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Optimal decay estimates for time-fractional and other
non-local subdiffusion equations via energy methods
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Abstract

We prove sharp estimates for the decay in time of solutions to a rather general class of
non-local in time subdiffusion equations on a bounded domain subject to a homogeneous
Dirichlet boundary condition. Important special cases are the time-fractional and ultraslow
diffusion equation, which have seen much interest during the last years, mostly due to their
applications in the modeling of anomalous diffusion. We study the case where the equation
is in divergence form with bounded measurable coefficients. Our proofs rely on energy
estimates and make use of a new and powerful inequality for integro-differential operators
of the form O¢(k * -). The results can be generalized to certain quasilinear equations. We
illustrate this by looking at the time-fractional p-Laplace and porous medium equation.
Here it turns out that the decay behaviour is markedly different from that in the classical
parabolic case.
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1 Introduction and main results

Let © C RY be a bounded domain. We are interested in the long-time behaviour of solutions to
the non-local in time diffusion equation

O¢(k  [u — ug]) — div (A(t,x)Du) =0, ¢>0,z€Q, (1)
subject to the Dirichlet boundary condition
ulpn =0, t>0,2¢€ N (2)
Here ug = ug(x) plays the role of the initial datum for u, that is
ult=0 = ug, € IN. (3)

The kernel k& € Ly joc(R4) is given, and k % v denotes the convolution on the positive halfline
R, :=[0,00) w.r.t. the time variable, that is (k * v)(t) = fg kE(t —m)v(r)dr, t > 0. We assume
that k is a kernel of type PC, by which we mean that the following condition is satisfied.
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(PC) k € L1,10c(R4) is nonnegative and nonincreasing, and there exists a kernel I € Ly, j,.(R4)
such that kx1 =1 on (0, 00).

We also write (k,l) € PC in this situation. From (k,I) € PC it follows that [ is completely
positive, see e.g. Theorem 2.2 in [4], in particular [ is nonnegative.

Concerning the coefficients A = (a;;) we merely assume measurability, boundedness, and a
uniform parabolicity condition, that is we assume that

(H) A€ Loo((0,T) x Q;RN*N) for all T > 0, and Jv > 0 such that
(A(t,2)€l€) > v[¢]?, for a.a. (t,z) € (0,00) x , and allé € RV,

An important example for a pair (k,1) € PC is given by (k,1) = (g1—a,9ga) with a € (0, 1),
where gg denotes the standard kernel

t>0, [>0.

In this case, (dl) is an equation of fractional time order a € (0,1), often called time-fractional
diffusion equation for A = vI; here the term 0;(k x v) becomes the classical Riemann-Liouville
fractional derivative 0fv of the (sufficiently smooth) function v, see e.g. [12].

Another interesting example is given by the pair

1 oo efst
k(t) = /0 gs(t)ds, ()= /0 53 ds, t>0. (4)
In this case the operator d;(k * -) is a so-called operator of distributed order, see e.g. [I3]. More
examples will be discussed in Section [0 below.

Equations of the form () appear in mathematical physics in the context of anomalous dif-
fusion processes, see e.g. [13], [14], [17], [21I]. Let us consider for a moment the situation where
Q= RN and A = I. Denote by Z(t,x) the fundamental solution of (I with Z(0,z) = 6(z).
For k as in the previous examples it is known that Z(t,-) is a probability density function for
all ¢ > 0. An important quantity that describes how fast particles diffuse and which can be
measured in experiments is the mean square displacement which is defined as

m(t) :/ |z2Z(t,z)dz, t>0.
RN

In the case of the classical diffusion equation (i.e. & = 1) m(t) = ct, ¢ > 0 with some constant
¢ > 0. In the time-fractional diffusion case (i.e. the first example) one observes that m(t) = ct®
(cf. [I7]), which shows that the diffusion is slower than in the classical case of Brownian motion.
In the second example, m(t) behaves like clogt for ¢ — 0o, see [13]. In this case () describes a
so-called wultraslow diffusion process.

Another context where equations of the form (IJ) and nonlinear variants of them arise is the
modelling of dynamic processes in materials with memory. Examples are given by the theory of
heat conduction with memory, see [20] and the references therein, and the diffusion of fluids in
porous media with memory, see [3], [10].

One of the main goals of this paper is to prove sharp decay estimates for suitably defined
solutions to (I)—(@). Among others, it turns out that the L2(€2)-norm of u decays algebraically



like ¢t~ in the first example, whereas in the ultraslow diffusion example it behaves like c(logt)~*
for t — co. Recall that in the classical case one has an exponential decay (as (2 is assumed to be
bounded). These decay rates reflect, like the mean square displacement, the different degrees of
slowness of diffusion in these examples.
To motivate our first main result, let us consider the special case A(t,x) = I, that is the
equation
O (k*[u—wugl) —Au=0, t>0,z¢€Q, (5)

together with (2) and (B). Assume that ug € Lo(Q). Let {¢,}5%, C H3(Q) be an orthonormal
basis of Lo(£2) consisting of eigenfunctions of the negative Dirichlet Laplacian with eigenvalues
An > 0, n € N. Denote by A; the smallest such eigenvalue. For g > 0 define the relaxation
function s, on [0,00) as the solution of the Volterra equation

su(t) +p(l*xs,)(t)=1, t>0. (6)
Note that sg = 1 and that () is equivalent to the integro-differential equation

d

pn (ks [s, —1]) (t) + psu(t) =0, t>0, s,(0)=1.

It is known that the assumption (k,{) € PC implies that s, is nonnegative, nonincreasing, and
that s, € H{ ;,.(Ry); moreover d,s,(t) < 0, see e.g. Priiss [20]. The solution u can now be
represented via Fourier series as

2) =Y s, (1) (woldn)dn(z), ¢20,z€Q, (7)

where (-|) denotes the standard inner product in L2(f2), cf. [I8 Theorem 4.1] for the special
case k = g1_q. By Parseval’s identity and since 9,5, < 0, it follows from (7)) that

o0

Ju( |L2(Q Z Sin U0|¢n)|2

<52,(t) Z (uolén)?

= SAI( )|u0|L2(Q

and thus
[u(t, )| Ly) < sx(®)luolpy), t2>0. (8)

This decay estimate is optimal as the example ug = ¢1 with solution u(t, x) = sy, (t)¢1(x) shows.
To our knowledge the estimate (®]) for solutions of (Bl seems to be new in the case of a general
kernel k enjoying property (PC). The special case k = g1_q can already be found in [16] and [I8]
Corollary 4.1]. Concerning the long-time behaviour of solutions to abstract linear and nonlinear
Volterra equations we also refer to [1], [4], [20], and [I9] and the references given therein.

One of the purposes of this paper is to generalize the decay estimate (8] to the weak setting
with an operator in divergence form as described as above.



Let ug € Lo(92). We say that a function u is a weak solution (subsolution, supersolution) of
M@ on Q7 := (0,T) x Q if u belongs to the space

V(T) := {v € Ly([0, T]; H}(Q)) such that
kxve C([0,T]; L2()), and (k * v)|;=o = 0},

and for any nonnegative test function
ne Ay (r) = H3(0, T} La() N Lo((0, T F13(Q) (M13(©) := CF () @)

with n|t=r = 0 there holds

/OT/Q (_ e (k * [u — o)) + (ADu|D77)> dndt = (<, 2)0

We say that a function u : (0,00) x Q — R is a global weak solution (subsolution, supersolution) of
@-@) if for any T' > 0 the restriction u|,1yxq is a weak solution (subsolution, supersolution)
of (M)-@) on (0,T) x .

We remark that existence and uniqueness of a global weak solution to (I)—(B) under the
above assumptions follow from the results in [28]. Observe that u € V(T') does not imply
u € C([0,T]; L2(2)) in general, so it is not so clear how to interpret the initial condition.
However, once one knows that the functions u and k x (u — ug) are sufficiently smooth, then
ult=0 = uo is satisfied in an appropriate sense (see [28]). We further mention that for any weak
solution of (I)-@) on (0,7) x Q we also have % (k* (u — ug)) € L2([0,T]; Hy '(2)), where the
time derivative has to be understood in the generalized sense and H, '(£2)) denotes the dual
space of H}(Q), see [28].

