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AN APPROACH TO NONLINEAR VISCOELASTICITY VIA
METRIC GRADIENT FLOWS*

ALEXANDER MIELKET, CHRISTOPH ORTNERf, AND YASEMIN SENGULS

Abstract. We formulate quasistatic nonlinear finite-strain viscoelasticity of rate type as a gradi-
ent system. Our focus is on nonlinear dissipation functionals and distances that are related to metrics
on weak diffeomorphisms and that ensure time-dependent frame indifference of the viscoelastic stress.
In the multidimensional case we discuss which dissipation distances allow for the solution of the time-
incremental problem. Because of the missing compactness the limit of vanishing timesteps can be
obtained only by proving some kind of strong convergence. We show that this is possible in the
one-dimensional case by using a suitably generalized convexity in the sense of geodesic convexity of
gradient flows. For a general class of distances we derive discrete evolutionary variational inequalities
and are able to pass to the time-continuous limit in a specific case.
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1. Introduction. The equation of quasistatic nonlinear viscoelasticity of strain-
rate type can be written as

(1.1) div (DpW (z, Vu) + S(z, Vu, Vi) = f(z),

where u(t, z) is the deformation of the body, F = Vu(t, z) is the deformation gradi-
ent, W is the stored-energy density, and f is a given external force (see Section 2.1 for
a more detailed discussion). In (1.1), DpW (z, F') is the elastic part of the Piola—
Kirchhoff stress tensor, whereas S(z, F, F ), depending linearly on the strain rate
Va(t,x), is its viscoelastic part. In addition to classical frame indifference of the
stored-energy density, the main modeling postulates are that the viscous stress is
derived from a dissipation potential and that the stress is time-dependently frame
indifferent.
The latter conditions mean that S takes the form

(1.2) S(z,F,F) = FG(z,C,C),

where C' = F'TF is the right Cauchy—Green tensor and G is a symmetric matrix-valued
function (see [3] for a more general statement about the history of motion). Condition
(1.2) is quite difficult to handle analytically due to the fact that it is not compatible
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with some common hypotheses (e.g., monotonicity with respect to the strain rate) on
the stress (see [12], [29, Section 2.3]). The existence of a dissipation potential R means
that there exists a real-valued function R(zx,F,F) with R(z, F,F) > R(x, F,0) =
0 such that d;R(x,F,F) = S(x,F,F). On the level of R the condition of time-
dependent frame indifference means that R can be written as R = ﬁ(x, C, C’)7 see
Section 2.1.

The fully dynamical equation of nonlinear viscoelasticity of rate type (which cor-
responds to (1.1) together with the inertia term) has been well-studied by various
authors such as [12, 14, 31, 27, 28, 25, 26] for existence and long-time behavior of
solutions. The only theory for the existence of solutions for this problem with frame
indifferent S(z, F, F) is that of Potier-Ferry [25, 26], who established global existence
and uniqueness of solutions for initial data close to a smooth equilibrium for pure dis-
placement boundary conditions. Demoulini [12], on the other hand, obtained Young
measure solutions and also imposed the so-called uniform strict monotonicity condi-
tion on the strain rate to prove existence of classical weak solutions. As shown in [29]
this condition is not compatible with frame indifference. Similarly, Tvedt [31] proved
existence and uniqueness of weak solutions with mixed boundary conditions under
a similar uniform strict monotonicity assumption. In the one-dimensional case, one
should also mention [9, 24, 22, 18, 17] for the treatment of different types of stresses
and [32], where the dependence on temperature is also taken into account. A different
approach is adopted in [8], where (1.1) is analyzed in a one-dimensional setting with
a specific viscoelastic stress and the existence of solutions is obtained, as well as some
results on the asymptotic behavior of solutions to an equilibrium state.

In this work we start from the fact that, on the formal level, (1.1) can be un-
derstood as a gradient system, 0 = D;R(u,u) + D¢(u), with respect to the energy
functional

o) = [ Wi, Vu@) - f(o) - u(e)ds
and the dissipation functional
R(u, i) = /Q Rlz, Vu(z), Vi(z)) dz.

Guided by the modern theory of gradient flows in metric spaces (cf. [1]) we propose
to consider dissipation metrics d of the form

d(u, us) = ( /Q D(x,Vul(x),VuQ(a:))zdx) -

where the dissipation density D? has to be connected to R via % D(x, F, F+e[)? —
R(z, F, F) for e \, 0.
Thus, it is natural to consider the incremental minimization problems

1
(1.3) up minimizes wu 2—d(u,uk_1)2 + ¢(u),
-

where 7 > 0 is a small timestep. In Sections 2.3 and 2.4 we discuss natural conditions
on W and D that are physically admissible and allow for an existence theory for (1.3)
and provide some examples. However, the main difficulty lies in the limit passage
for 7\, 0, since d and W are of the same order (namely, one space derivative), so
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there is no direct compactness argument for passing to the limit. Thus, a natural
approach is to look for strong convergence results that allow us to pass to the limit
in the nonlinear terms directly. For this it will be essential that the two constitutive
functions W and D work together nicely.

Presently, the multidimensional case seems out of reach. However, even in the
one-dimensional case, to which we restrict ourselves starting from Section 3 (i.e.,
Q = (0,1)), it is productive to follow the approach paved by the theory of metric
gradient flows. We consider dissipation distances of the form

1/2

detue) = ( | 1 (€ )6 @) dr)

where € is a differentiable and strictly increasing function. The main idea of the paper
is that the combined function We(z) := W(£71(y)) must have good properties, e.g.,
it has to be A-convex.

In one dimension, there are two different cases, namely, the cases of Dirichlet and
Neumann boundary conditions:

(Dir) u(0) = 0 and u(1) =1, (Neu) u(0) = 0 and W' (u/'(1)) +S(u'(1),4/(1)) = 0.

The Neumann case (Neu) is much simpler than the Dirichlet case (Dir), and it is given
in Appendix A. The reader is advised to read that part first. There we see that the
metric admits geodesic curves, while this is no longer the case for (Dir). Thus, we
have to work with generalized geodesics that do not enjoy all the necessary properties
that are needed to apply the abstract theory of metric gradient flows. Nevertheless, in
Section 4 we obtain existence results for the time-incremental minimization problem
(1.3) if ¢ is given in the form £(z) = 2® and derive a suitably generalized discrete
variational inequality (cf. Theorem 4.4).

In Section 5 we perform the limit 7 — 0 by establishing strong convergence of the
discrete solutions to a solution of the metric evolutionary variational inequality, where
we closely follow the ideas in [1, Section 4]. Unfortunately, this step works only for the
square-root distance dsq(u, v)? = fol (V' =V’ )2 dx, which is also called the Hellinger
distance in probability theory. Finally we show that ¢ has a strong upper gradient
|0¢| and that all solutions of the evolutionary variational inequality are curves of
maximal slope and finally that they are weak solutions of the one-dimensional version
of the viscoelastic problem (1.1), namely,

(W' (t,2)) + (€' (u' (¢, 2))) 0 (£, ) = 0.

In the (Dir) case most steps work for general distances de, except for the strong
convergence where d = dyq or d(u,v) = |lu—v| 2 is needed, i.e., (z) = 2* with
a=1/2or a = 1. In the (Neu) case the abstract theory of metric gradient systems
works directly for a large class of £; see Appendix A.

Finally we emphasize that our gradient-flow approach does not use any higher
regularity of the solutions than the one induced by the functional ¢ and the metric
d¢. In particular, we can allow for arbitrary measurable dependence of W and & in
the material point « € (0,1). It is just for notational convenience that we do not
write this possible dependence explicitly.

2. Modeling of viscoelasticity as a formal gradient system. In this sec-
tion we take a formal approach to modeling frame indifferent viscoelastic stress in
general space dimension d by assuming that all vector fields and solutions are smooth.
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A rigorous analysis will be preformed in later sections and will be restricted to the
one-dimensional case.

2.1. Energy functional and dissipation potential. We consider a bounded
domain © C R? for d € N with Lipschitz boundary. The deformation of the body is
denoted by u : Q — R? and the deformation gradient by F(z) = Vu(z) € R?*?. The
elastic energy in the body is given via a stored-energy density (cf. [4]) W (x, F(z))
such that

W= [ W Vule)ds () with (= [ 1) ute)a

where the volume force f satisfies f € L>(€2;RY). With
GL,(d)={F eR™ | det F >0} and
Od) ={QeR™|QTQ=1,detQ =1},

our constitutive assumptions on W : QxR¥*? — [0, oc] are (suppressing z-dependence)

(2.1a) W e C°(GL, (d)),

(2.1b) W(F) = oo for F € R™*NGL, (d),

(2.1c) W(F) — o for |F|+ 1/|det F| — oo,

(2.1d) W(QF)=W(F)V F € GL,(d) and Q € SO(d),
(2.1e) W(I)=0and W(F) > 0 for F ¢ SO(d),
(2.1f) IDW(F)FT| < CW(F)+C.

Hence, the elastic part of the stress is given in terms of the first Piola-Kirchhoff
tensor T(x) = DpW(x,Vu(x)). Viscosity is related to strain rates Vu(t,x) =
VZu(t,z) such that we now consider time-dependent deformations u : [0,7] x
Q—>Rd The viscous stress S € R4 also depends on the strain rate Va(t,z) in

the form S(t,z) = S(x, Vu(t, z), Vi(t, z)). The equations of viscoelasticity then read
(2.2)  div(DpW(z, Vu(t,z)) + §($,Vu(t,x),V1l(t,x))) = f(z) in[0,7] x Q,
where we have to add boundary conditions, which we will mostly impose as u(t, z) = x
for all (¢t,x) € [0,T] x 99.

