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Abstract

For Q. = (0, &) X (0, 1) a thin rectangle, we consider minimization of the two-dimensional
nonlocal isoperimetric problem given by

inf E}, (w)

where
E} () := Po,({fu(x) = 1)) +y f Vv dx

Qg
and the minimization is taken over competitors u € BV(Q,; {+1}) satisfying a mass constraint
]% u = m for some m € (=1,1). Here Pqo, ({u(x) = 1}) denotes the perimeter of the set
{u(x) = 1} in Q, f denotes the integral average and v denotes the solution to the Poisson
problem

-Av=u-minQ,, Vv-nyg =0ondQ,, fsz.

We show that a striped pattern is the minimizer for & < 1 with the number of stripes growing
like y'/3 as y — oo. In the process, we show that stable lamellar patterns are in fact L' local
minimizers in rectangular domains. We then present generalizations of this result to higher
dimensions.

1 Introduction

In nonlocal isoperimetric problems currently of interest, one considers a perturbation of the clas-
sical isoperimetric problem by a term that favors high oscillation. This tension between terms
favoring low and high surface area respectively leads to a rich and not well understood energy
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landscape. To date, identification of minimizers has been largely limited to parameter regimes
in which the perimeter term dominates and so it is the purpose of this article to present a setting,
namely thin domains, that allows for such an identification at all magnitudes of the nonlocal
perturbation.

To state our problem precisely, given a bounded domain Q C R"” and a number y > 0 we
consider the minimization of the functional

Ezz(“) = Po({u(x) = 1}) + yj(; IVvl2 dx (1.1)

over the set of competitors u € BV(Q;{+1}) satisfying the mass constraint JE) u = m for some

m € (—1,1). Here Po({u(x) = 1}) denotes the perimeter of the set {u(x) = 1} in Q, f denotes the
integral average and v denotes the solution to the Poisson problem

—-Av=u-minQ, Vv-nyg =0 onoQ, fsz, (1.2)
Q

with nyq denoting the outer unit normal to 9Q. We recall that Po({u(x) = 1}) can alternatively be
expressed as % |[Vu| (Q) where |Vu|(Q) denotes the total variation of the vector-valued measure
Vu, cf. [12].

The functional EZZ arises as the sharp interface I'-limit as 6 — 0 of the Ohta-Kawasaki
functional modeling phase separation in diblock co-polymers

1
ul—>f—(u2—1)2+6|Vu|2+yf|Vv|2 dx,
Qf Q

see e.g. [[7L 21 24]. Thus, at least on a qualitative level, one expects that minimizers of (I.1))
should bear some resemblance to the pictures of phase separation reported experimentally in the
co-polymer literature, e.g. in [2, 4} [31]]. The most striking feature of these images in parameter
regimes where the nonlocality dominates is the emergence of small periodically arrayed cells
inside of which the interface d{u = 1} resembles a constant mean curvature surface.

Now as we show in Section 3, and as was already studied earlier in e.g. [23]] and [24]], in one
dimension when Q is simply an interval, the problem can be explicitly solved. Here it is easy to
see that minimizers are essentially periodic—up to adjustments at the boundary to accommodate
the Neumann boundary conditions—with oscillations on the order of y!/3 in the regime y > 1,
a scaling that has previously been noted for example in [19]. (A similar conclusion for one-
dimensional minimizers of the Ohta-Kawasaki functional can also be drawn but this is nontrivial,
see [[18]].) When n > 2 however, the problem becomes quite subtle. To date, the only general
result in this direction is that of [3] where the authors show, roughly speaking, that energy tends to
distribute uniformly in two dimensions. A corresponding result for Ohta-Kawasaki was obtained
more recently in [28].

With regard to characterizing more precisely the global minimizer, progress up to now has
been largely limited to parameter regimes where perimeter dominates. When 7y is small this
includes [29] [30]. There is also a growing literature on asymptotic regimes where m is near 1
or —1, on the setting Q@ = R” and on related perturbations of the isoperimetric problem, some of
which arise as I'-limits of Ohta-Kawasaki under different scalings, see for example [ 16} [9} |10}
L1, 1301501164 204 [22]. In a different vein, the existence of increasingly intricate critical points



and local minimizers for (I.T]) and related nonlocal sharp interface problems has been one thrust
of the research program of Ren and Wei, see for example [24} 26, [27]] and the references therein.

In this article we investigate a multi-dimensional setting where we can identify the global
minimizer of (I.I)) for all values of y. The simplest such example is the case where Q is a thin
rectangle given by Q, := (0, £) X (0, 1) for £ small. Our main result here, Theorem[5.4] states that
for any value of y, when ¢ is sufficiently small, the global minimizer of EZ)S coincides with the
minimizer of the one-dimensional problem posed on the unit interval. Since the one-dimensional
problem is minimized by a piecewise constant function with more and more jumps in the regime
y > 1, this implies that as y grows the minimizer of the two-dimensional problem exhibits a
cascade of oscillations through a pattern of more and more horizontal stripes. The relationship
between the number of stripes k and the value of y is given explicitly in (3:8). We then apply the
technique to cover domains of the form (0, &) x (0, 1) for any positive integer £ and more general
thin domains in Theorems [6.1]and

