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Abstract

We investigate the behavior of integral formulations of variable coefficient elliptic partial dif-
ferential equations (PDEs) in the presence of steep internal layers. In one dimension, the equa-
tions that arise can be solved analytically and the condition numbers estimated in various L”
norms. We show that high-order accurate Nystrom discretization leads to well-conditioned finite-
dimensional linear systems if and only if the discretization is both norm-preserving in a correctly
chosen L? space and adaptively refined in the internal layer.
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1. Introduction

A number of problems in computational physics require the solution of divergence-form
elliptic equations

V- (e(x)Vu(x)) = f(x) 6]

where €(x) is a scalar function with steep internal layers in a domain . We assume for the sake
of concreteness that u(x) satisfies a Dirichlet boundary condition

u(x) = g(x) (2

for x € 0L, but the basic approach outlined below applies equally well to other types of boundary
conditions. Equations of the form (m) arise, for example, in fluid dynamics [2} 22]], where e(x) is
the inverse of the fluid density and in semiconductor device simulation [23]], where €(x) can be
either the semiconductor permittivity, or a complicated function determined by electron and hole
mobilities and diffusion coefficients. They also arise in phase field models for microstructure
evolution in materials science [7]. When € is piecewise constant, boundary integral equation
methods are well-known to be extremely effective (see, for example, [13} 14} 17} 24} 25]). When
€ is smooth but has a steep internal layer, however, the domain itself must be discretized. In that
setting, it is most common to use finite difference or finite element approximations based on the
partial differential equation itself [4} 21 [27]].

Volume integral equations can also been used for problems such as (). There is a substantial
literature in this area, which we do not attempt to review, except to observe that there are a variety
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of analytic methods which can be used to derive integral formulations, a variety of numerical
methods which can be used for their discretization, and a variety of fast algorithms which can be
used for iterative or direct solution [5} 16} 8,9, [10, (11} [16\ 18l 20, 26].

In this paper, we focus on the behavior of volume integral methods in one dimension, where
the divergence form equation reduces to

o (eoge] =1 G)

For the sake of simplicity, we assume the solution is subject to homogeneous Dirichlet con-
ditions on the interval [a, b], that is u(a) = u(b) = 0. We assume that €(x) is positive, smooth
and bounded, but may have steep gradients, so that its derivative €,(x) can be arbitrarily large,
corresponding to an internal layer. Without care, this can lead to arbitrarily badly conditioned
linear systems. While there is some literature on analyzing the conditioning of second kind
integral equations (see, for example, [1I} [19]), the influence of the choice of L” space has re-
ceived relatively little attention. Here, we show that a combination of adaptivity and a suitable
norm-preserving discretization, to be defined below, leads to condition numbers that depend only
weakly on €,. In particular, we show that for a Lippmann-Schwinger type integral equation with
the second derivative u,, as the unknown, a discretization that is norm-perserving in L' leads to
nearly optimal schemes.

Our work was motivated, in part, by Bremer’s analysis of boundary integral equations for
scattering problems in the presence of corners [3]]. He showed that naive Nystrom discretization
leads to ill-conditioned linear systems, but that suitable L?-weighting corrects the difficulty both
in theory and in practice.

2. The integral equation

There are several standard methods for converting the ordinary differential equation (3) to an
integral equation, typically making use of the Green’s function G(x, f) that satisfies
d2
—G(x,1) =6(x—1), G(a,t) =G(b,1) =0.
dx?

