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Analysis of Asymptotic Preserving DG-IMEX Schemes for Linear Kinetic Transport Equations
in a Diffusive Scaling
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Abstract

In this paper, some theoretical aspects will be addressed for the asymptotic preserving DG-IMEX schemes
recently proposed in [I0] for kinetic transport equations under a diffusive scaling. We will focus on the methods
that are based on discontinuous Galerkin (DG) spatial discretizations with the P* polynomial space and a
first order IMEX temporal discretization, and apply them to two linear models: the telegraph equation and
the one-group transport equation in slab geometry. In particular, we will establish uniform numerical stability
with respect to Knudsen number € using energy methods, as well as error estimates for any given €. When
e — 0, a rigorous asymptotic analysis of the schemes is also obtained. Though the methods and the analysis
are presented for one dimension in space, they can be generalized to higher dimensions directly.

Keywords: Kinetic transport equations; Asymptotic preserving; High order discontinuous Galerkin method;
IMEX; Stability analysis; Error estimate

1 Introduction

Kinetic theory is at the center of multi-scale modeling connecting the invisible microscopic models with the
macroscopic hydrodynamic models. In particular, when the mean free path of particles is sufficiently small,
the system is close to the equilibrium state and a macroscopic model is a good approximation to the kinetic
equation. Building a passage from kinetic to macroscopic models is a very interesting problem and there has
been a lot of mathematical progress over the decades [I], 26].

Designing accurate and efficient numerical schemes for kinetic equations with a broad range of Knudsen
number ¢ has been an active research area for more than two decades. Among many multi-scale approaches,
asymptotic preserving (AP) methods are known to be able to effectively deal with multi-scales and capture
hydrodynamic macro-scale limits. Specifically, the schemes are designed to mimic the asymptotic limit from the
kinetic to the hydrodynamic models on the PDE level. As a result, the scheme in the limit of ¢ — 0 becomes a
consistent discretization of the limiting macro-scale equations.

AP schemes have been intensively studied in different settings and under different scalings, for example
for stationary problems [I8| 17, @] and for time dependent problems with hyperbolic and diffusive scalings
[Tl 24]). Below, to our best knowledge, we briefly review some existing AP methods for kinetic equations in the
diffusive limit. It was firstly shown in [12] 23] that an improper treatment of spatial discretizations even with
a stable implicit time discretization may fail to capture the correct asymptotic limit with an under-resolved
computational mesh. In [I3] 23] [T4], some proper splitting between the convection and stiff source terms was
introduced for AP properties. Later, AP schemes were designed via different multi-scale approaches, e.g. by
a standard perturbation procedure [I5], by moment closure approaches [5], by a micro-macro decomposition
of kinetic transport equations [19] and by projective integration [I6]. AP schemes have also been designed
with different high order discretization strategies such as the discontinuous Galerkin framework [22], weighted
essentially non-oscillatory (WENO) methods as well as globally stiffly accurate implicit-explicit (IMEX) schemes
[3, @]. Despite the fact that much computational effort was made in designing various AP schemes, rigorous
proofs for uniform stability, error estimates and AP properties for fully discrete schemes are relatively rare.
For AP schemes based on the micro-macro decomposition, there are some theoretical results. In [19], a von
Neumann analysis was conducted for numerical stability of a first order AP scheme applied to the two-velocity
telegraph equation. Stability and error estimate for more general problems were obtained in [20] based on energy
methods. In the setting of stationary problems, a rigorous asymptotic analysis was presented for an upwind
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discontinuous Galerkin discretization, together with the convergent property of the limiting schemes under mesh
refinement, when solving the radiative transport equation [9].

Recently, a family of high order schemes was proposed in [I0] for several linear and nonlinear discrete-
velocity kinetic transport equations under a diffusive scaling. The schemes are defined for a reformulated set
of equations which is obtained from a micro-macro decomposition of the problem just as in [19], with the idea
originally proposed in [2I]. Based on such reformulation, discontinuous Galerkin (DG) spatial discretizations of
arbitrary order of accuracy are applied with suitable numerical fluxes, and in time, we employ globally stiffly
accurate high order IMEX Runge-Kutta (RK) methods [3] equipped with a carefully chosen implicit-explicit
strategy. A formal asymptotic analysis shows that the proposed methods, as Knudsen number ¢ goes to 0,
become consistent high order discretizations for the limiting macro-scale equations. Numerical results presented
in [I0] also demonstrate the stability and high order accuracy of the proposed schemes when ¢ is of order 1 and
in the limit of € going to 0.

The current paper follows up the work in [10] and addresses some theoretical aspects of the proposed methods.
In particular, we will establish uniform stability, error estimates, and perform a rigorous asymptotic analysis
for the fully discrete scheme when DG spatial discretizations using the P* polynomial space are coupled with a
first order IMEX time discretization. Two families of linear kinetic transport equations are considered: the two-
velocity telegraph equation, and the one-group transport equation in slab geometry with a continuous velocity
field, for which the method in [I0] can be directly formulated and applied. In this work, uniform time step
constraint with respect to ¢ is established for numerical stability by using energy methods. More specifically, for
the DG method with the P° polynomial space, optimal time step restriction is achieved as in [19, 20], namely
At = O(h?) in the diffusive regime with ¢ < 1, and At = O(eh) in the convective regime with ¢ = O(1); for
the method with the P¥ (k > 1) polynomial space, the time step restriction is At = O(h?), which is not the
most desired condition in the convective regime. It is expected that extending the stability analysis to high
order IMEX schemes can relieve the time step constraint for the method with the P* (k > 1) space [29]. When
higher order temporal discretizations are used, most techniques to analyze the spatial discretizations can be
carried over, yet new difficulties will arise related to the high order time integrations [28] 29]. Such analysis is
a subject of our future investigation. Based on numerical stability and approximation properties of the discrete
spaces, error estimates are further established for the schemes with different choices of numerical fluxes. The
results confirm the high order accuracy in space and the first order accuracy in time of the methods. By using
the weakly sequential compactness of Hilbert space (which in the present work is either the finite-dimensional
discrete space or L?(€2,) with Q, given in Section 2]), we also prove that the proposed schemes will converge to
some consistent discretizations of the limiting heat equation when & — 0. Though the methods and the analysis
are presented here and in [10] for one dimension in space, they can be generalized to higher dimensions directly.

The paper is organized as follows. In Section [2] we introduce the kinetic transport equation in a diffusive
scaling, provide its micro-macro decomposition and diffusive limit, and review a class of DG-IMEX schemes
introduced in [10]. In Section[3] stability analysis, error estimates, and a rigorous asymptotic analysis are carried
out for the schemes and discussed in various settings.