Frame indifference for the viscous stress tensor S can be formulated via S and
leads to a time-dependent version of frame indifference (cf. [3] and the illuminating
discussion in [2]):

(23)  S(z,F,F)=FS(FTF,FTF+F'F) and S(C,C)=58(C,C)T,

where C' = FTF is the Cauchy-Green tensor.

A potential R = R(z, F, F) € R is called a dissipation potential for the viscous
stress tensor S if S(z, F, F) =D.R(z, F, F) If S depends linearly on F', which we
always assume in this work, then the existence of R follows from classical arguments
in linear irreversible thermodynamics; see, e.g., [3, 23, 21]. The invariance properties
(2.3) can be obtained from general dissipation potentials R(x, F, F) if R satisfies the
invariance

(2.4) VreQ, FeGLy(d), FeR™ QeS0(d), Ac Skew(d) :
R(z,QF,Q(F+AF)) = R(x, F, F),
where Skew(d) := {A € R4 | A =—AT}.
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 The invariance of R can also be written as R(F, F) = JN%(CL,C"), which gives
5(C,C) = 205R(C,C) in (2.3). Typically R is given in the form R(z,C,C) = 1C :
V() : C, and the choice V(C) = 111 + 15,C~" leads to

S(F,F) =2 F(FTF+FTF) 4+ 2u(F+F TFTF).

Defining the global dissipation potential
R(u,w) = / R(z, Vu(z), Vu(x))dz,
Q

we can rewrite (2.2) as an abstract gradient flow in the form
(2.5) 0 =DyR(u(t),u(t)) + Do(u).
Indeed, if we use the variational derivatives we have

Dy R(u, ) = —div(DpR(z, Vu(z), Vi(z))) and
D¢(u) = —div(DpW (z, Vu(z))) — f(z).

2.2. Dissipation distances and incremental minimization problems. To
construct solutions to (2.5) defined in terms of the gradient systems (¢, R) it is most
efficient to use a time-discretization and define suitable incremental minimization.
For this purpose it is useful to replace the dissipation potential R, which has the
mathematical structure of a Riemannian metric R(x, F, F') = %F :V(z, F) : F, where
the fourth-order viscosity tensor V plays the role of a Riemannian tensor on GL (d)
by a global distance D(x,-,-) : (0,1) x GL4(d) x GL4(d) — [0, 00|, which is usually
defined by

1
D(z, Fy, Fy)* = inf {/0 R(z, F(s), F(s))ds|F € C(FO,Fl)} :

where C(Fp, F1) = {F € C1([0,1]; GL4(d)) | F(0) = Fy, F(1) = Fy}. For quadratic
R defined in terms of V as above, the standard theory of Riemannian manifolds
shows that D(z, -, ) defines a Riemannian pseudodistance, i.e., we have nonnegativity,
symmetry, and the triangle inequality. We do not have positivity because of the
invariance (2.4).

However, from the point of modeling it is much easier to postulate a metric D
and calculate the associated R, namely,

. 1 .
(2.6) Rp(z, F, F) := lim — D(x, F+eF, F)%
e—0 282

Recalling that D(z, F, F) = 0 and, typically, D(z, F, F+cF) = O(e|F|) we see that
1/€? is the proper scaling. The following result shows that separate frame indifference
of D implies the time-dependent frame indifference of R.

LEMMA 2.1. If D satisfies the separate frame indifference

(27) VQl,QQ S SO(d) \V/Fl,FQ S GL+(d) : D(QlFl,QQFQ) = D(Fl,FQ),

then Rp satisfies the time-dependent frame indifference (2.4).
Proof. For Q1 € SO(d) and A € Skew(d) we define Q2 = Q1 exp(cA) € SO(d)

and consider D(F, F4+eF)? = D(Q1F, Q1 exp(aA)(F—i—aF))Z. Dividing by 2e? and
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taking the limit € — 0 (using exp(eA) = I + A+ O(£?)) we obtain the desired result
for RD. 0

The global dissipation distance D between two deformations ug and wuq is defined
via

1/2
D(ug,u1) = (/ D(z, Vuo(x),Vul(a:))zdx) .
Q
The abstract incremental problem for time step 7 > 0 is then given in the form
1
(2.8) U = argmin 2—D(Uf*1,u)2 +p(u) for n € N, U2 = up,
u T

where U” is hopefully approximating u(nr, -) with u being a solution of the viscoelastic
problem (2.2) with «(0) = wo.

2.3. Examples of dissipation distances. We discuss possible choices of dis-
tances D on GL4(d) which satisfy as many of the relevant assumptions as possible.
We first collect mathematically and physically desirable assumptions:

(2.9a) D(F,G) > 0if FTF #G'G,

(2.9b) D(F,G) = D(G, F),

(2.9¢) D(F,H) < D(F,G)+ D(G,H),

(2.9d) D satisfies the separate frame indifference (2.7),
(2.9¢) VF: G~ D(F,G)?* is polyconvex,

(2.9f) D(F,G)?* = U(GF 1) det F with ¥(G) > 0.

Here we dropped the dependence on x € €) for notational simplicity. Conditions
(2.9a) to (2.9¢) clearly state that D is a true distance when restricted to symmetric
matrices in GL4(d). This is the best we can hope for, given the frame indifference
(2.94d).

The polyconvexity condition (2.9e) is very useful to obtain the existence of solu-
tions for the incremental minimization problem (2.8), where we may even allow for
non-quasi-convex behavior in W if this is compensated by 5= D(F,-)?, where 0 < 7 < 1
is helpful; see [27, 28, 14] for a similar overcoming of nonconvexity in (non frame in-
different) viscoelasticity.

Finally, condition (2.9f) is a special condition that relates to the multiplicative
character of diffeomorphisms. For D being independent of the material point z € 2
satisfying this condition we obtain a global dissipation distance that is invariant under
diffeomorphisms, namely,

(2.10) D(ug o v,us ov) = D(ug,ur)

for all diffeomorphisms v : @ — Q. Indeed using the chain rule V(u; o v) =
Vuj(v(z))Vo(z) the integral transformation rule with y = v(x) gives

D(up o v,uy ov)

= /Q U (Vui (v(z)Vo(z) (Vuo(v(z)) V() 71) det (Vuo(v(z))Vo(z)) dz

= /Q U (Vuy (y)Vuo(y) ") det Vuo(y) dy = D(uo, ur).
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In particular, we conclude that for diffeomorphisms ug and u; from €2 into itself, such
D satisfy D(ug,u1) = D(id, us o ug ).

We remark that if D satisfies (2.9f), then the symmetry (2.9b) is equivalent to
the fact that U satisfies the inversion relation

(2.11) U(F) =det FU(F™).

Moreover, the separate frame indifference (2.9d) is now equivalent to frame indiffer-
ence and isotropy of ¥, i.e., U(Q1FQ2) = ¥(F) for all Q1,Q2 € SO(d). We refer to
[30, 20] and the references therein for characterizations of polyconvexity of isotropic
functions.

Example 2.2. Additive distances in the one-dimensional case. In one space di-
mension the frame indifference condition (2.9d) is trivial. We obtain a distance by
taking any strictly monotone function ¢ : (0,00) — R and let D(F, G) = [£(F)—&(G)].

The polyconvexity condition (2.9e) reduces to convexity of G — [£(G) — n|? for
all n € im(&). Considering the family £(G) = G this holds for o € [1/2,1].

Ezample 2.3. Multiplicative distances in the one-dimensional case. We start
from the multiplicative ansatz (2.9f). For a+ 3 = 1/2 the function ¥(z) = 27 (2*—1)?
satisfies the inversion symmetry (2.11) and hence D with

D(F,G) = (FG)P?|F*—G*|

satisfies all conditions in (2.9) except possibly the triangle inequality (2.9¢). The latter
holds for the case 8 = 0 and hence o = 1/2, which is a special case of Example 2.2.

In Corollary 3.4 we will show that the validity of the triangle inequality implies
that ¥(z) has upper and lower linear bounds for z — co. Hence, the case

D(F,G) = |VF - VG|

is distinguished and, in fact, will play the central role in this work.

Example 2.4. Additive distances in higher dimensions. The simplest dissipation
distance, leading to the easiest mathematical structures, is D(F,G) = |F — G| and
is used in [27, 28, 14], which obviously satisfies the distance properties (2.9a)—(2.9¢)
and the polyconvexity (2.9¢), but not frame indifference (2.9d). To fulfill the latter,
a natural choice is

D(F,G) =|2(FTF) - Z(G'G)|,

where Z : Riﬁd — Riﬁd should be injective, e.g., Z(C') = C. However, it seems
difficult to satisfy polyconvexity for such =.

Ezxample 2.5. Multiplicative distances in higher dimensions. In higher space di-
mensions polyconvexity can be satisfied most easily for dissipation distances D satis-
fying the ansatz (2.9f) by choosing a polyconvex function V. In analogy to Ezample
2.3 we let

U(F) = (det F)~P|F — (det F)*(F~1)T|".

