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SPECTRAL APPROXIMATION ON THE UNIT BALL

HUIYUAN LI AND YUAN XU

ABSTRACT. Spectral approximation by polynomials on the unit ball is studied in the frame
of the Sobolev spaces W;(Bd), 1 < p < co. The main results give sharp estimates on the
order of approximation by polynomials in the Sobolev spaces and explicit construction
of approximating polynomials. One major effort lies in understanding the structure of
orthogonal polynomials with respect to an inner product of the Sobolev space W;(Bd).
As an application, a direct and efficient spectral-Galerkin method based on our orthogonal
polynomials is proposed for the second and the fourth order elliptic equations on the unit
ball, its optimal error estimates are explicitly derived for both procedures in the Sobolev
spaces and, finally, numerical examples are presented to illustrate the theoretic results.

1. INTRODUCTION

Spectral methods have been used recently for solving partial differential equations on the
unit disk, unit ball, or other domains with cylindrical or spherical geometry. Their increasing
popularity on these domains lies partially in various applications in earth sciences, disk or
sphere shaped mirrors and lenses, fluid flow in a pipe or rotating cylinder, accretion disks in
planetary astronomy, to name a few.

In [6], Poisson equation on an axisymmetric domain is transformed into a system of two-
dimensional problems by the polar transformation, and the axisymmetric problems are then
approximated by an appropriate spectral-Galerkin method. Fast spectral-Galerkin methods
for Helmholtz equations on a disk or a cylinder are proposed in [23] 25], using the polar
transformation with essential pole conditions and the Chebyshev or Legendre polynomial
bases in the radial direction. Subsequently, these types of spectral-Galerkin methods have
been extended to other domains with spherical geometries, including the 3-dimensional ball [5]
24, 26]. Meanwhile, mixed Jacobi-Fourier spectral method are presented for elliptic equations
on a disk [20 30] and a mixed Jacobi-harmonic spectral approximation is proposed in [I5]
for a Navier-Stokes equation in a ball. See [7, 8, 9] for a comprehensive review of spectral
methods and their special treatments in polar/spherical coordinates. Moreover, an alternative
approach for solving differential equations in a smooth domain is to map the domain into the
unit ball and then apply a spectral method [2] B} @].

One of the challenging problems in the spectral methods on the unit ball is to measure and
estimate the errors of approximation in genuine, instead of anisotropic, Sobolev norms. Such
estimates were established for the product domain in [9} [T0] but has been lacking in most of the
works on the unit disk or the unit ball. The problem of characterizing best approximation by
the smoothness of functions is intensively studied in approximation theory. The two problems
are closely related but not exactly the same as we shall explain below. The purpose of this
paper is to conduct a comprehensive study for the spectral approximation on the unit ball B¢
of R?, making use of recent advances in both approximation theory, orthogonal polynomials,
and spectral methods.
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Spectral approximation for solving an elliptic equation on B? looks for approximate solu-
tions that are polynomials written in terms of certain orthogonal basis on the ball and their
coefficients are determined by the Galerkin method. To understand the convergence of such
an approximation process, it is necessary to study polynomial approximation in the Sobolev
space W3 (B?), where s is a positive integer, that consists of functions whose derivatives up
to s-th order are all in L?(B?). In some literatures, the space W3 (B?) is called H*®(B%). For
f € Wi(B9), let S, °f denote its best polynomial approximation of degree at most n. For
spectral approximation, the desired estimate for f € WJ (B?), r > s is of the form

(1.1) If =S Fllwsma < en ™ flwpey, 0<k<s,

where || - [|lyyy ge) denotes the norm of W3 (B?) defined by

/
I fllwy@ay == ( Z Haaf”LQ(IBd))l 2.

laf<r

One of the main result of this paper is to establish this estimate and, more generally, establish
its analogue in the space W, (B?) for 1 < p < co.

The difficulty of quantifying the error of polynomial approximation on the unit ball lies
in the strong influence of the boundary of the ball on the approximation behavior. This
is well documented for approximation on a closed interval on the real line. A complete
characterization of best approximation on the unit ball is only carried out recently. In [I1], two
moduli of smoothness and their equivalent K -functionals were introduced and used to establish
both direct and inverse theorems that characterize the behavior of best approximation on the
unit ball. In [I2], approximation in the Sobolev space was studied and estimate for
s = 0 was established, more generally for 1 < p < oo ([I2, Corollary 5.4]), and the derivative
estimates were established for angular derivatives, which however do not imply . What
we can prove relatively effortless (see Theorem below) is the following estimate

(12) e @ - o750

L2(B9) SCn_s||f||W§(]B§‘i)7 ‘Ot| <s—1, aENg’
where ¢(x) = 1 — ||z|? vanishes on the boundary sphere S¥~! of BY and S9 is the partial sum
of the Fourier orthogonal expansion in L?(B?). This estimate, however, is weaker than
because of the power of ¢(z) in its left hand side.

It tuns out that what we need for proving is the orthogonal structure of the Soblolev
space W3 (B9), not the orthogonal structure of L?(B%). An essential step in our study is to
study orthogonal polynomials for with respect to the inner product

r$1-1
(f,9)_ o= (V[ Vog)ga+ Y (AP, A%g)ea

k=0

of W3 (B<), which we call the Sobolev orthogonal polynomials. Initially motivated by direct
and efficient spectral method of Atkinson and his collaborators that uses orthogonal polyno-
mials to solve linear elliptic equations on the disk [2] [3, 4], the Sobolev orthogonal polynomials
on the ball with respect to (-,-)_; were studied in [32] and those with respect to (-,-)_, were
studied in [22] [31]. In these works, Sobolev orthogonal bases were constructed in terms of the
orthogonal polynomials for L?(z,, B?) with 4 = 1 and 2, respectively, where the weight func-
tion @, (z) := (1 — ||z||*)*, which are given explicitly in terms of spherical harmonics and the

Jacobi polynomials ple? )(t) that are orthogonal polynomials with respect to (1 —#)*(1+t)?

n [—1,1]. For larger s, however, the orthogonal structure is more complicated, and we need
to extend the orthogonal basis for L?(cww,,B?) to allow u to be negative integers, which in
turn requires us to use extensions of the Jacobi polynomials with negative indexes. This is
prompted by the realization that the Sobolev orthogonal polynomials for s = —1 and s = —2
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in [31} 32] can be expressed in terms of orthogonal polynomials for L?(w,,B?) with p = —1
and —2, and, heuristically, the negative weight could cancel out the ¢!®//2 term in . The
Jacobi polynomials with negative indexes have been used in spectral approximation on other
domains in [T6], 17, 19, 27]. One of our main results is an explicitly constructed mutually
orthogonal polynomial basis for (-, -) which could be used as the building blocks for the
spectral-Galerkin method.

For f € L%(B?), its n-th best polynomial approximation is given by the n-th partial sum
of its Fourier orthogonal expansion on the ball. For f € Ws(B¢), we shall prove that the
best approximating polynomials to f are S, °f, the partial sums of the Fourier orthogonal
expansion in W} (B?) equipped with the inner product (-, -)_, which can be expressed explic-

—s)

itly in terms of the mutually orthogonal polynomials that we constructed. For the W (B4)
with p # 2, the best approximating polynomial is not explicitly known, but we are able to
show that a near-best approximating polynomial, denoted by S;,% and defined via a smooth
cut-off function 7, satisfies our sharp estimate in W (B%). Both S;;°f and Spnf are given by
explicit formulas that can be easily computed numerically (see Section 4). Our main result
on approximation in the Sobolev space is the following:

Theorem 1.1. Let s,7 =1,2.... Forany f € W;(Bd), r>s,1<p<oo, there is a constant
c independent of f and n, such that

1f = Sunfllwemay < CnirJrk”f”W;;(]Bd)a k=0,1,...,s,
where S, 5 f can be taken as S, °f for p = 2.

More precise results of this nature are stated in Section 4.1 below. To illustrate the applica-
tion of this result in the spectral approximation, we will consider two examples, the Helmholtz
equation and the biharmonic equation on the unit ball, and demonstrate how our results on
approximation in the Sobolev space can be used to error estimates in the spectral-Galerkin
method. Furthermore, we provide numerical examples for these equations for d = 2 and d = 3,
which further illustrate our findings.

The paper is written with readers in both approximation theory community and spectral
method community in mind. The problem of is originated and studied in the spectral
method, which is closely tied to the problem of characterizing best approximation that has
been a central theme and studied intensely in approximation theory. Our approach uses a
mixed bag of tools, developed in both approximation theory and spectral methods. It is our
hope that this paper will stimulate further collaboration between the two communities.

The paper is organized as follows. In the next section we present background materials,
orthogonal polynomials on the unit ball, Fourier orthogonal expansions, and recent results on
approximation on the unit ball. The orthogonal structure of the Sobolev space is developed in
Section 3. The main results on approximation by polynomials in the Sobolev space are stated
and proved in Section 4. Finally, in Section 5, we discuss applications of our main results in
the spectral-Galerkin methods and present our numerical examples. To keep the presentation
fluent, we leave technical details of extending orthogonal bases to negative indexes and proving
equivalence of norms in the Sobolev space to Appendix A and Appendix B, respectively.

