormal geodesic z = 0 inside of the surface [Thm.
1.2, [4]]. The cut locus for contact manifolds were also studied in [5].

A progress in study of the cut locus of the identity on the sub-Lorentzian counterpart
of one dimensional Heisenberg group can be found in [17].

In the present work we consider the Stiefel manifold V;, ;. as a principal U(k)-bundle
with the Grassmann manifold as a base space. We completely describe the cut locus
from the unit element for the case V,, ;. The technical difficulties and possible presents
of abnormal geodesics did not allowed to extend this result to the general case V.
Nevertheless, we present a partial description of the cut locus, that is to our knowledge
almost unique example for manifolds of higher dimensions.

The structure of the work is the following. Section [2|collects the basic definitions that
nowadays are standard in sub-Riemannian geometry, but sometimes fussy. In Section
we define Grassmann and Stiefel manifolds embedded in U(n), metric of constant bi-
invariant type and normal geodesics based on the general theorem that can be found
in [24]. In Section {4 we describe the cut locus for the equivalence class of the unit
element on the principal U(1)-bundle structure on the Stiefel manifold V,, ;. Since the
considered manifold is homogeneous it gives the structure of the cut locus for any point.
Section [o| is dedicate to the cut locus for the general case of the Stiefel manifold V/,
and Vo . In Section @ we briefly review some particular cases of the Stiefel manifold

embedded in SO(n).

2. BASIC DEFINITIONS FROM SUB-RIEMANNIAN GEOMETRY

We remind the necessary definitions and propositions based on [24].

Definition 1. A sub-Riemannian manifold is a triplet (Q,H, (-,-)), where Q is a C*°-
manifold, H is a vector subbundle of the tangent bundle TQ, and (-,-) is a fibre inner-
product. The subbundle H is called horizontal and H, is a horizontal space at a point
q € Q. The metric (-,-)y: HyxH, — R, g € Q is called a sub-Riemannian metric,
and the couple (H,(-,-)) is a sub-Riemannian structure on Q).

Definition 2. The horizontal subbundle H is called bracket generating if for every
q € Q there exists r(q) € Z* s.t.

(@) — T,Q,
where H' :==H and H'' = [H",H] +H", r > 1.

Definition 3. An absolutely continuous curve v: [0,T] — Q is called horizontal if
Y(t) € Hywy almost everywhere.

Definition 4. We define the length | := () of an absolutely continuous horizontal
curve v: [0, T] — @ as in the Riemannian geometry:

T T
1) = [ Wla = [ VOGN
Introduce the function d(qo,q) for qo,q € @ by
d(q0, q) = inf{I(7)},

where the infimum is taken over all absolutely continuous horizontal curves that connect
qo and q. If there is no horizontal curve joining qo to q, then we declare d(qo,q) = oo.
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Recall the Chow-Rashevskii theorem [12, 26] that gives a sufficient condition of the
existence of horizontal curves.

Theorem 1. Let Q be a connected manifold. If the horizontal subbundle H C TQ is
bracket generating, then any two points in ) can be joined by a horizontal curve.

It follows that if H is bracket generating on a connected manifold, then the function
d introduced in Definition [3|is finite and defines the distance between two points on the
manifold, called Carnot-Carathéodory distance.

Definition 5. An absolutely continuous horizontal curve that realizes the distance be-
tween two points is called a minimizing geodesic.

Let @ be n-dimensional smooth manifold and H be a smooth horizontal subbundle
such that dimH, = k < n for all ¢ € ). Considering a neighborhood U, around
q € @ such that the subbundle H is trivialized in U,, one can find a local orthonormal
basis Xi,..., Xy with respect to the sub-Riemannian metric (-,-). The associated
sub-Riemannian metric Hamiltonian is given by

H(p ) = 5 3 MX(p)?

m=1

where (p,\) € T*U,. A normal geodesic is defined as the projection to U, C @ of the
solution to the Hamiltonian system

0H ‘ oOH

B o\ f 3271"

where (p;, ;) are the coordinates in 7*U,. We note that the word “normal” appears
due to the fact that in the sub-Riemannian geometry there is another type of geodesics,
calling “abnormal” arising from different type of Hamiltonian function. For a more
detailed examination of abnormal geodesics we refer to [2 3, O, 20, 23]. The present
work is mostly concerned with the normal geodesics, therefore we omit the detailed
definition for abnormal ones.

Suppose two differentiable manifolds (), M, and the submersion 7: () — M are given.
The fibre through ¢ € @ is the set Q,, := 7~ *(m), m = 7w(q), which is a submanifold
according to the implicit function theorem. The differential d,m: T,0QQ — Trq)M of
defines the vertical space V, C T,( that is the tangent space to the fibre Q4 and it
is written as V, := ker(d,m) = T,(Q.,), where ker(d,m) denotes the kernel of the linear
map d,7. It can be shown that V = geq Vais a smooth subbundle of T'Q) that is called
vertical subbundle [24].

Di

Definition 6. An Ehresmann connection (or connection) for a submersion m: Q — M
15 a subbundle H C T'Q) that is everywhere transverse and of complementary dimension
to the vertical: V, ® Hqy = T,Q. The space Hy is called horizontal subspace of T,Q).

Definition 7. Let m: Q — M be a submersion with connection H and let ¢c: I — M be
a curve starting at m € M. A curve v: I — Q is called a horizontal lift of the curve ¢
if v is tangent to H and projects to c, i.e. ¥(t) € Hyw) and woy(t) = c(t) for allt € I.

There are different ways to introduce a sub-Riemannian structure on (). In the sequel
we describe two of them and indicate when they coincide.
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Assuming that @) is a Riemannian manifold in the submersion 7: ) — M, we can
use its Riemannian metric to define the orthogonal complement H, of the vertical space
V), at each point ¢ € (). Then H is a connection and the restriction of the Riemannian
metric to H defines a sub-Riemannian metric on Q).

Assume that the manifold M is endowed with a Riemannian metric and the submer-
sion 7: () — M has a connection H. Since V, = ker(d,7) and Im(d,7|s,) = Im(d,m) =
TrqM, it follows that dgm|y, is a linear isomorphism from H, to T M. By pulling
back the Riemannian metric on M to @), we obtain a sub-Riemannian metric on @)
with underlying subbundle . This sub-Riemannian metric is said to be induced by
the connection H on ) and the Riemannian metric on M.

Suppose Q and M are smooth Riemannian manifolds and a submersion 7: Q — M
is given. Let H, be orthogonal complement to the vertical V, at every ¢ € ). Two
ways of inducing a sub-Riemanian metric on @), by restricting the Riemannian metric
of @ or by pulling back the Riemannian metric on M using d, coincide if d,m restricts
to a linear isometry H, — T M for all ¢ € Q.

Definition 8. Let ) and M be Riemannian manifolds and let w: () — M be a sub-
mersion. Let V, C T,Q denote the vertical subspace at ¢ € Q and H, = V; be its
orthogonal complement. If dm: T'Q — TM restricts to a linear isometry Hy — T M
for each q € Q, then 7 is called a Riemannian submersion.

Thus, Riemannian metrics on () and M induce the same subriemannian structure on
@ if the submersion is Riemannian.

Definition 9. A fibre bundle 7: Q — M 1is a principal G-bundle if its fibre is a Lie
group G that acts freely and transitively on each fibre.

As a consequence we can identify M with the quotient Q)/G of @ by the group action
of G. Furthermore, 7 corresponds to the canonical projection to the quotient.

Definition 10. A connection on w: QQ — M is a principal G-bundle connection if the
action of G preserves the connection.

We assume that the group acts on itself on the right ¢ — qg, ¢ € Q, g € G.