Notice also that under the above assumptions the weak maximum principle is valid and takes
the same form as in the classical parabolic case (see [26]). Thus the global weak solution u of

[@D)—@) satisfies

essﬂinfuo <wu(t,z) < esssupuo, for a.a. (t,z) € (0,00) x Q, 9)
provided ug € Loo(€2). We also refer to [15] for a different proof of the maximum principle in the
more special situation of strong solutions to the time-fractional diffusion equation. We further
remark that in the special case k = g1_, with « € (0,1) Holder continuity of the weak solution
to (I)—@) with ug € Loo(€2) has been established recently in [25], see also [27].

Denoting by y+ and y_ := [—y]+ the positive and negative part, respectively, of y € R, our
first main result concerning ([I)—(@) reads as follows.

Theorem 1.1 Let ug € Lo(2) and suppose that the conditions (H) and (PC) are satisfied. Then
for any global weak subsolution (supersolution) u of {)—(3), there holds

‘u_,_(_)(t, .)‘Lz(ﬂ) < Ssuxn (t) H’UJO]_,_(_)|L2(Q), a.a.t > 0.

As a direct consequence we obtain



Corollary 1.1 Let ug € L2(Q) and assume that the conditions (H) and (PC) are fulfilled. Then
the global weak solution u of (I)-(3) satisfies the estimate

[ult, ) ro@) < sun () [wolra0),  a.a.t>0. (10)

These decay estimates are again optimal as the special case A = vI shows, in fact specializing
further to v = 1 we recover the estimate (8.

We would like to point out that even though () is linear, Theorem [Tl and Corollary [L1]
are nonlinear results. For example one could think of A(t,z) = Ao(t,z,u(t,z)) with some
appropriate nonlinear function Ag. It is further possible to extend these results without much
effort to quasilinear equations of the form

(%(k * [u — uo]) —divA(t,z,u,Du) =0, ¢t>0,x¢€Q,
where A satisfies suitable measurability and structure conditions, in particular
(A(t, z,u, Du)|Du) > v|Du|?* with some v > 0.

To illustrate this aspect, we mention a quasilinear time-fractional problem with Dirichlet bound-
ary condition which has been studied recently in [27], where A(t,z) = A(u(t,x)). There it was
shown that the Lo-norm of the solution decays at least like t=*/2. Applying Corollary [Tl not
only improves this estimate, but also provides the optimal result which says that |u(t, -)|2 decays
like ¢t—.

The proof of Theorem [[1] is based on suitable energy estimates and a new and extremely
useful inequality for integro-differential operators of the form 0;(k * -) we will refer to as the
L,-norm inequality for O¢(k * -), see Section Bl below. For p =2 and k = g1, with o € (0,1) it
takes the form

Ol 1ag005 ([ o) = lilae)(0) < [ ut.) 3 (w = wo)(t. ) de, - aat € (0.1), (1)
Q

for all ug € L2(92) and all sufficiently smooth functions w : [0,7] x 2 — R. Once ([T is known,

it is quite straightforward to prove the desired decay rate for solutions in the time-fractional case

by formal estimates. In fact, testing the PDE with u, integrating over 2, and using A > vI as
well as Poincaré’s inequality gives

/ wf (u — up) de + 1/)\1/ lul*dz <0, t>0.
Q Q
By () this implies
(O] 2028 (10O = ol ) (0) + A fuO) By <0, ¢ > 0.
Assuming |u(t)|p, () > 0 we thus obtain the fractional differential inequality

O (lul Ly) — luolLy) (1) + vA1u(t)| oy <0, >0,

which implies ([I{), by a comparison principle argument (see Section below). To give a
rigorous proof of Theorem [[.T] which is on sub- and supersolutions in the weak setting, requires



much more effort. In particular the problem has to be regularized in time suitably in order to
justify the application of the so-called fundamental identity for operators of the form 9;(k * -)
(see (IH) below), which is the basic tool for deriving a priori estimates for equations of the form
(@ (cf. [26]) and also the key ingredient in the proof of the L,-norm inequality.

Our techniques also apply to other types of non-local in time subdiffusion equations. In the
present paper we also consider the time-fractional p-Laplace equation

Of(u—ug) —Apu=0 inRy xQ,
ulpo =0 at Ry x 99,

utmo = up in £,

where @ € (0,1) and 1 < p < co. It is well known that in the classical case o« = 1, solutions
decay algebraically as t — oo if p > 2, whereas for p < 2 one has the phenomenon of extinction
in finite time ([5]). It turns out that in the time-fractional case solutions decay algebraically like
t~7°1 in the whole range of p, see Theorem BT} our results indicate that extinction in finite time
does not occur anymore, at least if p > 13—12 This interesting phenomenon is due to the slowness
of the diffusion in the case @ < 1. A corresponding result can be shown for the time-fractional
porous medium equation, see Theorem 0.1

The paper is organized as follows. In Section 2 we collect some preliminary results on oper-
ators of the type 9:(k * -) and related Volterra integral equations. In particular we prove rather
general comparison results for these equations, which seem to be new and are interesting in its
own right. Section 3 is devoted to the L,-norm inequality and several variants of it. In Section
4 we derive a subsolution inequality for the positive part of a subsolution to (I)—@). This is an
important step in our proof of Theorem [T, which is completed in Section 5. In Section 6 we
illustrate our results by looking at several examples of pairs of kernels (k,l) € PC. We will see
that this class of kernels is quite rich in that the solutions may exhibit a very different kind of
decay like e.g. exponential, algebraic, or logarithmic decay. We obtain sharp decay rates, making
use of results on the Laplace transform and the Karamata-Feller Tauberian theorem. In Section
7 we discuss the asymptotic behaviour of the solution to the nonlinear time-fractional differential
equation

Of(u—wup)+vu” =0, t>0, u(0)=uwuy >0,

where « € (0,1) and v,y > 0. This equation is fundamental for deriving optimal decay estimates
for the quasilinear problems studied in the last two sections, Sections 8 and 9, which are concerned
with the time-fractional p-Laplace and porous medium equation, respectively.

2 Preliminaries

2.1 Regularization of the kernel

Let (k,1) € PC. For u > 0 let hy, € L1 0.(Ry) denote the resolvent kernel associated with pl,
that is we have
hu(t) + p(hy * 1)(t) = pi(t), t>0, u>0. (12)

Note that h, = —5, € L1, 10c(R4), in particular h,, is nonnegative. It is well-known that for any
f e Ly(0,T), 1 <p < oo, there holds h,, * f — f in L,([0,T]) as n — oo, see e.g. [26].



For 1t > 0 we set
ky="Fkxh,. (13)

It is known (see e.g. [20]) that k, = ps,, ¢ > 0, and thus the kernels k,, are also nonnegative
and nonincreasing, and they belong to H{ ([0, T]) for any T > 0.

The following lemma, which can be found in [26], provides an equivalent weak formulation
where the singular kernel k& appearing in the integro-differential operator w.r.t. time is approxi-
mated by a more regular kernel.

Lemma 2.1 Let ug € L2(Q?) and suppose that the conditions (H) and (PC) are satisfied. Then
u € V(T) is a weak solution (subsolution, supersolution) of {1)-(3) on Qr if and only if for any
nonnegative function 1 € H3(Q) there holds

/Q (wat[kn s (u— ug)] + (hn * [ADu]|D¢)) dz = (<,>)0, aate(0,T),neN  (14)

2.2 The fundamental identity

We next state a fundamental identity for integro-differential operators of the form 9;(k * -), cf.
also [26], [25]. It can be viewed as the analogue to the chain rule (H(u)) = H'(u)u’.