Let us describe the main ingredients in the method of proof for the main result, Theorem
[5.4 A first step is the establishing of I'-convergence of (I.I) to a one-dimensional energy in the
setting where Q = Q. as & — 0. This is accomplished in Section 2. Section 3 contains the explicit
identification of the global minimizer of the one-dimensional I'-limit alluded to earlier. In Section
4 we give a proof of the two-dimensional stability of the one-dimensional minimizers. This
stability was first addressed in the periodic setting in [19], in which a more general machinery
was introduced for studying stability of critical points in a variety of regimes, including higher
dimensions. Through reflection, this yields stability for the Neumann problem of our setting.
However, we include our proof here both for the stake of self-containment and because our
argument is completely different from the earlier one and we find it to be quite a bit simpler. In
Section 5 we first establish the appropriate modifications of the stability = local minimality
results of 1] and [[14] to this setting of Neumann boundary conditions in domains with corner
singularities. This in particular yields the new result that stable lamellar patterns are in fact
L' local minimizers. Then we synthesize all of these tools to prove the global minimality in
two-dimensional thin rectangles of the one-dimensional (lamellar) patterns. Finally Section 6
contains a few generalizations to thin domains in arbitrary dimensions.

2 TI'-convergence to the 1d nonlocal isoperimetric problem

For € > 0 we let Q. denote the rectangle (0, &) X (0, 1). Then for y > 0 and any m € (-1, 1) we
introduce the functional Eyg : LY(Q,) — R given by (1) with Q replaced by Q.. We wish to
identify the I'-limit of E as € — 0 and to this end, given any u € BV(Q,; {+1}), we denote by
it : Q1 — R the function satlsfymg it(x1,y1) = u(exy, y;) and readily compute that

PQ({u(x)—l)—gf 1/—n +n2dH'
o =1}

where (11, n;) is the outer normal to the reduced boundary 0*{it = 1} and the integration is with
respect to one-dimensional Hausdorff measure, cf. [12]. Similarly if v = v(x, y) is the solution to
(T:2) associated with u, then the function ¥(x;,y,) := v(ex;,y,) satisfies

1 - N
- ;vxlxl — Py =il—m 2.1



along with homogeneous Neumann boundary conditions on 0€2; and zero mean. Consequently,

we have
L,
fg IVv|* dxdy = ng (;vil + vil) dx) dy,
£ 1

1 -
~E} () = EXGi) =

{fm—lm. o+ ndH vy (572 +92) dady ifie BVQpizl), £, i=m

+00 otherwise,

and so

2.2)

We then establish I-convergence of E to the energy corresponding to the 1d nonlocal isoperi-
metric problem.

Theorem 2.1. As & — 0, the functionals EY T-converge in L'(Q) to E} given by

EYG@ = {% i, | (@) +y ) 72 dviif i | (@) = 0, @t € BV(Q; (1)), fo i=m

+00 otherwise,

where |ﬁxl| and |ﬁyl| denote the total variation of the measures ii,, and ity and ¥ = ¥(y,) solves
=Py =l—mfor0<y <1, 7,(0)=0=7,(1). (2.3)

Proof. Given it € L'(Q;) let us first assume that i, — i in L'(€;). Then we will argue that

lim iglf El(i,) = EJ(in). (24)
Clearly we may assume
lim iglf EX(ii,) < oo, (2.5)

and in particular that {ii.} € BV(Q;{+1}) so we may write

(1 in A, (1 in A
£ TV\21 inQ\ A, “T1-1 inQp\4,

for sets of finite perimeter A, and A, in light of the lower-semicontinuity of the total variation
under L'-convergence.
Now if [iiy,| (1) > O then we find

>0 &—0

5 1 1 1
liminf E2(ii,) > liminf — f Il dH" = < liminf = |(it,)5, | (Q) = o0
E A, 2 &e—0 E

since %lim inf,_,o |(ﬁ‘.3)x1 | Q) > % |17£x] | () > 0. Hence we may assume |ﬁx, | (©1) = 0. In turn,

this implies that, up to choosing the right Lebesgue representative, it = ii(y;). Although this last
point is standard, we write here the simple argument for the reader’s convenience. Let iis := @ixps,
where ps denotes the standard mollifier. Note that iis is well defined on Q‘f =(0,1-0)x(6,1-9)



and (iis)y, = it * (5)x, = 0 on Q. Thus, in particular, its = iis(y;) on Q. The conclusion follows
by recalling that ii; — i a.e. in Q.
Consequently, since ya, — ya in L'(Q;) we have

1 1
liminff w[—znf + n% dH' > liminf P, (A;) > Pg,(A) = = |ﬁyl | Q).
&—0 (a=1) & &—0 2

Turning to the lower-semi-continuity of the second integral in the definition of £} we note that
(2.5) implies the uniform bound

1
f (;vﬁl + v)%l) dx; dy; < C.
Q

In light of the Poincaré inequality for functions of zero mean, this leads to a uniform H'
bound and yields the existence of a function ¥ € H'(Q;) with ¥ = ?(y;) such that after passing to
a subsequence (with subsequential notation suppressed), one has

(Pe)y, = 0 in L*Q)) and ¥, — 9 in H'(Q)). (2.6)