Definition 11. Let Q — M be a principal G-bundle with connection H. A sub-
Riemannian metric on (Q,H) which is invariant under the action of G is called a
metric of bundle type.

A sub-Riemannian metric which is induced from a G-invariant metric on () is an
example of a metric of bundle type.

Definition 12. A bi-invariant Riemannian metric (-, -) on a differentiable manifold Q
with the Lie group G acting on it is said to be of constant bi-invariant type if its inertia
tensor I,: g x g — R defined by 1,(£,n) := (0,£, 04n) is independent of ¢ € Q). Here

o9 — T,Q
e o ] ot

Definition 13. Let w: Q — M be a principal G-bundle with a Riemannian metric of
constant bi-invariant type and H be the induced connection. We define the g-valued
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connection one-form A, uniquely as the linear operator A,: T,() — g which satisfies
following properties:

ker(A,) = H,, A,o0,=1dg,
where Idgy is the identity map on g.

The map A: T'Q) — g defines a g-valued connection tensor on Q).
Theorem 2. [24] Let m: Q — M be a principal G-bundle with a Riemannian metric of
constant bi-invariant type. Let H be the induced connection, with g-valued connection
tensor A. Let expy be the Riemannian exponential map, so that Yg(t) = expg(tv) is
the Riemannian geodesic through q with initial velocity v € T,Q). Then any horizontal
lift v of the projection m o vg is a normal sub-Riemannian geodesic and is given by

v(t) = expp(tv) expg(—tA(v)),

where expg: g — G is the group G exponential map. Moreover, all normal sub-
Riemannian geodesics can be obtained in this way.

3. STIEFEL AND GRASSMANN MANIFOLDS EMBEDDED IN U(n)

We use the following notations in the present section. Let C™ denote a n-dimensional
complex vector space and C™*" the set of (m x n)-matrices with complex entries. We
want to apply Theorem 2 for the submersion 7: V;, 1 (C") = G, x(C"), where V,, ,(C") =
Vi is the Stiefel manifold and G, x(C") = G, is the Grassmann manifold for n € N
and k € {1,... ,n}.

We start from the description of a general construction. Given a group G with an
invariant inner product on its Lie algebra g and two subgroups H, K C G, we form
the quotient spaces G/H and G/(H x K). The submersion G/H — G/(H x K) is a
principal K-bundle, with Riemannian metrics on G/H and G/(H x K) induced from
the bi-invariant Riemannian metric on G generated by an invariant inner product. The
Riemannian metrics are induced by the projections G — G/H and G — G/(H x K).
Both manifolds in the submersion G/H — G/(H x K) are homogeneous manifolds,
where the group G acts transitively. The induced Riemannian metric on G/H is also
bi-invariant under the action of the group G. The geodesics on GG/ H are the projections
from G of one-parameter subgroups exp(t£) with & orthogonal to the Lie algebra h C g
of H. We set G =U(n), H=U,(n — k), K = U,(k), where

U (k) := {([6’“ In0k> ’ Uy € U(k)} CU(n) and

n={(5 L)

Note that we use the notations U, (k) and U,(n — k) with the lower subscript in the
current section to emphasise that the elements of these groups are written as (n x n)-
matrices. Then the quotient G/H = U(n)/U,(n — k) is isomorphic to the Stiefel mani-
fold V,,,, and G/(H x K) = U(n)/(Un(n — k) x U,(k)) is isomorphic to the Grassmann
manifold G, .

Up—r € U(n — k‘)} C U(n).
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3.1. Unitary group and bi-invariant metric. Before we give detailed definition of
Stiefel and Grassmann manifolds we remind that the unitary group U(n) is a matrix
Lie group, whose elements X satisfy the condition

Un)={XecC XTX=XX"=1,}.

Here I, is the unite (n x n)-matrix and X7 is the complex conjugate and transposed
of the matrix X. The Lie algebra u(n) consists of all skew-Hermitian matrices:

uln) = {X e €™ x = &7},

We remind that a matrix X € U(n) is of full rank, its columns and rows are orthonormal
with respect to the standard Hermitian product in C™ and that the main diagonal of
the skew-Hermitian matrices are purely imaginary. Moreover, the Hermitian product in
C" is invariant under the action of U(n), that particularly means that the orthogonality
is preserved under this action. The Lie algebra u(n) can be endowed with the inner
product (X, Y)um) — 2ntr(XY), X, € u(n). Considering U(n) as a smooth manifold,
we denote its points by ¢ and the metric at this point by (-,-)um)(q) or, if it is clear
from the context, simply by g,. Then a left-invariant metric on U(n) with respect to
the group action of U(n) on its Lie algebra is given by

(. hvm(e): T,UM) xT,U(n)= qu(n) xqu(n) — R
(gX , qY) = —2ntr(XY)

g € Un), X,Y € u(n). This metric is actually bi-invariant, that follows from the
observation that can be found, for instance, in [I5] and [22]. It is stated as follows:
Let g be a Lie algebra of a Lie group G endowed with an inner product (-,-);. An
inner product (-, )y is called invariant if it is invariant under the adjoint action of G,
Le. (¢7'ng,q7q)y = (n,§), for all n, € € g and ¢ € G. Then it is well known, see for
instance [19], that an invariant inner product (-,-); on a Lie algebra g determines a
bi-invariant metric on the group G via

n,8c(@) = (" q "= (ng ", éq7")g

for all n, & € T,G.
We only need to check that the inner product (X,Y)um) = —2ntr(XY) on u(n) is
invariant. Indeed,

(' X, ¢ Vuy = —2ntr(g ' Xqq ' Vq) = —2ntr(q ' XVq)
= —2ntr(Yqq ' X) = —2ntr(XY) = (X, Y)um)
for all X, Y € u(n) and ¢ € U(n).

Remark 1. The left and right action of any subgroup U, (k), 1 < k < mn on the group
U(n) and on the Lie algebra u(n) are defined as a matriz multiplication from the left
or from the right. The inner product (-,-)g = —2ntr(-,-) on the Lie algebra u(n) is
invariant under the adjoint action of U, (k) and therefore the metric (- ,-)uw), defined
by left or right translations by the action of Uy (k), is bi-invariant under this action.

3.2. Stiefel manifold and metric of constant bi-invariant type. The Stiefel man-
ifold V,, ;. is the set of all k-tuples (qi, ... ,qx) of vectors ¢; € C", i € {1,... ,k}, which
are orthonormal with respect to the standard Hermitian metric. This is a compact
manifold which can be equivalently defined as

Vir = {X € C™* XTX = I,,}.
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The condition X7X = I, is equivalent to the orthonormality of columns. This &
orthonormal columns can be considered as arbitrary & columns in a matrix X € U(n).
This allows us to realize the Stiefel manifold as a quotient set of U(n) by the group
Un(n — k). To do this we introduce the equivalence relation «~; on U(n) by

I, 0
go1p = q=p<é“ Uk)’ ¢,p€U(n), UpieUln—k)

This results to the equivalence class for ¢ € U(n)

la]™" = {q (Iok U??—k) ,

The quotient U(n)/U,(n — k) is a smooth manifold with the quotient topology and
we denote the natural projection from U(n) to the quotient U(n)/U,(n — k) by .
We identify the equivalence class [¢g]”* with a point in the Stiefel manifold and write
[q]v,, . € Vai instead of [¢g]™* to emphasize that point belongs to the Stiefel manifold. So,
practically, an element of V,, ;. is thought of an element in U(n) whose first & columns
from the left are of interest and the last n — k columns are not. The real dimension of
Vg is 2nk — k2.