Lemma 2.2 Let T > 0 and U be an open subset of R. Let further k € HL([0,T]), H € C*(U),
and u € L1([0,T]) with u(t) € U for a.a. t € (0,T). Suppose that the functions H(u), H'(u)u,
and H'(u)(k * u) belong to L1([0,T]) (which is the case if, e.g., u € Loo([0,T])). Then we have
for a.a. t € (0,T),

d

H' (u(t)) = (k% u)(t) = % (ko H () (8) + (= H(u(t)) + H' (u(t))u(t) ) k(1)

- / (H(u(t = ) = Hu(®) = B (u(t)[u(t - 5) = u(t)])[-k(s)]ds.  (15)

The lemma follows from a straightforward computation. In particular identity (I3 applies to
the regularized operator u +— O¢(k, * u) from above. We remark that an integrated version of
(@) can be found in [9, Lemma 18.4.1]. Observe that (IH) remains valid for singular kernels k,
like e.g. k = g1 with « € (0, 1), provided that w is sufficiently smooth.

The special case H(y) = %y2 extends to the Hilbert space setting. The following lemma can
be found in [23].

Lemma 2.3 Let T > 0 and H be a real Hilbert space with inner product {-,-)3. Then for any
k€ HL([0,T]) and any u € Ly([0,T); H) there holds

(u(t), 5 (kew)(0)), = 5 % (o 3 )(0) + 5 KOOy

+%/O |u(t)—u(t—8)|%¢[—i€(5)]d37 a.a. t € (0,T).



2.3 Auxiliary results on Volterra equations

Lemma 2.4 Let (k,1) € PC, u >0, and T > 0. Let f, € Li([0,T]), n € N, and denote by
v, € L1([0,T]) the solution of

O (kp, xw)(t) + pw(t) = fnt), a.a.te(0,T),

where ky, is defined as in (I3). Suppose that f, — f in L1([0,T]). Then v, — v in L1([0,T]),
where v solves the equation

v(t) + p(lx0v)t) =1 f)E), aate(0,T).
Proof. a) Note first that for any w, f € Ly(]0,T]),
Op(kp xw) = f, a.e. in (0,T)
is equivalent to
1 - ~
w=—f+1xf, ae in(0,T).
n
This can be easily seen, e.g., with the aid of the Laplace transform.
b) Using a) with f = f,, — pv,, we see that
1 %
U+ pl kv, = —fn +1x fr, — —v, =: Fy,
n n
which gives
Up = Fyy — hy * Fy. (16)

On the other hand we have
v=1I0xf—h,xlxf. (17)

¢) Subtracting (7)) from (I6) and taking the L;([0,T])-norm we obtain
1
|Un - 'U|1 < |l * (fn - f)ll + g (|fn|1 + |hu * fn|1) + |hu * [ * (fn - f)'l
1 [ [ [
—|vp, — - —|h n — =|h .
+ = lon = vl ol 4 Sl (on = )1+l ol

We may now use Young’s inequality for convolutions and absorb, for large n, the terms on the
right-hand side that involve (v,, — v)-factors to conclude that v,, — v in L1([0,T1]). O

Lemma 2.5 Let (k,1) € PC, 1 >0, and T > 0. Letn € N and k,, be defined as in ([I3). Suppose
further that u,v, f € L1([0,T]) are such that

Ot (kp xu)+pu < f, a.e in(0,T);
Op(kp *v) +pv > f, a.e in(0,T).

Then u < v a.e. in (0,T).



Proof. From the assumptions it follows immediately that
O (b * [u —v]) + p(u —v) <0, a.e. in(0,7T).

We multiply this inequality with (v —v)4 and apply the fundamental identity ([I5) with H(y) =

2(y+)?. This gives

% Op(ky * [u —v)2) + plu —v]2 <0, ae. in (0,7). (18)

Next, we apply the positive operator (1 + Ix) to ([I8), thereby getting (cf. step a) in the proof of
Lemma [24]) that

1
(u—0)% +pu(=+1x)(u—0)2 <0, ae. in(0,7),
n

which in turn implies the assertion. (|

We also need the following nonlinear comparison result with a singular kernel.

Lemma 2.6 Let T > 0, (k,1) € PC, and f € C(R). Assume that f is nondecreasing. Suppose
that v, w € H{([0,T]) satisfy v(0) < w(0) and

O (k*[v—0(0)]) + f(v) <0, a.ate(0,T),
O (k* [w—w(0)]) + f(w) >0, a.ate(0,T).
Then v(t) < w(t) for all t € [0,T].
Proof. Subtracting the second from the first inequality yields
0y (k * [v—w]) + f(v) = f(w) < (v(0) —w(0))k(t) < 0.

We convolve this inequality with the positive kernel h,, with n € N (see ([[2) for its definition).
Since k * (v — w)(0) = 0 and using k,, = h,, * k we obtain

O (kn * [v — w]) + hyy % (f(v) — f(w)) < 0.

Next, we multiply by (v — w)4 and apply the fundamental identity as in the previous proof to
get

% B (ko % (v — w)2) + [l # (F(0) — F(w))] (v — w) < 0.

Convolving with the positive kernel [ then yields

%hn* (v —w)% +1x ([hn = (f(v) — f(w))] (v—w);) <O0.

We now send n — co and select an appropriate subsequence, if necessary, to infer that

5 = w41 ([0) — flw)] (0 - w)s) <0 (19)

Since f is nondecreasing, the second term is nonnegative, and thus (I9) implies (v — w)4 = 0,
that is v < w in [0, 7. O



Remark 2.1 The last result remains true for weak sub- and supersolutions, that is for v,w €
L1([0,T]) with kxv € C([0,T)), k*w € C([0,T]), f(v), f(w) € L1([0,T]), and for vy < wp
satisfying

T
[ (sl +orw) ar <0,

/0 (=@ (k * [w — wo]) + ¢ f(w)) dt >0,

for all nonnegative p € HL([0,T]) with o(T) = 0. In this situation one has v(t) < w(t) for a.a.
te(0,7).

2.4 A version of the Karamata-Feller Tauberian theorem

The asymptotic behaviour of a function w(t) as ¢ — oo can be determined, under suitable
conditions, by looking at the behaviour of its Laplace transform w(z) as z — 0, and vice versa.
An important situation where such a correspondence holds is described by the Karameter-Feller
Tauberian theorem. We state a special case of it, which suffices for our purposes. See the
monograph [8] for a more general version and proofs.

Theorem 2.1 Let L : (0,00) — (0,00) be a function that is slowly varying at oo, that is, for
every fived x > 0 we have L(tx)/L(t) = 1 ast — oo. Let § > 0 and w : (0,00) — R be a
monotone function whose Laplace transform w(z) exists for all z € C4 := {A € C: ReX > 0}.
Then

w(z) ~ ZLB L (2) asz— 0 if and only if w(t) ~ gp(t)L(t) ast — .

Here the approaches are on the positive real azis and the notation f(t) ~ g(t) ast — t. means
that limy—,, f(t)/g(t) = 1.

3 The L,-norm inequality

The following inequality seems to be new and is the key inequality to obtain, among others, sharp
L,-norm decay estimates for various types of linear and nonlinear integro-differential equations

involving an operator Oy (k * ).
In what follows we use the convention that y|y|~* is equal to 0 for y = 0 whenever 3 € (0, 1).