It is well-known [[15] and easy to verify that

| x=a)-b)/(b-a) if x<t
Gz ‘{ (x-b)t-a)/b-a) if x>1° @
Rewriting the equation (3) in the form
Uy + i”x = J_c (5)
€ €
and representing the solution as
b
u(x) = f G(x,nHo(t)dt, (6)
we obtain an integral equation for the unknown density o
b
o)+ 20 76, o di = g0, @)

€(x) Ja



or

I+ Kp)o(x) = g(x) 3
where g = f/€ and
Kiow = 22 7Gx nowdr.
€(x)
Alternatively, one can rewrite (3) in the form
(eu)xy — (Extt)x = f . 9
Integrating (9) against G(x, 1) yields
1 1
u(x) + L G (x, )(e(Du(t)) dt = L f G(x, ) f(t)dt (10)
€(x) e(x) Jo
or
1 b
(I + Ky)u(x) = —f G(x, ) f(tdt, (11)
€(x) Ja
where

1 1
Kzu(x)=@ fo Go(x, D)(ex(Du(r)) dt .

The principal difference between (7) and (T0) is that, in the former, o(x) = u,(x) is the unknown
while, in the latter, u(x) is the unknown. Both are Fredholm equations of the second kind.

2.1. Analytic solution of the integral equation

For the sake of simplicty, let us assume in this section that [a, b] = [0, 1]. {From the original
ODE, we have

(e(ux(x)x = g(x)e(x)
e(u(x) = f ) g(De(®) dt + €(0)u,(0)
O

= o f e(De(t) di + (0)(”)‘)(0) (12)
Using the fact that o = u,,, we may write
o(x) = g(x) - (()2 ( f g(t)e(t)dt+6(0)ux(0)) . (13)

To remove the €(0)u,(0) term from the expression, we integrate the equation @

u(1) — u(0) =f O )f g(t)e(t)dtdx+e(0)ux(o)f —dx
so that
fo ) fo 8(1)€(t)dtdx

fo e(lx) dx
3

€(0)u,(0) =

(14)



Letting A = I + K; denote the operator apphed to o on the left hand side of (7)), we now have
an expression for its inverse in the form A‘ =I1-R;. (JFrom and .

Ly s
* = He()dtd
o(x) = g(x) - ix)[j; g(e(t) dt — b @5 by 80 S] '

E(X 2 1
) o e(s)dY

(From this, it is straightforward to obtain the following formula for the resolvent kernel R;:

1
) H(x—z)e(t)—fif ids], (15)
s Jt

€
x)?

Ri(x,t) = ; )

0 €(s)

where H(x) is the standard Heavyside function.
Letting A> = I + K, denote the operator applied to u on the left-hand side of (I0), a similar
calculation yields an expression for its inverse in the form Ag‘ = I —R;. In this case, R, is

Ry(x,t) = — &0 H(x - t)e (t)—ifods . (16)
f ds Jo

e(r)? e(s)

Having analytic expressions for the resolvent kernels permits us to obtain simple estimates
for the condition number of the operators A; and A, acting on L, spaces for 1 < p < oco. Itis
worth noting an important difference between the two resolvent kernels: the term €,/€” in is
evaluated at ¢ rather than x. It is integrated when applying the inverse operator:

1 &(s
Ex(t) f h(s) E((J)) ds f 1 (17)
0

=h h —d
10 (x“f P T T L @

3. Integral Equation Operator Bounds

We wish to characterize functions €(x) that (a) are fairly flat on some subinterval of [a, b] and
(b) are uniformly bounded from above and below. These conditions are formalized as follows:

Definition 1. Let & denote a family of functions on the interval [a, b].

o & satisfies Property 1 if there exists 0 < 6 < 1 and a constant ¢ > 0 such that, for each
€ € &, there is a neighborhood V = B({(€),c) C [a, b] such that

€
<6||=
€

=1y
€

P p
forall1l < p < co.

o & satisfies Property 2 if m > 0 and M < oo where

m = inf [ min e(x)] and M = sup [max e(x)

ec& | x€la,b] ee& | X€la,b]

4



We then have the following result on the condition number of the operator A, the Fredholm
operator on the left-hand side of (7).

Theorem 1. Let & be a family of functions satisfying Properties 1 and 2. Then
2 €

2
Cl( )+1,
€lip

where cond,(A(€)) is the condition number of A;(€) as an operator from L’[a, b] — LP[a, b] for
1 < p < o0 and as an operator from L [a,b] N Cla,b] — L*[a,b] N Cla, b] for p = co.