2. PRELIMINARY AND BACKGROUND

For z,y € R?, we use the usual notation of ||z| and (z,y) to denote the Euclidean norm of =
and the dot product of z, y. The unit ball and the unit sphere in R% are denoted, respectively,
by

B :={zeR%: |z <1} and S¥1:={¢ecR¢:|¢| =1}
Throughout this paper, we let 9; denote the i-th partial derivative operator, let V = (Vy,...,Vy)
be the gradient and let A = 97 + ... + 8% be the usual Laplace operator. We denote by ¢ a
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constant that depends only on p, s or other fixed parameters, its value may change from line
to line.

2.1. Spherical harmonics. We follow the notation in [I3]. Let P¢ denote the space of
homogeneous polynomials of degree n in d variables. It is known that

n+d—1

dim P¢ = ( i >
n

Harmonic polynomials of d-variables are polynomials in P¢ that satisfy the Laplace equation
AY = 0. Spherical harmonics are the restriction of harmonic polynomials on the unit sphere.
Let H¢ denote the space of spherical harmonic polynomials of degree n. It is well-known that

al = dimHe = <n—|—d—1) — (n—l—d—?)).

n n—2

If Y € HY, then Y (z) = p"Y (£) in spherical-polar coordinates z = p&. We call Y (z) a solid
spherical harmonic. Evidently, Y is uniquely determined by its restriction on the sphere. We
shall also use HZ to denote the space of solid spherical harmonics.

The spherical harmonics of different degrees are orthogonal with respect to the inner prod-
uct

Fodhos = — [ F(©)g(©)do @),

Wq Jgd—1

where dw is the surface measure and wy = 272 /T(£) is the surface area; the inner product is
normalized so that (1,1)gs—1 = 1.
In spherical polar coordinates, the Laplace operator can be written as

d? d—1d 1

2.1 A=— 4= =
1) dp? p dp  p?

AOv

where p = ||z|| and Ay, the spherical part of A, is the Laplace-Beltrami operator that has
spherical harmonics as eigenfunctions; more precisely, for n =0,1,2, ...,

(2.2) AgY = —n(n+d-2)Y, Y eHl

Let f € L%(S% 1) and let {Y* : 1 < ¢ < al} be an orthonormal basis of H¢ such that
(Y, Y,")ga—1 = 0g,. The spherical harmonic expansion of f is defined by

L

FO=3"1vre), =Y g

n=0¢=1

We define the partial sum of the harmonic expansion and the projection operator projz;[ :
L2(S%1) s HL by

a

(2.3) SHFE) = projit f(€) and projlt f(€) == > FrY(€),

m=0

SR.

o~
Il
—

respectively. The projection operator is independent of the choice of orthonormal basis of HZ.
Furthermore, since proj;""T f is homogeneous, we can extend its definition to the unit ball by
proj* f(x) = p™ proj’t f(£) for x = p¢ € BY. We extend S} f accordingly. If h is a harmonic
function on the unit ball, then S*h is the best approximation to h in L?(B?).
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2.2. Orthogonal structure on the unit ball. Our basic reference in this section is [I4].
For p1 € R, let @, be the weight function defined by

() = (L Jz?)*, =] <1.
The classical orthogonal polynomials on the unit ball are orthogonal with respect to the inner

product

(2.4) (frg), = bld [ 1@ e =@ de, > -1

d
72 (p+1)

where b/} = is the normalization constant such that (1,1) , = 1. For clarity, we write

D(p+g+1)
<fa g>]]3;d = <fv g>0
Let TI¢ denote the space of polynomials in d real variables. For n = 0,1,2,..., let 114

denote the linear space of polynomials in d variables of (total) degree at most n. A polynomial
P € TI¢ is called orthogonal with respect to @, on the ball if (P, Q), =0forall Q€ m_ .

Let V4 (@) denote the space of orthogonal polynomials of total degree n with respect to w,.
It is well-known that

dimt = ("7 and dimVi(@,) = ("TL),
n n n

n

The space of VI has many different bases. Let {P?(x) : |a| = n} denote a basis of VI(w,,),
then (P, Pg"), = 0if n 7# m. The basis is called mutually orthogonal if (Fy, Pg), = 0
whenever o # 3, and it is called orthonormal if (P}, Py), = 1 in addition. Let (a), :=
a(a+1)...(a+n—1) be the Pochhammer symbol. We use the standard multi-index notation
that, for o € N¢,

al=a1! - aq!, and (a)y = (a1)y, - (Qg)y
One basis of V¥(w,,) is given in terms of the Jacobi polynomials and spherical harmonics.
Let Pj(”’”) (t) denote the usual Jacobi orthogonal polynomial of degree 7 with respect to weight
function (1 —¢)*(1 +1t)” on [—1,1].
Proposition 2.1. Forn € Ny and0 < j < %, let {Y,"” i1<i<ad
basis for HZ Define

n_2;} be an orthonormal

n—2j5°

(n=j+%); pln—2j+432)
(n—j+§+m); "’
Then the set {P}'}"(x):0<j < §,1</(<a

whenever p > —1. More preczsely,

<P# s P'u7 > h# 5n,m 5j,k 5[,”

gl j.m

(2.5) P () = 2lz]® - DY (@).

4 9} is a mutually orthogonal basis of Vii(w,)

where R is given by

(2 6) - (M—i_l)j(l_n_%)j(%)n
M mn =g = w5 Hat Da
This is a standard mutually orthogonal basis on the unit ball; see [I4] p. 39]. We include a
constant in the definition of P” (z) in order to extend this definition to the case of p < —1,
which is explained in Appendlx @
It is known that orthogonal polynomials with respect to @, are eigenfunctions of a second
order differential operator D,,. More precisely, we have

(2.7) D,P=—(n+d)(n+2u)P, VP eViw,),
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where
d d
0 0
Dy = A — jil 87ij 2p+ ':E mlaxl‘| .

In term of the mutually orthogonal basis {P}}" : 1 < ¢ < ad o,
the Fourier orthogonal expansion of f € Lz(wu,IB%d) is defined by

0<j<n/2,n=0,1,...},

Ay 25

Z Z Z fj EP;L@”, where f;’fé = h%<f’PIg,7Zn>M

n=00<j<n/2 (=1 Jjn

We define the partial sum of the orthogonal expansion and the projection operator proj :
L2(,,, BY) - Vi(ss,.) by

d
(28)  Sif(x Z projf, f(z) and  projl, f(z) = Z Z P,
j<m/2 =1
respectively. By definition, S# is the orthogonal projection of L? (wu,Bd) onto I%; that is,
Skf = fif feIld and
(Skf—fv), =0, Yoelll.

2.3. Fourier orthogonal expansions and approximation. For 1 < p < oo, let || ][, ga-1
denote the LP(S?!) norm

1 1/p
o= (- [ 1n@rase)

and let || f|| o si-1 = ||f||oo be the uniform norm for f € C(S~!). Furthermore, for 1 < p < oo,
let || f]|p.. denote the LP(cw,, BY) norm

1/p
s i= (2 [ 1@ =)t

and let || fllco.n = || f]loo be the uniform norm for f € C(B?). In the case of u = 0, we shall

In the remaining of this subsection, we write LP (resp. | f],) for either LP(w,,B?) or
LP(S%Y) (vesp. | fllpu or ||fllpge-1), and write proj, f and S,f for either proj’t f and
SHf defined in (2.3) or proj# f and S*f defined in (2.8). When the setting is on S?~1,
I, =I5 (S771).

Definition 2.2. Let f € LP if 1 <p < oo and f € C if p=o00. Forn > 0, the error of the
best approximation to f by polynomials of degree at most n is defined by

(2.9) En(f) == inf [|f —gllp, 1<p<oo.
geld

With norm specified, we shall write Ey(f)pu, En(f)ppe and Ey(f),si-1.

The standard Hilbert space theory shows that S, f is the best L? approximation to f; that
is,
En(f)2=If = SEfll2
For p # 2, we no longer know the polynomial of best approximation explicitly, but a near best
approximation is known (see, for example, [I3], p. 284]).
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Definition 2.3. A C*°-function 1 on [0,00) is called an admissible cut-off function if n(t) =1
for0 <t <1 andn(t) =0 fort>2. If n is such a function, define

(2.10) Sumfl@) =31 (fL) proj, f ().
k=0

When proj,, is specified, we will write S’;"L'fnf and S§ . f accordingly.

Since 7 is supported on [0, 2), the summation in S, , f can be terminated at k = 2n — 1,
so that S, , f is a polynomial of degree at most 2n — 1. It approximates f as well as the best
approximation polynomial of degree n.

Theorem 2.4. Let f € LP if l <p<oo and f € C if p=o0. Then
(1) Snyf €N,y and Sy, f = f for f € II4.
(2) Forn €N, [[Snyfllp < cllfllp-
(3) For n € N, there is a constant ¢ > 0, independent of f, such that

(2.11) 1f = Snnflly < (1 +)E(f)p-

The quantity E,(f),si—1 and E,(f)p, can be characterized by the smoothness of the
function f; see [11, [12] and Section 4 below.