2 Formulation

We consider the following linear kinetic transport equation in a diffusive scaling

efitvdaf = ()~ ) (2.1)

€
with the initial data fy and spatially periodic boundary conditions, where f = f(x,v,t) is the distribution
function of particles that depends on time ¢ > 0, position x € 2, C R, and velocity v € ,. The parameter
€ > 0 measures the distance of the system to the equilibrium state and it can be regarded as the mean free
path of the particles; when ¢ is small, the system is close to equilibrium; when ¢ is large, the system is far from
equilibrium. The operator (f)— f is the normalized scattering operator. Here (f) = va fdu, and p is a measure
associated with the velocity space €2, and it will be specified next for each model. In this paper, we discuss two
important families of the problem (21I): the telegraph equation and the one-group transport equation in slab
geometry.

e Telegraph equation is a discrete-velocity kinetic model with €2, = {—1, 1}, namely, v either takes value —1




or 1, and p is a discrete measure on {—1,1} such that
/ fdui= 5 (fla,0 = =1, + f(z,0 = 1,).

e The one-group transport equation in slab geometry is a kinetic equation (2.I)) where the velocity space,

2, = [-1,1], is continuous. In addition, du = %dv, with dv being the standard Lebeque measure on €2, and

1 1
= gin=g | Sy

The scattering operator on the right side of (21 can be of more general form: (Lf)(v) = ‘s

1 ( U ) -
f(v))dv" where the kernel s satisfies 0 < s, < s(v,0") < spy for all v,0" € [—1,1], fil s(v, ’)dv’ = 1 and
s(v,v") = s(v',v). For such kernel s, one can deduce that (L¢) = 0 for all ¢ € L?*[—1,1] and (¢pL¢) < —25m<¢2>
for ¢ € N(L)* [2]. Of course, the simplest case of such s is s(v,v’) = 1/2, which is the case of (Z1]). We refer to
[6] for more detailed discussions on the linear transport equation and [20] for the one-group transport equation
in slab geometry.

It turns out that dealing with discrete velocity or continuous velocity does not affect much the formulation
of the numerical methods and the theoretical results. We will treat both cases in a uniform setting and point
out the differences when necessary. Let us consider the Hilbert space L?(Q,;du) in v variable with the inner

product: (f,g) := [ fgdu = (fg), and let II be the orthogonal projection operator onto Span(1), defined as
II: f—1I f ( f ). Let p:=TIf = (f) denote the macroscopic density for f and we write
f=()+eg=p+eg (2.2)

where (g) = 0. We recall the micro-macro formulation for (2.I)) in [10], motivated by [19] 21],

8tp + a$<vg> = Oa

1 1 1 (2.3)

The operator I used here is the identity operator. It is easy to verify that 0;p = 8, ((v?)dp) + O(e) which leads
to the linear diffusion equation as ¢ — 0. We note that (v?) = 1 for the telegraph equation and (v?) = 1/3 for
the one-group transport equation in slab geometry.

Recently in [10], a family of asymptotic preserving methods were proposed for the telegraph equation based
on its micro-macro decomposition ([Z3]). The methods are of formal high order accuracy in both space and time.
They involve discontinuous Galerkin (DG) spatial discretizations and globally stiffly accurate implicit-explicit
(IMEX) Runge-Kutta methods in time. In the limit of ¢ — 0, a formal asymptotic analysis [I0] shows that
the limiting schemes are consistent high order discretizations for the limiting linear heat equation. Though not
discussed in [I0], both the methods and the formal analysis can be naturally extended to the one-group transport
equation in slab geometry where the velocity field is continuous. Next we will present the formulation of the
methods applied to (1), before establishing numerical stability, error estimates, and a rigorous asymptotic
analysis in the following section.

Let’s first introduce some notation. Start with {xi+ 1 }=IV ) a partition of Q, = [Zmin, Tmax]. Here T1 = Tmin,
TNyl = Tmax; each element is denoted as I; = [xz__, Tiy1 1] with its length h;, and h = max; h;. Given any
non-negative integer k, we define a finite dimensional “discrete space

Uy = {ue L*(Q,) :ul, € P*(;),Vi}, (2.4)

where the local space P (I) consists of polynomials of degree at most k on I. Note functions in U ,’j are piecewise-
defined, we further denote jump and average of u at @, 1, Vi, as [u];;1 = u(:v;.trl) —u(z, ) and {u};;1 =
2 2

%(u(:z::r%) + u(xi;%)), respectively. Here u(z¥) = lima,_,0+ u(z + Az), and we also use Uips = u(a:i+%),
+ + .
Uy = u(a:H%),Vz.



With the same DG spatial discretization proposed in [I0], a family of semi-discrete methods are given below
for the micro-macro system (Z3). Look for py(-,t), gn(-,v,t) € UF, such that V¢, € UF,

(Oepn, ¢) + an(gn, @) =0, (2.5a)

@1gn 0) + Tonalgn ¥) — dn(on¥) = — =5 (1., (2.5b)

where

n(an ) = =3 [ monods = 3 oo, 64, (2.6a)

i

b, (g, ) = (L= I)Dp(gn; v),¥) = (Dr(gniv) — (Dr(gn; v)), 1), (2.6b)
dn(pn, ¥) = Z/I PrOztpdx + Zﬁh,i—% [y - (2.6¢)
Here and below, the standard inner product (-,-) for the L?(€2,) space is used, see e.g. the first term in (2.5a))

and in (2.50). The function Dy (gs;v) in (2.6D) belongs to UF, and it is defined based on an upwind discretization
of v0,g within the DG framework,

Oulani ). ) = = 3 ([ vondrvae) - ¥ loamdyoli . e U @7)
with vg being an upwind numerical flux consistent to vg,
—  JovgT, ifv>0 _M
e A A 29

—

Both (vg) and p in (2.6a) and ([2.6d) are also numerical fluxes, and they are consistent to the physical fluxes
(vg) and p. In this paper, the following choices are considered:

—

alternating: @ = (vg)~, p=p* (left-right); or (vg) = (vg)", p=p~ (right-left), (2.9a)
central: (vg) = {{(vg)}, p = {p} . (2.9b)

Remark 2.1. The spatial discretization given above as proposed in [10] differs from the methods proposed in
[19] in several aspects. First of all, the spatial discretization in [I9] is first order and of finite difference type;
while the method considered here is of finite element type, which is known to be more compact to achieve high
order accuracy in a systematic manner. Moreover, our methods are based on one set of computational mesh
and that in [19] is on staggered meshes. In fact, DG spatial discretizations can also be formulated on staggered

—

meshes as in [19]. This, on one hand, saves one from using numerical fluxes (vg) and p at grid points (see (2.6al),
25d), 29)), and on the other hand, the resulting method only has suboptimal k-th order accuracy when the
P* polynomial space is used with odd & (this is not reported yet observed numerically, and it is similar to our

method with central fluxes for (vg) and p), while better spatial accuracy can be achieved both theoretically and
numerically by suitably designing (vg) and p within the one-mesh framework.