We always have the double frame indifference due to |Q1AQ>|? = |A|? = trace(AT A).
Moreover, for a—f = 1/2 we also have the symmetry (2.9b) via the inversion relation
(2.11). For a =1 and B € [0,1] we use det F(F~1)T = cof F' and observe that

U(F) = (det F)?|F — cof F|”
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is polyconvex in any space dimension d € N. Indeed, using convezity of (x,y)
22 /yP the potential U is convex in (F,cof F,det F). Thus, D defined via D(F,G)? =
U(GF~Y)det F satisfies the polyconverity (2.9¢), but it does not satisfy the triangle
inequality (2.9c¢).

For d = 2 we note that U(F) = 0 holds for all conformal F, i.e., F = AQ for A >0
and @ € SO(2). Restricting to incompressible elasticity, i.e., det F = det G = 1, we
obtain

D, (F,G)? = |G(cof F)T—(cof G)FT)? and W(F) > dist(F,SO(2))2.
For d > 3 we have that U(F) = 0 implies F € SO(d), i.c., the positivity (2.9a) is
satisfied on GL4(d). Moreover, we have the dissipation coercivity
(2.12) U(F) > edist(F,S0(d)) withy =2— 8 for F € GL,(d).

2.4. Toward a multidimensional existence theory. Because in the multi-
dimensional case already the existence of minimizers of the incremental problem

(2.13) Ul = argillnin/Q %D(VUf_l(x), Vu(z))? + Wz, Vu(z)) — u(z) - f(z)ds

is a major difficulty, the polyconvexity (2.9e) of G +— D(F,G)? appears unavoidable.
One may therefore need to proceed without the use of the triangle inequality, which
represents an interesting challenge.

Assuming also polyconvexity of W (z,-) and additional coercivity

3¢,C>03p>dVFeGLy(d): W(x F)>c(|FP+|F'P) -C,

7. cf. [5, 4]. Moreover, using the
Dirichlet boundary conditions u(t, z) = x on 952, the theory of weak diffeomorphisms
(cf. [16]) can be applied to conclude that the inverse mapping (U”)~! exists, and we
have the a priori estimates

1U2 lwrw ) + U2 wre) < Cs,

it is standard to obtain existence of minimizers U”;

where C, depends only on the initial condition ug. Additionally, the time increments
satisfy

DL, U2)* < $lug) — (UN) < $luo) — Cy.

~1I>—‘

e

For the incremental mappings V,* = U o U1, one expects that the 07 = %(Vf—id)
converges to an Eulerian velocity field U such that the limit deformation u(t, x) sat-
isfies Qyu(t, x) = V(t,u(t,x)). However, the composition invariance (2.10) of D, the
coercivity (2.12), and the Dirichlet boundary conditions together with the rigidity
estimate in [15] only imply

N N
Z—||V"—1d||wu <0 Z /dlst (VV,80(d))" dz
n=1 n=1
N
<Gy Y =D(V,id)* < C,
T

3
Il
-

which is not enough to pass to the limit.
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Here the main difficulty is that D does not satisfy a triangle inequality; otherwise
the sublevels of ¢ in the set of weak diffeomorphisms could be considered as a complete
metric space equipped with the distance D. Indeed, this will be the approach in the
forthcoming sections for the one-dimensional case.

3. The setup for the one-dimensional Dirichlet case. Here we are confined
to the one-dimensional case and set without loss of generality @ = (0,1) C R. For
most of our analysis we consider general true dissipation distances as described in
Example 2.2, namely,

1/2

(3.1) de(u,v) = (/01 (f(v’(x))—f(U’(m)))Qdﬂf) ,

where £ will be a smooth and strictly increasing function. As a special family we will
consider

Ea(z) = 2% with a € [1/2,1].

The case a = 1/2 plays an exceptional role, since our theory becomes most complete.
We write

1/2

dq (u,v) = (/ (W—M)de)

This distance is called the Hellinger or Hellinger—Kakutani distance in stochastics.
Note that it can be extended to all probability measures as (a,b) — (v/a—vb)? is
convex and asymptotically linear.

The aim of the remainder of the paper is to show that solutions obtained from
the incremental minimization problem

1
U € argmin —dg (U7, u)? 4 ¢(u),
ue. 27

where the admissible set . is defined below, converge to a solution u of the one-
dimensional viscoelastic problem

(3.2) (W' (t,2)) + & (u/(t, )20 (£, ) = 0.

We will perform most steps of the proof for general £; however, at one crucial passage
we need to restrict to the case § = &y, i.e., de = dsq-

3.1. State space and energy. Throughout we use the general state space .
and define additionally the subset .7}, via

S = {uec WH0,1) | u(0) =0, u(l) =1, '(z) >0 a.e.},
Fpy={uec S |uec Wr0,1)}.

The energy takes the form
1
6w = [ W' (@) - f@ulz)da
0
however, for notational convenience we set f = 0 in what follows and omit the depen-

dence on the material point z. The treatment of the general case requires only minor
modifications, which are standard.
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We will always assume that W satisfies coercivity and lower semicontinuity:

(3.3) W(z)>c(z™ +27")—C for z>0and W(z) = oo for z <0,

(3.4) W R — [0, 00] is lower semicontinuous.

Thus, the sublevels {¢ < M} :={u € .7 | p(u) < M } satisfy that for each M > 0
there exists (s such that u € .¥ satisfies

||UHW1,ml (071) + Hu_lel,m2 (071) S CM

Thus, for all M € R we have {¢p < M} C .%,,.
The following condition, which was introduced by Ball in [6], is central to ex-
ploiting the multiplicative structure via composition of the weak diffeomorphisms:

(3.5) [W'(2)z] < K(W(2)+1) Vz>0.

We refer to [7, 13, 19] for applications of the multidimensional version of this estimate
in finite-strain elasticity and plasticity. The following elementary result will be needed
in Lemma 4.2.

LEMMA 3.1. If W satisfies (3.5), then we have

(3.6) Vz,w>0: W(wz) <max{w™, w "} (W(2)+1) - 1.

Proof. Fixing z > 0 we set g(a) = W(e"z) + 1. Then, ¢'(a) = e*2W'(e"z) and
(3.5) implies |¢'(a)| < Kg(a). Now, Gronwall’s estimate gives g(a) < e’1/g(0), which
is (3.6). O

3.2. Generalized geodesics for the distance d¢. Here we consider the dis-
tances

de with £(z) = 2%, where a € [1/2,1].

A key point is that £ is concave, whereas z +— £(z)? is convex. We will use this without
further notice. We choose p > 2a > 1; then for u,v € ., the distance d¢(u,v) is well
defined.

Given ug, u1 € .7, we define generalized geodesics s — ug = Ug(s;u0, u1) via

wg ()

B wle) = T with ) = [ (-6 ((0) + () v

For ug,u; € ., we see that s — us is a continuous curve in (.7}, d¢) connecting ug
and w;. The main difficulty is that the prefactor 1/wg(1), which is needed in the
definition of us to achieve us(1) = 1, depends on ug and w; in a nontrivial way, such
that de(u,,us) cannot be calculated in a simple manner. Below we will give more
specific results for £(z) = /2.

To derive the variational inequality for the incremental minimizers we use that
s = Ug(s;up,u1) € & is differentiable. The following result for the distance de
strongly depends on the fact that d¢ is defined as an L?-norm, namely, d¢(u,v) =
() —€(0") -

PROPOSITION 3.2. For £(z) = z® with o € [1/2,1] and u,v € So, we set

(38) Ae(u)i= [ (E()—E@))W'E W) dy and Be(uyv) i= | D=4
0 0 i3

w)
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Then, for ug,ur,w € S with p > 2a, we have the relations

_ S(ui () =€(up(@))
5=0 & (up (@)

d
(3.10) &df(UE(S; U, U1 ), w)2|S:O = de(ug, w)? — de (ug, w)?

(3.9) DsUL(s3u0,ur) ()| + Be (ug, u1)ug(x) and

— de(uo, u1)2 + 2A¢ (uo, w) Be (1o, u1)-

Proof. For the first relation we simply differentiate using the fact that us :=
(1—s)uf + su} € L2¥(0,1), and hence 1/¢'(us) € L2(0,1).

The second relation follows by the chain rule and the quadratic nature of the
distance d¢. Indeed, letting a; = £(u;) and b = £(w’) we have

d 2 !
adg(us,w) » = /0 2(ag—b)¢' (up)Osul| _, dz
1
:/ 2(ap—b)(a1—ap)dz + 2A(uo, w)Be (uo, u1)
0
1
= / (a1—w)? — (ag—w)? — (a1—ao)? dx + 2A¢ (ug, w) Be (ug, u1),
0
which gives the desired result. O

3.3. One-dimensional distances derived via composition. As an alterna-
tive to distance functions of the form (3.1), we now consider distance functions d of
the form

2

(3.11) d(u,0)? = (o u™ (), :/0 Y((wou)(2) dz,

where 1) € C1(0, +00) is to be chosen. This form is motivated in particular by (2.9f).
It is quite straightforward to see that d : . x . — [0, +-00], and we now investi-
gate under which conditions it is symmetric and satisfies the triangle inequality.
LEMMA 3.3. Let d be defined by (3.11). Then the following statements are true:
(i) d is invariant under composition, that is,

d(u,v) = d(id,vou™t) = d(uov,id) Vu,ve.s.

(i) d is symmetric on W11(0,1) if and only if

(3.12) [0(2)| =Vz|v(1/2)|  Vz>0.
(iii) d satisfies the triangle inequality on W11(0,1) if and only if
(3.13) [W(zw)| < [9(2)] + Vz|[v(w)] Vz,w > 0.