Hence, we have

P Lo P 5 )2 52 e
llIng(glf fQI (;(vg)xl + (vg)y]) dx; dy, > llglll(glf fQ] (vg)yl dx; dy, > N ), dx) dy; = 5 s dy.
It remains to identify ? with the solution ¥ to (2.3)). To this end we consider the weak formulation
of the PDE in (2.T)) subject to homogeneous Neumann boundary conditions, namely,

1 - - ~
f _2¢x1 (Va)xl + ¢y1 (vs)y1 dx; d)’1 = (it —m) dx; dyl
Q € Q

for any smooth function ¢ defined on Q. Making the choice of an arbitrary smooth ¢ depending
only on y; we obtain

f ¢y] (‘N}s)yl dx;dy; = f ¢(it, —m)dx; dy;.
Ql -Ql

We then pass to the limit using and the L' convergence of ii, to it to find that  weakly
solves the ODE and boundary conditions of (2.3)), hence = ¥.

The second requirement of I'-convergence, namely the construction of a recovery sequence,
say w, — it in L'(Q;) such that EY(W,) — Eg(ﬁ) is trivial as one simply takes w, = i for all
E. O

Finally we note that L' (€, )-compactness of energy bounded sequences follows immediately
since the condition sup, E}(ii) < oo implies in particular a uniform BV bound on such a se-
quence ii.. In what follows we will use only the most basic property of I'-convergence, namely
that any limit of minimizers of E is necessarily a minimizer of Eg.



3 Global minimizers of the I'-limit

Minimization of the one-dimensional energy Eg is a straight-forward exercise. For such an anal-
ysis, including a determination of local minimality of k-jump critical points, one may look for
example, in [24} Proposition 3.3]. For the sake of self-containment, however, and so as to express
the results in our notation, we nonetheless present the explicit calculation in this section over the
parameter range 0 < y < oo. We will fix the mass constraint m = 0 for convenience though
similar calculations can be done for any value of m between 1 and —1.

We recall that when posed in a general domain Q in n-dimensional Euclidean space, a func-
tion u € BV(Q; {x1}) is a regular critical point for the nonlocal isoperimetric problem provided
that d{u = 1} N Q is of class C? up to AQ and

H(x) + 4yv(x) = const. forall xedfu=1}NQ, 3.1

along with an orthogonality condition along dQ2 N d{u = 1} (provided 0Q is smooth at such a
point of intersection), where H denotes the mean curvature of the free surface d{u = 1} N Q, cf.
e.g. [8]] or [19]]. For the one-dimensional problem E”, however, the criticality condition reduces
to simply

v(x) = const. forall x € d{u=1}n(0,1), 3.2)

where v is the solution to the ODE
—vV'=u on0<y<l, VI(0) =0=v'(1). (3.3)

We can naturally categorize the critical points in terms of the points in (0, 1) where u jumps
between =1, calling these points, say {y;}, and then we note that (3.2)) in particular implies that

Ve . . . 1 .
fy"_’ "V dy = 0. From this condition and the mass constraint fo udy = 0, one easily checks that,
J

up to multiplication by —1, there is a unique critical point having k jumps, which we denote by
ug. Introducing the notation

2j-1
y/‘zjz—k for j=1,2,...,k, (3.4)

(which suppresses the dependence on k) we find that the critical point with k jumps is given by

_J 1 for O0<y<yn, y2<y<ys..., V1 <y<y
u"(y)'_{—l for yi <y<y, y3<y<ys..., <y<lI (33)
when k is odd, and
w(y) = 1 for O<y<y, y2<y<y3...,<y<l (3.6)
’ 1 for yi <y<ys, y3<y<Va..., Vo1 <Y <k ’

when k is even. Then we denote by vy the corresponding solution to (3.3). For example, in Figure
[I] we depict the solution in the case k = 5. We then compute

1 = 1/1\2
v’cy)%zy:zkf vav=5(5)
fo k 0 3\ 2k



L N v”‘”

Figure 1: Graph of the five jump critical point us and the derivative of the corresponding solution

V5 to @

so that y
Y _
Ej(u) =k + e 3.7

Fixing ¥ > 0 and minimizing over k, we find that the minimizer of Eg will be given by uy(,),

1/3
where k(y) is computable and will always be either the greatest integer less that (%) or the

1/3
smallest integer bigger than (%) . In particular, the number of interfaces of the minimizer is a

non-decreasing function of y that grows like y'/3.

Alternatively, we observe that for any fixed integer k the formula (3.7) is a linear function
of y and the intersection point of any two of these lines corresponding to consecutive k values
moves monotonically to the right. This follows since

12K (k — 1)
2k — 1

EJ(u—1) = E) () implies 1y =y (k) :

while the condition
12k%(k + 1)?
2k +1

and one readily checks that y;(k) < y,(k) for every positive integer k. Thus, u; will be the
minimizer for vy lying in the interval (k) <y < y»(k). We therefore conclude:

E}w) = E}(u1)  implies 1y = y,(k) 1=

Proposition 3.1. For a given positive integer k, the k interface critical points tuy will be the
global minimizers of Eg on the interval
12k%(k — 1)? 12k>(k + 1)?
_ _ =1,2,... .
%1 <y < T for k=1,2, 3.8)
4 Two-dimensional stability of the one-dimensional critical points