2.4. Best approximation on the unit sphere. We recall result on the characterization of
best approximation by polynomials in LP(S?~!) in terms of the smoothness of the functions.
In approximation theory, smoothness of a function is usually measured by the modulus of
smoothness and its equivalent K-functional. Since we are primarily interested in functions in
Sobolev spaces, we shall state the result only in terms of K-functional.

For s =0,1,2,... and 1 < p < 0o, we define the Sobolev space W;(Sd_l) to be the space
of functions whose spherical /angular derivatives up to s-th order are all in LP(S?~1). For
p = 00, we replace L? space by the space C(S?~!) of continuous functions on S?~!. The norm
and semi-norm of W (S?1) can be defined by

212) I fllwgse-r) = Ifllpge=r + 1wy iy v ey = > D5 9lpsir,
1<i<j<d
where D; ; = 2;,0; — x;0;, 1 < i < j < d are angular differential operators. In polar
coordinates on the plane (x;,z;) = r; j(cosb; ;,sinb;;), D;; = %7 which explains their
2,7

name; see [I3, Section 1.8] for further properties of these operators.
Definition 2.5. Let f € LP(S%™1) if 1 <p < oo and f € C(S? 1) if p=co. For s € Ny an
t >0, define the K-functional

(2.13) K(f,t)psi-1 == geWign(gdfl) {Hf = 9lpsa-1 + ts|g‘{O/V5(Sd*1)} :

This definition and the characterization of best approximation below were established in
[11], where an equivalent modulus of smoothness was also defined.

Theorem 2.6. Let s € N and let f € LP(ST 1) if 1 < p < o0, and f € C(S¥71) if p = .
Then

(2.14) En(f)psa-—1 < cKy(fin™t), g4
and
(2.15) Ko (f,n ™ pger <en™ Y kT ER(f)pgar.

k=1
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The estimate (2.14) is usually called direct, or Jackson, inequality, while (2.15)) is usually
called inverse inequality. If f € W (S=1), then we can choose g = f in the infimum of
K-functional, which gives the following corollary.

Corollary 2.7. Let s € N and let f € W3(S*™!) if 1 <p < o0, and f € C(S*1) if p = o0.
Then

(2.16) En(fpsi-r < en™[fliyegi-1y < en™ | fllwg s

We will also need an estimate in the fractional order Sobolev space W +0(S41), where 0 <
6 < 1, which is defined as the interpolation space (W;(Sd_l), W;‘*‘l(Sd_l))g’p; see Appendix
B.

Theorem 2.8. If f € W (S 1) forr € Ng, 0< 0 <1 and 1 < p < oo, then
(2.17) 1f — Sf,?;fnf||wg+9(§d—1) < Cn—r+s||f||Wpr+g(Sd,1), s=0,1,...,r

Proof. Since D;;j maps He to itself for 1 < i < j < d [13, Lemma1.8.3], it follows readily
that D ; proj* = proj’t D; ;. As a result, nyjS’Z;‘f = S,?Dijf and nyjSlfnf = S;’;'anijf.
Thus by (2.11)) and (2.16),
||D'Ls7j(ST7;€’r]f - f)||p,Sd—1 < CEn(Df,jf)p,Sd*1 < Cn87T|Df,jf|o TS (sd-1))
for s =0,1,...,r, which gives (2.17) for # = 0. Consequently, it follows that
18%0F = Flwgoasy < en* I lwgioisy

which implies that [|S7, — I cowy sa-1),ws(sa-1)) < en" for any r > s, where || - [|z(x,v)
denotes the norm of the operator from X — Y. It then follows from (B.4) that

H s—
1S5 = Tl e+ oy wyo @amnyy < en™"

This completes the proof of (2.17). O

2.5. Best approximation on the unit ball. We recall result on best approximation by
polynomials in LP(B?). We define the Sobolev space W (@, B?) to be the space of functions
whose derivatives up to the s-th order are all in LP(zw,,, B?). For p = oo, we replace LP space
by the space C(B?) of continuous functions on B?. The norm of W} (w,, B?) is defined by

1/p

(2.18) 1l oy 1= (D0 10°F1E,)
|| <s
When p = 0, we write Hf”w;(lﬂad) = ||f||W;(w0,1Bad)-

A K-functional on the unit ball (and its equivalent modulus of smoothness) is defined in
[11] and used to characterize the best approximation in L?(tw,,, B?). Throughout this paper,

we define
p(x) =1z

Definition 2.9. Let f € LP(w,,B?) if 1 <p < oo and f € C(B?) if p=oco. For s € N and
t > 0, define

- : _ s|,|0
Kao(F B := geW;’l?i,l,,]Bd) {Hf Illp.pe +1 |g|W5(wad)}'
where
d
(2.19) 905 8y = D 1D 0l + D 10° 0 gllp,-

1<i<j<d i=1
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Both direct and inverse theorems were established for E,(f),.p, in [I1, Theorem 6.6]. They
are analogues of Theorem[2.6] We will only state the corollary that is an analogue of Corollary
2.7l and only for px = 0, where we write |f‘§)/VS(]Bd) = |f|§’/vs(WO By

Corollary 2.10. Let s € N and let f € W;(Bd) if 1 <p<oo, and f € C(BY) if p = cc.
Then

(2.20) En(fpt < en™|flygway < e Fllwsaa)-

It should be mentioned that [11] contains another K-functional that differs from K ,(f,t)p.,.
in its last term, which can also be used to estimate E, (f)p .. Several results on approxima-
tion in the Sobolev spaces and Lipschitz spaces were established in [12], which contains, for
example, the estimates

||Df,j(f - Sﬁ,nf)”p,u < CEn(DiS,jf)pw I<i<j<d.

For the spectral approximation, however, we are more interested in the derivatives 9% instead
of the angular derivatives. One result in this direction can be derived with the help of the
following lemma.

Lemma 2.11. For p> —1 and1<1:<d,

(2.21) 0;Stf =Skt (0if) and 9;SE, f =Skt (0if).

n—1 n—1,n

Proof. By the definition of Fourie orthogonal expansion, f — SKf =3 41 brojy, f and
proj# f € Vi (w,). By Lemma diprojt f € V& _ (wus1). It follows that (0;(f —
SEf).P),y = 0 forall P e ¢ Consequently, S“*1(d;f — 8;S*f) = 0. Since S**]

n—1-
reproduces polynomials of degree at most n — 1, Sﬁﬂ (0;SEf) = 0;S¥ f, which implies that
0=5,150if — 08 f) = SHT1(0if) — it S,

n—1

This proves the first identity in (2.21)). Since proj,, = S, —Sn—1, it follows that projﬁﬂ(aif) =

0; projk f, from which the second identity in follows immediately. O
Theorem 2.12. If f € W;(w,,B%) for 1 < p < oo, or f € C*(BY) for p = oo, then for
laf = s,

(2.22) 10%f = 0“8 o Fllp,tlal < ¢Enja) (0 flpu < en” (| fllws (oo, B9)-

Proof. This follows immediately from Lemma Theorem [2.4] and Corollary O

As explained in the introduction, the estimate with u = 0 and p = 2 is weaker than the
desired estimate (T.1)) because of the factor (1 — ||z||?)!*! that appears in its left hand side.

3. ORTHOGONAL STRUCTURE IN THE SOBOLEV SPACE
In this section, we consider orthogonal structure in the Sobolev space W (B9). Let
V2 =A™ and VZmtl.=vA™, m=1,2,....
Definition 3.1. For s =1,2,..., we define a bilinear form on the space W3 (B?) by
[31-1

(3.1) (£,9) s = V£,V 0)ga + > M(AFf, AR ),
k=0

where A\, k=0,1...,[5] — 1, are positive constants.
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It is easy to see that this defines an inner product for W3 (B%). We denote the space of
orthogonal polynomials of degree n with respect to this inner product by V%(w_,). The reason
that we use the negative index to denote such an inner product will become clear momentarily.

For our purpose, we need to extend the definition of orthogonal polynomials Pff ;" defined
in so that p can be negative. The extension is carried out in Appendix Below we
shall use P > for s = 1,2,..., and what we essentially need is the following lemma proved
in Appendlx @

Lemma 3.2. Let p € R, s € N and n € Ng. Then for 1 < ¢ <ad_ 25

(1-n—-9);
(_j>s(1 —n-—= % + 28)j*8
Furthermore, make the convention Pj*fé"(x) =0ifj <0orj>%; and define jo = ¥(j) if
V(j)i=s+j—n—d/2+1€{1,2,...,5}, and jo = 0 otherwise. Then for 0 <j < %

(3.3) AP (@) = 4M (o § = 2k)2 PR (@) + a(l2))Y T (),

—s,n s,n—2s . n
32) P, (x) = (2l = 1)* P (@), s <j< 3.

where q € Hgl‘oszflf in particular, g =0 if s+k > j.
For s = 1, the inner product (3.1]) becomes
<f7 g>—1 = <v.f7 v.g>]E3d + )‘0<fa g>§d—1'

Theorem 3.3. A mutually orthogonal basis of Vi(w_1) is given by {ijel’"(m) :0< 5 <

2,0 << al o} with

(3.4) hip o= (P " PP =2d(n+ % — 1)(1 = 8j0) + (Ao + dn)dj.

[ N4
In particular, the space V&(w_1) can be decomposed as
Vilw-1) = (1= z|*)Vi_s(@1) & Hy.