The semi-discrete method in ([Z3]) will be further coupled with globally stiffly accurate IMEX Runge-Kutta
methods in time [3]. Such temporal discretizations are employed to deal with the stiffness of (23) when ¢ is
small, and to ensure the correct asymptotic property of the scheme as ¢ — 0. Below we will give the fully discrete
scheme with a first order globally stiffly accurate IMEX Runge-Kutta method in time, termed as DG-IMEX1,
which will be analyzed in the present paper. Methods with higher order temporal accuracy are formulated for
the telegraph equation in [I0], where the stability and accuracy are demonstrated numerically. Such high order
temporal discretizations can also be defined for the one-group transport equation. The analysis for the fully
discrete methods with higher than first order temporal accuracy is expected to be much more involved (see e.g.
for such analysis in [28] [29] when the temporal discretizations are explicit) and it will be investigated in the
next stage of our project.



Given p(+), gi(-,v) € UF that approximate the solution p and g at ¢t = t", we look for p;'t*(-), git'(-,v) €
UF, such that ¥ ¢,¢ € UF,

n+l _ n

<ph At P ’ ¢> + ah(g;zla ¢) = Oa (2103)
n+l _ n 1 1

<7gh AL Ih ,1/J> + ~bno(gh, ¥) — ; w(on ™) = =5 (G ), (2.10b)

The most stiff terms, in both the convective and collisional terms, with a scale of are treated implicitly here.

Remark 2.2. The implicit-explicit strategy used in our temporal discretization is different from that in [I9].
We consider it more natural to treat implicitly the most stiff terms with the scale of s% in the micro-macro
reformulation, and there is no essential change in the computational complexity. Specifically, one can solve
@I0a) first for p"+1, then (2.I0D) for g"+1 from a block-diagonal system, indicating our implicit-explicit
strategy results in comparable computational complexity as that in [I9]. Moreover, this implicit-explicit strategy
is especially important when it is combined with high order globally stiffly accurate temporal discretizations in
[10]: it not only ensures the limiting schemes as € — 0 to be consistent high order discretizations for the limiting
equations, but also preserves the limiting equilibrium on the discrete level, in the sense that

vdn(p, ) = (g7, %), ¥ € U, (2.11)

is satisfied by (p}, g7,), the approximating solution from any of the internal stages over one time step or at any
discrete time ¢™ in the limit of € — 0 (see also Section 3.2 in [I0]). The difference in the implicit-explicit strategy
calls for a non-conventional definition of the discrete energy in Theorem 3.3l In Remark of Section [3], there
is also some discussion about how the theoretical results here and in [I9] 20] are related.

3 Theoretical Results: Stability, Error Estimates, and Rigorous
Asymptotic Analysis

In this section, stability and error estimates will be established for DG-IMEX1 method in (2I0) for both
the telegraph equation and the one-group transport equation in slab geometry based on their micro-macro
formulation ([2:3). One will see that uniform stability result is obtained with respect to €. In terms of accuracy,
the method is first order in time for any given €. The accuracy in space is higher when polynomials of higher
degree are used for spatial approximations. When the exact solutions are bounded uniformly with respect to
€ in certain norms, the error estimates are also uniform in . In addition, a rigorous asymptotic analysis is
presented for the proposed methods when ¢ — 0.

Without loss of generality, the mesh is assumed to be uniform with h = h;,Vi. Our results can be extended
to general meshes when % is uniformly bounded during the mesh refinement. Moreover, with very little
change, our analysis can be established for the one-group transport equation in slab geometry with the more
general scattering operator as in Section 2 (some constants in the results will also depend on the bounds s,
and sp of the kernal s(-,-)). For simplicity, we will not present the analysis for the general case. The analysis
will be based on the following norms,

6ll = ll9llzzca.y, el = ({llgl*)2.

In the estimates, two standard inverse inequalities will be used [7]. There exist constants Cipy, C’inv, such that
for any w € P*([a, b)),

lw(y)|*(b — a) < Cmv/ x, with y = a, orb (3.12a)

b—a) / lw, (z)|*dz < Cmv/ w(z)?d. (3.12b)

The constants Ciny, Ciny are independent of @ and b, and they depend on k (see [27] 25] for the explicit expression

of k-dependence). Some other basic inequalities, such as Young’s inequality zy < % + CU (¢ > 0), are used
without being pointed out. We also denote

o1 = ([oll3 + (") Chnv a2 = 2(|[vlloc + ([0))Cinv @3 = 2[[0]|cCinw (3.13)



for later use. Below are some orthogonal projections onto U utilized in our analysis.
e L2 projection 7 mpw € UF, such that
/ (mpw — w)vdx = 0, Vv € P*(I;),Vi.
I;
e Gauss-Radau projection 7, : m, w € U,’f, such that

/ (m, w — w)vde =0, Yo € Pk_l(Ii),Vi
I;

and (ﬂ',:w)H% = w(x;%),w.

e Gauss-Radau projection 7r,'f: w,;"w € U,’f, such that

/ (mfw — wyvdz = 0, Yo € PFI(L), Vi
I;

and (m;fw

These projections are commonly used in theoretical analysis of DG methods, and they have the following
properties which can be easily established [7],

[lw = Tl +h Y ((w — th)f_%)2 < CR* 2wl |fss g, - (3.14)

Here I, is any of 7y, ﬂ',:,ﬂ';{, and the constant C' depends only on k.
At t = 0, we initialize the methods through L? projection in space, that is, we take p) = mppli—o and
9% = mhgli—o. It can be seen easily that
(gn) = mn(g)lt=0 = 0. (3.15)

Other types of initialization, for example p9 = II,p|;—¢ and gy = IIyg|t—o with II, and II, specified in Section
B2 can be considered without any essential change to the results presented in this section.

3.1 Stability analysis

To prove stability, we first present two lemmas. In particular, Lemma [B.1]is a discrete analogue of the property
(g) = 0 for the exact solution. It plays an important role in both stability analysis and error estimates.