Proof. (i) This immediately follows from the property of composition of maps
that (wou™1) "t =wuowv™!

(ii) Consider two homogeneous deformations u(x) = x and v(z) = zx; then
(vou=1)(u) =z and (uov~1) (v) = 1/z. The statement d(u,v) = d(v,u), written in
terms of v, reads

d*(u,v) = Y(2)* = 290(1/2)* = d*(v, u),
which shows that (3.12) is necessary.
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Conversely, (3.12) implies that d is symmetric. Let u,v € . such that ¥ ((v o
u~ 1) (u)) is integrable; then by (3.12) and the change of variables formula,

! dv ? ! du [ dv
2 _ -1 _ -1 -1
d(u,v) —/01/)<duou ) du /01/)<dvou ) (duou )du

This shows that (3.12) implies symmetry of d.
(iii) Let u(x) = x,v(x) = zx and w(x) = rzz, for any z,r > 0; then

d(u,w) = |¢(2r)| and  d(u,v) + d(v,w) = |¢(2)‘ + \/5|1p(r)|

This shows that (3.13) is necessary.
To prove the converse, we can assume without loss of generality that v = x; then

by (3.13), for any v, w € . we have
B dw  _i] [dv 4
(o [5e)

dw
som=o ()
1/2
<o (@) o) e (@)

and a coordinate transformation in the second integral on the right-hand side (simi-
larly as in the proof of (ii)) yields the triangle inequality. O

As a simple consequence of the foregoing lemma we obtain upper and lower bounds
on 1. We only give bounds for z > 1; the corresponding bounds for z < 1 are obtained
from (3.12). We note in particular that the (maximal) choice ¥(z) x (1/z — 1), which
corresponds to d = dsq, again appears naturally.

COROLLARY 3.4. Suppose that d is a metric, 1 € C1((0,+0c0)), and (z) = 0
if and only if z = 1. Then, assuming without loss of generality that 1(z) > 0 for all
z > 1, there exists a constant ¢ > 0 such that

(3.14) (F-1) <) SW(VE-1) V>l
Proof. Since ¢ (z) > 0 for z > 1, (3.13) becomes
P(ew) <9P(2) +Vap(w)  Vz,w> 1
Let w =1+ ¢ for € > 0. This implies

P +e) —v() o 1 v +e)—9)
ze —Vz €

Taking the limit as ¢ — 0 gives

2

+
2

3

2

Ve > 0.

Y1)
N
Integrating this inequality yields the upper bound in (3.14).
Now suppose, for contradiction, that the lower bound is false. Then there exist
zj — oo such that ¥(z;) < /z;, and consequently,

Y(z))

VZi

¥'(2) <

[Y(1/25)] =

—0 asj— oo.

This clearly contradicts the assumption that 1(0) # 0. O
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3.4. The square-root distance. We continue to call the Hellinger distance the
square-root distance

1/2

dsq (u,v) = </ (V' (@) — /o' (@))? dx)

to emphasize its role in the family d¢ studied in Section 3.2 as well as the composition
distance studied in Section 3.3 with ¢¥(z) = v/z — 1 or in Examples 2.2 and 2.3 with

(=) = (va-1)2.

LeEMMA 3.5. We have the elementary estimates

1
(3.15) Vu,ve S : §dsq(u,v) < =L < deq(u,v) < V2.

[\D|F—‘

Moreover, (.7, dsq) is a complete metric space.
Proof. The first estimate follows from the simple estimate (va—vb)? < |a—b|.
For the second estimate we use fol Wdr=1= fol v'dz to obtain

1 1
/ o/~ | d = / Vo[Vl 4+ d
0 0

1/2

1
< dyq(u, ) </ (u'+2vu'v'+0) dx) < 2dsq (u,v)
0

and dsq(u,v)? = fol (u/ —2v/u'v'+v") dz < 2. Since .7 is a closed subspace of W1(0,1)
and dsq dominates the norm in W1(0, 1), the completeness of (., dsq) follows. O

The main advantage of the square-root distance is that the generalized geodesic
curves us = Usq(s;u0,u1) can be studied more precisely:

316)  Ualsunnn) = s [ (A=s0/ub) + 5/ 0))

where ws(1) = 1 — s(1—8)dsq(uo, u1)>.

To see the form of ws(1) given above, we use ug, uy € . and find

1 2
ws(1) :/ ((1—8) up(y) + s u’l(y)) dy = (1 —s)* + 5% — 2s(1—s / Vugu) dy
0
and use the identity

(3.17)
dsq (u,v)? / (V' —Vv')? da:—/l (u’—2m+v’)dx:2—2/ol V't da.

0

The next result specializes Proposition 3.2 for the case &€ =/, i.e., a = 1/2, and
provides the derivative of dyq along s — Usq(s; uo, u1).
PROPOSITION 3.6. For u,v,w € .¥ = . and A and B defined in (3.8) we have

1
(3.18) Agq(u,v) = stq(u,v)z and  Bsq(u,v) = dsq(u,v)?
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Hence, we find the relations

d

(3.19a) Edsq(USq(s; ug, ul),w)2 = alsq(ul,w)2 — dsq(uo,w)2

s=0

1
— dsq(uo,u1)* + §dsq(u0,w)2dsq(u0,u1)2,
d

(3.19b) Edsq(Usq(s;uo,ul), u0)2 =0, and

s=0

d? 2 o 1 4

(3.19¢) @dsq(USq(s;uo,ul), up) = 2dgq(ug, u1)” + §dsq(u0,u1) )

s=0

Proof. The identities (3.18) and (3.19a) are special cases of Proposition 3.2. The
identity (3.19b) is a special case of (3.19a).

To prove (3.19¢), we first note that a straightforward calculation using (3.17)
shows

2 — sdsq(uo, uy)?
ws(1)

dSQ(Usq(5§ UQ, Ul), u0)2 =92 —

)

where wg(1) is given in (3.16). This expression can be explicitly differentiated and
evaluated at s = 0 to obtain (3.19¢c). o

The next result shows that dsq is locally approximately 2-convex (as already
suggested by (3.19¢)) along the generalized geodesics. This result relies on the L2-
structure of the norm and will be used to show strong convergence of minimizing
sequences for the incremental minimization problems; see Proposition 4.3.

LEMMA 3.7. Given ug,uy, w € & the midpoint uy /o = Usq(1/2;u0,u1) satisfies

dsq (w1 /2, w)? = g (dsq (o, w)?+dsq (ur, w)?) +2 — 2p,
1 —1/2
where p = <1 — stq(uo,ul)z) € [1,v2).

Moreover, for all e > 0 there exists § > 0 such that dsq (o, u1), dsq (o, w), dsq(u1, w) <
0 implies

1 1 2—¢1 1
(3.20) dsq(u1/2,w)* < §dsq(u0,w)2 + §dsq(u1,w)2 ~ =55 (1—§> dsq (10, u1)?.

In particular, for e = 1/2 it suffices to choose § = 1/2.

Proof. The general identity dsq(u1 /2, w)? follows from the definition of Uy, and
(3.17).

To obtain the estimate let 0 = dsq(ug,u1)? and «; = dsq(uj,w)?. Then, for
0 <8 <1/4 wehave p = (1—0/4)"Y? € [14+0/8,1+0/4]. Hence,

(4 (5) 22 (43
georen= (3= -§)o = Jore - (1)

which is the desired result for § = /¢/2. O

IN

dsq(ul/Qa w)Z
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4. Time-incremental minimization problem. In this section we keep the
time step 7 > 0 fixed and study the existence of minimizers for the time-incremental
minimization problem

1
(4.1) u, = argmin —dg (u,v)* + ¢(v).
vESp 27

By inserting the definition of d¢ we have to minimize the functional

v [ 560w — €W @) + We v/ (@)  S@p(a)da

under the constraint v(0) =0, v(1) = 1, and v'(x) > 0 a.e. in (0,1).
To make the calculations easier, we simplify the energy function in this and the
following section by assuming

1
(4.2) o(u) :/0 W (u'(x))dz and ;r;%W(z) >0,

i.e., we omit the z-dependence of W, and the loading (¢, u) = fol f(x)u(z) dz is set
to £ = 0. It can be easily checked that the whole theory works in the general case
as well. The normalization W (z) > 0 implies ¢(u) > 0 and hence the solutions u, of
(4.1) satisfy

S, )? < B(u) — O(ur) < B(u).

Moreover, we will derive a discrete variational inequality (DVI), that will allow
us to pass to the limit 7 — 04 in the next section. We recall that we do not as-
sume convexity of the energy density F' — W(F) to allow for the modeling of phase
transformations. Nevertheless we will use suitable generalized convexity conditions.
They will be especially important when studying the slope of ¢ with respect to the
metric dg.

4.1. Convexity of the energy ¢. There are two possible approaches to obtain
existence. The first result uses the classical convexity of z — W(z). The given
assumptions (4.3) will only be used for this result and are not needed in the remainder
of this work.

PROPOSITION 4.1. Assume that £(z) = z* for o € [1/2,1] and that the stored-
energy density W satisfies (3.3) with my > 2« and the conditions

(4.3a) INW €RVz,21 >0, s€(0,1):
)\W
W((1—s)zo+s21) < (1—8)W(20) + sW(z1) — 78(1—8)|Z1—Zo|2,

(4.3b) JR>1: W|[ and W‘[R_Oo) are convez.

0,1/R)]
Then, there exists 7, > 0 such that for all T € (0,7.) and all u € S, there exists a
unique minimizer u, for (4.1).