The tangent space to the Stiefel manifold is a quotient of the tangent space to U(n) by
tangent space of the equivalence classes. To obtain it we differentiate curves v(t) € [¢]™!

at t = 0 for a fixed ¢ € U(n) and get the space R = {q (0 O) | C € u(n— k;)}

Upn—r, € U(n — k:)} eU(n)/Uy(n—k), qeU(n).

0 C
Intuitively, movements in the direction R make no change in the quotient space. It
follows that the tangent space Tjy, Vi to the Stiefel manifold at (v, € Var is

given by the quotient of the tangent space T,U(n), that is isomorphic to qu(n), by R:

T V., = Xl _22T X, k). X C(nfk)xk
[Q}Vn’k nvk - [q]vn,k XQ O 1 E u( )7 2 E .

Similar results can be found in
Now we define a metric (-, -)

(v (372 ) sl (3 —30’)>V (lgv..)
Gl )G ), e (G)B ),

where ¢ € [q] V..., 18 any representative of the equivalence class q] V.- 1t is clear from this

definition that the metric (-,-)y; , is independent of the choice of the representation.
Since Uilqlv, , = [Urqlv,, and [q]v, ,Ux = [qUlv,, ,, Ur € Un(k), it follows directly

from the definition of the metric on Tj,, V,, and the bi-invariance of the metric

[6] or [21].
Vi k on Vn,k by

Vn,k
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(-, )u@m) with respect to U, (k) that

XX V=W
<[UkQ]Vn,k (Xg 0 ) (Ukdlvie (y2 0 )>Vnk
<X1 —-)EQT) (yl _372T>)
XQ 0 ’ y2 0 u(n)

X =X No-»'
e (38 ) (),

(

(

(i (3 =5 o (3 9)),
g

= <[Q]vn,k (i _?)KzT) lalvi (%; _30;2T>>vnk7

where Uy, is any element in U, (k) C U(n). So the metric of (-, )y,
the action of U, (k).

Now we show that the metric (-,-)y;, , on V;; is of constant bi-invariant type with
respect to the right group action of U, (k). To prove it we recall that the infinitesimal
generator oy, u, (k) — Tigpy, , Vnk 1s given by oy, | (&) = lq]v,.,&, where u, (k) is

the Lie algebra of U, (k). It follows that
H[Q}Vn’k (5777) = <[q]Vn,k£7 [q]Vn,kn>Vn,k =—2n tr(&]), where [q]Vn,k € mG.

and

. 1s invariant under

This implies that Iy, (£,7) is independent of [g]y, ;.

3.3. Grassmann manifold. The Grassmann manifold G, is defined as a collection
of all k-dimensional subspaces A of C". Equivalently, an element A of G, can be
written as a (n X k) matrix with columns ey, ... , e, such that span(ey,...,e;) = A.
We are interested in the representation of G, as a quotient of U(n) by some subgroup.
As in the previous case of the Stiefel manifold, we quotient U(n) by U,(n — k), but
moreover, since the definition of G,, ;, does not depend on the choice of the orthonormal

basis ey, ..., e for A, but only on its span, we also quotient U(n) by the group U, (k)
that leaves span{ey, ... ,e;} invariant. Therefore, we define the equivalence relation vy
in U(n) by
U, 0
mi v Mo < M1 = My K , my, Mo EU(H),
0 Un—k

where Uy, € U(k), U, € U(n — k). This leads to the equivalence class

m]* = {m <%’“ Uf_k> | U e U(k), Uy € Uln — k)} CUn), meUn)

which is isomorphic to U(k) x U(n — k) = U, (k) x U,(n — k). We identify G, with
the quotient space U(n)/(Un(k) x U,(n — k)) and use the notation [m]g, , for [m]"? in
the present Section
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Furthermore, we obtain that the tangent space to the equivalence class [m]”? is

{m</‘51 )84)] X, € u(k), X4Eu(n—k)}, m € U(n),

and it implies that the tangent space of G, at the point [m]g, , is given by

0 X -
Timlc, Gk = {[m}(;n,k (_ Y 02> | x et k>}.

It has real dimension 2k(n — k) that gives the real dimension of G, x, see also [6 21].
We define a metric (-, -)q, , on Gy by

(e (L ) e (L5 %)), ()
(e W) ©)),,, 00
- ((—?O?ZT )(()2) ’ (—3072T 3(;2>)u(n),

where m € U(n) is any representative of [m]g,, .

3.4. Submersion 7:V,; — G, and sub-Riemannian geodesics. Starting from
now, we will consider the matrices ¢ and m as elements in U(n). Now we can define
the submersion

7T2Vn7k — Gmk,

The projection 7 sends the equivalence class [g]”! to the equivalence class [m|”2, where
m € U(n) can be any matrix from the set

{q (%’“ UL) | U €U, Un g €U - k:)} .

Note that the latter set consists of all unitary matrices whose first k£ columns from the
left span the same space as the first left £ columns of ¢. This implies that a fibre over
a point [m]g, , € G is given by

mH([mlg,,.) = {[m (I{)k Jnok) }vm

- {[m]vn,k (%k Ino_k>

which is homeomorphic to U, (k) = U(k).

The submersion 7 is also a principal U, (k)-bundle, where the right group action is
defined by the multiplication from the right by an element from U, (k). It remains to
show that the right action of U, (k) is continuous, preserves the fibre, acts freely and
transitively on the fibre.

Uy € U(k)}

U € U(k)}, m € U(n),
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The multiplication of [g]y, , € V,,x from the right by an element U} € U(k) is given

by
L 0\ (U o\_ (U2 O U
No v )\0 1) "9\ 0 Uy) T570

where U,,_j is an arbitrary element of U(n — k) and U is a fixed element of U(k). It
follows that the right multiplication is well defined and continuous. It can also be seen,
that it preserves the fibre of 7~ '(n([q]y,,)). By the definition of the fibre it is clear
that [q]y, U(k) = 7" (7([q]v,,)) and this implies the transitivity of the U, (k) action.

To show that U, (k) acts freely, we assume that U, = ([él IO ) € Un(k), U, =
n—=k

O 7 7 wi Qg
(02 [nk) - Un(k) and [q]‘/n,k;Ul = [Q]Vn,kUQ Wlth [q]Vn,k = (q; qi)7 q1 c Ckxk’

qo € CH*(=F) go € C=F)*F and ¢, € C~R*(=k)  Then we get the equations

aUr = qUs =  q=qlU"'=qUU",

U1 = @3Us — g3 = sUpUy " = qsU Uy
which leads to U; = Uy and so Ul = UQ. Thus, we showed that 7: V,,, — G, is a
principal U, (k)-bundle.

The differential of 7 defines the vertical and horizontal spaces. The differential
T at [q]v, , acts as

g 2 S > [m] 0 Xo
41V, x _/?2T 0 miG, x _)E.QT 0/

where m is defined as above for 7. So, the kernel of djg, 7 or the vertical space Vi,
is given by

d

q] Vn,k

X1 0
Vi, , = {[Q]vn,k <01 0) ‘ X € u(k)}, q € U(n).
We choose the horizontal space of V,, ;, by setting

0 X e
(1) ”H[q}vn,k = {[Q]Vn,k (—XQT 02) ‘ X, € CH( k)}, q € U(n).

It is clear that dm: T'V,, , — T'G,, 1, is a linear isometry if we restrict it to the horizontal
space, Hig,, L Tr(lqv, k)Gn,k for each [Q]Vn,k € Vo, therefore m is a Riemannian
submersion.