Lemma 3.1. The numerical solution g;’ has the following property
(9r) =0, Vn. (3.16)

Proof. Take V¢ € UF in ([2.I0D), integrate over v, with (v) = 0, one has

n+l _ n
(B 0)) = - St o)

This can be further organized into

2
(g™ ) = g (o) ), v € Uy (3.17)

By taking ¢ = (gp™!) — EQfAt (gi) € UF, in addition to the fact {g})) = 0 in (BI5), one can conclude (g;' ') =

2
ﬁ(g,?) hence (B.I6]). O



Lemma 3.2. Let n and m be any non-negative integer indices. For any ¢"(-), ¢"T1(-), v™(

. )y °)s ';v)a¢m+1('7v)€Ullf
satisfying (™) = (™ 1) = 0, denote
n+1 n
=g umttum) s = (S o) e o (315)
m+1 _ m
+ <(%752¢m+1> + %bh,v(wm7€2¢m+l) - %dh(¢n7 €2¢m+1)>7
the following estimates then hold with any of the numerical flux in ([2.9])
1
(" 0" ™ ™) 2 o= (™I + 2™ THIP) = (g™ 11 + 21y ™ 1) (3.19)
(e = an B (G 2,2 ) — an bl I[P, fork > 1
B R A s ) for k = 0,
with a;,7 = 1,2,3 defined in BI13).
Proof. Note that
= (sb"“,sb" P ™) (3.20)
= o (IR = 1672 + 197 = 912) + (™I = ™2 + 7 = o 1)
+an(@™ ") e (br,o (97, ™)) = (vdi (") 4 (vdp (¢ — 9", ™).
Based on the definitions of the bilinear forms ap(-,-) and dp(,-), one has
an(P" 7, ") — (vdp (67, ™)
=-3 / D s Y S Ty VY i MR ) ()
—Z( [y )¢ — pm i) — [y ) =0, (321)

The last equality can be verified directly with the definition of central and alternating fluxes. In addition, with
(1) = 0 and equation (Z7) and the upwind flux (23],

(bh,w (W™, ™)) = ((Da(¥™50) = (Du(¥™;0)), ™))

), ) = (D), (6 )) = (D), 0 )
U0, ) (P~ T 0), 7))
= (4 v o+ o)) ) (DT = w5 )

= (S 2, ) 4 (D — ), ).

i

]
=
—~

(3.22)

Next we want to estimate ((Dp, (™ — ™1 v) p™mH1)) = Ay + A in B3.22)), where

Al = <Z /II 'U(Z/Jerl _ wm)azwm+ld$>7 A2 = <Z( (merl wm))z——[merl]l_

1
2
A

).
These two terms can be bounded as follows.

] < 0][[6m™ " — ™|+ — / (00, 9™ )2 da),

. (3.23)



[ Aa| =|(Yo(w™ Tt =™ [, >++<Z (@™ =™ )]

i

Sgl <Zh((¢m+l _¢m): mv Zh m+1 %)2>+
g (@ O W )
<[l — |12 + ””Zh (™2 1)%). (3.24)

Here the inverse inequality in (BI2al) is used, and ()1 and (-)_ are integrals with respect to the positive and
negative part of v, respectively. What we also need to estimate is (vdy (¢"+! — ¢m, yp™F1)).

[(0dn (6™ — g7, 1))
IS [ @ =m0 o™ el 413 (67T o ele™ D) |

T3

1 2 Cinv
n+1 n|12 m—+1\\2 n n m+1 2
< Oollo™ 0Pt g | @elov™ ) e+ D b gyt Zh o™ ;1)
< 9 n+1 2 1 6 m+1 2d n+l _ n 2 an h m+1 2
< 0all6™ =" g | @ulow™ ) e pllg T — "+ Z Jieg)
1 11’1V m
= O+l = 9"+ o | @uloy™ ) Zh o™, 4)% (3.25)

Up to now, 6;,n; with ¢ = 1,2 are arbitrary positive constants. By further applying inverse inequalities in
(3.12D) and the following simple estimates,

CA'ilﬂv m
([ b da) < ol | @) < Sl el IR,

P

| @t = [ woum s < [ s

x x x

C'1 nv

— (%) /Q (O™ 1)2da) < S22 [l 12,

x

S0l i) < 2ol S 2 ),

7 [

Sl )t < S (oI ey )) = 2l Sl )

7 [

we have

(D (@™ =™+ 0), 9™ )| (01 +n)l[[™ = 9™ + MIIIW“IIIQ

4601 h?
C'imv 00
+ Gl U Sz, (3.26)
[(vdn (6" = 6" ] (02 + |6 — 6717 + ;‘;"MHW“HF
C'imv
+ Sl B S, (3.27)



Estimates in (3220)-(322) and B26)-(B217) are now assembled together,
Z (6, 6" ) 2 e (U9 + <) — (1612 + <21 1)

L 2
+ (E — (62 +772)> llo"*t — o™ + (2At (64 +771)) ™+t — |2
Cinv ) Cinv
+ (E _ e ||U|| _ <|’U|>) <|_72}| Z[¢m+l]z_%>

27’]1h 27]2h b
Eéinvnvngo CA11n\/< > +1112
_ m 2
( 401h? * 4605h2 Il I (32%)

One can conclude the lower bound of Z. in (BIJ) by taking 61 = n1 = 157, 62 = 72 = 7&5 in (3:28). When
k =0, 0,¢™*! = 0 and all terms involving 6; and 2 are no longer needed in the analysis. The estimate in

B28)) turns to

S (67, ¢, ) >

> 5 (
1 n+1 n 2 52 m+1 m|||2
+ (g =) ot = o1 + (g —em ) st =

1" P+ 2[[[™FHI1P) = (o™ 11 + 21l ™111%))

€Cinv]|v]|oo Ciny ([v]) |v] +1
— — — m . 3.29
+ (- Ll Goellh 1 Sy (329)
In particular, with 7, = 5%; and 72 = _Qit in (B29), we conclude the estimate for k = 0. O

Theorem 3.3 (Stability of DG-IMEX1). When the DG-IMEX1 method (2.10) is applied to the kinetic transport
equation 210 in its micro-macro decomposition formulation [23)), the following stability result holds for the
numerical solution,

1on M 12+ 2 Mllgnll1? < lonll? +2[llgn 117, ¥n (3.30)
under the condition
m(h—i—mln( h)Oég) fork >1,
At < Atgrap = (3.31)
h_(h + aze), fork=0.

Q203

Here i = 1,2,3 are defined in (313).

Proof. Take ¢ = pp*! in [@I0a). Additionally take ¢ = £2¢7"*! in (2.I0H), integrate the equation over v, and
shift the index n to n — 1. This leads to

Pt — o
(2 i) + antat ) = (3.320)
gh_glrzll2n 1 n—1 _2 n v n o _2.n 1n2n
( —Ar 9 + gbh,v(gh L E7gh) — gdh(ﬂhaﬁ 9r)) = _<E_2(gh75 gn))- (3.32b)
Now we sum up equations (3:32a))-(3.32D)), denote the left side of the resulting equation as LH S, and get

LHS = —||lgp]I*. (3.33)

Let’s first consider k£ > 1. For any integer index n > 1, by applying Lemma with ¢ = pn, ¥ = gn, and
m =n — 1, one gets

LHS = Ec(op ™ prs g 9~ ") 25 (Ul 12+ 2l I1%) = (lokl* + €*[llgh~111%))

2A
At v n12 2
+(e—a27) (5 Sl ) e sk (3.3
Note that
Sz Ly < folloe S0 402+ (g 02 < 2elloeCine e 95y mpe (3 35)
2 9h 17 Voo gh,i*% gh,i*% = h 9h - h 9h . .