This theorem was first established in [32], where the polynomials P, Zl (z) for 7 > 1 are
written in the form

@n+d—2)2n+d—4)
2j(2n —2j +d — 2)

(3-5) P (x) = (lz]® = )P A (2), 1<5<

SE

which follows from (3.2)). Recall that polynomials in V¢(zw,) are eigenfunctions of a second

order differential operator D, for u > —1. It turns out that polynomials in V¢(w_;) are

eigenfunctions of D_;, which explains our notation of w_;. For s > 2, however, V%(w_5) is

closely related, but not exactly, the space of eigenfunctions of D_s; see the discussion in [22].
In the case of s = 2, the inner product becomes

(f:9) o = (AF, Ag)ga + Xo{fs 9)gar-
Theorem 3.4. A mutually orthogonal basis of mutually orthogonal basis for Vd(w_5) is given
by
Qb (@) =Y (x), QF () = (1— |[«]*)Y;~*(2),

me) = (= PP Y ), 22l

where where {Y~% 11 < v < a4

space V3(w_y) satisfies a decomposition

(3.6) Vilw—2) = (1= [[2]*)*V;_s(w2) & (1 = z|*)H5_, & Hy.

o_ QJ} is an orthonormal basis of Ha_ 9j- In particular, the
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The decomposition in the theorem is established in [22], from which the mutually orthogonal
basis follows from results in [3I]. The polynomials Q7 , are closely related to P]T;’" as can be

seen by (3.2). Indeed, PJTZQ’"(J:) = cQ7(z) except when j = 1, in which case

n—i—g—l

P72™(2) = c1.0Q7 J(x) — —2—Y" 3(2), 2n+d>6
) = Qo) = @
and PfZ’"(a:) = ¢14Q7 o(w) + 2 for n = d = 2, where ¢;, is a constant that can be obtained
by comparing the leading coefficients.
The orthogonal structure of W5 (B?) for s > 3 is more complicated. As we shall see below,

the analogue of (3.6]) no longer holds if s > 2. We start with a lemma.

Lemma 3.5. Let k and n be nonnegative integers. For Y € H4,

n d k
(3.7) AF[(1 = ||z Y ()] L:g = 4k(_j)k<_k)jkinj_3;

Proof. Tt suffices to prove (3.7)) for all Y(z) =Y;*(x), £ =0,1,..., al. By (A§ , 7 .
and (3.3]), we obtain

AF[(1 — [2lP) Y7 (@)] = AF(L — al?) Pir ()] = — i Ak panti g
‘ SRENCET R P
(’I’L + 2] + % B 2k)2k 2k—j,n+2j—2k

:4k(_j)j (n—|—j+%)j G—Fk,0 (2),

which is equal to zero if 0 < 7 < k — 1 and its restriction on S is zero if j > 2k + 1 by
(13.2). It is easy to see that the right hand side of ) is also zero for j in these ranges. In
the remaining case k < j < 2k, we use and | ) to derive

(n+J—k'+ - k2k—J+l)

pRh—jin+2j -2k oy _
© (]—k).(n+k+§)j_k

j—k,t

SAGE

and simplify the constant by

=) (n+2j+§—2k)ok (n+5—k+9)-r2k—j+ 1)k _ (= (=)
T4+ 9 (G = k) + K+ §)j- ! )i
Then (3.7)) is established. O

(n—!—%)
d
T3

For ¢ =0,1,...,7, consider the system of linear equations
J
. +d/2)
3.8 4* —i)k(—k)i— (ni
. 2R G )

The system has a unique solution, since the matrix of the system is tridiagonal with nonzero
diagonal elements. In fact, co = 8;0, ¢; = (—1)7477/(j!(n + d/2);) and the rest ¢; can be
deduced recursively starting from c;.

CZ‘:(Sk’j, nggj

Lemma 3.6. For any n,j € Ny, let c?’j, 0 < i < j, be the unique solution of the linear
system (3.8)). If j <0, define Y”’](x) :=0 and, if j > 0, define

Y7 Zc’ﬂ 2Py Y @), 1< e<al,

Then for s € Ny, x € B? and € € Sd_l,
(3.9) ASY () =Y (x)  and AV () = 65, Y7 (€).
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Proof. The second identity of (3.9) follows directly from the definition of ¢f’; and the Lemma
To prove the first identity, we use the spherical-polar coordinates x = p& and derive from

and that
(3.10) Alg(ll2]*)Y7" ()] = a(p®)p" 2 DoY[" (€) + (95 + 4505)a(p*) " Y7 (€)
= Dq(||«|*)Y{" (2),
where Dq is defined by
Dq(t) = A[tq" (1) + (n + )¢’ ()]
If q is a polynomial of degree j, then Dq is a polynomial of degree j — 1. In particular, this

shows that AJ*1Y;"/(x) = 0. Consequently, each Y,/ (z) is the solution of the following
elliptic equation

1, . hd
(3.11) {A u=0 in BY,

Aku:6j7kY[L on S¢1, k=0,1,...,7,
which admits a unique solution by the posedness and regularity theory of the elliptic equation

[29, Thoerem 5.5.2, pp. 390-391]. On the other hand, it is easy to see that Asn"’jJrS(x) is also

a solution of (3.11)). By the uniqueness of the solution, we must have Asn”’jJrs(x) = Yen’j (z),
which completes the proof. O

We did not find a closed-form formula for of ¢ Here are the first three Yen’j :
1— =]
n+ %
(n+9)A — ll2l*)? + 201 — [|l=[|*)
2(n+ 4)(n+ %),

Y 2) =Y (@),  Y)(2) = Y (2),

Y (@) =

Y ().

With the help of Y”’j , we can now define a mutually orthogonal basis for V4(w_,).

Lemma 3.7. For s € N, nENQ,O<]<Q(md1<€<a define

n—2j5’
Py (x), j>s,

[ W 1 k —sn

—em Cem AP MNE) q

(3.12) Q@) = (P @) = Y YT ), T3l <i<s -1

P P (9

n—2j,j .

Y (@), 0<ji<[5]-1,

where{ESd L Thenf0r0<j§% and 1 <{<a

L ARQEIM(E) = 0jkYy' 2f<>f <kE<[3]-1

2. If s is even, then AL JQ " (x ;

3. 1If s is odd, then Al3 JQM?”( z) =27 (n+ g —s+1), 1P715"15€+1(ac) for j # 5] and
ABIQ () =Y " @) = P ).

Proof. For j > s, it follows from (3.3) that A*P *"(x) = 4%(n + 4 — 2k), kPQk sn=2k (),
which instantly gives item 2 and item 3 for s < j < % Further, for 0<k< f%] 1, one
derives from (3.2 that AkP]T;’"(f) =0 owing to j — k > s — 2k > 1. Hence, item 1 follows if
s<j< 3.

kP— s,n
A combination of (3.3]) and 8]) implies that Yi%(;f) is a constant independent of &.

Hence, @, ;" is defined in such a way that A’“Q;é ") =0for [§] <j<s—1,as can be
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easily verified using (3.9)). Furthermore, by (3.9) and (3.3), we obtain
ALsIp7om(€)

ABIQI" (@) = AP @) = Sr51-1.150 —n
v/ (e)

¥/ (@)
2|—s,n—2|%
BA %@

By (3.2) and j — [5] > s —2[5] > 1 for odd s, PQLLJJ o 2L J(5) = 0; thus AL%JQ;;’"(QU) =
4L§J(n+f 2[5)215P L%i-; 2ls J( ), which proves item 2 and item 3 for [§] < j <s—1.
2

Finally, if 0 < j < [5] — 1, all three items follow directly from O

n—2j
= 0r51-1,13) Y, J(fff))-

Theorem 3.8. The polynomials in {Q;jn(z) 0<j<1<i<al o} form a mutually
orthogonal basis of V(w_,). More precisely,

(3.13) Q0™ Q5% >_3_h 58t 0.0 00 00
for (-,-)_ defined in (3.1), where

22571d(n+%f3) (n+775+1)s 1 j> [%—I’
hin = d(n—2j)+ X, j_ T
A

B
Proof. From item 1 of Lemma and the orthonormality of {¥;* : 1 < ¢ < ad}, it follows
immediately that

[31-1

> A(ARQ " AR s = N Sygrbe, 0 < [5] -1

and the left hand side is equal to zero if j > [%W or j' > {%] Thus, we remain to consider
(VR
If s is odd, we temporarily denote ¢;,, = 257 (n+ % —s+ 1)1 if j # 8;1 and Coct = 1.
From item 3 of Lemma [3.7] we obtain that

—1,n—s+1 —1,n'—s+1
J = ¢jntj (VP_s 1o VP ey )z

52, whereas it can be seen from (3.4) with Ao = 0
that

J = [d(n — s+ 1)5%7-] —+ 2d(n —+ g — S)(Cj,n)2(1 — 63%1,])] 5n,n’5j,j'5€,e’

for j,j' >
If s is even, we obtain from item 2 of Lemma [3.7] that

J=2Mn+4%—s)n"+4%-5s), (PJO_ni s Pof;;)w.