The u,, (k)-valued connection one-form A, gy, Vo — u, (k) is given by

Vn,k

X X: X, 0 .
A[Q}Vn’k <[q]vn’k (—‘X_zT 02)) = (01 O) c un(k), XQ c (Ck’X( k‘)

Now we can write precisely the normal sub-Riemannian geodesic on V,,; starting
from a point [q]y; , with initial velocity v € Tig, Vi It is given by

alv, &

Ww(t) = expp(tv) expy, g (—1A(v))

o o (G 5o (43 9)
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X X X X
where ¢ € U(n), v = [q]v,, (_/f'l?T 02> € Tig)y, , Vo with (_/éT 02> € u(n).

We simplify the notation and from now on write ¢ € V,, 5, m € G, 1, U(k) for U,(k),
U(n— k) for U,(n — k), and g for the Riemannian metric of constant bi-invariant type.
4. THE CUT-LOCUS OF V3

In this section we study the cut locus of the Stiefel manifold V,,; considered as a
sub-Riemannian manifold by making use of the normal sub-Riemannian geodesics .

Definition 14. An absolutely continuous horizontal path that realizes the distance be-
tween two points is called a minimizing geodesic.

Recall the definition of the sub-Riemannian cut locus.

Definition 15. The cut locus of qo € Q in a sub-Riemannian manifold (Q,H, g3) is a
set Ky, C Q of points reached optimally by more than one horizontal geodesic, 1. e. the
cut locus is

K, = { q€ Q| there exist T € RT, vy,v9 € T, Q, vy # ve, and
minimizing horizontal geodesics 7y, (t), v, (t), starting from qo, and
Y0 (T) = 70a(T) = .

If we replace minimizing horizontal geodesics into minimizing normal horizontal geodesics
we obtain a definition of the normal sub-Riemannian cut locus. Further on we will work
with cut locus, given in Definition 15,

Starting from now we will write /d for the equivalence class [I,,]y, , € V,x. The main
theorem is stated as following.

Theorem 3. The cut locus Kiq on V,, ;1 is given by

L= {[(g g)}v( CeUl), De U(n—l)}\{ld}.

Before we present the proof of Theorem |3| we consider in details the particular case
for n = 2, k = 1. It allows to understand the general idea of the proof without using
tough technical calculations.

4.1. The cut locus of V,;. Observe that V5 is three dimensional and the distribu-
tion is strongly bracket generating. Recall the definition.

Definition 16. A smooth distribution H on M 1is strongly bracket generating if for any
non-zero section Z of H, the tangent bundle TM is generated by H and [Z,H].

For the manifold V5; Definition is reduced to the statement that there exist
two sections Z; and 2, of H such that span{Z(q), Z2(q), [Z1, Z2](q)} = T, V5, for all

q € V1. We can choose, Z1(q) == ¢ (_01 (1)> and Z5(q) == ¢ <(Z) (Z)

for instance [10,24], that on sub-Riemannian manifolds with strongly bracket generating
distributions all minimizing geodesics are normal.

. It is known, see
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The tangent spaces at the identity are given by

Tldwlz{ld(”“ “)’gclzm, ) ER, :UQE(C}
’ To 0

T1qGiray = {Id ( . %2) w€ C} .

For a given initial vector v = Id ( xx} %2
—2

and

) € T1qV2,1 a normal sub-Riemannian geo-

desic is written as

. G"i’”’(( )))1 ( o)
MEREDREENN

with
A 1 A 1
1t = < +_) _)‘7 7t +(_ +_) _/\7 7t7
Vo (t) SN R ) pa ( T, t) 0N E dryiy | 2 pa( T, t)
Lol
(t) = —Q(MQ()\ 9, ) — (X, 22, 1)),

vV /\2 + 4.%‘21’2

3 i A2 -
1) = — (e — /A2 1 4 S\ o t) — (=N, wa, t
7, (1) 4$2( Nt A, $2172) (Mz( 2, t) — pua( T2 ))
Tol
= >\7 7t - _)‘7 7t )
e (a2 = i (Ao, 1)

i) — _M /Nt drats M /T At

pi(A, o, t) = e WHVNHARE2) ng pia(X, T, 1) = o 5=\ N2+4w232)

where

i)

0 > SDS~! with

In calculations we used the diagonalization of the matrix ¢ ( Al

1

—ﬁ()\ — A2+ 4%25732) —ﬁ()\ + v A2+ 4$2f2)
21

A 1
A _l’_ = —__22°
24/ A2 4+4xoTo 2 \/ A2 4+4x0To

S:

-1 _
S - )
1 A 21

2 2\//\2+4J:2i2 \/)\2-&-4%2:@2
A/ A2+ Ts
D = ,

O it(/\—\/)\2+4x2i‘2)

2
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Al i)
—Z2 0

)) = oo 015

in order to express eXPyr(2) (t (

Lemma 1. The set

ciz 0
L:—{[epr(2)<é Cﬂ)}v ’cl,czeR}\{Id}

is the cut locus Kiq of Va .

Proof. 1t is clear that it is enough to concentrate on the calculation of the first column

1 1 2
Y (ﬂ) - - % (t) () -
E in the equivalence class 4 4 . We show first that if ¢ € L,
(% (2) %@ %)) ]y,

then there are several minimizing geodesics reaching ¢ in the same time.

Suppose there exists an initial vector v* = )\;* 962 with 23 # 0, and T € R*
—Zy

such that the minimizing geodesic ~,« connects Id € V5, with

. ecli 0
q:’YU*(T): |:( 0 602i):| € L.
Va1

We see that 42.(T*) = 0. It implies the following equivalences

(3) (N 23, T%) = (X, 5, T7)
e ROV ) _ T O /()2 42 ?)
e VO _ T ()

T
= SV (A*)2 + 4xsTs = kr,  for some k € Z.

Let us fix such k£ € Z and note

T*i}\*

[Ll()\*,ZL‘;,T*) _ 6T2*i()\*+ (A*)2+4|z2]2) — te3 _ MQ()\*,IL‘;,T*)

We conclude that functions py (A", 25, T*) and pe(A*, 23, T*) are independent of x5 itself,

but depend on the norm |z3|?> = 23z5. Let us pick up another initial velocity vector
)\*Z . * * *

v = (—gb %2) with |yz|?> = |z3|? and x% # yo. Then 7, (T*) = q.

In the next step we show that the length of the geodesic ,, coincides with the length
of the minimizing geodesic v,«. We actually claim that the length of any geodesic 7,
with v = ( )\; %2 depends on the fixed final time 7" and the norm |xs|.

—I
We recall that the square of the length of the velocity vector 4,(¢) is given by

Fo(®), 3o (s, = —2ntr ([3(6) " (®)]).
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- —ti
Fix a point p(t) = expy(s (t( Al %2)) (6 0 (1)) € U(2) such that ,(t) =

— 7T
m1(p(t)). To calculate ,(t) = dpmp/(t) we use the chain rule

Yo(t) = dp(tm{expzf@) {t (_A;%; %2)} (—A:é %2) (60m (1))
oo {28 D) D 0]
= dp(tﬂﬁ{eXPU(z) {t (—Ag; %2)}<€_0Ati ?) (—:zjei—m IQSM>
e ) H e ]
= dppym {GXPU@) {t (—A;Q %2)} (6_0Ati (1)) <—$22Mt ngkitﬂ

0 T 6/\1'15
= %(t) (_i.Qe—Ait 20 )

—lz2[* 0

0 —|$2’2
the geodesic 7, depends only on 7" and the norm |z5| we conclude that +,, is a minimizing
geodesic from the identity to g. With this we finished to show the inclusion L C Kig4.

To prove the converse inclusion Kjq C L we use a contradiction. Suppose g € Va1 \ L,
At T o Aot Yo
3 0) 27\ =5 0
such that ~,, and ,, are minimizing geodesics from the identity to ¢, which reach the
point ¢ for the first time at the moment 7" € R*. Note that values x5 and y, do not
vanish as otherwise 7,, (t) = 7., (t) = Id for all t € R.