[ [



Combining this estimate with (B33)-(334), one has

1 ' n— n
oz (eI + 2 Mlgr ™) = Aokl + 2lllgn = 11%) < ylllgr I, (3.36)
where At At
v = (—1 +041ﬁ> + max (—54—0427,0) % . (3.37)

The stability result [8.30) can be obtained now as long as v < 0. Equivalently, this requires

At At
—5—|—a2—<0 and —1—|—041—<0

3.38
< <0, (339)
o At At At
—a—|—o¢27>0and—1+a1ﬁ—|—( s+a27)%§0. (3.39)
These conditions can be reformulated into
Case 1: when % < 2~ that is ¢ < O‘Qh then At < Zligzzf;
Case 2: when ¢ > g—fh, then At < a_1
Conditions in both cases can be compactly written into
h Oézh
At < ———(h + min(e, —)ag). 3.40
< (b + min(e, 2)aa) (3.40)

Finally, we consider k = 0. By following similar analysis as above using the corresponding result in Lemma

B2 one will have (338) where
~ 1 tmax [ —e Q280 ) @ 3.41
Y

To conclude the stability result (330, it is required to have v < 0 which is equivalent to —1+ (—¢ + %2 %) P <
0. This condition can be further simplified into At < —22_(h + aze). This completes the proof. O

— Q2(Q3

Note that the stability is measured in a non-conventional way in that the discrete energy in (B30) at the
n-th step consists of the L? norm of pf!, and the L? norm of g;f_l. This is due to the implicit-explicit strategy
used in the numerical formulation. One can refer to [19] [20] for a different implicit-explicit strategy used in a
first order scheme, hence the stability analysis with different discrete energy. By working out the expression of
a;,i=1,2,3 in BI3) for the specific equations in Section 2l we further have the following remark.

Remark 3.4. The condition (B31]) is

—— L (h+ 2Ci min(e, 2 p))h, for k > 1,
At S Atstab = 20]“V+8cl2nv( ( Ciny )) (342)
402 (h + 2CIHV€) fOI' k = 0

for the telegraph equation, and it is

+————(h + 2Cj,, min(e, 2 Cmvh h, fork>1,
At S Atstub = 7C‘nv+602 ( ( 1 Clin ))
302 (h + 2O1nv€) fOI' k = O

(3.43)

for the one-group transport equation in slab geometry.

Remark 3.5. e The stability condition in (3.3I]) for the DG-IMEX1 is established uniformly with respect
to € for any given integer k > 0.

e When k = 0, one has Ci,y, = 1. (The actual values of Ci,, and Cine for k > 1 can be found in [27, 25].)
The stability condition in (42) becomes At < ;h*+ 3eh, and the one in (3.43) is At < £h?+ 2ch. These
results are the same as that of the first order finite difference method introduced in [I9] on staggered grids
which employs a different implicit-explicit strategy in discretization (see [I9] for the telegraph equation
and [20] for the one-group transport equation in slab geometry). Moreover, when ¢ is small with the
equation in the diffusive regime, At = O(h?); when ¢ is large with the equation in the convective regime,
At = O(eh). The timestep restrictions in both regimes are standard for explicit schemes.
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e For k > 1, the restriction on the time step is At = O(h?), which is reasonable for ¢ < 1, yet not the
most desired condition for e = O(1) in the convective regime. Similar as in [29] for analyzing DG methods
with explicit Runge-Kutta time discretizations, we conjecture that higher order time discretizations will
improve or overcome the restrictive condition on the time step when ¢ = O(1). This will be left to our
future investigation.

e For the telegraph equation, with its special discrete velocity space v € {—1,1}, one can verify that
(I —T1I)(v0zg) = v{0sg) = vdx(g) holds. Since the exact solution satisfies (g) = 0, it seems one does not
need to include (I-1I)(v9d,g) in the micro-macro formulation (Z3). Numerically this means not to include
bpp term in (25) and in (2I0). For the resulting scheme, we can follow the similar analysis as in this
subsection and obtain the stability result (8.30) under the condition

—L __n? fork >1
At < Atgay =4 CpFadin N 44
- tab { Q_C}‘Q;h2 = %h2, for k = 0. (3 )

The time step constraint for stability is no longer reflecting the “multi-scale” aspect of the equation, and
it is independent of e and always At = O(h?), even in the convective regime with e = O(1) and when
k = 0. This shows the importance of including the term (I—1I)(vd,.¢) in the design of numerical methods.

3.2 Error estimates

In this subsection, error estimates are carried out for the proposed method ([2I0]) to solve the kinetic transport
equation ([2.1]) in its micro-macro formulation (2.3]) with smooth exact solutions at any given time 7' : 0 < T’ < o0.
Let p™ and g" be the exact solution at time t" = nAt, Vn. Let II, and II,; denote two orthogonal projections onto
U} which will be specified later. Define the error function in p, e, =p" —p, =& —n, where { =1l,0" — pjy
and 7y = IL,p" — p". Similarly, ej = ¢g" — gy = £ — ng where { = I,g" — g and ny = I;g" — g". We also
denote &, = |€}]]* +£2/|€7~1[|[*. Both 7 and n}" can be estimated in a standard way based on the definitions
of II,, II,, and U ! (see the beginning of Section [3] regarding the property of projections), therefore the error
estimates for the proposed methods boil down to the estimation of {; and £, Vn. Throughout this subsection,
we use C, C, > 0 to denote generic constants. Here C' only depends on k; C, is independent of h, At and n and
depends on k, T, ||v]|c and some Sobolev norms of the exact solutions, more specifically, an upper bound of

10eepll, [1Ozepll, ||P||Hk+1(szz)= |10epl |Hk+1((lz)7 I10zeqlll, (| |9||%ﬂc+1(szz)>a (10eg] |§{k+1(szz)>

over ¢ € [0, T)]. Different occurrences of C, C,. could take different values. Standard notations for Sobolev spaces
H*1(€,) as well as their norms || - ||gs+1(q,) are used in this paper [7].

Recall that at ¢t = 0, the proposed methods are initialized through p9 = 7% and g9 = 7,¢°. With this and
Lemma [3.11 we have (§) = (Il;g") — (g;) = Ily(g") = 0, hence

(€ =0, V. (3.45)

In next Theorem, we will state the main error estimate results, and their proofs will be given step by step in
Sections B.2.TH3. 2.5

Theorem 3.6 (Error estimate). When the DG-IMEX1 method [2I0)) is applied to the kinetic transport equation
@) in its micro-macro decomposition formulation [23)), the following error estimates hold:

(1) with any of the alternating flux in (Z9)),

10" = I +€lllg" " = g HIIIP

<O, ((1 + DR 4 AL + (1 + e AL + h2 2 4 sh%“)) ; (3.46)
— 0
(2) with any of the central flux in (2Z9),
o™ = oI +2(llg" " — gi I
1
<C, (thQk“ +h? 4+ A + (0 eH AL + h?F 4 5h2k+1)> (3.47)

11



Table 3.1: Spatial accuracy orders established by the error estimates.

alternating | central
e =0(h) k+1 k
e>>h k+3 k

for n:nAt < T under the condition At < cAtgqy and At < % Here o is any constant in (0,1).