It is obvious that J =0if j < 5 —1or j' < 5 —1. For j,j' > 3, it follows from (2.6) that

42 (n + § —5).J?
n+%75

J = 5n,n’5j,j’5é,f’;

which proves (3.13)) for even s. The proof is completed. O
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Just as the projection operator defined for 4 > —1, we define the orthogonal projection
operator proj,* : W5 (B?) — V&(w_,), where s is a positive integer, by

71_]

(3.14) proj,,* Z = Z £Q0™) Q5" (@),

0<i<5 him =1
Lemma 3.9. Let f € Wi (B?) and s € N. Fork=0,1,...[§] -1,

(3.15) AP proj,® f(€) = projit o, AT f(€), eS8,
Proof. Form Lemma Theorem [3.8| and the orthonormality of {Y;}, it follows that

d

Aproir fO = Y A ST QY )

0<j<n/2 Jn (=1

d
Ap 2k

= > (ARFYPT) LY TRR(E) = projit ,, AFF(E),

=1
551. In the remaining case of s is odd and k = s* , it follows from Lemma

Theorem and ((3.4) that

Ap 23
k . n—2j
A" proj,,* E =5 E (f,Q _0i kY, (z)
O<]<§ .77” =1
aSLL—Zk

1
I D LA It AAE YR Y
=1

d

1 Ap—2k - ) .
m Z [d<Akf, anygn 2k>§d71 + A <Akf’ an 2k>Sd71} YZ 2k (f)
{=1

d
Ay 2k

= Z (akf, Yen_%>sd—lyen_2k(§) = proj%_% AFf(E),

(=1

where the third equality sign is derived using Green’s formula. O
Lemma 3.10. Assume that f € W;(B?) satisfies f(z) = (1 — ||z||*)*g(x). Then for s =
1,2...,
(3.16) proj,* f(z) = (1 = ||z]|*)* proj;, o, g(x), = € B
Proof. The fact of (1 — [|z]|?)® in f implies immediately from that Akf(@ =0if k=
0,1,...,[5] — 1, so that (f, Qj_j’n>_s (V*f, VSQ;;" B~ By and ASQ_S" =
ASP._S’” for 0 < j < 5. Applying Green’s identity repeatedly and using , we then obtain

<faQ_S n>_5 ( ) <fa ASQ_S n> = (71)S<fv ASPJTZS,n>IBd

S d
o s d s,n—2s o (_4) S‘(n + 2 28)28

*(74) (n + 2 25)2s<fa Pj_sj >IBd - (g + 1)5
which is zero if j < s; while for j > s, it follows from (3.12]), (3.13)), (3.2) and (2.6) that
Q™) @50 (@) _ (9, P70 2 (1= [l2]|?) P ()

pS s )
J,m 7,m

which finally proves (3.16|). 0

n—2
<g7pj§_7;,e S>

s?
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4. APPROXIMATION BY POLYNOMIALS ON THE BALL

This section contains our main results on approximation in the Sobolev space on the ball
and their proofs. To facilitate readers who are mainly interested in the results, we state our
main theorems in the first subsection and give their proofs in subsequent subsections.

4.1. Main results. Let n € C*°[0,00) be an admissible cut-off function. With respect to the
inner product (-,-)_, of Wy (B?), we define

oo

(4.1) S5 f(z) = Zprojlzs f(z) and S, 7 f(z):= Zn (7]{;) proj; * f(x).
k=0

k=0

By definition, S, ¢f € TI¢ and Spnl € g, ;, and it is obvious that
(4.2) (f=8.°f,v)_y=0 and (f-S,;fv)_, =0, Yve e,
Our first result is on approximation in the space of W} (BY).

Theorem 4.1. Letr e N. If f € W;(]B%d) and 1 < p < oo, then

d
(4.3) If = Spnfllppe <en™' ZEnfl(aif)p,Bd <en”"|[fllwr ey,

i—1
(4.4) 10if — 0y fllppe < cEn1(0if)ppa < Cn_r+1||3ifHW;*1(Bd), 1<i<d,

where S, f can be replaced by S;' f if p = 2.

For W;(Bd), s = 2,3,..., the errors are not directly bounded by E,(f), s but we still
have the order of convergence.

Theorem 4.2. Letr,s € Nandr>s. If f € W;'(Bd) and 1 < p < oo, then, for n > s,
(45) ||f - S’r?,f]f”WIf(IBd) < cn_r+k||f”W;(IBd)7 k= 07 ]-7 ceey S,
where S, 5 f can be replaced by S, f if p= 2.

We denote by V?/If (B?) the subspace of W (B?) defined by

(4.6) WeBY) = {f e W (BY) : 9 flou, =0,k =0,1,...,5 1},
where 0, denote the normal derivative of S¥~1. For s =1,2,... and 1 < p < oo, we define a
semi-norm of W3 (B?) by
1/p
(4.7) Flwgen = X 10°FI0g) "

a€eNg, lal=s

If f e W; (B), then it can be shown (see the end of Appendix B) that, for 1 < p < oo,

d
(4.8) 1 lwgmay ~ 1Flwzmay ~ IV Fllpsa ~ > 1105 fllpme-

i=1

Theorem 4.3. Letr,s € Nand k € Ng. If f € W;(Bd)ﬂW;(Bd) withr > s and 1 < p < oo,
then, forn > s,
(4.9) If— S;,fnyW;f(Bd) <en "HH Z 0% f15, s () < C”#JrkaHW;(de

|a]=s

where Sg;f can be replaced by S, °f if p = 2.
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It should be pointed out that if f € W;(BdL then f(z) = (1 — ||z]|*)%g(z) for some
g€ W;(Bd) and, by Lemma [3.10]

Spanf(@) =1 = 2]*)S; s, 9(@).

These results will be proved in the following subsections, where the following observation
will be useful. For f € W (B9), it follows immediately from applying the Holder inequality
on BY and S~ that

[31-1 [51-1
(.90l < ( Flpgies) (I lpme + > Vel A gl g0-1).
k=0
Using Lemma and the inequality (B.3]), we obtain the following lemma.
Lemma 4.4. For f € W;(B%) and g € W (B?), with L + ;=1 and 1 < p < oo,
(4.10) (£, 9)—| < el Fllws @ llgllws @e)-

4.2. Approximation by polynomials in W;(Bd). According to Theorem if f €
V[/p1 (B4), then we can decompose f into two parts

flz)y=(01- ||x||2) (x) + h(z), where Ah=0.
Then it is readily checked by Lemma [3.10] that
proj, " f(z) = (1 - Hxll %) projy, _ g(x) + projy h(z).

For f € Wz} (B?), let S, 1 f be defined as in (4.1)). The following lemma is essential for the
proof of Theorem

Theorem 4.5. For 1 <i<dandn=1,2,.
(4.11) 8.5, f = S0, (0:f) and 9,S;hf =S50, ,(0:f).

Proof. Since 9;S;1f € I _, | it suffices to prove
(4.12) (0:SM f = 0if v)ga =0, Vo elll_|,
for the first identity of m From the Fourier expansion of f,

A —2;

f=L o Zfﬂ“”ﬂ"h Fa™ = g™ AP s

m2>00<j<m/2 (=1

it follows that
d —27
a-asii- Y Y Y Frrann
m>n+1 OS]Sm/Q /=1
If 7 > 1, by integration by part and (| E7 we obtain that, for m > n 4+ 1,
(0P ™ v)pa = c((1 = ||z|I*) P12, 0w) gy =0, velld ).
If 5 =0, then Po_j’m(x) = Y™ (x). Since 0;Y;™ is a homogenous polynomial of degree m — 1,
and A9;Y,™ = 0, it follows that 0,Y;™ € HZ,_; C V2 _(wwp), so that
<8iP0_’£1’m,v>Bd =0, m>n+1, wve Hn 1

As a result, (4.12)) holds, which proves the first identity of (4.11)).
Since 9;proj, ' f = %i(S; f — S; 1 f) = SY_,0:f — Sg_Qaif = proj,, dif, the second
identity of (4.11)) follows readily. O
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Proof of Theorem For 1 <i <d, by (4.11)), Theorem [2.4] and (2.20), we obtain

10 f — 5i577,17f||p,mad =6 - 52_1,n(3if)||p,13d < cBn-1(0if )ppe < e FH0; fllyyr-1 ga),
which proves . Furthermore, by (3.15)) and ( -,

||f Spnfllpgi-r = ||f Shpfllpsat < en™ Y| fllyr-1ga-1)-

Putting these together then applying Lemma [B.2| with s = 1 and F(f) = || f||,s¢-1, Lemma
With s=r,and F(f) = ||fHWpr_1(Sd,1), we obtain
(413)  If = Sanflwpen < en 19 g + 1 g gy | < en” 1 llwy

To prove (4.3)), we use the Aubin-Nitsche duality argument. We define

P~lsign(g), g#0
_ _ S—l d * |g‘ ) B}
g=[f—=5,,/ and g {07 g=0.