It follows that (¥,(t), ¥u(t))v,, = —4tr ) = 8|z»|?. Since the length of

but ¢ € Kiq, i. e. there exist v; = ( € u(n) with vy # vy

We observe that for any unitary matrix ¢ = (Zl 32) one obtains ¢ #0 < g3 # 0.
3 Q4

It follows that if ¢ € V1 \ L, then

T
751 7é 07 731 7é 0 ,u2<)‘7x27T) 7é /*Ll()‘vx%T) — 5 A? +4‘$2’2 ¢ L

by . It immediately implies 7" < min { \/A%izllew \/l\gf:;'yﬁ } In the next step we

show that neither of these inequalities can be realized under our assumptions.

Case 1. Assume that || # |y2| and A;, Ay are arbitrary. Then g(vy,vy) = 8|xo|? #
8|y2)? = g(vq,v2), that implies that the length of both minimizing geodesics ,, and 7,,
is different, which is a contradiction to the assumption that they are both minimizing
at the same time.
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Case 2. Let |z3] = |yo] and Ay = Ao As 72 (T) = 73, (T) # 0 it follows that
Tol

\/)\% + 4|.’E2‘2

Yol
= ;(M(/\% Y2, T) — p1( Ao, 32, 1)) = %i(T)

VA3 + 4lys]?

if and only if Ty = Yo,

because /A2 + 4|za|2 = /A3 + 4]y2|?, u1 (A1, 22, T) = pn(N2, y2, T), and pa (A1, 29, T) =
t2(Aa, y2, T') by definition. But the equality xo = yo implies v; = v9, that leads to a
contradiction.

Case 3. Finaly we suppose that A\; # Ay and |zs| = |y2|. As in the previous case the
equality 73, (1) = 75,(T") implies |, ()] = |7, (T))] and

731 (T) = (/LQ()‘lv‘r?v T) - Ml()‘hx%T))

1 1

_ A, 29, T) — A, 29, T)| = —
\/>\%‘|‘4|$2|2|M2(1 ’ ) Ml( n )‘ \//\§—|—4|y2|2

Taking into account |exp < )| =1 for j = 1,2, we obtain

|,u2()\27 Yo, T) _,Ul()\27 Y2, T)|

Ti),
2

oAy 29, T) — py(Njy 0, T)| = | 2 VAH2l _ o5/l

T
= 2sin (5 4lmf), j=1.2,

as sinz > 0 for z € (0, 7). These both equations lead to

2 sin (%\/)\%+4|x2|2) _ QSin(%\/)\%+4|y2|2)
AL+ 4o A3+ 4yl
2sin(F/ A} + 4]z,?) 2sin(F /A3 + 4]y2[?)
T/A% + 4]z T\/A3 + Alysf?
Since the function ¥2Z is injective on the interval (0,7) we obtain Z1/A} + 4|z,|? =

L/A3 + 4ys|? which is equivalent to A; = ).
We only need to consider the case Ay = —Xo. Note that (Ao, x2,T) = p1;(A2, Y2, 1),
j=1,2, and

1 1

_)\ 7% 7T :—7 _)\ 7':C 7T = N T
Hi(=Ae, 72, T) pa( Az, Y2, T') Ha(=Ae, @2, T) (A2, y2, T)

From this it follows that

(4) A=t @) s PGVEHARR) ()

VA3 + 4y ? A2

Since 0 < 22 < L /A3 + 4y»y> < 7 the equality (4) is not true.

Figure [4.1]illustrates that y; < y, implies ta;—lyl # ta;—QyQ The similar calculations can
be found in {10} p. 1871].

These 3 cases finish the proof of the theorem. O
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05 10 15 20 8 30

FIGURE 1. @)

on the interval [0, 7]

4.2. Isomorphism between V5; and SU(2). In this subsection we show that the
results obtained above recover the results obtained in [I0]. An element ¢ of V5, is an
equivalence class which can be written as

i ={(5 200 e 02n}

> is a unitary matrix we know that the norm |la|/® + ||5|?

: a exp(\i)B
Since (5 —exp(A\i)a

of the vector g is equal one. Furthermore, we note that points ¢ € V5; can
be parametrized by the vector (g) Recall the definition of the group SU(2) =
{(_046_ g) ‘HaHz +18]1? = 1}. So, it is clear that every element of SU(2) can be

represented by the vector g . It follows that the both manifolds are diffeomorphic

under the mapping f: Vo1 — SU(2), [g]w, — <_Oé g) The metric in both cases is

g

left invariant, arising from an inner product on Lie algebras making basis of Lie algebra
orthogonal. The horizontal distribution is orthogonal to the vertical one.

Remark 1. The set L as a subset of Va1 depends only on ¢; € (0,27), since the part

depending on co is quotient out. This implies that the cut locus of SU(2), which is given
exp(c17) 0

by 0 exp(—cy7)

f to the cut locus of Va1, given in Lemma .

) c € (0,277')} [10], has a bijective relation under the map

Now we proceed to the proof of Theorem |3 that describes the cut locus from the
identity on V/, ;.

Proof. We only need to show the inclusion K4 C L since the converse inclusion L C K4
will be proved in Theorem @ for the more general case V/, .

First of all we claim that in the case of V,,; there are no abnormal minimizing
geodesics because the distribution is strongly bracket generating. To show that the
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horizontal distribution is strongly bracket generating we consider an arbitrary ele-

ment B) € Huq with B = (by,... ,b,_1) € C*"=V_ Take basis elements

0
-BT 0
0 Emj . Ix(n—1) ;
_ET 0 ,me{0,1}, and j € {1,... ,n —1}. Here E,,; € C is the row
mj
with entry ¢ at the place j and zeros everywhere else. Then, the commutator is written

as
0 B 0  En\| _ (—BEL,+E.B" 0
-BT 0)'\-EL;, 0 - 0 0)’

—2:Im(b;), m =0
—2iRe(b;), m=1"

where
—BEy; + En; BT = {

An arbitrary choice of B and linearity of Lie bracket imply that any B generates the
whole vertical space which allows to conclude that the distribution H is strongly bracket
generating.

Now we calculate the precise form of a geodesic ,, concentrating on components

_%T g), where z € R and

B € C™("=D. Recall exp(tv) = Yo7 Lom. First we will calculate the two parts of

o

and 2. Let the velocity vector be given by v =

v1(n) wve(n :
V" = v(n) = (U;I;Eng Uigng)’ namely v;(n) and ve(n). From the recursion formula

™ = v" v it follows that

vi(n) = vi(n — Dai — va(n — 1)BY = vi(n — 1)ai — vy (n — 2) BB

n—1

as vo(n) = v1(n — 1) B. Furthermore, as v™ = vv"~! we deduce

v3(n) = —BTv (n — 1).
Having the initial values v;(0) = 1, v1(1) = x4, and v3(0) = 0 we obtain that
2—n—1 - -
vi(n) = —————=—(1z((iV2?+4BB" +ix)" — (ix — iV 2?> + 4BBT)"
) = i G ")
+ iV a? +4BBT ((iz — iV a? + 4BBT)" + (iV 1% + 4BBT + iz)"))

exp(t): exp(tv):
exp(tv)s exp(iv)a
ﬁ2}1(71): ! _ <e_%(vf‘72+4BBT—w>
= nl 2ivx? + 4BBT
< (i /x2+4BBT(eit\/x2+4BBT_|_ )—l—m’( itr/z2+4BBT 1))>

and we obtain for exp(tv) :

WE

exp(tv); =

I
<)