Here we wish to determine the range of stability of the critical points u; defined in (3.3)-(3.6) with
respect to the two-dimensional energy Ezz . We refer the reader to [19] for an earlier derivation



of stability of lamellar patterns through an entirely different approach. By stability, we mean
positivity of the second variation. We recall that in a general domain Q c R", n arbitrary, the
second variation of the nonlocal isoperimetric energy Esy) about a critical point u € BV(Q;{+1})
with " := d{u = 1} N Q takes the form

SELu; f) = fr (IVefP = 1Bl f2) dH"" - fr agBag(nr,nr)fzdﬂ"‘z
+8y f f G(x, %) f(X) fR) dH" ' (x) dH" ' (X) + 4y f Vv-nr f2dH'. (4.1)
rJr r

Here eligible functions f are those lying in H'(T') and satisfying j_ fdH™" = 0. The quantities
Br and Bygq stand for the second fundamental form of I' and 0€, respectively, ||Br||2 denotes the
norm squared of the second fundamental form—or equivalently, the sum of the squares of the n—1
principal curvatures of I, and G : Q X Q — R denotes the Green’s function for —A in Q subject
to homogeneous Neumann boundary conditions. The function v in the last term above denotes
the solution to the Poisson equation (T.2) and nr denotes the outer unit normal with respect to
{u = 1}. We refer to [8] or [[19] for details.

Let us now apply (@) to the setting of the previous sections by taking Q = Q. = (0, &)x(0, 1)
and u = u; given by (3:5)-(3.6) for any positive integer k. Denoting by I' the union U’;: ,Tj of
line segments I'; := (0, &) X {y;} comprising the jump set of u;, we evaluate 62E£F(uk; f) for an
arbitrary function f € H'(I) satisfying

f fdH' =0 4.2)
T
to find

SE (w; f) =

k &

Zf f;<x)2dx+8yffofd7{' d”H1+47’f(VVk'nr)f2d(Hl’ (4.3)
= Jo rJr r

Here we have used the fact that Br = 0 and Bsg = 0 in a neighborhood of T N aQ, and we
have introduced f; for the restriction f | I';. It will also be convenient to introduce the notation

fi=a;+g;wherea; := ffj so that by (@.2) we have

k &
Z aj =0 and for each j we have f gi(x)dx = 0. 4.4)
=1 0

We will analyze each term of ({#.3) separately. Starting with the first one, we note that by the
Poincaré inequality, one has

PR VPR T (T 2
fo‘fj(x) dx:fo‘ g;(x) dx?(g) fo‘ gj(x)" dx. 4.5)

Next, to analyze the term involving the Green’s function we need a bit more notation. Let f :
I' — R denote the function given by f | I'; = a; and let g : I' — R be the function given by



gL T;=g;. Also, we introduce the measures u and y, via the formulas

k k
Hi=Q,ain,  He= ) g,
j=1

and let v7 and v, denote the weak H ! solutions to the Poisson equations
—Avy = g, —Avy =, inQy

subject to homogeneous Neumann boundary conditions and zero mean.
Note that v will depend only on y so that

ffcfgdﬂldﬁlzf f Gdﬂf'dllng viduyg

rJr Q. JOo, o,
k < X i

) Zf (Vf Lr"‘)gﬂ"(x)dx: Z(Vf‘LF.f) f gj(x)dx =0 4.6)
=10 1 0

Jj=

by @4). Therefore, we find that

ffodeld'Hl=ffG(f+g)(f+g)d7{1d'H1=ffofd?(1dﬂl+fnggdﬂld'Hl
rJr rJr rJr rJr

:fdeyfduf+fde/1gdug:f |va|2dxdy+f |va|2dxdy.
Q, JQ, Q, JQ, Q, Q,

Now since vy satisfies —v}' = a(0(y=y,) *+ ... + ArO(y=y,) With v’f(O) =0= v}(l), we can integrate
and use (@.4) to obtain ‘

0 for0 <y <y
—-a fory; <y <y

—(a; + a) fory, <y <y

—(a1+ay+...+ar) forye; <y<w
0 fory, <y < 1.

This allows us to compute the value of fQ |Vv]z|2 =¢ fol (v’f_)z(y) dy and we find

ffof:%[a%+(a1+a2)2+...+(a1+a2+...+ak_1)2]+f |va|2. 4.7)
rJr Q.

It remains to compute the last integral in @3). In view of (3.3), (3.3) and (3.6) we have the

alternating pattern
, | | 1
Vi) = TS vi(2) = % vi(y3) = BETAME



(cf. Figure[T). Recalling that Vv, - n denotes the outer normal derivative with respect to the set
{uy = 1}, it then follows from (@.4) that

flj(vvk : n)fzd'}{l = Zﬁj (Vvk . n)(aj + gj(x))2 dx

2 2 2
Vo) f (0 + £100) dx=i02) f (2 + £200) s .= =Dhvjow) fr (0 + 800) dx

- 2k & kZ f &/ dx. (48)

Combining @) and (@.8) we conclude that

S, (ui: f) > (( )Z f /(0% dx + 8y f Vv

2
o2

r )(4[a%+(a1+a2)2+...+(a1 +a2+...+ak_1)2] [a1+a2 .+ai]).