Lemma 3.1 Let 1 < p < oo, T >0, and Q be an arbitrary measurable subset of RV . Let further
k € HL([0,T]) be nonnegative and nonincreasing. Then for any u € L,([0,T); L,(Q)) there holds

|u(t)|’£;(19)5t (ks |u()|L, @) @) < /Q |ulP~2u 0y (k * u)(t)dx, a.a.t e (0,T).
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Proof. Let H(y) = % ly|P, y € R. Then H'(y) = |y|P~2y and thus by the fundamental identity,
Fubini’s theorem, and Holder’s inequality we have

P2y * U (K * |ul?) do _1 wl? - lulP -
/|u| Oy (k x u) dx /3k |u|?) d —|—/( p||+||)k(t)d
p_1 u(t,2)|P ) [~k(s)] ds dzx
/Q/( lu(t — s, )| p|(t, )|>[ k(s)]dsd
_ /Q/O (Ju(t, z)[P~2u(t, 2)[u(t — s,2) — u(t,z)]) [—k(s)] ds da
! p 1 P wlt)|P
= ]—?&(k*|u(-)|p)+ (—1—7|u(t)|p—|—| (t)|p> k(t)

+/0 Go fut =)l = }9 [l + Iu<t)|5> [—(s)] ds

B /o (/Q (lu(t, ) P ult, 2)ult = s, 2) dw)) [~ e(s)]ds
3 (k* H(|u()]p)) + (—H(Ju(t)]p) + H'(|u(®)],)|u(t)],) k(1)

i /ot (H(Ju(t = 9)lp) = H(lu(t)|p)) [~k(s)] ds

Y%

—/0 (H' (lu(®)]) (Ju(t = 5)lp = [u(®)]p)) [k(s)] ds
= H'(Ju(t)]p)0 (k * [u()]p) = [u(®)[57 0% (k * [u(-)],).
This proves the lemma. (I

Corollary 3.1 Let 1 < p < oo, T > 0, and Q be an arbitrary measurable subset of RN. Let
further k € HI([0,T)) be nonnegative and nonincreasing. Then for any ug € L,(2) and any
u € Ly([0,T; Lp(2)) there holds

|u(t )|L ) 8,5 (k * (|u( )|LP(Q) — |u0|LP(Q))) t) < /Q |u|P*2u Bt(k * [u— uo])(t) dx,

for a.a. t € (0,T).

Proof. By Lemma [3I] and Hélder’s inequality we have for a.a. t € (0,7")

/ [ulP~?u 8y (k * [u — ug)) do = / |ulP~%u 0y (k * u) da — k(t)/ [ulP~?uug dz
Q Q Q

> [u() |5 00 (k= [u()]p) (8) — k(@)|u(®)[p ™ |uol,
= lu()[;7 00 (k= (Ju()lp — luolp)) (1)-

This proves the corollary. ([

Observe that for sufficiently smooth functions u the statements of Lemma [3.1] and Corollary
B remain valid for kernels k& which are allowed to be singular at 0; an important example is
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given by k = g1_ with o € (0,1), which leads to an L,-norm inequality for 05. Lemma [B.1]
and Corollary [B.1] also extend to arbitrary positive measures on RY. For illustrative purposes
and future reference, let us state a version of Corollary Bl for functions u(t) taking values in the
sequence space I,(N), endowed with the norm |z];, = (300, |za|P)Y/.

Lemma 3.2 Let 1 < p < oo, T > 0, and k € H{([0,T]) be nonnegative and nonincreasing.
Then for any sequence ug = {(uo)n}oet € L(N) and any function v € L,([0,T];1,(N)) there
holds with u(t) = {(u(t))n}2,

a7 0 (k * (Ju()li, = luols,)) (1) < D 1(w(®))n P> (ul(t))n e (k * [un — (uo)a]) (1),

n=1
for a.a. t € (0,T).

The next result generalizes the case p = 2 in Corollary Bl to the Hilbert space setting. It follows
directly from Lemma

Lemma 3.3 Let H be a real Hilbert space and T > 0. Let k € HL([0,T]) be nonnegative and
nonincreasing. Then for any ug € H and u € Lo([0,T]; H) we have

u()]320r (k * (u(-) 2 — [uol)) (£) < <u(t), % (K # [u — uo])(t)>H, a.a.t € (0,T).

4 On the positive part of a subsolution

Lemma 4.1 Let ug € Lo(2) and assume that (H) is satisfied. Let u € V(T') be a weak subsolu-
tion (supersolution) of ()-(3) on Qr. Then for any nonnegative 1 € H3 () there holds

/Q (1/)8t [k * (ug (o) = [uo) 4 (2))] + (hn * (AD[u+(_)])|D1/))> dx <0, a.ate(0,T),neN.
Proof. Suppose u € V(T) is a weak subsolution of (I)—B]) on Q7. For ¢ > 0, define

24e2) —e:y>0
Hs(y>_{ (()y : :Z<O.

Clearly H. € C*(R) and H. € WL (R). Indeed

!/ y 1 62
H(y) = e H(y) = R 0.
In particular, H. is convex.

Let n € Hy'(Qr) N Loo(Q7) be a nonnegative function with |~z = 0. For ¢t € (0,T) , we
take in (I4)) the test function ¢ = H.(u)n, which is admissible, by boundedness of H. and H”.
We have

Dyp = nH[ (u)Du + H.(u)Dn,

12



and thus the resulting inequality can be written as
/ (WHL ()0 (n 10) + (o + [ADullnHL (w) Du + H.(w) D) ) da
Q
< /QnH;(u)kn(t)uo dx, (20)

for a.a. t € (0,7T) and any n € N.
By the fundamental identity (I3 and convexity of H., we have pointwise a.e.

H.(u)0y(kp * u) > Oy (kn * He(u)) + (= He(u) + HL(u)u)kn(t)
> 8y (ky + Ho(u)). (21)

Here we also used convexity of H. to deduce that
—H.(y) + H.(y)y > —H:(0) =0, yeR.
Combining (20) and (21]), and using that ug < [ug]+, we obtain
/Q (nat (ky * He(uw)) + (hyn * [ADu]|nHZ (u)Du + H. (u)Dn)) dx
< /Q NHL () (1) ) d, (22)

for a.a. t € (0,7) and any n € N. We integrate [22)) over (0,7), and then integrate by parts
w.r.t. time. Sending n — oo in the resulting inequality and using the approximation property of
the kernels h,, yields

T
/0 /Q ( — M (k * Hg(u)) + (ADu|77Hé'(u)Du + H;(u)Dn)) dx dt

T
< / / D H. (w)k(8) o] s da dt. (23)
0 Jo
By positivity of H(u) and the parabolicity assumption on A, the term (ADu|nH. (u)Du) is

nonnegative and thus can be dropped in (23)). We then send € — 0 and use that H.(y) — y+
and that H.(y) = X(0,00)(y) for all y € R, thereby obtaining

/OT/Q(—m(k*u+)) d:z:dt+/()T/Q+(t)(ADu|Dn)dxdtS/()T/an(t)[u0]+dxdt, (24)

where we set Q4 (t) = {x € Q: u(t,z) > 0}, t € (0,T). Note that for any ¢ € (0,T), we have
Dlu(t, z)]+ = Du(t, )xa, @) (7), a.a. x € Q. Using this fact and integrating by parts w.r.t. time
in the integral on the left-hand side of ([24)), it follows that

T
/0 /Q (— e (k* (ug — [uol4)) + (AD[u+]|D77)) dzx dt <0, (25)
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for all n € H21 ’1(QT) N Loo(Q7). By means of an approximation argument that makes use of
truncations, it is not difficult to see that (25) even holds true for all n € H,"' (Qr).

Finally, we may argue exactly as in the proof of Lemma 3.1 in [26] to deduce from (25]) the
assertion in the subsolution case.