The error estimates are obtained as long as the time step is no larger than that required for numerical
stability. We further summarize the established spatial accuracy orders in Table Bl Numerically, higher than
theoretical convergence rates can be observed in some cases (see [10]).

Remark 3.7. What established here are a priori error estimates, and the constant C, depends on exact solutions
hence possibly on €. For any test case where sup, C. < 0o, the error estimates in Theorem hold uniformly
with respect to .

3.2.1 Local truncation errors and error equations

Using the consistency of the DG spatial discretization, local truncation errors from the n-th step temporal
discretization, denoted as 77'(-) € U} and 7)(-,v) € Uf, are defined as follows. For any ¢(-), ¢(-,v) € U},

(£ 0) +anta™ 0) = (57.6), (3.483)
I 29" 0} 4 Lo(gn ) — Lo ) = — (g ) + () (3.48)
At ) c h,ao\d > &_2 hip ) - 82 g ) g . .

Lemma 3.8. The following estimates hold for the local truncation errors,

o At
|l < 75 e, [[0eep (- )], (3.49)
n At 1/2
lle*rg 1l < 62% e 10w gl + At tg%gfg](lllatglll + (0%) 7Dl (3.50)

Proof. For any ¢ € U ,’j, using the definition of the local truncation errors and integration by parts on each mesh
element, we have

n+1 n

) = (o) e o) = (Eg s 0.0) + 0, 0) + (a0

n+1

pn+1 n p n
= <T _8tp 7¢) ((8tp+8x<vg>|t:t"7¢) = <T 8tp ’¢>

The third equality is due to the consistency of the numerical flux, therefore the consistency of the spatial
discretization. Now

tn+1

(rp,9) _ p"tt—p"
1] = o, |T¢|| S—xy— "l = ||/ (" = )Oup(x, t)dt|

tn+1

(L e oa |
— (t dt
At ( tn Q.

tn+1

1/2
At
(o t))“dtd < — O p(-, )|
(Orep(z, ) 95) = ﬁtrerf&?]” tep(- 1)

12



Similarly, for the truncation error in equation for g, Vi € UF,

gn+1 _

(e1y,9) = € (7& 7 ¢> +ebno(g", ) — vdn(p" T 9) + (6", )
=2 (99", ) + ebn o (g ) — vdn(p™, ) + (g™, 0)

2 gn+1_gn 9, g™ n+1 n n+1 n
tet | TRy 09 Y| —edn (" = ") + (9" 9" Y)

— 2 (01 + 000+ (I~ M) (0029) + S)le-rr.0)

4 2 M_a n+l _ n n+l _ n
€ AL k9" Y ) + (v (p p"), ) + (g 9",%)

2 (9" =g 1 1
-° (T—atg",¢>+(v8m(p"+ = ")) + (g™ = g™ ).

(275 )

Note [|e?75'|| = maxg e T then
) 9 gn+1 _ gn 1 1
lle*rg 11l < Mle*(F—x7—— = 0g™) + 00 (0" = p") + (g" " = g™l
n+1

_gn n n n n n
Lo+ Do = ol ™ — g

At
o At At 1219, _
<e \/—H%a)x]lllattglllﬂL H?(?X(Illatglllﬂ 2Y20|0uepl])

<&)2

O

Subtracting the numerical scheme (ZI0) from ([B48) and using the linearity, one gets the following error
equations,

n+l _ ¢n n+1 n

<§p - fp_,¢> +an(éy, ¢) = <%,¢> +an(nl, d) + (77, 9), (3.51a)
é-n-i-l _é-n 1 . ’U . "

<7g AL ! 71/)> + 2bno(&9) — (€ )+ ( ) (3.51b)

n+1 n
1 n 1 n v n 1 I "
— <%7¢> +gbh,v(77gv1/’)_€ d (ﬁp+1,¢)+_2(779+151/})+(Tg71/))

for any test functions ¢(-),v(-,v) € UF. We now take ¢ = £ in (B51a). In addition, we take ¢ = £2¢)*! in
(3.511), integrate in v, and shift the index n to n — 1. The resulting two equations are summed up and give
LHS = RHS, where

LHS =E.(&31,&0,&0, 67N + 121117, (3.52)
nptt —n
RHS = <%,ss+l> an(, € + (77, €57 (3.53)

+-62<<72—§§§3——,53>><+s<bhw<ng1,sg>>——<vdh<ng,sg>>—%<<ng,s;>>+-62«fg1,5;>>

Now we apply Lemma B2 with ¢ = ¢&,, ¢ =§;, and m =n — 1, and get

— 2At

LHS > —(£41 — &) (3.54)
+{@—w%ﬂﬁ2ﬁm

)+ (1= ) lIEFNE, for k> 1,
1) I, for k = 0.

I)—‘ ol

Next we want to estimate RHS. This will be proceeded for the proposed scheme with the alternating and the
central flux ([29]), respectively.

13



3.2.2 To estimate RHS (353) with the alternating flux

Without loss of generality, we consider using the alternating flux @ = (vg)", p = pT in the proposed
scheme (ZI0). For this case, we take II, = 7;7 and II; = 7, in error estimates. With such choices and

0o &8, 05 (v€N) (-, v) € UF™', one has [r on) s da = [, npdn (€] )de = 0, and (vny); = (n}) . =

0,Vi, therefore : :
an(ng, &) = (vdn(1,5)) = 0. (3.55)

We now turn to the term containing by, , in [B.53). With (£7) = 0,Vn in ([3.43), and the choice of II;, we have

(bnw(y ™1, 69)) = ((Drow(g~50),€5))

.y ( / onp=1a §gda:> DN oy )y 16N g) = (3 omp ),y [ y)

= (> (o 1>1,;[5g1i_%>+—<2_<vng i) = =Sl )

This can be further estimated as below, with any o € (0,1)

ot~ 01 (1= )5 ST )+ gy G )

< -onld 'Z[@,LJ %h%ﬂ (3.56)

3

The estimate in ([BI4]) is used to get the last inequality. We further note that

n+1 _ 77 ¢ntl
[A— N / (I = T1,)00p(z, s)ds|*da
tn
gttt
< At T =12t ) s
2 2k+2 __ 2k+2
<C tg[lgf?] ||5t/’('7t)||Hk+1(Q ) = Cih (3.57)
and similarly
n—1
- 77
B2 < € o 1009 ) s ) 172 = Col2, (358)