(4.9)

We now claim that the quadratic form arising in the last line of {.9) is positive definite. To see
this, it is convenient to change variables in this expression by introducing

a1 =a, ap=ay+a, ..., qy=a) +ay +...+a.
Then rewriting the expression in terms of the a'}s and using (@.4) we find after a little algebra that
4[a%+(a1 +a) + ..+ (@ +a2+...+ak_1)2]—[a%+a§+...+ai]
2. 2 2 2 2 2, .2
=4[a/l +a/2+...+ozk_1]—[al +(ay—a) +...+ (o1 — ap2) +a/k_1]

= 2(&% + a% +...+ ai_] +aiay + raz + ...+ ak_zak_l)

2 1 0\ ¢
as
= (a1, @2,...,0-1) '
.. o1
0 1 2
Qg1
k-1
>{2+2cos(( k)n)}[a%+a§+...+a/i71]

since the eigenvalues of this matrix are given by
A= 2+2005(%) forj=1,2,...,k—1

(see e.g. [17]).
In particular, returning to .9) we have established

10



Proposition 4.1. For any positive integer k, the function u; given by (3.3)-(3.6) is a stable critical

point of the functional Egz provided
/ k
e<m 2—’}/ (4.10)

We note that the stability of the lamellar configurations implies that they are in fact L' local
minimizers, as made precise by Theorem[5.1]to follow.

S Two-dimensional minimality of one-dimensional
minimizers

In this section we prove our main result. A crucial tool will be the the recent work in [1]] and [14]
on stability implying local minimality for the nonlocal isoperimetric problem. Here we present
an adaptation applicable to the present setting of cylindrical domains with Neumann boundary
conditions.

Theorem 5.1. Let Q C R" be any bounded smooth domain with n arbitrary and for any positive
integer € and any positive € let QX ¢ R™" be defined as (0, &)’ X Q. Then for any y > 0, given

any regular critical point u € L'(QY%) of EZ),_ such that &{u = 1) N QL only meets the regular part
of 0Q% and 62Ez’2g(u; £) > 0 for all nontrivial f € H'(0{u = 1} N Q) satisfying ff =0, there
exist 6 and C > O such that

2
E;Q_(W) > E&_(u) +Cllu-— W||L](Q£) whenever ||u — WIILI(ng) < 6 and Lwdx = fg udx.

As mentioned before, the proof of the theorem is essentially contained in [1]] and [14]], but
a few remarks are in order. Let us recall the classical notion of quasiminimizers of the standard
perimeter. We say that a set E C Q of (relative) locally finite perimeter is a strong quasiminimizer
in ©Q with constants A > 0 and r > 0 if for every F C Q of (relative) locally finite perimeter with
FAE C B,(xp) for some ball B,(xy) we have that

PanB,x)(E) < Panp,(x)(F) + A[EAF].

We recall that in particular, local minimizers of the nonlocal isoperimetric problem are quasi-
minimizers, cf. e.g. [1, Theorem 2.8]. The following theorem follows from the well-established
regularity theory for quasiminimizers of the perimeter (see for instance [14, Theorem 3.3]).

Theorem 5.2. Assume that Q is smooth and let E;, C Q be a sequence of strong quasiminimizers
in Q with uniform constants A > 0 and r > 0 and such that

XE, > XE ae inQash— o

for some set E of class C'%, a € (0, 1), such that either JE N Q N dQ = 0 or E N Q meets IQ
orthogonally. Then, for h large enough dE,, is of class C"* and

dE, —» dE  inC'™ (5.1)

11



The convergence in (5.1]) can be restated equivalently by saying that we may find a sequence
@, of diffeomorphisms of class C'* from Q onto itself such that ®,(0E) = 0E), and ||®),—I||c1« —
0, where I denotes the identity map.

The following corollary is an adaptation of Theorem[5.2]to the case of the cylindrical domains
Qﬁ considered in Theorem To state it, we need to introduce some notation for even extension

of sets in QY. Let us express any z € (0,8)’ X Qas z = (X1,..., X V15> Yn), With (x1,...,X¢) €
0,&)" and (y1,...,y,) € Q. Then given any set E C Q. we may perform infinitely many even
reflections of the characteristic function yg(xi, ..., x¢, y1,...,¥,) With respect to the xp, ..., x;

variables, to obtain the characteristic function of a set we denote by E ¢ R x Q.

Corollary 5.3. Let E;, ¢ Q be a sequence of strong quasiminimizers in Q. with uniform con-
stants A > 0 and r > 0 and such that

XE, — XE a.e.in Qi

for some set E ¢ QF such that E is of class C*(R x Q), a € (0, %), and either 0E N (R x Q) N

AR x Q) = 0 or E N (R x Q) meets IRE x Q) orthogonally.
Then, for h large enough OE, is of class C'* and {E})} satisfies (5.1).

Proof. The point here is that the boundary 0Qf has a “singular” part. The trick is to remove
these singularities by reflection. It is straightforward to check that the reflected sets E}, are strong
quasiminimizers with the same uniform constants A > 0 and r > 0, and that

XE, — XE ae.in R’ x Q.