If w is a weak supersolution, then —u is a weak subsolution of the same problem with ug
replaced by —ug, and thus the assertion in the supersolution case follows from the one in the
subsolution case. O

5 Proof of Theorem [1.1]l and Corollary [1.1]

Proof of Theorem [I1l Let T > 0. Suppose u € V(T) is a weak subsolution of [I)-(@]) on Q.
Let € > 0 and ¢ € C§°(Q) be a fixed nonnegative function that is not identically 0 on Q. We
set uy . = uy +ep and [ugly.e = [uo]+ + ep. Then it follows from Lemma 1] that for any
nonnegative function ¢ € H3(Q) and any n € N, there holds

/Q (1/)(% (kp * (ug e — [uo)t.e)) + (i = [AD[u+]]|D1/))> dx <0, aa.te(0,T). (26)
For t € (0,T) we take in (26) the test function ¢ = uy .. This gives for any € > 0 and any n € N,
/Q (11290 (ko # (4. — lu0)1.2)) + (o [ADfu J|Dus o) ) do <0, aat € (0.7).  (27)

By Corollary B we have for a.a. t € (0,7

/ U+,aat(kn * (U+,a - [U0]+,a)) dr > |U+,a(t)|L2(Q)5t (kn * (|u+,a|L2(Q) - |[UO]+,€|L2(Q)))-
Q

Combining (27)) and the previous estimate we arrive at

e eOlza@ b o)+ | (b # (ADfus ] Du ) da
< kn(t)‘mrﬁ‘b(sz) HUO]JF»E‘Lz(Q)'
Since u4 . > ep > 0in Qp and ¢ is not identically 0 in 2, we have that
We(t) := lug c(t)| 1o >0, aa.te(0,T),
and thus we obtain for a.a. t € (0,7),

1

Oy (kn * We)(t) + m

| e APl IDu ) do < Okl (29

for all e > 0 and all n € N.
Setting

Ren(t) = /Q (AD[uy] — hy % [AD[uy]]|Duy ) da
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and using u4 . = u4 + e, (28) can be rewritten as

1
W(t)

Ren(t)

/Q (AD[us ]| Duy ) da < kn(t)] [“0]+»6‘L2(Q) +

O (kn * We) (t) + RO

1
+ Wg(t)/QE(AD<p|Du+’€) dx. (29)

For any ¢ € (0,v) we have

1
We(t)

2 2
1 e“|ADy
/ e(ADg|Du ) dx < < | L)
Q

2
W(t) 45 * 5|D“+’8|L2<9>>
5|A|%oo(szT)|D<P|%2(Q) 5|D“+,6|%2(Q)
40|, (2 We(t)

Using this estimate and the parabolicity condition in (#), we deduce from (29) that

|Dus. a(t)@ Q Ren(t)
By (k= W) (¢ o) @) <n
t( * )( ) + (V Wa(t) > ( )‘[u0]+,s’L2(sz) + Wa(t)
5|A|%OO(QT)|D<P|%2(Q)
401l 1,0 '
By Poincaré’s inequality, this implies for a.a. t € (0,7T) that
Ren(t Me
Or (ko * W) (1) + 21 (v = ) Welt) < n(8)| [0l .| ) + T (i)) M (30)
g

where the positive constant M = M(|A|L_ (), ©)-
Next, denote the right-hand side of B0) by Gscn(t) and let V., be the solution of the
equation
O (kn * V)(t) + Mi(v = 8) V(t) = Gsen(t), aa.te(0,T),

which exists, since Gs ¢, € L1(0,T). By the comparison principle, see Lemma 2.5 we have
We(t) < Vsen(t), aa.te(0,7),

for alle >0, § € (0,v), and all n € N. Sending n — oo and choosing a subsequence if necessary
this implies, by Lemma 2.4 that

We(t) < Vse(t), aa.te(0,7T),
for all € > 0, 6 € (0,v), where Vs . solves

Vset+ (v —0)1xVs.=1%Gse
and Gsen — G5 in L1([0,T]), that is

(IxGse)(t) = ‘[u0]+,5’L2(Q) + % (1x0)(t), a.a.te(0,7T).
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We next send first ¢ — 0 and afterwards § — 0 and choose suitable subsequences. By the contin-
uous dependence of Vs . on the parameters ¢ and d, see e.g. [9], and the dominated convergence
theorem it follows that

|u+(t)|L2(Q) < V(t)v a.a.t e (Oa T)a
where V is the solution of

V4+avixV = |[u0]+‘L2(Q).

Evidently, V(t) = s,a, (£)|[uo]+ |1, (), and thus we obtain the desired estimate in the subsolution
case, as 1" > 0 was arbitrary.

The supersolution case is reduced to the subsolution case by looking at —u, which is a global
weak subsolution of the same problem with ug replaced by —ug. ([

Proof of Corollary [Il Suppose u is a global weak solution of ([[l)~(B]). Then from Theorem [T1]
we know that the positive and negative part of u, respectively, satisfy the estimate

|u+ (_)(t, ')|L2(Q) < |[u0]+ (-) }LQ(Q)SV)‘l (t), a.a.t > 0. (31)

Since v and v_ are orthogonal in Lo () for any v € L2(Q), we have by the Pythagorean theorem
that

g (8, )T 50 + lu—(t )T = [ults )0 Twol+]T,0) + [uol-[7, @) = uoli,q)-

Hence the assertion of Corollary [ follows from (BI)) by squaring and addition of the two
resulting estimates. O

Remark 5.1 It is also possible to derive L,-norm decay estimates for suitably defined solutions
of (I)-@) assuming ug € L,(Q), where 1 < p < co. In fact, testing the PDE with |u|P~2?u and
assuming that v := |u|P=2/2y € V(T) for all T > 0 we get with p(p) := 4(p — 1)/p?

|u(ta )|P < SvAip(p) (t)|u0|107 a.a. t > 0.

Assuming that ug is bounded and taking the limit p — oo gives |u(t, )]0 < |to|oo for a.a. t > 0,
since p(p) — 0 and so = 1. This simple estimate is also a direct consequence of ([@).

6 Decay behaviour for some specific examples

Theorem [[T] and Corollary [T show that the decay properties of the solution to ([I)-@) is
determined by the behaviour of the relaxation function s, (¢) with g > 0 for ¢ — oco. In this
section we discuss in detail this asymptotic behaviour for several examples of pairs of kernels
(k,1) € PC. We will see that this class of kernels allows for very different kinds of decay, e.g.
exponential, algebraic, and logarithmic decay.

We first note that in general s,(¢) cannot decay faster than the kernel k(t). Moreover, it is
possible that s, (t) does not go to 0 as t — oco. In fact we have

Lemma 6.1 Let (k,1) € PC and p > 0. Then (i)

[1—su(t)]k(t) <psp(t) < [1=su(t)] ——=, a.at>0. (32)
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In particular, for any § > 0 there exists Cs > 0 such that
su(t) > Csk(t), a.a.t>0.
(i) im0 5, (t) = 0 if and only if | ¢ L1(R4).

Proof. (i) Recall that (k,l) € PC implies that s, and h, = —s5, are nonnegative, and that
ky = ps, = hy * k. Since k is nonincreasing, it follows that

k(1) = (1 hyy)(8) k(t) = (1 [=$u]) (8) k(1) = [1 = s, (1) ] (1),

which shows the lower bound in (32]). The upper bound can be easily deduced from the definition
of s,. In fact, since s, is nonincreasing we have

sp(t) +psu() 1 x0)(t) <1, t>0.
The second part of assertion (i) follows directly from (B32]), the monotonicity of s,, and the fact

that s,(t) < 1 for any ¢t > 0.
(ii) By the definition of s,, and positivity of s, and [, and since s, is nonincreasing, we have

t
s#(t)—l—,us#(t)/ l(r)dr <1, t>0,
0

which implies that s,(t) — 0 as t — oo if [ ¢ L1(R). On the other hand, if [ € L;(R4) then

1
lim s,(¢) = lim z$,(z) = lim - = > 0,
t—o0 u(?) 20+ w(2) 220+ 1 4 pl(z) 1+M|Z|L1(R+)
by [6], Theorem 34.3]. O
Remark 6.1 We point out that (32) is equivalent to
1 1
sut) < —————, a.a. t>0.

et =W T mm

Before looking at some specific examples we remark that PC pairs enjoy a useful stability property
with respect to exponential shifts. Writing k,,(t) = k(t)e #* and 1,,(t) = e ', ¢t > 0, p > 0 we
have

(k,1) e PC = (ky,l,+p(lxl,))ePC, p>0. (33)

To see ([B3)), observe first that for any p > 0, k, is evidently nonnegative and nonincreasing.
Multiplying k *1 =1 by 1,, gives k,, *1, = 1,,, which in turn implies that pk, *1*l, = pl*1, =
1 —1,. Adding these relations, we obtain k,, * [I,, + p(1 % 1,)] = 1.