€x

) -1 < cond,(Ai(e)) < Cz(

€llp

A proof can be found in the Appendix. Theorem [I|gives us a sense of the qualitative behavior
of Aj(e) acting on L” spaces. In particular, its condition number is well-controlled in L', even
when there are steep internal layers (where €,/€ can be large). In L', it is the total variation of
€ that matters. In the L., norm, on the other hand, the operator norm can be seen to be large by
inspection. A dual result can be obtained for the integral operator A;(€) = I + K> in (TT).

Theorem 2. Let & be a family of functions satisfying Properties 1 and 2. Then
2 €

2
C]( )+1,
€llg

where 1/p + 1/q = 1 and cond,(Ax(€)) is the condition number of As(€) as an operator from
LP[a,b] — LP[a,b] for 1 < p < oo and as an operator from L [a,b] N Cla,b] — L*[a,b] N
Cla, b] for p = co.

€x

€

) — 1 < condy(Asz(€)) < C2(

q

Since the condition number in L? depends on the L? norm of €,/€ in this case, it is clear
that the condition number of A,(€) will be modest in L* and very large in L! in the presence of
internal layers.

4. Norm-Preserving Discretization

In order to analyze the condition number of discretized integral equations, it is convenient to
introduce the following definition.

Definition 2. A mapping ® : V c L”[a,b] — C" is said to be norm-preserving if

1Pl = IgllLr1ap)
forallgeV.

Let A be an invertible, bounded integral operator mapping V to U. We say that a matrix
Ap(V) is a norm-preserving discretization of A on the subspace V if there exist norm-preserving
mappings ® and ¥ such that the diagram

VCLPla.b] —— U c LP[a.b]

¥ J»
CV! R Cﬂ

commutes.



In the Hibert space case (p = 2), it was shown in [3] that inner product preserving discretiza-
tions have singular values which approximate those of the original operator. In the Banach space
setting, it is easy to show something equally useful, namely that the condition number of a norm-
preserving discretization approximates that of the original operator.

For this, let Bly denote the restriction of an operator B to a subspace W. Let A be an invertible,
bounded operator mapping V to U, let ¥, ® be norm-preserving mappings and let A; be a norm-
preserving discretization of A, as above. Then,

1ALVl lAgllz
lAxle )l = = = ||Alyllzr , (18)
vew(vy Vil cev llgllzr
4 1wl 1 1ze .
1A} loanllr = = sup =[A7 ullzr . (19)

werw) 1AWl pev IAfIlLy
Thus, the condition number of A, restricted to W(V) and of A restricted to V are the same.

4.1. Norm-preserving Nystrom discretizations

We build (approximate) norm-preserving Nystrom discretizations for A by applying a quadra-
ture rule to the integral operator A = I + K:

b
AF() = f) + f K(ry)f()dy

For this, we assume that we are given an n-point quadrature rule

b n
f feydx~ " foaw,
4 k=1

with positive weights. This induces a mapping ®: L”[a, b] — C*:

Sx )W}/p
O(f) = : (20)

flw,”
If the quadrature rule is exact for functions of the form |g|” for g € V and |f|” for f € U, then @ is
a norm-preserving mapping from V into C" and U into C". Further, suppose that the quadrature
rule is exact for functions of the form K(x, -)g(-) where g € V, and that A; is given by th Nystrom

discretization:
(An)ij = 81 + K (e, xpw; Pwi =P 1)

Then Ay, is norm-preserving, since
[ArD()) = gCew;"” +w]"” " K(xi, xpw™ PeCepwl” (22)
=1

b
=w}/”(g<xi>+ f K(xi,y>g(y)dy). (23)



We note that discretization by sampling, i.e. where

f(x1)
O(f) = :
f(xn)

corresponds to a norm-preserving Nystrom discretization on the space L*[a,b] N Cla,b]. In
particular, suppose we let V C L*[a, b] N C[a, b] be equicontinuous and let 0 < § < 1. Then, by
taking a fine enough mesh we can clearly satisfy

Il = NP1 + 6)

for any f € V. In short, the simplest Nystrom discretization, corresponding to sampling the
unknown on a grid, results in a discrete operator whose condition number approximates that of
the continuous operator acting on L [a, b] N Cla, b].