Proof. For zp > 0 let g,,(2) = (2% — 2§)%. Using a € [1/2,1] one sees that the
mapping g, is strictly convex on [0, 00). Hence the mapping z — 5= (2% — (uv/(z))*)*+
W (z) is strictly convex on [0,1/R] and on [R, c0).
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For z,z € [1/(2R),2R] we have g7 (z) > 2a/(2R)*?* > 0. Choosing 7. > 0
such that 5-2a/(2R)?72% + AW > 0, for all 7 € (0,7.] the sum 3-g.,(z) + W (z) is
strictly convex on [1/(2R),2R]. Together with the above convexity on [0,1/R] and
on [R, o), we have strict convexity on [0, 00) and conclude the existence of a unique
minimizer. |

We now establish existence and uniqueness of minimizers by employing a notion
of convexity of ¢ with respect to the metric d¢. This notion of convexity is more
readily combined with convexity of d¢ along generalized geodesics and can serve as a
basis for studying the time-continuous limit 7 — 0. For general strictly increasing £
we define

We(y) = W(£™ () for y € im(¢)
and impose a A-convexity condition for W:

(4.4)  INeVysy >0Vs€[0,1]:
W,

We((1=s)yotsy1) < (1-5)We(yo) + sWe(y1) — %S(l—sﬂyo—yﬂz-

The following lemma shows that this condition implies a kind of A-convexity of ¢
along the generalized geodesics us = Ug(s; ug, u1).

LEMMA 4.2. Let £(z) = 2z with o € [1/2,1] and let W satisfy (3.5) and (4.4).
Consider ug,u1 € % with ¢(u;) < co and define us = Ug(s;u0,u1) via (3.7). Then,
for all s € [0,1] we have

AWe
(45) Ous) < uw; ™ ((1—s>¢<uo> + sour) - Ts(l—s)dswo,ul)?) T+ -,

where ws = wq(1) is defined in (3.7) and K in (3.5). If « =1/2, i.e., d = dsq, then

¢
(46) Blus) < (1=5)0(u0) + s9(n) — - (1-8)daq 1, 11)?

with \* = (1+Ck /2)A\We —C (M +1), M = max{¢(ug), ¢(u1)}, and Cx = 2(25-1).
Proof. We first show ws(1) € [1/2,1]. The upper bound follows from convexity
of ¢ via

we(1) = /0 E((1 = 8)&(up) + sé(uf)) da < /0 (1= s)uy + suj) dz = 1.

For the lower bound we use = ((1 — 8)z§ + sz{)Y/* > 0 for a € [1/2,1], so that
we get

(4.7) ws(l)Z/Ol ((1—5)\/u—6+sx/u—’1)2da:z1—25(1—5)2

[N

where the last inequality follows from an explicit computation as in Section 3.4.
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The estimate of ¢(us) relies on the multiplicative estimate (3.6), which follows
from (3.5) (cf. Lemma 3.1), and the A-convexity of W by applying (4.4) with y; =

§(uj()):

P(us) = /01 w <i€_1((1—8)5(U6)+85(U’1))) dz

Ws

<o) WS / W (€ (1—s)€ (ub) -5 () da 4+ wy K — 1
1
_— / We (1—s)€(uh) 450y )) d + K — 1
0

<ty 0y K / (1) We (€ (ub))+5We ()

AWe
= S s(1s) € )€ (wh) P da + wy K -1

We
= " ((1-9)0(u0) + s(un) = 25 51500, 1)) + " - 1

which is (4.5). For a = 1/2 we have wy(1) = 1—s(1—5)dsq(uo, u1)?* from (3.16), hence,
w; B <14 Cks(1 - 8)dsq(uo,u1)?* < 1+ %CKdSq(ug,ul)Q with Cx = 2(2K-1).
Inserting this into (4.5), and employing the bound ¢(u;) < M, we obtain (4.6). 0

Using the approximate 2-convexity of dy, established in Lemma 3.7 and the A?-
convexity of ¢ from (4.6), we can now obtain uniqueness of minimizers for the time-
incremental problem.

PROPOSITION 4.3. Assume £(z) = /z and that W satisfies (3.4), (3.5), and
(4.4). Then, for all M > 0 there exists 7. = T.(M) > 0 such that for all T € (0,7)
and all u € 7 with ¢(u) < M there exists a unique minimizer u, € . for the
time-incremental minimization problem (4.1).

Proof. Let A\? be defined by (4.6) but with M as prescribed in the hypothesis.
Let ®(v) 1= 5=dsq(u,v)? + ¢(u). If ®(v) < ®(u), then, since ¢ > 0, dsq(u,v)? < 27 M
and hence we only need to consider v € .’ := {v € & | dsq(u,v) < V27M}.

Suppose that 7 is sufficiently small so that v27M < 1/2; then, for vg,v; € %’
and vy /5 = Usq(1/2;v0,v1), (4.6) and (3.20) imply that

1 1 1 1 1\ 1
O (zvg+-v | <= - — (X422 .
(500 50) < 5ot + 500 = (3 + 1) gy enonn)
If 7 is so small that \? +% > 0, then one can readily prove the stated result, following,
for example, the proof of Lemma 4.1.1 in [1]. d

4.2. The discrete variational inequality. By the previous subsection we can
assume that the time-incremental minimization problems have (unique) solutions. We
will now show that solutions satisfy a variational inequality that can be used to derive
strong convergence (at least in the case of dgy) and to pass to the limit 7 — 04. The
idea is to compare the incremental energy at the minimizer u. and at Ue(s; u-,v) for
s small. For this argument, we do not need geodesic convexity properties along the
whole curve [0,1] 3 s+ U(s; ur,v), but rather the derivative % |S:0+.

THEOREM 4.4. Assume £(z) = 2% for a € [1/2,1] and that W satisfies (3.3) with
m1 > 2a, (3.4), (3.5), and (4.4). For 7 > 0 take u € Soq with ¢p(u) < oo and assume
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that u, € . satisfies the time-incremental minimization problem (4.1). Then, for all
v € So, we have the generalized discrete variational inequality

1 W,
(gDVI,) Vove.S: 2—(d5(u7,v)2 — de(u,v)?) + )\—;dg(uf,v)Q
T
1
< d)('U) - ¢(U7-) - ng(uv u‘l’)Q + CE(Tv u, UT)Bf(uT; U)a
where Ce (T, u,w) := fo (L(e(w)—€EW))E (w') + W (w'))w' da.
Proof. We consider the functlonal w = (T,u;w) = =de(u,w)? + ¢(w), which
satisfies
1 1 .
0< E(Q(T,u; Ue(s;ur,v)) — (1, u3ur)) = ZTl(S) + To(s) with
1 1
Ti(s) = = (de(Ue(s; ur, v), u)*—de (ur, w)*) and Ta(s) = - (6(Ug(s;ur, v)) — ¢(ur))

for s € (0,1]. Using Proposition 3.2 with up=u,, u1=v, and w=u the limit s — 04
gives

Ti(s) = T1(0) == de(v,u)? — de(u,ur)? — de(ur,v)? + 2A¢ (ur, u) Be (ur, v).

We decompose Ty according to the definition of Ug(s;up, u1) = ﬁ(l)ws(x):

Ty(s) = /O LW (@) — W(uh(a))) dx = Ts(s) + Ta(s)  with

7i(s) i~ [ E (7 (@) - W) ao - and

Ty(s) := /0 1(W(u/s(;zc)) — W (ug(x))) da.

For Ty(s) we use wl, = £71((1—s)&(up)+s&(u})) and the A-convexity of We, namely,
W (wy) = We((1—s)€(up)+s£(ul))
We

< (1—8)W (up) + sW (u}) — %s(l—s)(s(ua)—é(u’l))?

Hence, we conclude liminf, o, Ty(s) < Ty = ¢(u1) — d(ug) — &dg(uo, uy)?.
For T5(s) we use %|S:0+ws(1) = —Be¢(up, u1) so that by (3.5) we obtain

T5(s) — T5(0) := Be(uo, ul)/o W (ug(z))ug(z) d.

From T(s) > 0 we have T1(0) + T5(0) + 74(0) > 0. Inserting uy = u, and
uy = v into T5(0) and T4(0), we obtain the generalized discrete evolutionary inequality
(gDVI,). 0

To turn (gDVI,) into the more useful discrete evolutionary inequality, we need
to control the new term C¢(7,u,ur)Be¢(ur,v). For the first factor we note that the
quantity C¢ is closely related to the Euler-Lagrange equation for the minimizers. If w
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minimizes v — 5=dg(u, v)?+¢(v), then the weak form of the Euler-Lagrange equation
for w reads

1

| (G tew)-ewngw) + w'tw) ) o'z =o
where n € C2°((0,1)). Thus, C¢ is obtained by choosing n = w (which, strictly speak-
ing, is not an admissible test function, because w(1) = 0). However, by the lemma
of Du Bois-Reymond 1 (¢(w")—¢(w))€¢' (w') + W/ (w') is constant. Using fol wdr =1
we conclude that C¢ must equal to this constant. We also see that the term C¢ will
be in general not small even if 7 is small. In fact, in the formal limit 7 — 0 the time-
dependent constant Cg converges to the constant stress X(¢) = &'(v/ (¢, x))?u/ (t, z) +
W' (u'(t, z)).