Example 6.1 The classical time-fractional case. We consider the pair
(k,1) = (91-a,9a), wherea € (0,1). (34)

Recall that the Laplace transform of gg, 8 > 0, is given by gsz(z) = 2% Rez >0, and so it is
easy to see that gg, * gg, = g, +8, for all 81,82 > 0. In particular (k,1) € PC.
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In the case of ([B4)
J

z
— X, 2 €C,
Iaj+1)

su(t) = Eq(—pt™), where Ey(z) = Z
3=0

is the well-known Mittag-Leffler function (see e.g. [12]). Employing the bounds from Remark
[6.1] a simple computation shows that the Mittag-Leffler function satisfies the estimate

1 1

3T ) = Palm2) =

<—— >0 (35)
L+ varay

An upper bound of the form E,(—xz) < C(a)/(1+ ), z > 0, can also be found in [I6]. Corollary
[T and B3] yield the algebraic decay estimate

< 1 |u | < C(OA,V,)\l)
S 1+0(1—a) twage 0@ = T

|u(ta ')|L2(Q) |UO|L2(Q); a.a.t > 0.

Note that in this example the relaxation function s, has the same decay as the kernel k.
Example 6.2 The time-fractional case with exponential weight. We consider
Et) = gi-a®)e™, 1) = ga(t)e™ " +v(1 % [gae " ](t), t>0,

with @ € (0,1) and v > 0. By the remark prior to Example[6.I] we have (k, 1) € PC. The Laplace
transform of [ is given by

)= —L 1 1 )T
G+ys |z Ere :
and thus 1 1 .
5ale) = =

214pl(z)  z+p(z+y)ie

Let w € (0,7) be the unique solution of w = p(y — w)!~®. Note that for fixed a the function
w = w(w, ) tends to 0 as p — 0, and w — vy as p — 0o. Then forany 2 € C ={A € C:Re X >
0} we have

s mwt (s —w ) £

and thus the Laplace transform of the function f(t) := s,(t)e*! is defined for all z € Cy. We
claim that for some constant C' > 0

|2f(z)| < C forallzeC,. (36)

Having established (B8) it follows easily that |22f'(z)| is bounded in C as well. These bounds in
turn imply that f € Lo (Ry), by Proposition 0.1 and Corollary 0.1 in [20]. Hence s,(t) < Me™*!
for all ¢ > 0. This exponential decay rate is optimal, as 5, has a singularity at —w.

To prove the claim, let (z) := (z+v—w)'~* where |z| < §p := y—w. There exists § € (0,dp)
such that ¥(z) = ¢(0) + ¢’'(0)z + r(z) and the remainder term satisfies

1, /1 1-a 1, (1
Ir(2)| < §|z| (;—i—m) = §|z| (;—i—w (O)), for all |z| < 6.
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By definition of w, we have u(0) —w = 0, and thus for |z| < §, z # 0, it follows that

1

o

1
5 (o) + 1

- 2
= 14+ w(0)

z

A FET O PR ey

z

On the other hand if |z| is sufficiently large, say |z| > R, and Re z > 0 we have |z| > 2(w+ plz+
v —w|'~* and thus

Ed <o
—w—plz+y —wlte

e < o

Finally, by compactness, zf(z) is bounded in {z € Cy : § < |z| < R}. This shows (36).
From Corollary [T and s,,(t) < Me™“" we infer the exponential decay estimate

lu(t, )| L, < M(a,v, A1) eiW(VAl’a)t|uo|L2(Q), a.a.t > 0.

Example 6.3 The time-fractional case where | decays exponentially. We consider the situation
from the previous example but with the kernels k£ and [ being switched, that is

k() = ga()e " + (1 [gae (), () = gi_alt)e " t>0.

Note that k(t) = ga(t)e™* < 0, t > 0, so that (k,1) € PC. Since | € Li(Ry), s,(t) does not go
to 0 as t = 0o, by Lemma 6.1l We have

lim s, (t) ! A
m s = = .
t—oo !t I R e

Example 6.4 A sum of two fractional derivatives. Let 0 < a < § < 1 and
k(t) = g1-a(t) + g1-5(t), t>0.

Evidently, k is completely monotone, that is, k is in C* and (—1)"k™(t) > 0 for all t > 0
and n € NU {0}. Further k(0+) = oo and so by Theorem 5.4 in Chapter 5 of [9], the kernel &k
has a resolvent | € Ly jo.(R4) of the first kind, that is k*! =1 on (0,00), and this resolvent is
completely monotone as well. In particular (k,1) € PC. The Laplace transforms of k and [ are

Tt M=o 760

Since « < B it is clear that k(t) ~ g1—a(t) as t — co. Letting u > 0 we have

—~ 1 1 1
Su(2) = — = — ~ —— asz—0,
z+pzl(z) 2T WaigE Kz

and thus the Karamata-Feller Tauberian theorem, Theorem [2.1] implies ps,(t) ~ g1—a(t) for
t — oo. We see that the fractional derivative of lower order determines the decay behaviour of
the relaxation function s,. Observe as well that

— 1 1

1*Z(Z)ngwm aSZ—>O,

19



which yields (1 %1)(¢) ~ g1+a(t) as t = oo, by Theorem 2l From this and Remark [G.1] we infer
that there is 77 > 0 such that

< —
sut) < ———=,
1+ oy t

forallt > 1Ty, u> 0.

Appealing to Corollary [[LTl we obtain the decay estimate

1 ) < Ca,v, A1)
U S AL VA
« 0lL2(Q) = 1+to¢

v
L+ srtiay t

lu(t, )| r, ) < luo|p, (), a.a.t>Tr.

These considerations extend trivally to kernels k(t) = ZT:1 0j91—a;(t) with d; > 0and 0 < oy <
ag < ...<a, <l

Example 6.5 The distributed order case (ultraslow diffusion). We consider the pair {]) already
mentioned in the introduction, that is

1 [es} —st
k(t)_/o g95(t) dB, l(t)_/o 16+Sds, t>0.

Both kernels are nonnegative and nonincreasing. We have

z—1

ZE(C+,

1 1
o _ — _ _ﬂ _
k(Z)—/O gﬂ(Z)dB—/o z7Pdp = e

. [e’e] [e’e] —st [ele] o0 1
I(z) = / et < / ° ds) dt = / / i Ly —;
0 o 14+s o Jo 1+s
/°° ds 1 /°° 1 1
= = —_— — ds
0o (z+s)1+s) z—1 Jg 1+s z+s
1 o 1+s
so1 %8 z+s

Thus (k,1) € PC. The Laplace transform of s, with x> 0 is given by

and

s=co  logz

s=0 _2—17 ZE(C+-

o~ 1 1 1 1
Su(z) = - — = - =, #¢€C,.
Zl4pl(z) 2 14+pEf

We see that k and ps, have the same asymptotic behaviour near 0, namely

k). 15() ~ o

z— 0,
where we consider z > 0. We may apply the Karamata-Feller Tauberian theorem, Theorem [2.]
with L(t) .= 1/logt, t > 2, L(t) :==1/log2, t € (0,2), and S = 1, which implies that

1
k(t), psu(t) ~ Togt t — oo
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This can already be found in [13], where this example is discussed in great detail.

To obtain an estimate that is uniform w.r.t. ¢ we can also use the upper bound for s, in
Remark [6.I] We have 1/\*1(2) =log(z)/[2(z = 1)], z € C4, thus 1/\*1(2) ~ z tlog(1/z) as z — 0,
and therefore (1 x1)(t) ~ log(t) as t — oo, by Theorem 2Tl with L(t) = logt for ¢t > 2, say, and
8 = 1. We conclude that there is a number 77 > 1 (independent of ) such that 3 logt < (1x1)(t)
for all £ > T7, and hence

1
) < ——— t>1T;.
S#()—1+%10gt7 — 11

This together with Corollary [Tl yields the logarithmic decay estimate

1

— |, , aa.t>Ty.
1+VT)\1 10gt| 0|L2(Q) 1

|u(t7 ')|L2(Q) <

Example 6.6 Switching the kernels from the previous example. We consider now the pair

(e’ 67“ 1
k(t)z/o 1+Sd8, l(t)z/o gs(t)ds, , t>0.