Then g € LP(BY), g* € LI(BY) and |lgllypallg™llyme = (9% 9)pe = gl ga = llg"[7 g with
1% + % = 1. Consider the following auxiliary elliptic boundary value problem
—Au=g* in BY and Owu+u=0 on SIL

It admits a unique solution v € WZ(B) such that Hu||Wz < ¢|lg*|lq ([29, Theorem 5.5.2,

pp. 390-391]). Let (-,-)_, denote the inner product ({3.1] with Ao = d. The equivalent varia-
tional form reads

(4.14) (u,v) _; = (Vu, Vu)ga + d(u,v)ga—1 = (g", ) pa Yo e W, (BY).
Since S;ﬂl7 reproduces polynomials of degree n, it follows that

(S(g1n9) 1 = (Sig qtw = Supw) , =0,

n,n

Consequently, by (4.14) with v = g, the Holder inequality (4.10]), and (4.13) with » = 2, we
obtain

(9%, 9)pe = (u,9) 1 = (u—S[y) u.9)_,
< llu = 572, yulwy o lglhws ey < en~ ullwsso gl o

|gpe and (4.13) again to obtain

We then apply [[ullw: < clg*

(9", 9)pa - -
lgllpBe = 1o id < enHgllwa@gay < en”"l| fllwy @ay-
a,
This completes the proof of (4.3]). O

4.3. Approximation by polynomials in W (B%). By definition, S, *f is a polynomial in
¢ and S ¢ o 1s a polynomial in g, . We need an analogue of Theorem

Theorem 4.6. Forn,s € Nd andn > s,

(4.15) Als JS sf— S2L J SAL Iy, Als JS 5f = S2L%2JL_§?77AL%J]£.

Proof. By the definition (3.14]), we recall that

7127

pI"Ojn Z Z f —s n )7 .]};Tls,n _ _ <f’ Q—s n>78.

0<j<n/2 I=1 h
We first assume s = 2m. By item 2 of Lemma it follows that
A"Q "M (@) = 2°(n+ § — 8) P (@),
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which is equal to zero if 7 < m—1. By item 1 of Lemma A’“Q_S "(€) = 0 holds for j > m
and 0 < k < m — 1, it then follows from and ( -j that

T—8,1n A my—S,n mQ ( ) m m <Amf’POi7;:z> d n—s
fiaMATQ " @) = — e (AT AT e = =P (@),
J7 j—m,n—s

for any j > m. Since{PjorinZ m<j<21<(<al
Vies

f—2;} is a mutually orthogonal basis of

(o), we conclude that
A™ proj;,® f(x) = proj,_, A™ f (),

which leads to (4.15]) for even s.
Now we assume s = 2m + 1. The same argument of using Lemma (3.13)) and (3.4)
shows that A™Q; 7" () = 0 for j <m — 1 and

T8N Am)—S,n AMQ_S”() m my—Ss,n m m)—Ss,mn
FirarQ;; <>—T[<m JoVATQ; M g + A AT LA™ Q55 g ]
A™ ’P—ln 2m
_< z . >—1 P—lﬁ:LZQm(m)’ ]Zm
j—m,n—2m Ao=Am

This implies
A™ proj,, * f(x) = proj,t,, A™f(x)
by Theorem Thus, also holds for odd s. O
Proof of Theorem [[.3 1f s = 2m, it follows from Theorem Theorem and Corollary
210 that
IVof = VoS o fllp e = |1A™f = Sp oy (A" F)llppa < cBns(A™ f), pa
< en AT fllyrogay S e 0% fllyr-e says

|a|=s
whereas, if s = 2m + 1, we obtain form Theorem Theorem and Corollary that
d

IV f =S5 Fllpsa = [IVA™ 1 = VS Ly (A ) psa S e B s(@iA™ 1) pa

i=1

d
e Y A fllyy e ggay < en”F Y 10 Pl -

=1 |a|=s
Moreover, for 0 < k < [£] — 1, we obtain, by (3.15) and (2.17),
”Ak(f Sn nf)”w* 2k=1/P(gd—1) = ”Akf 2k n(Ak )HW;_WC_l/p(Sd—l)

<cn T+sHAkf”WZ:—?k—l/P(Sdfl)-
Putting these together and applying Lemma and (B.2)), we obtain
[5]-1

(416)  11f — Suifllwpcan < en 0 |19 Fllwyeoy + 9 IA*Fllypraev/m o)
k=0

< Cn_r—‘rS”fHWpT(IBd))

which establishes (4.5)) for the case k = s.
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Next we consider the estimate (4.5) for & = 0. This requires the following formula: for
s=1,2,3,...
l5]-1

@i [ V@@= 3 [ A e, A (e

= Sd—1
11 | |

-3 [ aaoag@ds+ [ A g,
i=o §d—1 B

where 0, = din denote the derivative in the radius direction. For s = 1, the first term in the

right hand side is taken to be zero and (4.17)) is the classical Green’s identity. For s = 2,3, ...,
we apply Green’s identity repeatedly.
We need the following auxiliary partial differential equations with boundary values,
(—A)*u =, in B?,
(4.18) AsT17ky = 0, on $SHk=0,1,...,[5] -1,
oA 1Ry — (=1)*AFu =0, on S 1 k=0,1,...,[5] -1
Let (-,-)_, be defined as in (3.1)) with all Ay = d. Using (4.17) with f = u shows that
[$1-1
(4.19) (,9)_y = (V°u,Vg)ga+d 3 (AFu, Abghos s = (v,g)5u,
k=0

for g € qu(IBBd), where % + % =1for 1 <p<oo. If v =0, then (4.19) with u = g shows that
llul|-s :== (u,u)_, = 0, which implies that v = 0. This shows that the homogenous problem

of (4.18) has a unique solution u = 0. Hence, by Theorem 5.4.4/2 and Theorem 5.5.1 in [29],
A? is an isomorphic mapping from the space Uss(Bd) onto L7(B?), where

2smdy . [ . 2s mdy . As—1—k, _ d—1 1. _ S
U (B)._{u.qu (B : A1k =0 on S ,k_o,1,...,H—1,
and 8,A%" 1 Fy — (“1)*AFy = 0,0n $¥1 k= 0,1,..., H - 1}.
As in the proof of Theorem we use duality arguments and define
- lg|P~'sign(g), g # 0,
=f-S7°f and ¢*=
g=f=5,f g {07 g=0.
By the isomorphism property of A®, (4.18) with v = ¢g* admits a unique solution that satisifes
||U,||Wq25(]Bd) < lg*|lga [29, Theorem 5.5.1].
Since S, 3 reproduces polynomials of degree n, it follows that
(925510 s = (f = Saius S8 ), =0
As a result, we derive from (4.19) with v = ¢g*, (4.10) and (4.16)) with » = s that
(97, 9)5s =(u,9)_, = (u— Sy u.9)
Slu—=Spy yullws @ llglwg @) < en”™* [ullwzs @y lglhw; -
We then apply ||uHWq25(Bd) < c|lg*|lq and obtain, using (4.16) again, that
<g*a g>]Bd
9%l q,4

By the definition of g, this establishes (4.5 for & = 0. Finally, the case 0 < k < s of (4.5))
follows from Lemma [B.1l O

19llppe = < en”llgllwg ey < e fllwy-
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4.4. Proof of Theorem If fe W(Bd) or if f is a radial function, then (f,g)_, =
(V°f,V°g)pa. As aresult, by Corollary (4.16) can be replaced by

1f = S fllwsgay < en™ 7 10 FI5pr—s gay-
|a|=s

The proof of the first inequality of (4.9) now follows exactly the proof of Theorem The
second inequality of (4.9)) follows from

0% Flyyr—s gay < O Fllwy—2@ay < cllfllwy @),

which completes the proof. O

5. APPLICATIONS AND NUMERICAL EXAMPLES

To illustrate our results, we consider numerical solutions of two elliptic equations of the
second and fourth order, respectively, on the unit ball, and we choose the spectral-Galerkin
method using orthogonal polynomials on the ball. We will carry out a convergence analyses of
the approximation scheme in the Hilbert space and present numerical examples that illustrate
our theorems.

5.1. Second order equation. We consider the non-homogenous boundary problem of the
Helmholtz equation on the unit ball,

(5.1) —Au+ \u = f in BY, Ohtt +nu = g on S,
where the constant A > 0,7 > 0 and A+ 7 > 0. Let
A (u,v) == [(Vu, Vo)ga + dn(u, v)gar ] + Mu, v)ga = (u,0)_; + Mu, v)ga

In the variational formulation, solving is equivalent to find v € W4 (B?) such that
(5:2) Ay (u,v) ={f, V)ga + dlg,vhgar, v € W (B,
which, by the Lax-Milgram lemma [I8], admits a unique solution that satisfies
(5.3) IVull3pa + Mull3 ga + dnllull3gas < c(lf113 20 + dllgl3ga-1)-

The spectral-Galerkin approximation to amounts to find u,, € I1¢ such that
(5.4) At v) = (f0)ga +dlg,0)gas, v EILL,

which has a unique solution that satisfies (5.3) with u,, in place of u.
By Theorem the orthogonal expansions of u,, € II¢ can be written as

d
n—2j

" a

= D D P
k=00<j<n/2 (=1
Substituting this expression into and setting v = P;;’k, we obtain a linear system of
equations on {ﬂfz} The matrix [A; (PTZI’}C, P]Zlg’,kl)] contains two parts. The first part, called
stiff matrix, has been computed in . To evaluate the second part, called the mass matrix,
we use the definition of Pjtél’k given in . By and , it is not difficult to check
that

—1,n _ vn -1n _ pOn  pOn—2 .
PO,IZ =Y, and Pj,é = Pj,é Pj—l,é , j>1
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Hence, using (2.6), we obtain that

#id<2_5])0)’ n:n/)j:j/7£:€/7
d

_ 1 — 5=, n=n'"4+2,=5'+1,0=1,

<P_£17n7P_/1Z,/n >]B§d — 2nd+d + ] .7- + ,

g 7 -5, n'=n+2,j=j+1=1,
0, otherwise.