Thus, to control the additional term C¢Bg¢ it is crucial to control Be, which can
be done in two cases. First consider {(z) = z (i.e., « = 1); then B¢ = 0 and we
are in the situation of classical convexity. Second, the square-root distance dgq (i.e.,
a = 1/2) can be treated because of the identities (3.18) for A¢ = Ayq and B¢ = Byg.

COROLLARY 4.5. Under the same assumptions as in Theorem 4.4 assume now
a=1/2, i.e, de =dsq. Then, for each M > 0 there exists Ay > 0 such that for any
u € . with ¢(u) < M, any minimizer u, of (4.1) satisfies the discrete variational
inequality

AWe — M 9

1
(DVI,) YveS: E(dsq(uﬂvf — dyq(u,v)?) + 5 dsa(ur,v)

< 0(0) — Blur) — 5-dea(u, 0%

Proof. We estimate Cyq by exploiting its specific form, namely, Cs (7,4, w) =
1 Agq(u,w) + fol W' (w")w'dz. Using (3.18), (3.5), and (4.1) we obtain the estimate

1
Cuar 0 B 7,0)] < ( gt Kb{ur) + K ) der 0

< <max{%,K} (b(u) =+ K) dsq(uTaU)2 < AMdsq(uTaU)z

with Ay = max{%, K}M + K. Hence the term CyqBgyq can be moved to the left-hand
side and the result is established. a

Remark 4.6. For general £ a good estimate By is still missing. For £(z) = 2z we
find

B —lll_la/l—ad_ 11_@ad>0
5(u,v)—a ; u' — (0)*(u') x = ; T u>0.

Fora > 1, z. € (0,1), and 0 < 6 < 1 define piecewise affine functions us,vs € .
with
1 — 6w,

() = 6, vi(e) = ad, whly) = =, vly) =

1 —adz.

for0<z<uz, <y<l.
11—z,
This gives the expansions de(us,vs)? = z.(1 — a®)?6** + O(6%) and Be(us,vs) =
(1—a+aa—a”)d+ O(6%). Hence, for a € (1,1) we cannot estimate B in terms of
dg for general choices of a, z,, even when restricting to sublevels of ¢.
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5. The time-continuous case. In this section we first give the limit passage
7 — 04 from the (DVI), to the evolutionary variational inequality, namely,

1d* A
(EVIy) §Ed5(u(t), v)? + §d5(u(t),v)2 < o(v) — P(u(t)) + CarBe (u(t), v),
where u : [0,00) — .7 is absolutely continuous in (., d¢), u(0) = uo, and it satisfies
sup{ ¢(u(t)) |t > 0} < Pp(ug) < M. Afterward we show that solutions for the (EVI),

are in fact curves of maximal slope and finally that they satisfy the PDE (3.2).

5.1. Strong convergence in the case dsq. In the case of the square-root
distance dgy, the discrete variational inequality is exactly of the type studied in [1,
Section 4]. Thus, we can employ the same arguments and obtain strong convergence.
Let t" := nt and U,,U, denote, respectively, the backward and forward piecewise
constant interpolants of u,. Then, we have the following result.

PROPOSITION 5.1. Let 7 € (0,7) and u. be the solution of (4.1) with de¢

dsq. Then the family U, of discrete solutions is convergent to a function u(t) €
C(]0,00);.) as T — 0, uniformly in each bounded interval [0,T]. In fact,

(5.1) VT >03Cr: sup dsq(u(t),Us(t)) < COpy/T.
t€[0,T]

Proof. One can essentially follow the proof in [1], so we only give a sketch. To
begin, we recall some notation. For 7,7 € (0,7.), let

t — tn—l

(1) := for t € (t"71,¢"] and £,(0) =0,

which we use to define the following piecewise affine interpolants:

pr(t) = (1= L () $(U, (1)) + £ ()$(U- (1)),
d-(tV)? 1= (1 = £ (1)) dsq (U (t), V)2 + £ (t)dsg T+ (1), V),

=T

dry(t,5)> i= (1= £y(8))dr (U, () + £ (8)dr (5T ()%, 1,5 > 0,

All these interpolants are defined for all ¢, s > 0 and are differentiable everywhere
except on a discrete set.

With v := AWsa — \j; in (DVI),, we apply [1, Theorem 4.1.4] directly in each
interval (=1, ¢") and obtain

d
@’
where %, (t) := 2r(1 — £.)(¢(U..) — ¢(T,)) + (1 — 2£T(t))%dsq(QT,UT)2.

(tV)? +27dsq(Ur, V)? + 2(p- (1) — ¢(V)) < 2-(1),

To simplify the subsequent notation, we estimate
_ 1 _
%T(t) < ,@;(t) = 2(¢(Q7-) - ¢(UT)) + ;dsq(grv UT)Q'

Next, following proofs of [1, Corollaries 4.1.5 and 4.1.7] (since the argument applies
the inequalities for U, and U, separately, it can again be repeated verbatim) we obtain

(5.2) Opdry(t,5)? 4 29dry(t, 5) 4 207 (t) — 20, (s) < Zo(t) + |y|22(t) and
(5.3) Dsdrn(t, s)* 4 2vdrn(t, 5)* + 20p(s) — 20, (t) < % (s) + 7|22 (s),
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where 22(t) == (1 — £-(1))?dsq(U~,U,)? < dsq(U,U.)?. Adding (5.2) and (5.3), and
setting s = t, we obtain

d
(5.4) S (1, 6) + 2702, (1,1) < 6 (1) + 6, (1),

where the residual &; reads &:(t) :=2[¢(U,) — ¢(U-)| + (|7| + 77 ) dsq(U,,U-)% In

particular, applying Gronwall’s inequality we obtain

T
(5.5) &2, (T, T) < AT+ / [6.() + &,®)]dt VT >0,
0

where A > 0 is a constant.
The first group in the expression for &; is a telescope sum, and hence we get

TN N
| 2 6T = 2 Sl — 6(U7) < 2 wo)
n=1

To estimate the second group we note that 5-dsq(U-,U,)* +¢(U;) < ¢(U.,), so that

(V] + 7 Ndsg (U, U-)? <2(7hy| + 1) (0(U,) — o(U-)).

From the first estimate, we deduce that

Nt
/ (I +77)dsq (U, U7)?dt < 2(7]y] + 1) 76 (uo).
0

Therefore, there exists a constant Cg, depending only on v and ¢(ug) such that

Nt
(5.6) / E.(t)dt < Cor YN EN, Vre (0,m).
0

We wish to prove that (U(t))-¢(o,-,) is a Cauchy sequence in .7 for every ¢ € [0,77].
Combining (5.5) and (5.6) we obtain

dry(t, )2 < M COp(r 49) Yt €[0,T],

hence we only need to bound dsq(Ur,U,)? in terms of dZ,. To that end we can again
use a result of [1], where it is shown, in the proof of Theorem 4.2.2, that

dsq(Ur,Up)? < 3dry(t, 1) + C(T + ).

By completeness of (., dsq) (see Lemma 3.5) this shows that there exists a limit curve
w:[0,T] — . such that U,(t) — u(t) in .~ for all ¢ > 0. Since the constants C' and
Cr do not depend on ¢ € [0, 7] the convergence is in fact uniform:

T <Crr.
tg%(?,):%] dsq(Ur (), u(t)) <Crt

In particular, it follows that the piecewise affine interpolant converges, uniformly in
[0, 7], to the same limit, and hence u € C([0,T];.%). O
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Having the strong convergence of U, to an absolutely continuous u, we can now
pass to the limit in an integrated version of (DVI), to an integrated version of (EVI)y,
which is then equivalent to the above differential form of the (EVI), [10, 11].

THEOREM 5.2. Assume that d¢ = dsq and that W satisfies (3.3) with mq > 1,
(3.4), (3.5), and (4.4). Then, for each initial condition uy € % with ¢(up) < M < oo
there exists a unique solution of (EVI)y, where A < AWsa — X\,

Proof. Integrating (DVIy) from 0 to T, for any v € . we obtain

/OT % (dsq(UT, v)? — dyq(u, 0)2) dt + /OT (¢(UT) N %dsq(Un v)2> dt

T T 4 .
g/ qS(v)dt—/ —dsq(u, U, )% dt,
0 o 2T
where A < AWsa — \,;. Since

%@4wmﬁ+¢wns¢wx

by Proposition 5.1, passing to the limit as 7 — 04 gives

T
3 (a0 = dau0), ) + [ (6(ule) + Ja(ute). 0 ) < T ).

By [1, Remark 4.0.5] there exists at most one integral solution to this formulation
with prescribed initial datum and it corresponds to

.
%%¢wwm¥+§%wafsMW—wwma

which is equivalent to (EVI),. O

5.2. The slope. To connect the evolutionary inequality formulation (EVIy) with
curves of maximal slope, we first study properties of the slope. Under some of our pre-
vious assumptions for general £(z) = z® with « € [1/2, 1] we show that the slope can
be characterized and has useful properties, such as lower semicontinuity on (%, de).
For the sake of simplicity, we restrict our result to £(z) = 2, but the proof reveals
that it is in fact valid under more general conditions involving the regularity and the
growth of ¢ and 1.