The conclusion then follows by applying Theorem with Q replaced by R’ x Q.
m|

Proof of Theorem As mentioned before the proof is essentially contained in [14], where
the general strategy devised in [1] in the periodic setting has been adapted to the Neumann case.
It consists of two main steps.

Step 1. One shows that the positive definiteness of 62Esy),(u; f) implies that u is an isolated

local minimizer with respect to small W2?- perturbations, for all p sufficiently large, of the free-
boundary 8{u = 1}N QL. Precisely, for all p sufficiently large one can show the existence of § > 0

—t =t
such that if ® : Q, — Q, is a diffeomorphism of class W*? and fm uo®dx= fm udx, then

E&(u od) > E&:(u) +Cllu—(uo (D)”il(gg) provided ||® — I||Wz,p(Q£) < 0.

This fact follows from [14} Proposition 5.2]: indeed, due to the assumptions on d{u = 1} N Qﬁ,
the argument is not affected by the presence of a “singular” part in 9QC.
Step 2. One shows that the conclusion of the previous step implies the thesis of the Theorem.
This can be argued exactly as in [[14} Section 6] (see also [1, Proof of Theorem 1.1]). The proof
can be reproduced word for word, using Corollary [5.3|instead of [14, Theorem 3.3]. O

As in the previous two sections, for convenience only at this point we fix the mass constraint
m to be zero. We now present our main result for the nonlocal isoperimetric problem posed on
the domain Q. := (0, &) x (0, 1). (This corresponds to £ = 1 and Q = (0, 1) in the notation Qﬁ
used previously in this section.)
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Figure 2: Graph of a typical minimizer of Eg') .

Theorem 5.4. For any positive integer k, fix y > 0 in the interval given by (3.8). Let a be any

positive number smaller than m | /2—"7 Then for all sufficiently large integers j, the minimizers

+uy given by (B.3)-(B-6) of the one-dimensional energy Eg are also the minimizers of the two-
dimensional energy E}; where g := % and are the only minimizers of this energy.
o)

A typical minimizer is depicted in Figure [2] The proof consists of a combination of the I'-
convergence of Section 2, the one-dimensional minimality of u; established in Section 3, the
two-dimensional stability shown in the previous section and Theorem 5.1]

Proof of Theorem Throughout the proof, k and then y are fixed so that u#; minimizes E(y).
For any positive integer j, let us denote by u., a global minimizer of EEE . We will argue that
ug; = uy for all large enough integers j. '

Note first that from the choice of a, Propositiond.1] guarantees that u is a stable critical point
of Eéa. Applying Theorem (5.1} we can then assert the local minimality of u; in Q,, namely the
existence of a positive ¢ and C such that

Eg (W) > Ej, () + Cllw — ugll?, @, brovided [w—ullpq, <6. (5.2)

With a now fixed, we apply the [-convergence result Theorem [2.1]to the sequence of func-
tionals E;’ : L'(Q,) — R defined via

. 1
E;y.(ﬁ) = —E], (u) where u(x,y):=a(jx,y) forany i€ LY(Q,),
8j €j

cf. 2.2). Of course, Theorem[2.1]is phrased in terms of a sequence of rescaled nonlocal isoperi-
metric problems defined on the unit square €, corresponding to a = 1 in the present notation,
but the result is unchanged if we replace Q; by Q,. Since convergent sequences of minimizers
have a limit which minimizes the I'-limit Eg, we conclude that the sequence it; : £, — R given
by itj(x,y) := ug;(x/ j, y) which minimizes E; must satisfy the condition

it; — u or —uy in L'(Q,) as j — co. (5.3)

13



The indeterminacy in (5.3) is simply due to the nonuniqueness associated with the choice of mass
constraint m = 0 since for any u one has E;Y(u) = E;(—u) and E] (1) = E}(-u). Let us adopt the
convention that if necessary, we multiply i; by —1 so as to obtain it; — u in L'.

Now for any integer j > 1, we evenly reflect j — 1 times with respect to x the minimizer

: Q, — R to build a function defined in €, that we denote by u . If we then denote by v, the

solutlon to the Poisson problem (.2)) in Q, with right-hand side us , one readily checks that the
solution to (I.2)) in Q, with right-hand 51de u, is simply given by the repeated even reflection of
ve; as well. Note in particular that even reﬂectlon preserves the required homogeneous Neumann
boundary conditions. We write v;for this reflection of v,,.

We next observe that

1 a
ity =, = e =, = [ [ ot = ] ddy = ;= ] -

Invoking (53.3),

quently we may apply (5.2) with w = ug, to find that

Uy, = uk”L'(Qn) < ¢ for all sufficiently large integers j. Conse-

Y r Y
E (up) > Ep,

—-u . 54
& kHLl(Q,,) 4
However, for both u;f and u; the contribution to the energy Esy) within each of the j rectangles
of width &; is identical, so that

E} (u) = J'Eégl () and EY ()= J'Ezzg/ ().
By (5.4), it follows that

Egyl/ (ug)) > Egyl/ () + C Hugj - uk“il for all sufficiently large integers j,

@)
contradicting the minimality of u,, in €, unless u,; = u. |

Remark 5.5. The reason for the restriction in the statement of Theorem [5.4| to rectangles of
width & is to allow for use of the reflection argument in the proof. One could remove this restric-
tion by strengthening Theorem[5.1) specifically by showing that under the same assumptions the
conclusion holds not only for Q. but also for Q, for all n sufficiently close to & and with § and
C independent of . This could no doubt be accomplished by repeating the argument of [lI|] or
[14)], and by verifying that the minimality neighborhood is independent of n. However, we have
not checked the details.