—( a:2+4BBT—x)

e
2vx2 + 4BBT (
% <1 / 2 4 4BBT(€zt\/x2+4BBT + 1) + x(eit\/x2+4BBT . 1)))
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Yo(t) ~a(t)

1 it =
1 _ S\ —2(y/224+4BBT +x)
() = expy,(tv)1 exp —tix) = —e 2

Vo (t) U( )( )1 U(l)( ) oViZ + ABET

(5) % (, /x2 + 4BBT(6it\/o:2+4BBT + 1) + x(eit\/a:2+4BBT i 1>> 7

that coincides with calculations in the case n = 2.
The second important part of the geodesic is

1 2
The first part v!(¢) of the normal geodesic 7, (t) = (7’“ () (t)) is written as

[e.9] [e.9]

exp(tv)s = ngg(n) = ngg(n)
A ! RT, 1
- ;(n+1>!v3(n+1):§<n+1)!(—3 v'(n))

— _pr 1 o 5(/a?+4BBT —a) <€ti\/x2+4BBT _ 1)
a2+ 4BBT

)

V() = eXPyr(n) (tV)3 €XPyrq) (—tiT)
(6) = —BT;_€*%(\/I2+4BBT+x) (et“ /o2 4aBBT 1) '
a2+ 4BBT
It follows that %?f(t) =0 for t = ——2——. That means that the geodesic reaches the

\/ 224+4BBT

set L at t = ——2——_ and since L C K4 it is also reaches the cut locus. This implies
\/22+4BBT’

2w

\/ ©24+4BBT ’

Having exact formulas for coordinates of geodesics we proceed to the core of the
proof. Suppose ¢ € V,,1 \ L but ¢ € Kjq, and there exist two optimal normal geodesics

Yor and Yy With ,(0) = 70,(0) = 1d, 3, (T*) = 7, (T*) = g and vy = (f B ff),
“\-ET 0
Further we argue mostly as in the proof of Lemma [T}

Case 1. Assume BB # EET. Since the length of both geodesics 7,, and ,,, should
coincide, it can be shown, as in the proof of Proposition [3| that

BB" = tr(BB") = ||B|* = |E|]* = tr(EE") = EE"

that the geodesic loses its optimality at the latest t =

Uy such that vy # vy and z; € R, j =1,2 and B, E € Cx (1),

This is a contradiction.
Case 2. Let x1 = zy and || B||* = || E||*. Tt follows from

T (T7) = %,(T7) <=

_ BT 1 _ 67§(\/:z:%+4BBT+x1)(eiT\/:z:§+4BBT _ 1)
in/22 + 4ABBT

- _ RT 1 _ e—%(\/x§+4EE'T+x2)(eiT\/x§+4EE'T —1)
in/ a2+ AEET

that BT = ET and so B = E, that leads to the contradiction with v; # v..
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Case 3. Let now z; # x5 and || B||* = ||E||>. We know that ~ (T*) = ~2 (T*) # 0,
which implies ||y} (T%)|| = ||v3,(T*)||. Thus

B T _ E T _
H—H_HZ sin(—4/2? + 4BBT)|| = %\\2 sin(—+/x3 + 4EET)]],
Va2 +4BBT 2 Vo3 +4EET 2

and we get a contradiction as was shown in Case 3 of the proof of Lemma [I] O]

Remark 2. We observed that the distribution H s strongly bracket generating. It may
be worth mentioning that V,,1 is also a contact manifold, which was studied in [16] and
also in [24]). To show that statement, we note that the submersion U(1) — Vi, 1 — Gy
can be written as S* — S*"7! — CP"'. In [16] it is shown that for submertion
S2n=t — CP" ! the vertical vector space is spanned by

V(Q) = _yoaxo + xoayo — ... — yn*laxn_l + xn*layn_ly q c S2n71.

The horizontal distribution D is defined as the orthogonal complement to span{V'} in
TS?"=1 with respect to the Euclidean metric in R*™ = C". At the point (1,0,...,0) €
é 8) of the
Lie algebra u,(1) and the horizontal distribution D = V1 coincides with the horizontal

o 0 B
distribution H = {(—BT 0
to the trace metric. Since metrics, vertical and horizontal distributions are invariant
under the action of U(n) we conclude that sub-Riemannian geometries are essentially
the same. It is shown in [16] that the distribution D coincides with the holomorphic
tangent space HS*~! of S?"~1 thought of as an embedded CR-manifold and that it also
coincides with the contact distribution given by ker(w) with respect to the contact form

S?=1 the vertical vector V = (i,0,...,0) coincides with the generator & = (

) | Be (Clx("_l)} that is orthogonal to & with respect

W= _yodxﬂ + deyO R yn—ldxn—l + xn—ldyn—l-

Thus the contact structure can be transferred to the Stiefel manifold.

5. THE CUT LOCI OF V,,

In the present section we show that some of the properties of the cut locus of V, ;
is preserved in the case V) ;. In general we were not able to describe the total cut
locus, since the distribution is not always strongly bracket generating, that leads to
the existence of abnormal minimizers. Abnormal minimizers are also have to be taken
into account since they can be minimizers due to [23]. The interested reader can find a
further information about abnormal minimizers in [2] [7, [8, O] (13}, [14] [I8] 20].

The fact that the distribution is in general not strongly bracket generating follows
from the following proposition in [24].

Proposition 1. Let Q) be an m-dimensional manifold and H an l-dimensional strongly
bracket generating distribution of codimension 2 or greater. Then at least one of the
following conditions

(1) I is a multiple of 4, (2) I>(m-=1)+1.
have to be fulfilled.

It is obvious that it is not always the case for Vj,x, where m = 2nk — k? and [ =
2nk — 2k?. Moreover, it is technically hard to write the exact form of normal sub-
Riemannian geodesics for an arbitrary V,, .
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Proposition 2. The distribution H on V, i, 1s bracket generating.

Proof. First we note that the commutator [H , H] is given by

0 B o Cc\| _ (-BCT"+CcBY 0
-BT 0)\-C" 0)] — 0 —C"B+B'C) "

It is sufficient if we show that for every upper triangular (k x k)-matrix Dy, m > 1
with an entry dj,,, # 0 on the intersection of I-row and m-column and all other entries
vanish we can find B, C' € CF*(=#) guch that D;,,, = —BCT. For instance, if we choose

dyn  for a =1, = min{m,n — k}

0 otherwise,

B = (baﬁ) = by baﬁ = {

and

1 for a =min{m,n—k},B=m

—0" = (CQ’B) by Cap = {O otherwise

then we deduce that D,,, = —BCT.
We also need to construct diagonal-form (k x k)-matrices D; with ¢ € C on the

intersection of j-row and j-column and all other entries vanish and show that there are
B,C € CH(=%) guch that D; = —BCT. In this case we choose

i for o =j 6 =min{j,n—k}

B = (b, by bas =
(bag) by g {0 otherwise,

and

1 for a =min{j,n—k},5=j

—C" = <Caﬁ) by cas = {O otherwise

Then we obtain that D; = —BCT. It implies that H is bracket generating of step 2. [

Proposition 3. Suppose ,(t) is a normal sub-Riemannian geodesic, which connects the
identity I1d with the point q € V,, i, q¢ # 1d, at the time T > 0, where v = (_%T ?) €
u(n). The length of 7y, is given by l(~,, T) = 2T\/ntr(BBT).