4.2. Discrete condition number estimates in alternate norms

Two aspects of norm-preserving discretations should be noted here. First, the fact that a dis-
cretized operator equation is well-conditioned in /” for some p may not be very informative if we
solve the finite-dimensional linear algebra problem using a different norm. Suppose, for exam-
ple, that we wish to solve the equation , which is well-conditioned in L!. After discretization
using , it is well-conditioned in I' as well. However, if we use an iterative scheme such as
GMRES [28]], we would like to ensure rapid convergence, which depends on the condition num-
ber in 2. (One could, of course, solve linear systems iteratively in /” spaces, but the procedures
are nonlinear and much more expensive.)

Fortunately, in finite dimensional spaces, norms and condition numbers are all equivalent and
satisfy simple relations [[12]. For instance,

condy(Ay) < ncond (Ay). 24)

Thus, if the system size is modest and we employ a norm-preserving discretization for L', we
will have an acceptable bound on the /> condition number of the system matrix .

A second, closely related, feature of norm-preserving discretizations is that spatial adaptivity
is essential for the choice of L? to have an impact. One can see from (ZI) that for a uniform
mesh (with w; = h = % for all i), the resulting matrix A is the same for every p. Thus, if the
continuous operator equation has a large condition number in L?, the discretized equation will
be ill-conditioned in /> as well.

We will return to these issues in section @ following an exploration of the behavior of the ',
I? and [* discretizations on some model problems.

5. Numerical Examples

To investigate the utility of the analysis outlined above, let us first consider functions e(x) in
(3) of the form
€5(x) = 2 + tanh(6(x — xp)) (25)



on the interval [0, 2], where xo € (0,2). For large values of ¢, these functions have a steep
internal layer centered at x = xy. They are relatively flat away from the internal layer. and they
are bounded in the range [1, 3]. As a result, the family

E=lgell: 5> 10) (26)

satisfies Properties 1 and 2 as given in Deﬁnition Note that the derivative (e5), = 0 sechz(é(x -
Xo)), so that

2 1/p
ll(€s):llp, = (f 6" sech™ (8(x — xo)) dx)
0

2
< 5( f sech?(8(x — x)) dx)
0

= 6"7VP) (tanh(8(2 — x¢)) + tanh(Sxp))"/? 27)

1/p

2 1/p
ll(&)xllp = (j(; 67 sech® (6(x — x0)) dX)

> g (2cosh™ (V2)/6) "
— C(p)§(1_l/p) 28)

Combining with (28) and the fact that the €; are uniformly bounded above and below, we
have

&

=0 (s!7P) (29)
p

for 1 < p < oo, using the standard “Big Theta” notation. It is straightforward to check that

(Eé)x
€

=0(). (30)

00

Letting A;(€) and A, (e) be the operators given by the left hand sides of (§) and (TT)), respectively,
and applying Theorem 1 to the family &, we see that

cond;(A1(e&)) = O(1),
condy(A1(e5)) = O(5),
condeo(A;(€&)) = O2).