6 Generalizations to higher dimensions

We conclude with two generalizations of Theorem [5.4] applicable in higher dimensions to indi-
cate the scope of the method. In the first, we consider E on a thin rectangular box in arbitrary
dimension that collapses with € to a line segment. Then one can again assert that global mini-
mizers of the one-dimensional problem remain global minimizers on sufficiently thin boxes:

14



Theorem 6.1. Let k and € be any positive integers and fix y > 0 in the interval given by (3.3).

Let a be any positive number less than 7 | /2—’; Then for all sufficiently large integers j, the

minimizers uy given by (3:3)-(3-6) of the one-dimensional energy E] are also minimizers of the
(€ + 1)-dimensional energy E&_ given by (I.1)) posed on the domain Qﬁj =(0,&/)" x (0, 1) where
"]

gj = % Furthermore, these are the only minimizers of this energy.

The proof of the theorem needs the following adaptation of Theorem to the present set-
ting.

Theorem 6.2. Assume that for a positive integer k the lamellar configuration ;. given by (3.3)-
(3.0) satisfies 62Ez) (ug; f) > O for all nontrivial f € H' (O{ux = 1} N Q) satisfying ff = 0.
Then, uy is an isolated local L'-minimizer; i.e., there exist § and C > 0 such that

Eég(w) > Eég(uk)+C [t — w||%1(98) whenever  |lux — wllp1q,) < 6 and fg wdx = fQ uy, dx.

Proof of Theorem Unlike the situation in Theorem here O{u; = 1} N Q, meets also the
non-regular part of 9Q).. However, we can take advantage of the fact that we deal with a particular
configuration, having flat interfaces. We denote by I'y,.. ., I'; the k flat interfaces of u;. As in the
first step of the proof for Theorem [5.1} one starts by deducing the isolated local minimality of
u with respect to configurations whose interfaces are small W”-perturbations for p sufficiently
large, of I'y,..., I'x. To show this, one may assume that such interfaces are described by the
graphs of functions h; € W>P([}), i = 1,...,k, with 3, fr hi = 0, Vh; - nr, = 0 on 0I'; away
from corners and }; [|4;|lw2»(r,) small enough. Thus, it is poésible construct a volume preserving
flow @ connecting u; with the perturbed configurations such that ®(z, x) = x + th;(m;(x)) in a
neighborhood of I'; for all i = 1,...,k, where &r; denotes the orthogonal projection on I';. Now,
one can argue exactly as in [14, Proposition 5.2], using such a flow instead of the one constructed
in [14] Lemma 5.3] (see also [I Theorem 6.2]). Once the WP -minimality is established, the
conclusion of the theorem follows exactly as in the second step of the proof of Theorem [5.1]
(through an appeal to Corollary [5.3). O
Proof of Theorem|[6.1} For £ = 1 this result reduces to Theorem[5.4] After rescaling the problem
onto the unit cube in ¢ + 1 dimensions, the identity (2.2)) is replaced by

1 o
gEzzg(u) = Ez,t,(u) =

1
f~ \/_2(”%+"‘+”?)+”?+1d7{[+7f
o*{i=1}nQ, & Q

where for any u € BV(Qg;{x1}), we now denote by &t : Q; — R the function satisfying
i(xy,...,xe,y1) = u(exy,...,exe,y1) with a similar definition relating the original potential v
associated with u to the rescaled one ¥. With this modification, the proof of the I'-convergence
result Theorem [2.1] proceeds without change.

Regarding the stability of the one-dimensional minimizer in higher dimensions, the statement
and proof of Proposition are unchanged in the setting where we replace Q. by QY. Thus we

1. . -
(;(vil +...+ vi{) + vfl dxy ...dxpdy
1

again have that u;, is stable with respect to E;[ provided € < 7, /2"—7 The proof of Theorem
then proceeds as in the proof of Theorem l with the obvious alteration that the reflection o
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the minimizer U, is carried out with respect to all the ‘thin’ variables x, x, ..., x¢, and using
Theorem[6.2] instead of Theorem[5.11 i

More generally, one can take Q C R", n > 2 to be an arbitrary bounded smooth domain and
consider the energy EZ)[ in the setting where QY c R"* is given by Q := (0, &)’ x Q for some

positive integer £. Then one can establish the following:

Theorem 6.3. Assume u : QQ — R is the unique global minimizer of Ezz given by (LI), with

Hu=1}NnQNIQ = 0. Assume u is regular in the sense described at the beginning of Sec-

tion 3 and assume furthermore that u is stable in the sense of positivity of the second vari-

ation 6*E},(; f) given by @) for all nontrivial f € H'(T) satisfying fl_fd?-(”‘1 = 0 with

I' := 0{u = 1} N Q. Then there exists a positive number a such that for all sufficiently large

integers j, u is also the unique minimizer of the (n + €)-dimensional energy E;[ where g := ‘71
€J

Proof. The analog of the I'-convergence result Theorem requires no significant change in
its proof and again Theorem still applies here. Regarding a stability result analogous to
Proposition [4.1] of course one cannot expect such an explicit determination of the critical value
of & below which one has stability of u with respect to EZzg' Instead we will argue that for &€ small

enough, the stability of u in Qf follows from its assumed stability in Q.