From the previous considerations we know already that (k,l) € PC. The kernel k(¢) in this
example behaves like ! as t — co. This can be seen from the representation

© _d
k@%:é/’e”—g t>0.
t

In fact, on the one hand we have

Se_/ 7Td/r—_7
t
>1

on the other hand we have withn=14¢ >

dr

t " —r € —r]nt —et
k(t)Ze/ e —Z—t[—e ]t = (1—e™),
t r n

and thus k(t) > (1+ )t
k(t) ~t~!ast — oc.
The Laplace transform of s, with 1 > 0 is given by

for t > T, with sufficiently large T.. Since € > 0 is arbitrary, we see that

— 1 1 1 1
Su(2) = = — = , z€Ci.
2143 ptpgs v(2)

zlogz

Note that ¢(z) = z + ,ufol 2% dB, and thus Rep(z) > 0 for all z € Cy \ {0}. We see that both k
and s, behave like log(1/z) as z — 0. Unfortunately, Theorem 211 does not apply to s, (and
k) since § = 0 is excluded there. One idea to overcome this obstacle would be to apply the
Karamata-Feller Tauberian theorem to the function 1 * s, which is nondecreasing and has the

property that T s,(z) ~ (1z)~'log(1/z) as z — 0. This would show that (1% s,,)(t) ~ u~'logt
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as t — oo. Since s, is nonincreasing, we would have ts,(t) < (1% s,)(t) for all ¢ > 0 and thus
sy (t) S lngt as t — oo. Alternatively, one might look at 1x[. We have

— z—1 1

1xl(z) =

22logz | 22 log(1/2) asz =0,
which by Theorem 2] implies that (1 x1)(t) ~ ¢/logt as t — oo. Remark [6]] then also gives an
upper asymptotic estimate for s,(t) as t — oo of the form clogt/t.

However, this decay estimate is not optimal. In fact, we will show that s, decays like ct~!
for any p > 0, that is, the relaxation function has the same algebraic decay as the kernel k. To
prove the claim, we will show that the Laplace transform of the function w(t) := ts,(t) satisfies
an estimate of the form

|z0(2)] + |2%0/(2)| < M, for all z € C (37)

with some constant M > 0. Having established ([B1), it follows from Proposition 0.1 and Corollary
0.1 in [20] that w € Loo(R4), and thus s,(t) < C/t for t > 0.
By a basic property of the Laplace transform we have

R —~ . ¢'(2)
w(z) =ts, (2) = —5.(2) = ,
(@) =(a) =5 = 25
and
logz—l—i—%

1
H(2)=1+p :1+u/ 8251 dg.
0

log2)?

It is readily seen that as [z| — 0 (z € C4 \ {0}) we have z(log 2)2¢’(2) — p and ¢(2)log z — —p,

and thus zw(z) — p~!. On the other hand 2w (z) — 0 as |z| — oo. By continuity of zw(z) in

C4 \ {0}, we thus get an estimate |2 (z)| < C for all z € C; \ {0}. Differentiating once more

we obtain . o
oo ? <p—32(90) ,

P
with
22 —2—zlogz —logz
22(log 2)3

Observe that z2(log 2)%¢”(2) — —p as |z| — 0. Using this and the above properties and writing
2
(229" (2)(log 2)?) ((2) log 2) — 2[¢'(2)2(log 2)*] 151
3
(¢(2)log 2)

we see that 220'(2) — —u~! as |z| — 0. On the other hand it is not difficult to verify that
220/ (2) = 0 as |z| — oo. By continuity of 2%0’'(z) in z € C4 \ {0}, these observations imply an
estimate of the form |22’ (2)| < Oy for all z € C \ {0}. This proves (7).

Even more is true. A careful estimation shows that (B7) holds with some M of the form

¢"(z)=p

220 (2) =

M = % where C' is independent of y. This then leads to an estimate s,,(t) < % for all u, ¢t > 0.
Since s,(t) <1 for all u,t > 0, we thus obtain
c

Su(t) S 1—|—ut’

for all t, u >0, (38)
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with some constant ¢ that is independent of p.
From the previous considerations and Corollary [[.J] we obtain the algebraic decay estimate

C(v, A

y N1
lu(t, )| L, ) < f) [uo|p,(0), a.a.t>0.

7 On a basic nonlinear fractional differential equation

Let a € (0,1), v,v > 0, and ug > 0. We are interested in the decay behaviour of the solution to
the nonlinear fractional differential equation

Of(u—wup)+rvu? =0, t>0, u(0)=up. (39)
Constructing a subsolution. Define the positive numbers p and € by

uol"(l-i-a));'

pi=vl(l—a)l(14+a)uj, e:= ( o

We consider the function 0 0.6]
_ ) uo— pg14a(t) 1t €(0,e
v(t) = { ct 5 t>e, (40)

where o
C =7 (uo — pg1+ale)) =7

Observe that v € H{ ;,.(Ry), v(0) = uo, v(e) = uo/2, v is nonincreasing, and v(t) > 0 for all
t>0.
For ¢t € (0,¢) we have

O (v —wuo) + " = —pd; grea + v(uo — pg14+a)”
S —H + Vug S Oa

by definition of y. Using ©¥ < 0 we have for ¢t > ¢

O (v — u)(t) = (g1 * )(1) < / gralt — 7o) dr

Uuo

<oia(t) [ o) = —gialt)
0
Thus
Ot (v —ug) + V7 < —g1_4(t) % +vCt®
u o (U0\7
(S (2))

= —gia0) g (1 ST - )N+ ) (2)") <o,

by definition of p. Hence v is a subsolution of (39).
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Constructing a supersolution. Define ty > 0 by means of
1—~ at+<
U, 1 a 297%
te = -9 _ — - .
°T Ty (gl “(2>+7F(2—O<)>

_fue it e0,t] ) e
w(t) = { Ct2% it >ty with C = uopty . (41)

We consider the function

For t < ty we evidently have
O (w — up) + vw” =vw” > 0.

Next, observe that for t > ¢,

0f (1~ u0)(t) = (1o 8)(1) = ~C / g1t =) ar,

Assuming ¢ € [to, 2tg] we may thus estimate as follows.

o o —e-1 o —a_q 7@
O (w —uo)(t) = —C; to”  g2—alt —to) = —uoty p ty” m
e t\ “ 1— Q@
_ - - _ — _ )Y 2% vy - 0000 0> _ )7
= (2 — «) (2) vu(t)” 2% vI'(2 —a)ty — volt)’,

by definition of ¢y. For ¢ > 2t;, we have

1
ag(w—uo)(t)z—cgt*a*%/ gia(l =775 ar
Y to/t

1/2 1
_ 8yt / +/
Y to/t 1/2
20 o a 1\ v [t 1\ /1\ 57!
> —ugt] — ¢ wl=) 2 (2 wl2) (=
o 20 (e () 2 () e (5) (3)

1—~ at<
U 1 a 2977
> —pw(t)Y 2 ol = — = | = —vw®)
=z —vwl(t) vty (gl <2>+7I‘(2—0¢)> volt)’,

by the choice of ¢y. This shows that w is a supersolution of (39).
Appealing to Lemma we thus obtain the following result.

Theorem 7.1 Let a € (0,1), v,y > 0, and ugp > 0. Let u € H{ ,,.(R}) be the solution of ([39)

1, loc

and v and w be defined as in (40) and ({{1]), respectively. Then v(t) < u(t) < w(t) for all t > 0.
In particular there exist constants c1, ca > 0 such that

€2

c
o Sut) < —
14t~ 14t~
Theorem [Z1] shows that the situation in the case o < 1 differs markedly from that in the case
a = 1, where we have algebraic decay as u(t) ~ ct=Y0=1 for 4 > 1, exponential decay for
~v =1, and extinction in finite time for v < 1.

t>0.
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8 On the time-fractional p-Laplace equation

Let a € (0,1), 1 < p < 0o, and Q C RY be a bounded Lipschitz domain. We are interested in
decay estimates for the solution u of the problem

Of(u—ug) —Apu=0 inRy xQ,
uloo =0 at Ry x 09, (42)

Uli=p = ug in Q.