Likewise, we have

cond; (Az(&)) = ©(6?),
cond;(Az(&)) = ©(6),
conde(Az(&)) = O(1).
We discretize the integral equations and (I0), using a norm-preserving Nystrom dis-

cretization scheme, as described in section@ For this, we adaptively refine the interval [a, b] so
8



that the function e(x) is well resolved with a piecewise Legendre polynomial approximation to a

user-specified precision. More precisely, we use piecewise 16¢h order approximations, and refine

each interval until the quadrature error in integrating € is less than 10~'3. On each subinterval, we

sample all functions involved (i, €, f) at the scaled Gauss-Legendre nodes of order 16. We use

the standard Gauss-Legendre quadrature weights scaled to each subinterval. Given these nodes

and weights, the norm-preserving discretization in L? applied to equation (/) yields
O'(xi)wl.l/p + ﬁj) Z G (x;, xj)w}_l/pwl.l/pa(xj)w;/p = g(xi)w;/p . 31)

J

€(

Likewise, equation yields

1 - 2 2
uCew)’? + — Z G (i, X)) e pw' ™ Pw! P uCeyw! = h(xyw! ! (32)
€(x;) - J

where & is simply the right hand side of (I0). We will use A; ,(€) and A, ,(€) to denote the p-
norm-preservin% discretizations of these integral operators. Because the unknowns o and u are
P

weighted by wl.1 , we see that the entries of the discrete operators are given by
[A1p0)] =6+ N
Lp ij ij E(Xi) x\ A AW i
Ex(xj) 1/p

G (x;, xj)w;.*l/pwl

[Az,,,(e)]ij =i+ s

5.1. Condition Numbers

Using the family of functions & defined above, we may study the /7 condition numbers of
our discrete operators Ay ,(€5) and A ,(€5) for p = 1, 2, and co. Because of the norm-preserving
discretization, we expect cond; (A 1(€5)) = O(1), cond, (A} 2(€5)) = O(6), and conde (A1 0 (€5)) =
©(6?) since that is the behavior of the continous operators (Theorem . Similarly, we expect
cond;(Ay,(€5)) = 0, condy(Az2(€5)) = O(6), and cond (A2, (€5)) = O(1) (from Theorem .

In Figs. [T]and 2] we plot numerical results for the family of functions €;, where § = 100/,
with j = 1,...,100. For each €5, we formed the system matrices for an adaptive norm-preserving
discretization of the domain [0, 2] as described above. The [” condition numbers were computed
by brute force (using the singular value decomposition in MATLAB).
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Figure 1: /” condition numbers of Ay ,(€;) for p = 1 (left), p = 2 (center), and p = oo (right). The slope of the internal
layer is approximately ¢ and the thickness of the internal layer is approximately 1/§.
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Figure 2: [7 condition numbers of A ,(€5) for p = 1 (left), p = 2 (center), and p = oo (right).

We see from the data that the condition numbers of the discrete operators do, indeed, exhibit
the scaling properties expected from our analysis of the continuous operators. Note that the 1-
norm-preserving scheme to discretize (7)) and the co-norm-preserving scheme to discretize (10)
result in very well-conditioned matrices, independent of the steepness of the internal layer.

5.2. Convergence behavior using GMRES

As discussed in section [£.2] it is reasonable to ask how standard iterative schemes work
when applied to /P-norm-preserving discretizations. We use GMRES here, whose convergence
behavior depends formally on the /> condition number of the system matrix. It is reasonable
to expect that the better conditioned systems (the 1-norm-preserving system for A;(€) and the
oo-norm-preserving system for A, (€)) will fare better.

For these experiments, we solve the ODE (E]), ie.

0 ou
()=

subject to inhomogeneous Dirichlet conditions, u(a) = y, and u(b) = y,. If we let I(x) = mx + ¢
be a linear function satisfying the boundary conditions, then v = u — [ satisfies homogeneous
Dirichlet conditions and the ODE with a modificed right-hand side:

This problem can be addressed using one of the integral equations or (I0), from which the
solution to the original problem is u = v + [. Here, we consider f = 1, y, = 1 and y, = 2.
We consider two types of functions €(x) that contain multiple internal layers by adding together
several hyperbolic tangent functions, as in (23), with multiple centers and § = 500, as shown in
Fig.|3| We refer to the left-hand profile as a “double hill” and the right-hand profile as a “double
well”.