For ease of presentation only, we will take £ = 1 and to simplify the notation we will write Q.
for Qé. Below we use x to denote a variable in (0,¢) and y = (yy,...,¥,) to denote a variable on
I" or in Q as the context requires. Denoting I'; := (0,&) xI"we let f, € H (T,) be any nontrivial
sequence satisfying the conditions

f fodxdH"' =0 and f frdxdH"™ " =&, (6.1)
| Te

where the last requirement is a convenient normalization. We wish to argue that 62EZ)_(E; fo)>0
for all & small.

Using that ||Brg = ||Br|| we see that

SE} (i3 f2) = f (Wmﬁ%(%)z) dxdH"" - f IBrI® £2 dxdH"™!
T, Ie

X

+8y f Vv dxdy + 4y f V() - nr £2 dx dH".
Q, I
Here v solves the Poisson equation with right-hand side u and we adapt the approach of Section
4 in writing the Green’s function term using the solution v, to the Poisson equation
- AVﬁg = fg 51“5 in Qg, VVfE *NpQ, = 0 on an. (62)

Then changing variables by introducing x; = % and setting Fe(x1,y) = fo(ex),y) and Vi(x1,y) =
vr.(ex1,y) we easily calculate that

1 _ I
—0Eq @ fo) = 8 EX@; fo)

-2 1 8; — e
f (|Vrfa| +—2(—f )2) dx; dH"" = | |IBrIP fZ dx; dH"!
I, g2 0x; I
e, 1 0V 2 — ) n—1
+8y |V 07|+ 5 (520 | dxydy +4y | V@) -nr fdx dH™'. (6.3)
ol & (9x1 T
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Also we note that (6.T)) transforms to the conditions

fodH" =0, and fRdH" = 1. (6.4)

r| l—‘I

Now we may assume lim inf,_,o 6>EY(#; f;) < co or else we are done. Such a bound implies
uniform bounds along a subsequence {f,} of the form

f IVef|” dxiaH! <, f (af‘/) dx; dH"™' < Cs}.
I

These bounds and (6.4) in turn lead to the following convergences along a further subsequence
(with subsequential notation suppressed):

fo = foin H'(T)), fi, = foin LX) for some fy € H'(T'}) (6.5)

such that fodx; dH"™ =0, fidx;dH" " =1, and fy= fy(y) only.
F] 1—‘]

Applying and the fact that f; is independent of x; to the first, second and fourth integrals in
we conclude that

£i—0

liminff (|Vrfg,| +—( fs’)sz dH"™" - f||Br|| f2 dxy dH"!

+4y f V() - nr f2 dxy dH"™!
I

IVrfol* dx; dH™™ — | IBrI f3 dxy dH"™" + 4y f Vu(y) - nr f3 dxy dH"!
I, I I
- f Vehl dH - f B f2 dH1 + 4y f VR0) - nr f2dH (6.6)
r r r

It remains to handle the third integral of (6.3). To this end, we note that uniform bounds on the
sequence {V; } follow as did the ones for {f,} so that (after passing to a subsequence) one finds

i, ~win H'(Q)) and ¥; —winL*Q;) forsomew e H'(Q) (6.7)

satisfying w = w(y) only and fQ wdy = 0. It follows that for the third integral in one has

2
lim inf ’V Vi
&i—0 fg;l [ ) fgi

As a last step in establishing the stability of u in Q. we must identify w as the solution to the
Poisson problem

1 &
+ (- il ')2) dxi dy > f|Vw|2 dy. 6.8)
&

- Aw = fyr, Vw - ngo = 0 on 0Q. (6.9)
To see this we note from (6.2)) that 7; satisfies the equation
25
1 0;

—Ay\j’f-g - ;W = ﬁ(sl"l in Ql, Vf/fg * e, = 0 on 691.
1
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Multiplication by a test function ¢ € C®(Q) (independent of x;) and integration by parts then
leads to
f Vs - Vodx, dy = fep dx; dy.
Q] l—‘]

Applying (6.3) and and passing to the limit as &; — 0 we obtain that w indeed solves (6.9).
Combining (6.6) and (6.8) we conclude that

lim iélfézﬁz(ﬁ; fo) = 8*EL(@; fo) > 0

by invoking the assumed stability of u as a critical point of Ezz Hence, u remains stable in the
thin domain €, as well.

The rest of the proof now follows as in the proof of Theorem [5.4] through an appeal to
Theorem [5.1] and the reflection argument used before. O

if one could extend Theorem to the case where d{u = 1} N Q also meets the non-regular part
of 0Q,. Such an extension, which is very likely possible, would however require one to modify
some of the arguments presented in [l[4|]. As this goes beyond the purposes of the present paper,
we decided to state the previous theorem under more restrictive assumptions just to illustrate the
scope of the method.

Remark 6.4. The assumptioﬂu =1} N QNIQ = O is certainly restrictive. It could be removed
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