With these and the estimates on the truncation errors, we have

n+1 n
n -n n n o ¢n
| < £ At p7€p+l> +(Tp7€p+l)|

n+1
n _77 n n
<Jlg 12 + || L7212 <67 + Cu(h?2 + AP, (3.59)
and
2 ng 77;1 ' n n ¢n 2 n—1 ¢n
2 B )+ (o ) + 2 )
n—1
< igg e + Sell ) + 1 a>|||sg|||2+4(1—_0)<|||er I+ g IR)
<E|1EXN1P + (1 = o)lIEM N> + e Cuh® 2 + ((14e")At* + h2FH2) (3.60)

(1-0)
Now we combine the estimates in (353), (B56), (359), (B60), and get

RES| < &1+ (1= )P + (1 - )=t S g2 ) + Cor, (3.61)

K2
where

= (142 L AL + (1 + eM)At? 4 h2FHT2 4 gp2htl), (3.62)

— 0
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3.2.3 To estimate RHS (53) with the central flux

p—

Now we consider the proposed scheme (2I0) with the central flux (vg) = {(vg)},p = {p}. For this case, we
take II, = 7 and II, = m,. With such choices, there is

RHS =ap,(ny, &%) + (7, 671) + elbno(ny 1, €5)) — (vdn(ny, £5)) + (7571, €5))

—(m ) L)~ Y ({<vn3>}[5;;+11 el DE + <v{77}}}[§};]>>

%

=3

Moreover, one can use the estimates in ([B.I4), the estimates for the truncation errors, the inverse inequality

BI2a), and have

n o ¢n n—1 ¢n L 1—0 C
(75, &) + (g™ e < Sl + —— Ml + C. AL + 5

*
g — 0
h Cinv

1
| 2 e Diey | < g2 Iy + = DYy < Sl P + O™,

(1+ )AL,

-2
— |’U|

e S DN Dy < (1= el ST )+ T,

Cs
1—0

1—0

> (ol g iy < —— g NP +

3

h2k
therefore RHS can be estimated as (3.61) where

1
T =h¥* 4 A + (1 eNAL? + W2k 4 ephHDy, (3.63)
— 0

3.2.4 To estimate &;

With the discrete energy defined in the analysis, we also need to estimate £. To achieve this, we start with

BXIa), n =0, and have

e sy GO () - Al 6) + At 0
g 0£peU} ||¢|| 0£peUF ||¢||

a,h(607¢)
< lngll + llepll + At [ [I70]] + sup  — 20— .
ozgeur |9l

The first two terms can be estimated based on the property of the projections in (BI4), that is, ||n,|| =

lp* = I,p'|| = C.hF+! and [[€9]] = [|p° — 7 p°|| = C.h*. From Lemma B8, the truncation error 79 can be
controlled by ||7)|| < C.At. To estimate the last term, we use e) = g% — m,¢° and ([3.14), and have

- ., 1/2 1/2
|ah(eg,¢)|:|Z<U€2>i_é[¢]ié|§<h_1z<veg>i_é> (hZ[cﬁ]?_;) < C.h|¢),

for any ¢ € UF. Note that At < oAty implies At = C(h? + €h), with this, we finally have

& =& 1" + 2 [llgg11* = 1511 + £*Teg° — g° + g° — mng”||*
< Cu (AR + (14 )R + At') < C, (1 + 3R 2 + AtY).

3.2.5 The final step for the error estimates

We now combine the bounds of LHS and RHS in [B54), B61) with (8:62) for the alternating flux, or with
B53) for the central flux. Together with (835]), we have

1

oag Entt = En) < Enpr AEgIZ + Cur (3.64)
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with

L max(—aa—!—az%,())%—k(—a—kal%) fork>1 (3.65)
v= max(—aa—k%%,())o‘—hg—a fork=0. '
As long as 4 < 0, that is,
At < oAt gap, (3.66)
where Atgq, comes from the time step constraint in ([B:31]) for numerical stability, then
(1 =2A8)En+1 < En + (2AL)C, T (3.67)

Assume At < % Define ©,, = &,(1 — 2A¢)", then O,1 < O, + 2At(1 — 2A¢)"C,7. With mathematical
induction, and the estimate of £ in Section [3.2.4] one gets

O, < 2AtC,7((1 = 2At) 4+ -+ + (1 = 2A1)" 1) + 01 < (Cur + &) (1 — 2At) < C.r, (3.68)
that is £, (1 — 2A¢)™ < C.7. Moreover, with n : Atn < T, there is
En < (1=2A1H)7"C,r < 220,71 < CLe*Tr = C,r. (3.69)

On the other hand, the properties of the projection operators [B.14) ensure ||n7]| = C.h* 1 and |[|n} ||| =
C,.hF+1, therefore

llepll® +€%llleg 117 < 2(llmp 11 + M1l ~HI1P + €n) < Culr + (1 +%)R42). (3.70)
We now can conclude the main error estimates in Theorem B.6 by further utilizing the forms of 7 in ([B.62]) and
B.63).
3.3 Rigorous asymptotic analysis

In [I0], a formal asymptotic analysis was performed for the proposed methods, showing that when ¢ — 0,
the limiting schemes are consistent discretizations for the limiting heat equation. In this section, we want to
establish this asymptotic preserving property rigorously for DG-IMEX1 using tools from functional analysis.

To explicitly indicate how the numerical solutions depend on the mesh parameter At, h, and on &, we use
Pz At and gZ A, to denote p and gy in this section, unless otherwise specified. For the initial condition
pe(z,t =0) and g.(z,v,t = 0), two assumptions are made which are mild and reasonable.

(A1) At t =0,
pe = po, {(vg:) = (vgo) in L*(Q,), ase— 0. (3.71)

Here “—” stands for weak convergence.

(A2)
sup(||pe|li=0 < o0, sup(|[lge|[])li=0 < oo (3.72)

In the following analysis, the index k for the discrete space U, ,’f, hence in the numerical method, is fixed. Let
{7, }jvjl denote an orthonormal basis of UF with respect to the standard L? inner product. We define

PALL = ThpPolt=0, aAe.n = T (vgo) |t=0, (3.73)

and also denote ¢ p; 5, = <vg; At n)» Vn. Below we will discuss some properties of the numerical solution at
t = t™ with n = 0, 1, before turning to the main result in Theorem [B.10

Lemma 3.9. Under the assumptions (A1) and (A2), we have
(i) lim._ pg)At)h = p&tw and lim._,q qgm’h = qgt7h. The convergence is in any norm.

(i) sup, [[pZ A pll < 00, and sup, |[|g2 o 5 lll < 0.