Using adaptive refinement, we obtain linear systems (3I)) and (32)) as described above, for
p = 1,2, and co. We solve the systems using GMRES and record the relative residuals for each
step in Figs. [4|and [5| The ? condition numbers of the discrete operators are shown in Table

Note that the /> condition numbers for A 1(e) and A; o (€) operators are the smallest, as ex-
pected. Note also that these linear systems are solved much more easily using GMRES. The other
discretizations fail to reach the desired tolerance (10~'9) in a reasonable number of iterations.
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Figure 3: The “double hill” (left) and “double well” (right) functions e(x).
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Figure 4: Convergence of GMRES for the “double hill” e(x). The relative residual of the error at each iteration is shown
using the A1 ,(€) operator (left) and the A ,(€) operator (right).

6. Discussion

Our work in this paper was motivated by the observation that boundary integral equations are
extremely robust when solving problems of the type (I)) when € is piecewise constant. In partic-
ular, a charge distribution on the dielectric interface leads to well-conditioned integral equations
involving the single layer potential [[13} (14} [17) [24) 25]]). That charge density, however, is not a
smooth function in the ambient space - it is a singular function supported on the interface alone.

In the variable coefficient case, setting the unknown to be o = Au, as in (7)), corresponds
to seeking the solution in terms of a volume charge distribution. As the internal layer becomes
steeper and steeper, the function o-(x) blows up, since it is converging to a distribution and not
a bounded function. One interpretation of the L' norm-preserving discretization is that, in the
discontinuous limit, the /!-scaled unknown approximates the strength of the 5-function along the
steep interface, rather than trying to sample the 6-function itself.

One concern with using the integral equation (7)) is that we are only guaranteed tight bounds
on accuracy in L', using the standard estimate

lell; 7/l
—— < cond;(A|)——
Il 11‘ Yliblly
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Figure 5: Convergence of GMRES for the “double well” e(x). The relative residual of the error at each iteration is shown
using the Ay ,(€) operator (left) and the A ,(€) operator (right).

€(x) Ai(e) | Ap(e) | Ajele) | Axi(e) | Asa(e) | Arwle)
“Double Hill” | 35.1453 | 979.052 | 86459.5 | 116010 | 978.240 | 31.1643
“Double Well” | 33.1648 | 977.744 | 98620.1 | 147328 | 977.411 | 27.9858

Table 1: /2 condition numbers for the discretized A p(e) and A3 ,(€) operators.

where X is an approximate solution, e = x — %, and » = A X — b is the residual. (This estimate
applies to invertible Fredholm equations of the second kind as well as to finite-dimensional linear
systems). Fortunately, the quantities of interest u, u, are computed as integral functionals of o
using the representation (6) and are obtained with high accuracy. The integral equation (I0) can
be discretized naively, corresponding, as noted earlier, to norm-preservation in /. While in some
respects simpler, derivative data (u,) must then be computed numerically.

We are currently working on the extension of our analysis to higher-dimensional problems,
and will report on the performance of such solvers at a later date.
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Appendix A. Proof of Theorem/]

Let € be a family of functions satisfying Properties 1 and 2 from Definition|l| Let € be an
arbitrary function in & and let A; be given by

€(x)

Ajo(x) = + Ky)o(x) = o(x) +
€(x)

G(x,y)o(y)dy.
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We now establish bounds for A; as on operator on L*[0, 1] N C[0, 1]. To begin, we note that
|G (x,y)| is bounded by 1. Thus,

€.(x)
Il = sup, sgpl]‘o(m - Gx(x,ykr(y)dy‘ (A1)
ole=1 x€[0,
<1+ (A.2)
€ |lo

Let x, be the maximizer of |¢, /€| and define the functions o, by

1 if y<x,
o =4 1-2n(y-x) if x.<y<x.+1/n
-1 if yz2x.+1/n

These functions are continuous and approximate the sign of G(x.,y). A straightforward compu-
tation shows that

€:(x)

Ml = sup sup |o(x) + Gx<x,y>a<y>dy\ (A3)
llofleo=1 x€[0,1] €(x)
> sup |oa(o) + ED Gx<x,y>an<y>dy} (A4)
x€[0.1] €(x)
> &) ( f G )l dy %)—an(m (AS)
e(x,) n
€ 1 2
> |12 m(zr;)‘l (A0
so that ,
lills 2 3 %m—l.