Here Apu = div (|Duf[P~2Du). Assuming up € L2(£2) we can define weak solutions of [@2) in a
similar way as in the introduction for ([[l)—(B]). The natural energy class for a finite time-interval
[0,T] is given by

Vp(T) :={ve L%m([(),T];LQ(Q)) N Lp([O,T];ﬁ;(Q)) such that
g1—a *v € C([0,T); L2(Q)), and (g1_q * v)|t=0 = 0},

where the symbol L,  refers to the weak L,-space. Existence and uniqueness of weak solutions
to (2) in V,,(T') do not seem to be known in the literature. However we believe that it is possible
to construct weak solutions in V,,(T") using the theory of monotone operators and the techniques
from [28], at least for p > ]\2,—12 Assuming up € Loo(Q2) global Le-bounds for weak solutions
have been established in [24] by the De Giorgi iteration technique. It is also shown in [24] that
the weak maximum principle is valid.

In the sequel we write u € V}, if u belongs to V,,(T) for any T > 0.

Theorem 8.1 (i) Suppose that 225 < p < oo and that ug € Lo(Q). Let u € V, be a weak

N+2
solution of ({2). Then

c
[u(t)|Ly0) < T &% t>0, (43)

where the constant C = C(a,p, N, Q, up).

(i1) Suppose that 1 < p < 1\27—127 N > 2, and that ug € Ls(Q2) where s = w. Let w €'V,

be a weak solution of [{3). Then

|u(t)

where the constant C = C(a,p, N, Q, ug).

L) < . a.a.t>0, (44)

1+ to1

Proof. We proceed by formal a priori estimates. The argument can be made rigorous by adopting
the regularization techniques from the proof of Lemmal.Tland Theorem[T.J] We may also assume
without loss of generality that uy and u are nonnegative. In fact, by a result analogous to Lemma
41 we may replace u by its positive and negative part, respectively.

(i) In the case ]\2]—52 < p < oo we multiply the PDE by u and integrate over 2. This gives

/ udy (u —ug) dr + [Du(t)[h <0, aa.te(0,7).
Q
By Corollary BT and the Sobolev embedding H, (€2) < L(f), it follows that

|u(t)|2<9§‘(|u|2 — |u0|2) +vju(t)]b <0, aa.te(0,7T),
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where v = v(Q, N, p) is a positive constant. Thus |u(t)|2 is a (weak) subsolution of the equation
07 (¢ — o) + vt =0, t>0, (0) = o = |uol.

The desired estimate ({A3)) follows now from Lemma [2:6] Remark 2] and Theorem [TT]
(ii) We come now to the case 1 < p < 13—12 Note first that s > 2 and that s — 2 asp — ]\2,—12

Multiplying the PDE by u*~! and integrating over  yields

/US*l@?(U—uo)dx-i-MDU(t”g <0, te(0,7), (45)
Q
where p
o= 2 and p=(s—1) (ﬁ) > 0.
Corollary Bl implies

[ w0 (= uo) do > fuo)}s0f (. ~ fuol.)
Q

On the other hand we have the Sobolev embedding H(2) < L+ () with p* = NN—f;) and the

relation S"’Z# -p* = s, and thus

lu(t)s = [u(t)|- < C|Du(t)[E

for some constant C' > 0. Consequently, it follows from (@5]) that
S— (63 /'L
[u@®I:7107 (Juls = fuols) + & u(t)

Since 2 — s+ 1 =p—1, we may deduce that |u(t)|s is a (weak) subsolution of

621«0_%00)—’—”%017_1 :07 t>07 QO(O):SD0:|UO|57 v = %7

and thus (@) follows from Lemma [2Z:6] Remark 2] and Theorem [T7] O

o
2 <0, aa.te(0,7).

The decay rates in Theorem [B.1] are optimal, at least for p > 1\27—12 In fact, consider a function

u of the form
u(t, z) = v(t)w(x),

where w € H(Q) minimizes the functional

_1 »
F(u) =5 /Q|D¢| dz

over the set

K={yeH Q) : ¥t =1},
and thus, by standard theory, satisfies —Ap,w = Ajw for some A > 0, cf. also [1I, Section 6.
Choosing v to be the solution of

O (v—1)+ Pt =0,t>0, v(0)=1, (46)
a short computation then shows that u solves [#2)) with u|t—9 = up = w. Theorem [[T] implies
that v(t) > 0 for all ¢ > 0, and thus u cannot become extinct in finite time. Note that in the

case o = 1 and p > 2 solutions decay like ct='/(P=2) (cf. [5]) which is not the same decay rate
we obtain when sending o« — 1 in Theorem BT] (ignoring the dependence of C on «).
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9 On the time-fractional porous medium equation

Let o € (0,1), 0 < m < oo, and © C RY be a bounded Lipschitz domain with N > 2. This
section is devoted to the problem

O (u—ug) —A(u™) =0 inRy xQ,
u|aQ =0 atR; x 09, (47)
ultmo = up >0 in Q.

We assume that at least ug € Ly4+1(Q2) and consider nonnegative weak solutions u which are
such that for each T' > 0 we have u™ € Lo([0, T]; H3(Q)) and g1_o * (u™1) € C([0, T]; L2(Q)).
In view of the basic a priori estimates this is a natural class. In the literature nothing seems to
be known on problem (7)), in paricular existence, uniqueness, and regularity of weak solutions
has not been studied so far.

Theorem 9.1 (i) Suppose that %—Ig <m < oo and that ug € Lpm4+1(). Let u be a nonnegative

weak solution of [{{7). Then there exists a constant C' = C(a, m, N,Q,ug) such that

C
[u(t)| L, @) < T o t>0.

N(1—m)
2

(i1) Suppose that 0 < m < %—;g, and that ug € Ls(Q) where s = . Let u be a nonnegative

weak solution of [{7). Then there exists a constant C = C(a, m, N,Q, ug) such that

[u(t)|L, ) < . a.a.t>0.

L4+tm
Proof. We proceed by formal a priori estimates. The argument can be made rigorous by adopting
the regularization techniques from the proof of Theorem [l

(i) Suppose %—;g < m < oo. Multiplying the PDE by u™ and integrating over ) gives

/ u™ 0 (u — ug) dx + |Du(t)]3 <0, a.a.te(0,T),
Q

where we set v = u'™. By Holder’s inequality and Sobolev embedding we have for some constants
c1, co > 0 and with 2* = %

u®))[7 < ealu®) e = crfo(®)3- < col Du(t)[3.

Using this and Corollary [31] we obtain the fractional differential inequality
1
O (Julnsa = fuolonsr) + - @) S0, .t (O.T),

which implies the asserted decay estimate.

(ii) Suppose now that 0 < m < %—;g Testing the PDE with u*~! we obtain

/ u* 1O (u — wo) dx + p|Dv(t)|3 <0, aa.te(0,7T),
Q
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with A )
e LG

Note that s = 2* - H%, and thus by Sobolev embedding we have for some constant ¢ > 0

@7 = o(t)]3- < | Du(®)]3.

Using this and Corollary B we get
o7 (Jul = uol) + Eu()] <0, aate(0,1),
which in turn leads to the assertion. (]

Recall that in the case « = 1 and 0 < m < 1 any weak solution becomes extinct in finite time
provided the initial value ug € Ly(2) with ¢ > 1 and ¢ > s = M, cf. [2Z, Prop. 5.23]. This
is no longer the case for the corresponding time-fractional problem, at least for m > %—;g In
this case one can construct similarly as in the previous section a positive solution u of the form

u(t,z) = v(t)w(x) where v solves @) and w is a positive solution of
—Aw™)=Mw inQ, w=0 ond,

with some A1 > 0; see [22, Section 4.2] and [2] for existence of such a w. By means of such a
separable solution we also see that the decay rates stated in Theorem are optimal, at least
when m > %—;g Note that in the case o = 1 and m > 1 solutions decay like ¢t ~'/(™=1 which is
not the same decay rate we get when sending o — 1 in Theorem (ignoring the dependence

of C on a).
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