16



Proof. First note that UF is finite dimensional, then a sequence in UF, if converges, will converge in any norm.
To prove (i), based on assumption (A1), we have lim._,o0(pe, %) = (po,¥), Y3 € L?(Q,) at ¢t = 0, therefore as
e — 0,

Nk Nk
P e = Tpelizo = D (peli=0, ¥5) 5 = > (poli=o, ¥;)¥;j = mpoli=o = PArp-
i=1 j=1

Similarly, the second half of (i) can be proved.
To prove (ii), recall that gg)At)h = Th9el|t=0, then

Ny Ny,
1192 a0nl11P = (N2 aenll®) = Q_(gele=0, %)) < (llgellP)e=o Y 11511
j=1 j=1

Now with assumption (A2), we have sup, |[|g2 A, ||| < co. Similarly, one can show that

1/2

Sngpg,At,h” < (llpelDle=o | D 119517 < 00, (3.74)

j=1

What remains is to establish the boundedness of sup, [|p} A, pll-

From (ZTI0a) with n =0,

ah(gg,At,hv ¢)

102, acnll < 1102 arnll + At sup (3.75)
0£GEUE o]
Without loss of generality, in ap(-,-) defined in (2.6al), we consider @ = (vg)~. First we have
Ny Ny,
102 ae )l = 1Y ({vgedlemo, W) U517 = Y ((vge)le—o, ¥5)°
Jj=1 j=1
Ny Ny
< (IHwge)lP)e=o D 115117 < w?) (el 1Pl D 1195117, (3.76)
Jj=1 j=1
and
Ny
(092 aendi | = 1D ((0ge)lem0, U)W (2, )]
2 J:1 2
Ny
< @) 2 (gD =0 > 1% (2 ,)I- (3.77)
i=1 ’

Based on the definition of ay(+,-), and inverse inequalities in (B.12), we further get

an(92 a0 8) = —((008 ars)s 0:8) = > (098 i), 01y

2

< 109 a1 1061l + 3 1052 )y 16—
C(k;) ' 1/2
< 2160 { 16092 aradll + (h Z<<vgg,m,h>i_;>2> . (3.78)

Now we can combine ([B.74)-([B78) as well as the boundedness assumption (.A2), and conclude

sup [z arnll < Ck, AL, (v7)) (Sup [lpell + sup |||ga|||) |t=0 < 00
€ € €

17



Theorem 3.10. Let ¢y be any fized positive constant, ¢y € (0,1). Under the assumptions (Al) and (A2) on
the nitial data, and under the following condition on the time step At,

h (1 — Co)agh

At < Atgstapeg = —— (1 —co)h in(e, , 3.79
oo = e (= o) min(e, 2 3:79)
with a;,1 =1,2,3 defined in BI3), we have

lm o2 Aeh = PAcns  Ge.ath = QAen L) as € =0, Yn>1 (3.80)

for some pR; 1 Gpsp € UF, and the limits satisfy

n+1
<%¢, ¢> Z/ th nO0zpdx — Z (qzt,h)i_% [¢]z—

[

=0, VoeU}, (3.81a)

[N

it = ) (3 [ ihoniars DEED, sy ). etk asw

for n > 0, with the initial data given by [BT3).
The limiting scheme (B&1]), though being implicitly defined, is intrinsically explicit if one first solves pZngh
then ggﬂl in actual implementation. Note that this limiting scheme with any fixed k is a consistent scheme for

the limiting heat equation dyp = 9, ((v?)d,p) in its first order form
Oip+0.q=0, q=—{(v*)0pp. (3.82)

In fact, the spatial discretization in the limiting scheme is exactly the local DG spatial discretization for the
heat equation studied in [§].

Proof. We start with revisiting v in (8:36) and (8:37)) from the stability analysis. By requiring v < —¢g, we obtain
the condition (B.79) on the time step At. It is easy to see Atgigh,co < Atsian (In fact, lime, o Alsiab,co = Atstab-)
The remaining of the proof consists of two steps.

Step 1: In this step, we want to show

sup [[p arnll <00, suplllglapplll < oo, VR 21, (3.83)
€ €
when At and h satisfy B79). With such mesh parameters, equation (338) turns to

1
s (1258 LI + 212 arllP) = (o2 el + 92504 lID) < —colllgZanal P (3:84)

that is
ot R nll? + 2Ateo + e)[192 e nllIP < 1102 arnll? + 2192 ap 1l (3.85)

On the other hand, Atsiap e, < Atstap, and this implies the stability estimate [B.30). Combining B85, B30),
the boundedness of sup, [[p} a ], supe [[192 Ay 1]l in Lemma B9 we will obtain (3.83).

Step 2: Now we would like to establish the asymptotic behavior in ([B:80]), as well as the fact that the limits

PAsp and gR, ;, satisty (B.8I) with the initial data (B.73).
First of all, it is easy to see that to obtain ([B.80), it is equivalent to show

im pf  Aen = PAths e, Atk — GArn 1D L*(Q,) as m — 00, Yn>1 (3.86)

m— 00

where {&,,}2°_; is any sequence such that lim,, o £, = 0. Given that U,’j is finite dimensional, the boundedness
of sup,,, |2 appll from BB3) implies that there is a subsequence {p? 1, ,}22; converging in U} under any

norm as r — 0o. Let’s denote the limit as p, ), € Uk.
Now we turn to {q A, p}m=1- For the simplicity of notations, this sequence will be denoted as {qZ }77_; =

{(vg? )}oo—1 in the present paragraph. For each function g.,,, it can be written as g (z,v) = ZJ 1 aéQ (V)T (z).
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In addition, we have ||[g7 ||| = (Zjvjl ¥ ||%2(Qu)) . This, in addition to the boundedness of sup,), |[|gZ |||

in [B.83)), indicates that sup,, ||0¢§Q||2L2(QU), therefore sup,. ||a§{2r||2L2(QU) is bounded for any j = 1,---, Ni. As
;S-QT 122, has a subsequence which is weakly
gj) 00
mpe Sr=1"

limit when r — oo is denoted as aéj) € L*(Q,), Vj. We now define g}, ,(z,v) = Zjvjl aéj)(v)\llj(x), and

QRon = (V9% ) = SN (val))U;(2). For any ¢ € U,

Ny,

Ny, )
Jim (a2, e t) =3 (i wall) )) (052, 0) = 3 ((wal)) (¥;(@), ) = (dhen ).

a Hilbert space, L?(2,) is weakly sequentially compact, that is, {«

convergent in L?(€2,). Without loss of generality, this subsequence is still denoted as {« and the weak

Up to now, we have shown that (3.80) holds for a subsequence of {pZ ;)72 and {q A, 172 as
7 — 00. Moreover, it is straightforward to see that the limits px, , and g, ,, n = 1,2,---, satisfy (G.81]) with
the initial data (3.73). On the other hand, given the initial data (3.73), the solution to (B.73) at t"*1, n >0, is
uniquely determined by first solving (3.8Tal) for PZJ{}I and then solving (3.8Th)) for qZ‘;}I. Finally, we can follow
a standard contradiction argument and the uniqueness of the solution to BT to conclude that (80) holds
for the entire sequence. o

Remark 3.11. The rigorous asymptotic analysis is established for the methods with the first order accuracy
in time ([2I0). When higher order temporal discretizations are used as in [10], one can follow the steps in this
subsection to obtain a rigorous asymptotic analysis, as long as a stability estimate similar to (336 is available.
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