We note that A! is given by

1| s
x ! L [T g(ne(t)dtds
AT'g(x) = (I - R)g(x) = g(x) — € (xz f g(De(t) dt — fO ) fO] '
e(x) 0 fo $ s

It is straightforward to see that

AT o = sup (17 = R1)glleo (A7)
llglle=1
1 X
x =5 g(e®)dtds
<1+ sup sup GX(xz f g(t)e(t)dt—fo ”fol (A.8)
llglle=1 xef0,11 | €(X)* { Jo fo %ds

1 M

<l | S~ (14 =) el (A9)
€ |lco M m
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Again, let x, be the maximizerof |e,/€| and let m. be the minimum of € on [0, 1]. We define the
function g, as follows

mefe(x) if x<x./2
-mefe(x) if  x./2<x<x,
mefe(x) if x.<x<(1+x)/2
-mefe(x) if (1+x)/2<x<1

ge(x) =

The function g is such that the integral fox g(He(t) dt is zero at x = x*,0, and 1 and positive
otherwise. Let g, be continuous functions which satisfy ||g,|lc = 1 and converge pointwise to g..
A few straightforward computations and an application of the dominated convergence theorem
yield

AT Nl = ”SHup 17 = R1)glleo (A.10)
gllo=1
> ,11590 I — R1)gnlloo (A.11)
> lim |R; g, (x.) — 1 (A.12)
n—oo
1 X
; =5 Jo 8D dtds L 2
> GX(xg lim b ”fol - E"(xi lim f eDeddi—1  (A.13)
E(X*) n—oo J(‘) %)ds E(_x*) n—oo J
1 X
)| b @5 by sendrds
=i Sy -1 (A.14)
b w5 ds
1 ||ell mem
> :‘ 8;4 -1 (A.15)
2
€x m
ol el (A.16)
We next establish bounds on A; as an operator on LP[0, 1], for 1 < p < co.
1AL, = Hshlp1 I + Ky)oll, (A.17)
P I/p
<1+ sup ( f SO (G oo dy dx) (A.18)
llll, =1 e(x)
p|l/p 1/p
<1+ sup (EX(X)) f G (-, Yo IP dy (A.19)
lotl,=1 [\ €(x) ] w
<1480 (A.20)
()

P

Because & satisfies Property 1, we may choose 0 < § < 1 and a neighborhood V = B(£,¢) C
[0, 1] centered at & and of radius ¢ such that

<o||2
P

14

€
Sy
€

€llp



For concreteness, assume ¢ < 1/2. Note now that a density o is the second derivative of a
function u with homogeneous Dirichlet boundary values. In particular, u’(x) = f G, (x,y)o(y)dy.
As a result, the function u’ integrates to zero (since u(1) = u(0) = 0). This observation permits
us to build densities o with the desired properties. In particular, we’d like a density o such
that u'(x) = f G, (x,y)o(y)dy is small only in the neighborhood where €, /€ satisfies the above
property. We choose #’ to be of the form

b a(x—g‘f)2 for x<¢
”(X)‘{b(x—g)2 for x>¢&

where a and b are chosen such that «’ integrates to zero. Setting b = 1 and a = (& — 1)3/£% is
sufficient. This yields