Proof. First of all we calculate the velocity vector of +,(t) at the time ¢, which is

Yo(t) = Yo(t)vp for vp € u(n). We omit the subscript U(n) or U(k) from exp.), since
it is clear which one we use from the context. By the chain rule we get that

= sl (ool D e 2) (o G )
(e D) GO G )
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where p(t) := exp (t (_%T jg )) exp (t <_0A 8)). We note that
(o) et (3" 0) = (a7 ©)

= exp {t (—OA 8)} (exli(thpi ;}((E(t;lt)A) eXp(éA) B)

e {e (5 0} Caramin “67):

)
o = sl (e D)onl ()
(Cardan =)+ ()]

0 exp(tA)B
= () (—BTexp(—tA) p(O )

e (—BT efp(—tm exp(éA)B) |

Thus

and

It follows that

g(’yv (t)’ Yo (t)) = —2n tr(1}2D)

_ ontr ((— exp(tA)BOBT exp(—tA) _;TB»

= —2n< — tr (exp(tA)BB" exp(—tA)) — tr(BTB)>
= 4ntr(BB").

In the last equation we used tr(XY) = tr(Y X) and tr(—X) = — tr(X).
We conclude that the length of v, does not depend on A, but depend on final time
T and the trace of the matrix BB”. O

Theorem 4. The set

L:{Kg g)} k’ C e Uk), DEU(n—k)}\[Id]Vnyk}

is a subset of the cut locus Kiq on V.

Proof. Suppose the point [g]y, , = [(g 10)” € L. This point is reached optimally
Vn k

2

by a geodesic v, = {(:;g :ZZ)} at some 7' from the initial point Id € V,,; and the
v v Viok

A B

_ BT 0) € u(n). Let us see how 77, j = 1,2,3,4, depend

initial velocity vector v = (



22 CHRISTIAN AUTENRIED, IRINA MARKINA

on A and B. We recall that
w0 = m(eofe (L5 ) oot (3 0)))
- (6 7,

We start from calculating exp ( ( i}lgT g)) <518 5280 Using the notation
3 4

(_éT ﬁ) = z;gzg zigzg), we find that vy(n) = vy(n — 1)A — v1(n — 2) BBT,
n > 2, for initial values v1(0) = Id and v;(1) = A. This implies that v; as function
of t depends on A and BBT. Furthermore, we get the formulas vy(n) = v;(n — 1)B,
v3(n) = —BTvi(n — 1) and v4(n) = —BTvy(n — 2)B.

A -B
BT 0
Indeed, since (—B)(—BT) = BBT and

Now we claim that the geodesic v, with v* := is also minimizing from
n,k "

Id to |

(-BT)(-B) = BT B the length of both geodesics coincides. It remains to show that
Yor (1) = [g] V... Observe, that the value v1(¢) depends on A, BB” and ¢, and therefore

75* (T) = 7,(T). Finally v;(T) = v3(T) = 0 implies 7;.(T') = —7;(T) = 0 = 73(T) and

V3 A(T) = —v3(T) = 0 = 43(T). We conclude that v,«(T) = ~,(T) and that L C K.
A 7B for an v

(B_U)T 0 > or a €

U(n — k). It is also a minimizing geodesic from Id to [g]v, ,, with 74(T) = [g]v, ,. O

n,k

glv, . such that with v, (T") = [g]v,
(—

The geodesic v,« can be replaced by v, with v =

5.1. Points that are not in the cut locus of Vy; ;. Since the description of the cut
locus for general Stiefel manifolds is very complicated we focus on the Stiefel manifolds
Vor with n = 2k and study points which never can belong to cut locus. The main
result of this section is the following.

Proposition 4. All the points of the form {(O D

C 0)} with C, D € U(k) are not
Vo, i

in the normal cut locus of Vo j.

We start the proof of Proposition |4 from the following lemma.

. 0 D
Lemma 2. The points {(C 0

)} € Grok i 15 Teached by geodesics starting from
Gak,k

Idy, O . o . - 0 B
[( 0 Idk)} . only if the initial velocity vector v has the form v = (—BT 0)

with B € U(k). If we assume that tr(BBT) = 1 the condition B € U(k) is changed to
VEB € U(k).

Proof. Geodesics of the Grassmann manifold Gryy i, are given by

0 ol (e D), - 1)
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where
Ye(t) = cos(tV BBT)
v(t) = —BTsin(tvV/BBT)(V/BBT)™!

We are looking for all geodesics for which there exists Ty > 0, such that v (Ty) = 0
and ’yS’(TO) = C. As C € U(k) and particularly is invertible it follows from the form
of 43(Ty) that B is invertible. Therefore, the matrix BBT is positive definite and
diagonalizable: BBT = PDP~! where D = diag(dy, ... ,d}) is a diagonal matrix with
d; >0 forie{l,... k}. This 1mplies that

cos(tVV BBT) = P cos(tv/D)P™

and so y}(Ty) = cos(TyV BBT) = 0 if and only if cos(Tyv/d1) = ... = cos(Tp\/dy,) = 0.
For the moment we assume that B € U(k). Then using the normalisation tr(BB”) =
1 we get VkB € U(k). Thus BBT = 11d; = diag(2,...,1), and Tp := min{t >
0| cos(tVBBT) = 0} = %E
Now we want to show that no other minimizing geodesics exist except of those with
the initial velocity defined by matrices from U(k). Let B be an arbitrary invertible
matrix, not necessary from U (k). If we again assume the normalization tr(BBT) =1,

then we get that there exist at least two elgenvalues and 1 of BBT with 0 <o <

z < /\iz It follows that if cos(TyV BBT) = 0, then cos( Jo ) = 0. We conclude that

Va1
Ty > ”‘ﬁ =k and a geodesic with initial velocity defined by the matrix B and that

reach the point [(O D

at time 7j is not minimizing. 0
¢ 0 Gak,k

Corollary 1. Let p = {(g lg)} € Vo, with C,D € U(k) and v = (_OBT ]g)
Vak,k

with VkB € U(k), tr(BBT) = 1. Then geodesics ,(t) in Varx reaching the points p at

time Ty = %E are minimizing. Furthermore, if By # Ba, then ~3 (Ty) # 3, (To).

Proof. First we note that geodesics in Gryyy defined by v satisfying the assumption

of Lemma [2| are minimizing geodesics from {([gk Igl )] to {( g 10))} by
k) 1 Gonp Gork,k

Lemma . The time of reaching the points [(O D

. vk
C 0)1 3 is Ty = &5~. Furthermore,
2k,k

(8) v3(Ty) = — B diag (sin(& Vk = —VEBT € U(k).

)y... ,sin(—= ))
VEk Vk
The unique horizontal lift of (7)) is a minimizing between fibers passing through [Id]s, ,
and p and moreover they are geodesics since they are horizontal lifts of geodesics.
Fix a point po at the fiber passing through [Id]y,, ,. Then the unique horizontal lift
Yot v = [exP(tV)]vs, . of (7)) starting from py always reaches different points at the

cC 0

fiber 7! [(O D)} at the time Ty since 72 (Ty) depends on BT but not on
Gak,k
BB as shows (§g). O
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Now we prove Proposition [4]

Proof. Let assume that a point p = [(g D)} belongs to the cut locus from the
Vak k

0
: : L . A B : . :
identity point in V. Let v* = [ BT 0 with A # 0 be an initial velocity of a

minimizing normal horizontal geodesic

o=l (0 D), (2 )

to p such that v*(75) = p. Then its projection 4 to Gray j is a minimizing
0 D
C 0

geodesic in Gy . having form @ with some B satisfying VkB, € U (k). It is also clear
that v*(¢) is a horizontal lift of 4 starting at the point [/d] From the other side

from [Id]

Vak,k

geodesic from [Id]gy,, , to [( )} . This implies that 4 have to coincide with a
Gog.