Following [1] the (local) slope |0¢| of ¢ at u € D(¢) is defined by

(5.7) |06|(u) := lim sup ($(u

v—=u (U, U)

THEOREM 5.3 (Slope). Let £(z) = 2% « € [1/2,1] and assume that (3.4), (3.5),
(4.2), and (4.4) hold. Then for u € D(@) N Saq the slope |0¢|(u) is given by

W' (u')—=Cy) /€ (W)||2  for W'(u') /€ (W) € L*(0,1),
|8¢|(u):{”( (W) =Cu)/E'(W)]l2 f (u')/€' (') € L*(0,1)

00 otherwise,

where C,, € R is such that fol(W’(u')—Cu)/ﬁ’(u’)2 dx =0.
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Proof. We first consider the case W' (u’) /&' (u') € L?(0,1). Since (4.4) is equivalent
w,
to saying that z — We(2) — 255[2|? is convex, we have

We W
We(e(v)) — 250N > Welew) - 25

)P
AW
+ Oy |We(€(w) = = [€@)I?| (€(v) — €()).
Using We(2) = W(£7!(2)) and hence Wi(&(z)) = W'(2)/€'(2), one obtains

AVe

W) = W) + W' (W)(E(v)=€w)/€ () + - [e() = @I

Using that W' (u') /&' (u'), £(u'), and £(v') lie in L2(0,1), we can integrate and use the
Dirichlet boundary conditions to obtain for all C' € R that

1
/0 (W) — W) — Cll —v'))da

< [ (8 o (mmr) ) e - e+ B aop

Definition (5.7) implies

We
de(u,v) + A |d5(u, v)2.

2

|0¢](u) < limsup

v—U

e (@)

< W) = €)/€ (W)l + O] limsup

2

I
§u) &) —E(v)
For £(z) = z® with a € [1/2,1] the second term on the right-hand side vanishes.
Indeed, setting a = (v/)* and b = (v')® we have v — w in (%, d¢) if and only if
b— ain L?(0,1). The case a = 1 is trivial. With 8 = 1/a € (1,2] we have to show
a? 0% _, BaA=1in LY(0,1). From |yf~1—¢f=1 < |y—¢|P~! and 7’2%? = B¢P~1 with

a—b
B__B _ _
Y= = ByP Y < Bly—z[P

/

2

¢ between y and z we obtain the elementary estimate |
Now we have

We therefore obtain that

1 uw —v

/ af — P
gl Eu) —EW)

2‘ a—b ||

< Bl la=bl" |2 < Blla=blly ™" = Bde(u,v)*~".

‘ﬁaﬁl _

10¢|(u) < |(W'(W') —C) /& W)]l, YCER.

Minimizing with respect to C' we obtain the minimizer C, as stated above.
To prove the lower bound, consider vs; € . where

vs(z) = (id + sp)(u(x)), ¢ € CH([0,1]), @(0)= (1) =0,
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such that |¢’| < K. We assume throughout that s < 1/K. Since [£(v))] < (1 +
Ks)*|¢(u')|, Lebesgue’s dominated convergence theorem yields de (v, vs) — 0as s — 0,
which implies

Ou) — o(v))

P > i
|0d|(u) > A S

For the denominator we use £(z) = z* and v/, = u/(1 + s¢’) and obtain

1

% v0)" = /0 () (14 5¢)" = (u)*)" do = /0 (@) (14 s¢)* = 1) da
1
=5 /0 Q2(W)?(¢)? da + O(s%) = s2||¢/(u')u/ (¢ o u)||2 + O(s?).

For the numerator we use fol (u' —vl)dx = 0 and the special form of v, and find

1 1
lim sup 1/0 (W) —W()))de = limsupl/O (W) = W (1+s¢ (u)))) do

s—0 S s—0 S
1 N _ ! !
- [ hmmf<w<u> W' (14s¢ <u>>>) "
0 s—0 S

1
— [ (W W) @) (ula) de,
0
Changing variables, we obtain that the slope admits the lower bound

Jy a(r) (r)dr
/0]

a(r) == -W/' (' (u'(r))) and  b(r):=

|0¢[(u) > Ve CL([0,1]) with

1
(V' (¢'ou)) o u=t(r).

We emphasize that due to (3.5) and u € D(¢), a € L' and hence the numerator is well-
defined. Moreover, using the fact that u’ € L2 it is easy to see that 0 < b,1/b € L?
and hence the denominator is also well-defined.
Thus, we can apply the following lemma, and the desired result follows. a
LEMMA 5.4. Consider a,b: (0,1) — R with a € L*(0,1) and 0 < b,1/b€ L*(0,1).
Let H(a,b,p) = fol ap'dr/|¢'/bll2 and cqp = fol ab?dr/ fol b2dr; then

[b(a—cap)llz if abe L?(0,1),

sup {H(a,b, ©) | @ € C(0, 1)} = M(a,b) := { 00 else

Proof. Step 1. We first note that the supremum can also be taken over ¢ €
Wy >(0,1) = C§™®(]0,1]), because C°(0,1) is weakly* dense and H (a, b, ) is weakly*
continuous.

Step 2. For ab € L?(0,1) the Cauchy—Schwarz inequality gives

[ bla—c) (¢ /b)dr
[l /|2

Minimizing with respect to ¢ yields the upper bound sup,, H(a,b, ) < M(a,b).

H(a,b,p) = < |bla—c)|]a VceER.
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Step 3. For k € N we define yi(z) = 1 if |a(z)| < k and b(z) < k and xg(x) =0
otherwise. Then, yxa, xxb € L(0,1). We define @), € W,">°(0,1) via

1 1
o) = xwb*(a—cp) with ¢ = / xrab? dx// ib%dz.
0 0

Using X3 = i we easily find H(a,b, ¢x) = [, (a—ck)@ dz/|¢}/bll2 = [xrbla—ck)]2-
If ab € L%*(0,1), then ¢x — cqp and xgab — ab and xxb — b in L2(0,1) strongly.
Hence we find the lower bound

sup H(a,b, ) > lim H(a,b, ) = lm |[[xxb(a—ck)l2 = [[bla—cas)ll2 = M(a,b).
© k—o0 k—o0

Step 4. Assume now ab & L?(0, 1), which means ||xab||2 — co. We define

1

xxb and wp = ——
[ xkabl|2

m xkab, giving [Jug|l2 = w2 = 1.

bl

First we have up — b in L2(0,1), and second wy, — 0 in L?(0,1). Indeed,

1

1
zm/ Xmabvdajkﬁo ¥V m € Nand v € L*(0,1),
k 2 Jo

1
/ wk (Xmv) da
0

since Xk Xm = Xm for k > m and ||xxabl2 — oo. Because the functions y,,v are dense
in L2(0, 1), the proof of wy — 0 is complete.
Rearranging the terms in H(a, b, i) gives

1 1 2 3..)2 1 2
b=d
H(a,b, (Pk)Q — / Xka2b2d$ _ M = ||Xka’bH% (1 — (/ UWE dx) ) .
0 0

fol xrb2dz

Using ||xxabl|3 — oo and fol upwy dz — 0 we conclude that H(a,b, pr) — oo, which
is the desired lower estimate sup,, H(a, b, ¢) = oo = M(a, b). O

In the case d = dsq the situation is again better, as we have A\?-convexity along
our generalized geodesic curves.

PROPOSITION 5.5. Let £(z) = /z and let ¢ and W satisfy (4.2), (3.4), and
(4.4). Then, the slope |0¢|(u) as given in Theorem 5.3 is a strong upper gradient and
15 dsq-lower semicontinuous.

Proof. We slightly modify the proof of [1, Theorem 2.4.9] to prove that

_ 2\¢ *
(5.5) el) = s (%+7dm<v,w>) ,
d(w)<p(v)+1

where \? is given by (4.6) with M = ¢(v) + 1. Once this is established the ds,-
lower semicontinuity and strong upper gradient properties can be easily established
by following the proof of [1, Corollary 2.4.10].

Let ¢(w) < ¢(v) +1 and v, = Usq(s;v,w); then (4.6) and a straightforward
computation imply

() - (25

+ sdsq (v, w)

1
+ 5/\4)(1 - S)dsq(v’w)> dsq(v,0s)
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Letting g(s) = dsq(vs, v0)?, by (3.19b) and (3.19¢) we have

9(5) = 9(0) + ¢ (0)s + 59" (0)5" +0(s%) = 39" (0)s* + o(s?)

IN

1
5 2 dsq (vo, v1)?%s% + o(s?)
= (dsq(vo,vl)2 +0(1))s%.

Hence,

dsq(vs,v0) = (\/dsq(vo,vl)z + 0(1))8 = dgq(vo, v1)s + o(s).

This implies

|06|(v) > lim sup

s—0

<¢(Z)(; i()vs> ) i

1 +
+ 5/\4)d(v, w)) .

Taking the supremum over w we obtain a lower bound in (5.8).
Conversely, the upper bound is an immediate consequence of the definition of the
slope. a

5.3. Curves of maximal slope. Following [1], let .¥ be a metric space with
distance d and let ¢ : . — RU{+00}. An absolutely continuous curve u : (0,7) — %
is a curve of maximal slope for the functional ¢ with respect to an upper gradient
g: = RU{+oo}if

(59) So(u(t) < 5l O ~ 2g2(un)

for a.e. t € (0,7"), where |u’| denotes the metric derivative,
d t
(5.10) | (t) = lim 28): 0l

which exists for a.e. t € (0,7T).

Next we show that all solutions of the (EVI), are in fact curves of maximal slope.
This can again be done for general {. Note that also for d¢ different from dyq we
may have solutions of (EVI),, e.g., by assuming that u/(¢, z) takes only finitely many
values; cf. [29].

THEOREM 5.6. Assume that d = dgq and W satisfies (3.4), (3.5), and (4.4).
Then the solution u to (EVI), is a curve of maximal slope, that is, ¢ ou € AC),., and

(5.11) %d)(u(i)) < —%|u’|2(t) - %|3¢|2(u(t)) for ae. ¢ > 0.