O_(x):{z(i%)s(x—f) for x<¢
20x—=¢&) for x>¢&

The L, norm of the above function satisfies

2(1 -c¢)
—

llollp < lloleo <

Let oc = o/l|oll,. Then the corresponding u’(x) = f G, (x,y)o(y)dy is given by

fo(x,y)O'E(y)dy={ﬁ(i_zl)}(x_g)z for x<¢

W(}C—f)2 for x>¢

This provides a minimum value of | f G.(x,y)o(y)dy| on [0, 1]\ V which satisfies

8

. C
Jhin f G (x,y)oe(y) dy‘ > a=o
We then have
1A, = ”Sﬁllzl (7 + Kp)dl, (A.21)
€:(x) p tp
> sup (f( ad G(x,y)o(y) dy) dx) -1 (A.22)
llorll, =1 €(x)
p 1/p
> ( f (GX(X) G (%, Y)oe() dy) dx) ~1 (A23)
e(x)
A &)
2(1—6)1_C4 ) p—l (A.24)
—ce.o Q| -1, (A.25)
€)1,
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Letl <p<ooand1/p+1/qg=1. Then

AT, = sup I = Rigll,
Hg”pzl

< 1+ sup |IRigll,
gl =1

1

<1+ sup f

ligll,=1 10

(2)
2

€(x)
€(x)?

l/p
sup | sup
1 igll,=1| x[0,1]

€y M
S| (1+5) sup lgell
elip M/ gll,=1

c M
= 1+ —)
€2 p( m lelly

M\ M
& (1+—)—.
p m/) m

(fx gMe() dt —
0
fx gMe(t) dt —
0

1
Sl sup f lg(D)e(n)] dr +
€ llpigll,=1| Jo

B2 [ eedrds

1
%ds

fol

|

b2 [ eedrds

P 1/p
dx]

1 1
b a5k |g(t>e<r)|drds]
L
b @5 ds

Let V = B(¢,¢) C [0, 1] as above. We define a function g, as follows:

L
j(;mds

0 if x<é-c
Loif f-c<x<é
— e(x) = C
g(0) —Lif g<xs<ére
0 if x>&+c
It is easy to see that
0 if x<é&é-c¢
* ) x=¢é4+c if E-c<x<E
j(:gf(t)e(”dt‘ f-xtc if é<x<é+c
0 if x>&+c¢
that | 5
1 s 2 (¢ c
— tetdtdsz—ftdt=—,
foe(s)fog()() M, i
and that

(2c)'/7

lIgell, <

16

<

’

[7]1/17

(A.26)

(A.27)

(A.28)

(A.29)

(A.30)

(A.31)

(A.32)

(A.33)



(From these,

AT, = sup (2 - Rygll, (A.34)
llgll,=1
> sup |IRgll, -1 (A35)
llgll,=1
Ly s p 1/p
1 e ¥ L [ g (t)e(t) di ds
“ lgell f 62(3)2 f ge(De(t) dt — fo © fol 1 dx] -1 (A36)
€ E(X 1
sr ’ ° j(; e(s) ds
1 X y4 1/p
1 e | I &5 Iy gceydrds
* Mgl oz | J, st — x| -1
8ellp | Jio, v 0 fo @ds
(A.37)
1 1 S l/p
1 &(x) fo @fo ge(Ne(r)dtds
~ lgdl €(x)? 1 dxf -1 (A.38)
8ellp | J1o, v fo @ds
2
€x C
Zla| md =0y =1 (A39)
2 » M
2
€x mc
2=l A=6)——1. (A.40)
P Mm?

(From the above, we see that there exist constants C| and C’, — depending only on m, M, ¢, and ¢
— such that

’ €x ’
Ciil=Il —1=lAl, £C

P

+1
p

€x
€

’ 6 — ’
= - 1<1AT, < G

14

+1,
)4

€x
€

so that there are constants C; and C, — depending only on m, M, ¢, and § — such that

€x

€

Cq

—1<cond,(A)) < C;
P

€x
€

+1,
P

which completes the proof.
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