Thus, the stiff matrix is diagonal and the mass matrix is tridiagonal when the coefficients are
arranged appropriately.
The convergence of this approximation scheme is given in the following theorem.

Theorem 5.1. Let u and u, be the solutions of (5.1) and (5.4), respectively. If u € W3 (B?)
with s > 1, then

[u = unllwgmay < en™ " uflwgpay, 0<k<1<s.

Proof. Recall that S, denote the nth partial sum of orthogonal expansion with respect to
(,-)_,- By , and 7
Ai (g — S;  u,v) =(uy — S;  u,v) )+ Muy — S M, v)ga
=(up — u,v) | + Mty — u,0)ga + Mu — S; ' u, v)ga
=Au — Sy u,v)ga, v el
Taking v = u,, — S, 'u € 112, we obtain
Ar(un = S5, un — S5 ) < Mlu = S ullp palJun — S5 g pa
< SNl = 57l g+ 5 A — 5 — S0,
which implies that
IV (un = Sy ) [la,pe + V/dnllun — Sy llzga-1 + VA[un = S5 ullape < V3w — S | pa.
Thus, by Lemma and , fors=1,2,...,
lun = ullwy ey < cllu—S7 ullwg ey < en™ > Hlullw,.
Furthermore, by a standard Aubin-Nitsche argument, we also have
[t — ullopa < en™Hu, — ullw mey
where we omit the details. Together, the last two displayed inequalities complete the proof. [

5.2. Fourth order equation. We consider the following fourth order elliptic equation on
the unit ball,

(5.5) A%u—MAu+ Nu = f, in B uw=0u=0, ondB™L

where the constants A1, A\g > 0 and, for simplicity, we consider homogeneous boundary. In
the variational formulation, solving (5.5) is equivalent to find v € W2(B?) such that

(5.6) Az (u,v) = (Au, Av)ga + M (Vu, VU)o + Ao(u, V)ga = (f,V)ga, v E W;(Bd).

Let the approximation space be f[‘fb =114 n Vifg (B%). The spectral Galerkin approximation
scheme for (5.5)) amounts to find u,, € I1¢ such that
(57) A?(una ’U) = <f’ U)Bd, v e ﬂia

which has a unique and stable solution by the Lax-Milgram lemma [18].
The convergence of this approximation scheme is given in the following theorem.
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Theorem 5.2. Let u and u, be the solutions of (5.5) and (5.7)), respectively. If u € W5 (B?)
with s > 2, then

(5.8) lw—unllwe@ay < en SR Z ||8auHW;72(Bd), 0<k<2<s.

le]=2

Proof. From (j5.6) and (5.7)), it follows that As(u — uy,,v) = 0. Since S, %u € ﬁz, by (4.2), we

obtain
Az(S%u — uy,v) = Ao (S, 20 — up, v)
= (S, %u — u,v) o + A (V(S,%u — u), Vo)ga + Ao (S, 2u — u, )5
= A (V(S, 2u —u), VU)ga + XS, 2t — u, v)ga.
Taking v = S, 2u — u,, € IEIZ in , the above inequality shows that
1A (un = 852013 50+ [V (un — S720)][3 5o + Aollun — S5 %ull3 po
N[ V(u = S u)ll3 pa + ollun = S5 *ull3 pa,
which leads to, by ,
lun — ullwz@ey < llu— S, 2ullwz @) + llun — Sy 2ullwz e
< lu = Sy 2ullwz ey + el Alun — S5 %u) |20 < cllu— Sy %ullwz @a)-

Consequently, the estimate for k = 2 of (5.8]) follows from (4.9) in Theorem [4.3
A standard dual argument can then be used to derive the error estimate in the case of
k=0an k=1 of (5.8)), we omit details. O

5.3. Numerical results. We consider examples for the equations (5.1 and (5.5).
Example 5.3. For the Helmholtz equation (5.1)), we give numerical results in two and three

dimensions with A\ = 1 in the following settings:
(a) d=2, f(z) = a1(11 — 2% — 23) and g(€) = 2ng1 such that u(x) = 31 — (a2 + yP)ar;
4 — 23 — 23

_ _ A -)(& -4 +168 B+ &)
<b)d_3’f(x)_4+x§+x§—4x1 and g(£) = (5— €2 —46,)2 5— & — 4
such that u = f.

Let {tgﬂ ),wi(ﬁ )}?:0 be the zeros and the corresponding Christoffel numbers of the Jacobi

polynomials Pfli’f) (t). Set p; = (tgd/%l) +1)/2, 6, = arccostl(-o) for : = 0,...,n and
o; = 235:1 for j =0,1,...,2n. We report the discrete maximum error eps(u — u,) and the

discrete L%—error ey (u — u,), defined by

en(f)= _max |f@ol, ex(N= D [fan) 55t

0<k1,k2/2<n
0<k1,k2/2<n

with the measuring points @y = (pk, coS(Pr, ), pr, sin(dy,)) in two dimensions and by

QT w,(ci/z)w(o)kz

(P =, max Tl en(= 3 @y

0<ki,ka,ks/2<n
ko ka ks /25 0<k1 k2, ks /2<n

with 2 = (pk, c08(drs ), pi, Sin(Ok, ) cos(Pr, ), pry Sin(Oy,) sin(¢r,)) in three dimensions.
Theoretically, the spectral-Galerkin approximation with any n > 5 recover the exact
solution of Example (a). Figure [1| shows the maximum and the L?-errors between the
exact solution and the approximation solution of . It is easy to see from Figure [l (a)
that all the errors plotted are close to the machine precision, and an exponential oder of
convergence is found in Figure [1| (b). These conclusions match our theoretical results.
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FIGURE 1. L2- (solid) and maximum (dashed) errors of Example Left:
d=2,n=0;right: d=3,n=1.

Example 5.4. For the biharmonic equation (5.5)), we consider an example with Ay = Ao =1,
d =2 and the ezact solution u = cos(2w(x? + y?)) — 1. The function f in the right hand side

is determined by (5.5)).
Figure [2] shows the maximum and the L2- errors of the approximation scheme (5.7). An

exponential order of convergence is observed in this plot, which is in agreement with Theorem
0.2l

0

10

10

L2- and maximum errors

4 12 20 28 36 44 52 60
n, degree of polynomial

FIGURE 2. L?- (solid) and maximum (dash) errors of Example

APPENDIX A. GENERALIZED ORTHOGONAL POLYNOMIALS ON THE UNIT BALL

For a, 8 > —1, the Jacobi polynomials are defined by

o 1), . 1—t
Pj( ﬁ)(t):(aj,)jﬂq (—Jaj+06+ﬁ+a§04+1;2>-
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which are orthogonal to each other with respect to the weight function w®?(t) := (1 —#)*(1+
t)# on [-1,1],

2008415 T(i+a+ )G +B+1)
2j+a+8+1 JTG+a+8+1)

As it is shown in [28], writing the o F} in the following explicit form

1
(A1) / PP (1) PP (1) (1)t =
—1

J . k
a k+a+1)_pr(G+a+B8+1), (t—1
A2 PP =3 ( J
(A-2) ;0 (j— k) E! 2 ’
k=0
extends the definition of Pj(a’ﬁ (t) for all negative values of o and/or § in literature. However,

if —j—a—p€{1,2,...,5}, then a reduction of the degree of Pj(aﬁ) occurs. To avoid the

degree reduction, we define the generalized Jacobi polynomials by

J k
~(a k+a+1)-,k t—1 .
A3 PP (1) = ( ; ( >’ <o
(A-3) ;0 g%@—%ﬂh@+a+ﬁ+k+mfk 2 J &5

where jo = jg"ﬁ(j) =—j—a—-pif—j—a—-pe€{l,2,...,5} and jo = 0 otherwise. We also
define that Pj(a’ﬁ)(t) = ﬁj(a’ﬁ) (t) = 0 whenever j is a negative integer. By the definition, it is
evident that

~ 1
A4 P ()= ———— P P), it jo=0.
( ) j () (]+a+ﬂ+1)]J () Jo

The lemma below contains several properties of these polynomials, which are well-known
properties of the Jacobi polynomials if j, = 0.

Lemma A.1. For a,pB € R,

~ + 1),
A5 pedqy o latly 5 o
N 1 =1\ 5
A. PP (t) = PCoAt), j>-aeN
( 6) 7 () (j+a+1)—a( 2 ) Jjtao ()7 J =z (OAS )
d 5(a 1 S(at1, ,
(A7) Gh 0w =P, gz

By comparison of the corresponding powers of ¢ — 1, both (A.6) and (A.7)) follow from
(A.4), and (A.5)) is an immediate consequences of (A.4).