Vor ko *

the horizontal lift of a geodesic having form is equal to {exp (t ( OBT BE;))]
et Vak,k

which is different from ~*(¢). This is a contradiction to the fact that horizontal lift
starting from the same point is unique. We conclude that the points of the form

0 D can not be in the cut locus. O
¢ 0 Vo, k

Corollary 2. The set

(oo (e (5 D],

is not in the normal cut locus of Vo .

tr(BBT) =1,VkB e U(k),t € [o%k”

6. STIEFEL AND GRASSMANN MANIFOLD AS EMBEDDED INTO SO(n)

In this section we assume that the Stiefel and Grassmann manifolds are embedded
into SO(n). We use similar notations for the Stiefel and the Grassmann manifolds as
in the previous sections.

6.1. The group SO(n), Stiefel and Grassmann manifolds. We recall that the
special orthogonal group SO(n) is the set of matrices

SOn) ={X e R™"| XTX = XXT =1, , det(X) = 1}.
This is a compact Lie group with the Lie algebra so(n) given by
so(n) = {X e R™"| X = —xT}.

Every entry on the diagonal of X € so(n) is zero and the real dimension of the manifold
is in(n —1).

We define a bi-invariant Riemannian metric on SO(n) by

(-,-): gso(n) x gso(n) — R
(¢X,qY) = —tr(XY),

with X', ) € so(n).
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The Stiefel manifold V, ; for k& < n is the set of all k-tuples (g1, ..., q) of vectors
g € R" 1€ {l,...,k}, which are orthonormal with respect to the standard Euclidean
metric. This compact manifold can be equivalently defined as

Vn,k = {X c Rnxk| XTX _ ]k}'

Another way to define the Stiefel manifold V,,  is to introduce the equivalence relation

w1 in SO(n) by

0 Sn—k
such that the equivalence class [¢]™ of a point ¢ € SO(n) is given by

g™ = {q ([é“ ka)

The Stiefel manifold V,, ; can be identified with SO(n)/SO,,(n—k). We use the notation
[q]v,, . for [¢]™* in the present section.
The tangent space at a point [q]v, , € Vi is given by

T, Vor = s (T 72 )| X € s0(k), &, € R0k
ldlv,, , VoK 4V k Xy 0 1 €50(K), A2 .

The induced metric (-, )y, , on V, is given by

(e (5 707 ) e (3 3 > (i)
6 )G ), 0
- )6 )

where ¢ € [q]y, , is any representative of the equivalence class [q]y;, , .

The Grassmann manifold G, , is defined as a collection of all k-dimensional subspaces
A of R". Equivalently, an element A of G, ; can be written as an (n x k)-matrix with
columns wy, ... ,wx € R™, such that span{ws,... ,wx} = A, or, it can be defined as a
quotient space in SO(n) with respect to the following equivalence relation

I, 0
gr1p = q=p<k ) q,p € SO(n), S,_ € SO(n—k),

Sp_i € SO(n — k:)} € SO(n)/SOn(n — k).

0 Snfk
where Sy € O(k), S,—x € O(n — k), such that det(Sx) = det(S,—_x) € {—1,1}. This
leads to the equivalence classes

]~ = {m (%’“ Sf_k) | Si€O(k), 5,1 € Oln k), det(5y) = det(Sn_k)} ,

m € SO(n), which is isomorphic to O(k) x SO(n — k) = O, (k) x SO,(n — k), as

Sk 0 det Sk 0
m (O Sn_k) — (Sk, Sn,k < Idn 1) X SO(n — k)

We identify G, with the quotient space SO(n)/(O, (k) x SO,(n — k)) and use the

notation [m]g, , for [m]"2 in the current section.

myq v2 Mo < mi = mso <Sk 0 ) s mi, Mo € SO(TL),
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The tangent space of Gy, at the point [m]g, , is given by

0 X .
Tim]cn’k Gn,k: - {[m]Gn,k (—XQT 02) ‘ X € ka( k)} .

It has real dimension k(n — k) that gives the real dimension of G, .
The induced metric (-, -)a, , on Gy is given by

(e (g ) (3 ), )
oty D) ),
(D)

where m € SO(n) is any representative of [m]g
A normal sub-Riemannian geodesic on V,, j, startmg from [q]v, , is given by the formula
similar to (2)) presented in Section

1(t) = expy, , (tv) expo, gy (—tA(v))

X X X1 0
9) = T |[¢€XPgo(m) | &7 0 xpo.m { ~t{ o o))

X: X X X
where ¢ € SO(n), v = [q]v,, (—/'\?lzT 02) € Tiqy, , Var with (—)EET 02) € so(n),

m1: SO(n) — SO(n)/SO,(n — k) is the natural projection from SO(n) to the quotient
space, and A: TV, — so0,(k) is the so,(k)-valued connection one form.

6.2. The cut locus of V,,;, n € N. In this case dim(V,,;) = dim(G,1) =n — 1 and
all sub-Riemannian geodesics are Riemannian ones. For the reason of completeness we
present the cut locus in this case, because it is strongly related to the cut locus of V,, ;
embedded in U(n).

vHE) ()

Two parts v(¢),73(t) of the geodesic v,(t) = [( v )] for an initial
p P)/v( ) 71)( ) g 7 ( ) ’}/3<t) ’}/4(t) .

locitvo— [ 0 B ver b
velocity v = ( _pr | are given by
1 ‘ )
1 —itv/BBT 2itVBBT
) = ——e 2VBBT (e 1),
w0 = UEET ( )
1 ... 557, 0n/a8T
= 56_” BB (2itVBBT | 1) = cos(tvV BBT)
1 7'L 7
7t) = BT e IR (FVEET )

12V BBT

_BT
= sin(tvV BBT).
vV BBT

These formulas are a particular case of formulas and @ for the choice of the

e . . . 0 B .',UZ E 1><(n—1)
initial velocity v = (—BT O) S {(—E’T O) EeC ,z € R%. Thus we can
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use arguments of Theorem [3| and state that the cut locus of the Stiefel manifold V,, ;
embedded in SO(n) consists of exactly one point:

{Kg g)}vnyklowm, DeOom-1); (g g) ESO(n)}\{[]d]VW} _
{Kiol g)]vnyk\De()(n—m;(iOl g)esom)}\{[zd]m} _
{K_ol g)]VHk)DGO(n—l):(_Ol g)eSO(n)}.

6.3. The cut locus of V5,. Since V35 = S0O(3)/SO(1) and SO(1) is a normal sub-
group of SO(3), one can identify the sub-Riemannian structure of V3, with the sub-
Riemannian structure on the group SO(3), that was studied in [I0]. In particular all
equivalences classes contain exactly one matrix

@11 a2 Q13 @11 Aaiz2 Qi3 I, 0
Q21 Ag22 A23 = Q21 Q22 A3 <0 51>

31 dz2 G33

S1 € 5(1)

a31 dzz (33 Vi
ok

il a2 ais
= Q21 Q22 d23 )
a3 az2 asz3
such that we can identify V5, with SO(3). Furthermore, the induced horizontal and

vertical space coincide with the horizontal and vertical space of the k & p problem on
SO(3) stated in [10].

6.4. About the cut locus for V5 ;. Analogous to Proposition we state here the
following result.

Proposition 5. All the points of the form {(0 D

c Oﬂv with C, D € O(k) are not
2k,k

in the normal cut locus of Vay j.

Proof. The proof of Proposition [4| does not use the specific of the unitary group, rather
the orthogonality property. Therefore, we can literally repeat the proof of Proposition
here. 0

Corollary 3. The set

{ {exp (t <_%T lg))}v%’k ‘tr(BBT) —1,VkBeO(k),te [0,%\/%] }

is not in the normal cut locus of Vo j.
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