Proof. From Proposition 5.5 we know that |¢| is a strong upper gradient and
dsq-lower semicontinuous. Since we know from Theorem 5.2 that the unique solution
u to (EVI), is a minimizing movement, we can apply Theorem 2.3.3 in [1] to obtain
that u € ACL,.,¢pou € AC, and u is a curve of maximal slope. O
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5.4. Weak solutions of one-dimensional viscoelasticity. Finally in this sec-
tion we show that curves of maximal slope give rise to weak solutions of the partial
differential equation of one-dimensional viscoelasticity.

THEOREM 5.7. Let £(z) = z® with « € [1/2,1] and assume that W satisfies (3.4),
(3.5), and (4.4). Also assume that u(t) € C*([0,T];C*[0,1]) N AC*([0,T);.%), that
u'(t,z) > 6 >0 for all (z,t) € [0,1] x [0,T], and that u is a curve of maximal slope
for the functional ¢ with respect to its upper gradient |0¢|. Then, u solves the partial
differential equation

(5.12) (W' (t,2)) + (€' ((¢,2))) "0 (¢, ) = 0.

Proof. We apply the usual “trick” to show the equivalence of curves of maximal
slopes and gradient flows on Hilbert spaces. Dropping the dependence of w on x for
notational simplicity, we begin by computing a bound on the metric derivative defined

by (5.10):

1 / , 2 1/2
(5.13) |uf|(t):hg?f< [ ((u(5)) ~ €0 (1)) dx)

s —t]2

§ </01 fmint (g(u’(s?i : f|(u/(t)))2 dx)

1/2

1
- ( [ ey daz) =l @) ()]
Provided that W’ (u/'(t))0;u'(t) € L'(0,1) we have
L

d I ! ! I I
Gowm) = [ EW(U)dmz/O W () O (1) d.

1/2

However, we know that
1 1
| wiwon do = [ (W) - €)[€ W )] € () 0 (0) do
0 0
S IV () = C) [ )] 13 + 5 I/ (1) O (1)

1 2 1 /12
S 00 (u(t) + 5 o)

IN

IN

Since v/ > 0 for a.e. x € (0,1), using the Cauchy—Schwarz and Young’s inequalities
we can continue by estimating

%d)(u(ﬂ) = / (W' (W) = C) [¢'(u/ (1)) € (u/ (1)) Dy (1) da

0
—|(W' (') = C) [€' @ ()|, I€' (' (1) B (1)
W)~ ©) [ )2~ 3l ) a0

Applying Theorem 5.3 and (5.13) we obtain

vV

vV

d 1 1y ey -1||2 Lier ! :
o) 2 —5[| (W) - O) [ W) - 5l€ W o) o o)
> 100 w(e) - 5 W) > ()
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where in the last inequality we used (5.11). Hence, all inequalities that we employed
in this proof are in fact equalities yielding

(W' (') = O) [€' (' ()] 7" = £(€'(u'(2)) 0 (2).
Since the energy is decreasing along the trajectory it follows that, in fact,
W (u') = C + (&' (' (1)) 0 (t) = 0,

as required. O

Appendix A. The one-dimensional case with a Neumann boundary
condition. Throughout this paper, we considered gradient flows for deformations
with prescribed Dirichlet boundary conditions u(¢,0) = 0 and w(¢,1) = 1. In this
appendix, we briefly summarize the much simpler case of a free boundary, i.e., we
keep the boundary condition u(¢,0) = 0 and leave u(t,1) free, giving rise to the
natural Neumann boundary condition.

We work with the same setup as in Section 3. For a strictly increasing, continuous
function £ : [0,00) — [0,00) with £(0) = 0 we consider the metric d¢ introduced in
(3.1) and choose the state space

Flree .= Lue WH([0,1)) [u(0) = 0, £(u) € L*(0,1)}.

As in the Dirichlet case, if ¢ satisfies the lower bound
1
(A1) £0)=0 and IC>0V2>0: f(z)za\/_—c,

then the metric space (ﬂgmc,dg) will be complete, but now it is even a geodesic
space, i.e., between each two points there exists a geodesic curve. In fact, given
ug, U1 € fg”’e, we define the connecting curve ugy = UEN(S; up, u1) via

(A.2) us(x) = /Ow €7 ((1=9)(up(r)) + s&(uy(r)) dr,

and a straightforward calculation yields dg(us, us) = |t—s|d¢(uo, u1), i.e., s — us is a
constant-speed geodesic; see [1]. The completeness of (Ygrcc, de) as well as geodesic
1-convexity of dg are obtained in the following result.

ProOPOSITION A.1. If £ : [0,00) — R is continuous and strictly increasing
and satisfies (A.1), then the following statements are true:

(i) (ygrcc, de¢) is a complete metric space.

(ii) The mapping ¢ : S — L24(0,1) := {u € L*(0,1) [ u(z) > 0 a.e. },
o(u) = Eou, is bijective and metric preserving if L2,(0,1) is equipped with the
standard L?-norm.

(ili) Let {us}to<s<1 be the geodesic curve defined in (A.2) and v € ygmo; then

1
de(us, v)? = (1—8)d5(u0,v)2 + sde(u, v)? — is(l—s)dg(uo,ul)Q.

Proof. (ii) This statement follows directly from the properties of £ and the defini-
tion of Ygree. Note that (A.1) implies £~ !(y) < C(1+y?), hence y € L?(0,1) implies
¢ oy e LY0,1) and the inverse mapping ¢! is well-defined via u = ¢~ (y) :
Jo € (y(r))dr.
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(i) The completeness follows from (ii) and the completeness of (L2,(0,1), |- ||z2).

(iii) This identity is an immediate consequence of the definition of d¢ and u,. Of
course, the relation also follows from the Hilbert space structure of (L%(0,1), ]| -|/z2)
and the metric-preserving mapping . d B

Remark A.2. The conditions (A.1) can be generalized considerably by assuming
that ¢ is a continuous, strictly increasing bijection between two closed intervals [
and J in R, like the function £(z) = log z with I = (0,00) and J = R considered in
[29]. Then, the metric space (éﬂgree, d¢) will no longer be complete. Under suitable
coercivity conditions on the energy density W for the energy functional ¢, it is easy to
show that all sublevels { u | ¢(u) < C'} are contained in a closed subset Ac. Because
of the energy decay of the time-discrete and time-continuous gradient flows the whole
analysis can be done in the complete metric space (Ac, dg).

Let ¢ : Vgree — [0, +0o0] be of the form (4.2) with W satisfying the coerciv-
ity condition (3.3), the lower semicontinuity condition (3.4), and the A"¢-convexity
condition (4.4). Then, we immediately see that ¢ is geodesically A"¢ convex, i.e.,
s+ G(UL (s;u0,u1)) is Ae-convex as a mapping from [0, 1] to R. Moreover, let

1
O(1,v;u) = Zd%(u,v) + o(u) for u,v € ygroo and 7 > 0.

Then Proposition A.1(iii) and (iv) immediately imply that

1
D(7,v;us) < (1 —8)P(7,v;u0) + sP(1,v;u1) — <)\W5 + 2—) s(1— s)dg(uo, up).
T

Thus, we can now directly apply the results of [1, Section 4] to obtain existence and

uniqueness of solutions of the evolutionary variational inequality (compare with the
beginning of Section 5)

1dt , AWe
(A3) 5 S B u(0),0) + 25 ), ) < 9() — H(u(t)
with u : [0,00) — ygree absolutely continuous and u(0) = ug € Ygree. In particular,
we obtain Lipschitz continuity of the semiflow, i.e., for any two solutions u; and us
and 0 < s <t we have

de(ur (£), us (1)) < " ) de(un (s), u(s))-

We emphasize that for these results it is sufficient to assume that the constitutive
functions W and £ are merely continuous.

If W and £ are both differentiable, all results of Sections 5.2, 5.3, and 5.4 are
readily extended to the present setting (indeed some arguments can be considerably
simplified). The slope of ¢ is again a strong upper gradient and is now given by

W (') /€ (u for W' (') /€ (v 12 ),
|3¢|(u):{| (w)/€ () (w)/€'(u') € L2(0, 1)

00 otherwise.

(The constant C, in Theorem 5.3 is removed due to the absence of the mean-zero
condition fol w'—v'dz = 0 for all u,v € #f°°.) The solution to the variational in-
equality (A.3) is again a curve of maximal slope (cf. Theorem 5.6) and under suitable
regularity assumptions solves the boundary value problem (5.12).
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In particular, the solutions u : [0, 00) — fgmc can be understood as weak solu-
tions of the partial differential equation

(A.4) 0= (W' (t,) + (& W (t,)) 0 (¢, 7)),

u(t,0) =0, (W'(u'(t z))+ (f'(u'(t,x))f@m'(t,x))| =0.

r=1 "

In fact, the transformation y = p(u) : @ — £(u/(x)) maps the metric gradient
system (Ygree, ¢, d¢) bijectively into the gradient system (L2,(0,1),%, ]| - ||2), where

the transformed energy v is given by ¥(y) = fol We(y(x))de. Hence, the classical L2
gradient flow gives the partial differential equation

Ory(t,x) = Wfl(y(t7x))7

which is in fact an ordinary differential equation for each . Clearly the latter equation

transforms into (A.4) using the transformation ¢ 1.
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