We now extend the definition of the orthogonal polynomials (2.5) on the unit ball to
negative p,
Definition A.2. Let p € R. Forn € Ng and 0 < j < %, let {an_zj 1< < afhzj} be an
orthonormal basis for "H;ik%. Define

. d
n . =S(pn—2j+5—1) n—2j
(A.8) Pl () = (n—j + §); P 2 2ll]? - )Y ().

We now prove Lemma [3.2] which we restate below.
Lemma Let s € N and k,n € Ng. Then for 1 < (< al

n—23’
—s,n (1 —n—= g)]
B2 P (x) = —
= 7t ) (_J)S(l_n_%+23)jfs

B3) AP (x) = 4F(n+ § = 2k) P T (@) + p(|2]P)Y TV (2), 0

IN
|3

)

s pS,m—2s .
(ll* = 1)* P (2), s<

IN

J=

[SIB]

)

. —sn—2j+%—-1,. , p . . .
where p € H}O_k_l, Jo =170 " TT2T(4) and Pl () =04f j <0 orj> 5. In particular,

p=0ij+k=>s.
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Proof. The identity (3.2) is an immediate consequence of (A.6) and (A.8)). Let ¢ be a poly-
nomial of degree j. Recall that, by (3.10]),
Alg(|z]*)Y{ ()] = Dy([l2|*) Y7 (x)
with Dg(u) := 4[uq”(u) + (n+ $)¢'(u)]. Let B=n—2j+ % -1, q(u) = ﬁj(fs’ﬂ)(Qu —1) and
t =2u — 1. It follows from (A.3) and (A.6]) that
Dq(u) =8[(B+1)d; + (1 + )37 PL> (1)

:426 (k — s+ 1)j-ik {(5+k)%+k_1} (g)k_Q

S G RRG — s+ B +k+1);-x 5
— A(j : (k—s+2)j-k t—1\k-1
_4(j+ﬁ),§jo(j—k)!(/f—l)!(j—8+ﬁ+k+1)jk( 2 )
4+ — : : 4(j0 _.S+1)j7j0 . (t—1>jo—2
(7 = J0)!(Go = 2 — s+ B+Jo + 1)j—jo \ 2

. H(—s+2,
=43+ B) P (1) + pjy—a(t),
where pj,—2 € H;r?,

jé_s+2’ﬂ+1)(j — 1)+ 1if jo > 1. Putting above computations together, it follows that

and the last equal sign is derived using the fact that jo = jé_s’ﬁ)(j) =

—s,n . d A(_an_2j+%_1) 2 n—2j
AP (@) = (n—j + §);A[P @ll=[* = DYy ()]
.. d
R ~(—s+2,n—2j+5—1) n—247
(n—j+§—1)41P;, 2 @lell? - )Y (@) + Qjp—a(2)

4
A+ 4 = D+ § = 2P @) + Qigalw)

where Qj,—2(z) = (n — j + 2);pjo—2(2]|2|*> — 1)}/;_2j(x). Using this identity recursively, we
derive

ARP ()4 (n+ § = 2k)a P T (1) + Qg (),

where Qj,—k—1(x) = p(2||z||> = 1)Y," "> (z) for certain p € I} ;. Specifically, s — (n—2; +
g—l)—jzs—i—j—n—%—&—lSkjifj—i—kas, in return, jo < k and IT! 1 2 p=0. This

Jo—k—
completes the proof. O
Monic orthogonal polynomials in Vd(cw,,) are defined by (cf. [14] p. 42])
(—a)2y —2|y|,.a—2
(A.9) Vi (x) = 27 M g,
27: (1= n=§—laDpy!
Since (—)2y, = 01if 2v; > «;, VI is a polynomial of degree |a|; in fact, VI (z) —z® € H|da\—1'
Moreover, {V/ : |a| = n, a € N&} is a basis of V(w,). Moreover, V/ is well defined if

and only if (1 —p— 4 — |a]),| # 0 for all v < |a/2]. If there exists 79 € N& such that
(1—p—4%- |a])}4o) = 0 and 279 < «, we use a truncated series for V; (),

(—a)2y —2|y|,.a—2
(A.10) Vi (x) = 27Ty,
Zd: (1—p—lal = §)m1!
[vI<pt5+lal-1
which removes the lower order terms in VY (z).
Lemma A.3. For 3 € N¢ and p € R with u+ % +|al ¢ {1,2,...,[ 2]},

(A.11) Vi) = (1)l (~a)s VP (@), e N
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Proof. Taking derivative 9; on (A.9) or (A.10), and using the fact that (—a)2+, (a; — 27v;) =
a;(1 — a4)2y,, it is easy to see that

02@) =Y By — et < a2 (o)
~ (1= p—5—laf)j,!
which, when used recursively, leads to (A.11)). O

APPENDIX B. SOBOLEV SPACES

In this appendix we discuss equivalent norms of the Sobolev space W (B9). Several results

that we shall need hold for fairly general domain © in R?. We state only their simplified
version for Q = B? and/or 2 = S¢~!. In this appendix, we adopt the convention that A ~ B
means c; A < B < ¢ A for some constants cg > ¢; > 0.

For s =1,2,... and 1 < p < 0o, we define a semi-norm of W;(Bd) by

1/p
Fwgeo = 2 10°f )
aENg,\M:s

Lemma B.1 ([I, Theorem 5.12, p.143]). Let 0 < g9 < o0, let 1 < p < oo, and let j and s be
integers with 0 < j < s — 1. There exists a constant K = K(eg, s,p,d) such that for every
few ),

|f|WIg([B;d) < K€|f|W;(Bd) + Ké_j/(s_j)“f”LP(Bd)a 0 <e<eo.

As a consequence of this lemma, it follows that

d
(B.1) 1 lws@ay ~ 1flLo@ay + 1 flws@ay ~ [1f]l o @ay + Z 19 Il o B4y
i=1

where the last equivalence signs are derived from [29] Thoerem 4.2.4, p.316].
We need another lemma on equivalent norms in Wy (B9).

Lemma B.2. [2I| Theorem 1.1.16] Let s = 1,2,... and let F(f) be a continuous seminorm
in Wy (B?) such that F(Ps_1) # 0 for any nonzero polynomial Ps_; € T1_,. Then

Z 10% fllLo@ay + F () ~ [1flws @e)-

loe|=s

A combination of (B.I)) with Lemma [B.2]leads to

Wllgremo ~ 30 10l + [ S 0% Fll ey + F(f)

(B.2) |B|=m-+s lal=s
3710 ey + FCF)-
lal=s

We need the fractional order Sobolev space on S?~!, which is defined via the interpolation
space. For f e Wio(S?71) + Wit (S?71) with sg,s1 € Ny, we define the K-functional

Ky s, (f, t)p,qu = fziflsf&-fl {HfOHW;O(Sd*l) + t”leszl(Sd—l)} .

For 0 < § <1 and 0 < @ < 1, the fractional order Sobolev space W;*e(Sdfl) is defined as the
interpolation space (W3 (S41), Wst1(S971))g , via the K-functional [29, §1.3],

Wito(sT1) i= {1 € Wa(sY) + Wit (8771 | fllyzeoas) < 00
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where the norm is defined by

= at\'?
£ llyygo ga-y = (/0 [t 0K sa(f, t)p,Sdl]pt> .

It follows that W3 (S41) € Wyt0(S?=1) c W3 (S?™!) and, furthermore [29, §1.3],

(B.3) 1fllws oty < el fllysroasy € WEHO(ST).

It is worth to point out that the interpolator (-,-)g,p is of type 6. Let Xg := Wy H0(S%1),
Yy = W;*e(Sd’l) for 0 < 0 <1 and assume T € L(X,,Y;), ¢ = 0,1. It follows then that
Te ﬁ(Xg, Ya) and

(B4) 1T ecxove) S NTUEK v 1T N2 0x0 v

Recall that V*™ = A™ and V2™l = A™V. We define |V f||,ps := |flw; and define

V2 HL ||, pa using A?™F! = VA™ accordingly. The following lemma is needed in the proof
of main theorems.

Lemma B.3. For f € W) (BY) andr > 1,
1511
(B.5) IV fllogay + D NA* fllyran-ssoigary ~ I1f lwyma)-
k=0
Proof. By Thoerem 5.5.2 in [29] p. 391], {A, I|ge-1 } is an isomorphic mapping from Wg“'S(IB%d)
onto W3 (B%) x W5+3_1/p(8d*1), which means that

1l zgony ~ 1A Flwgany + 1 lyaee o sy ¥ € WH2(BY).

It then follows from recursive reduction that, for any f € W7 (BY),
m—1
g @y ~IA™ Fllys oy + 3 IARFlL s 1as,
k=0
which proves (B.5) for » = 2m. Furthermore, assuming r = 2m + 1 and taking F(f) =
||f||W;71/p(Sd,1) and s = 1 in Lemma we can then deduce that

1w oy ~IVA™ FlL ooty + 3 NA*Flyessomgas):
k=0

which proves (B.5|) for » = 2m + 1. The proof is completed. O

In particular, for f € VT/; (B, (B.5) together with the inequality [|8;0; f| .»ma) < c||Af| Lo (pa)
for 1 < p < oo imply the inequality (4.8]).
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