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ABSTRACT. We study large deviations and rare default clustering events in a dynamic large heterogeneous
portfolio of interconnected components. Defaults come as Poisson events and the default intensities of the
different components in the system interact through the empirical default rate and via systematic effects
that are common to all components. We establish the large deviations principle for the empirical default
rate for such an interacting particle system. The rate function is derived in an explicit form that is amenable
to numerical computations and derivation of the most likely path to failure for the system itself. Numerical
studies illustrate the theoretical findings. An understanding of the role of the preferred paths to large default
rates and the most likely ways in which contagion and systematic risk combine to lead to large default rates
would give useful insights into how to optimally safeguard against such events.

1. INTRODUCTION

The financial crisis of 2007-2008 challenged the mathematical finance community to understand connect-
edness in financial systems. Appropriate models need to be developed to understand how risk can propagate
between financial objects which might have heretofore been modeled as closed systems.

It is possible that initial shocks, such as changes in interest rate values, changes of commodities prices or
reduction in global economic growth, could trigger contagion effects, e.g., [19]. It is likely then that some
transmission mechanism, such as financial linkages or simply investor irrationality, could cause components
of the system to be affected by the initial shock. Reduce-form point process models of correlated default,
that are usually based on counting processes, are often used to access portfolio credit risk in portfolios of
defaultable assets such as loans and corporate defaults. In these models defaults arrive at intensities that are
governed by a given system of stochastic differential equations. Due to the size of the portfolios computing
the distribution of the loss from default in these models is often challenging. Main US banks for example
may easily have 20,000 wholesale loans and 50,000 — 100, 000 mid-market and commercial loans. Mortgage
pools with size of 10,000 are often common. Simulation and analysis of such pools is non-trivial and often
quite burdensome.

In this work we focus on using dynamic portfolio credit risk models to study rare events in large portfolios
and default clustering. We statistically model failure via the classical framework of point processes. However,
we include several distinct and meaningful sources of randomness that can lead to failure of the system itself.
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The intensities form an interacting particle system, where the interaction happens through feedback terms
and exposure to common systematic risks. The foundation of the empirically motivated model that we study
lies in [I7]. In this work various properties of such models were investigated, finding that contagion and
systematic risk give meaningful insights into clustering of defaults.

Typical (law of large numbers) and central limit type behavior for such models as the number of com-
ponents in the system grows have been studied in [I7, I8, 20]. Our interest here is tail behavior and rare
events. One of the principle theoretical attractions of structured finance was that, supposedly, large pools of
assets were regular enough that one could accurately price tail events. In hindsight, however, interaction in
large pools proved an Achilles’ heel. Interconnections often make a system robust, but they can also act as
conduits for failure. In this paper, we seek to understand the mathematics of rare systemic collapse in large
interacting systems.

We consider a large system with interacting components that is influenced by an exogenous source of
randomness. There is a central source of interconnection (a central “bus”). Failure of any component
stresses the central bus, which in turn can cause other components to fail (a feedback effect). In particular,
we want to understand how the system can catastrophically fail, and how the feedback mechanism and the
exogenous factor interact to produce large failure clusters. Along with an understanding of the likelihood of
such a failure, we want to understand the structure of pathways to failure. Given a statistical description
of the interacting system, an understanding of the “most likely” pathways to failure would naturally lead to
an understanding of how to control the system to minimize failure and how to sense the onset of failure.

Of particular interest is dynamic interactions. The extra dimension of time allows one to compare different
possible ways in which a system can end up at a given point. This may help in early-stage identification of
certain phenomena. Our goal here is to develop some of these insights in the model of [I7]. In particular,
we would like to understand pathways to systemic collapse. In the presence of contagion, what are the most
likely ways that a pool can suffer large losses? As in other engineered systems, characterization of most
likely paths to failure can better allow effective intervention.

The heart of our analysis is the theory of large deviations, e.g., see the classical manuscripts [6, [11].
The theory of large deviations gives a rich framework in which to identify and then prove rates of decay of
exponential tails. Two simple examples are well-known; Sanov’s theorem, which in its simplest captures the
tail behavior of a large collection of i.i.d coin flips, and the Freidlin-Wentzell theorem, which identifies the
most likely way that diffusive perturbations can drive a stable differential equation out of equilibrium. Both
of these core examples play a role in our analysis, even though the situation is more complex here because
the coin flips are neither identically distributed, nor independent. Defaults can be modeled as coin flips,
and the effects of contagion can be thought of as random perturbations of a dynamical system. Our main
theorems, Theorems [3.1] and B.10, give the large deviations principle. In the full case, where both contagion
and systematic effects are present, the rate function is a combination of a relative entropy (a “nonlinear”
Sanov’s type theorem) and the Freidlin-Wentzell action functional.

Tail behavior in static pools is investigated in [5l [I4] and in [21] the authors study the effect of stochastic
recovery on the tail of the loss distribution when the recovery rate depends on the default rate. In [15] [16]
rare event asymptotics for the loss distribution in the Gaussian copula model of portfolio credit risk and
related importance sampling questions are studied. In a large deviations analysis of a mean field model in
[3] the authors take the default intensity of a component in the pool to be a deterministic function of the
percentage pool loss due to defaults, see also [4]. In [23], the authors establish a large time large deviations
principle for an interacting system of affine point processes. In [12], the authors study systematic risk [from
endogenous aspect] via a mean field model of interacting agents. Using a model of a two-well potential,
agents can move freely from a healthy state to a failed state. The authors study probabilities of transition
from the healthy to the failed state using large deviations ideas.

In this paper, we consider tail behavior for dynamic heterogeneous pools with stochastic intensity and we
are interested in the behavior for large pools of interconnected components. Our contribution is two-fold.
Firstly, we develop a large deviations principle for a dynamic point process model of correlated default timing
that takes into account both effects of contagion and of systematic, exogenous, risks. We study the case that
the number of constituent firms or components in the network grows. Secondly, we numerically explore the
large deviations results which can help understand how default clusters occur in such systems.



In the theoretical side, we see that the rate function governing the tail events is given explicitly as
an additive functional of a Freidlin-Wentzell action functional and a nonlinear relative entropy, where the
nonlinearity originates from the fact that defaults are not independent. The dependence structure and
the heterogeneity of the environment, i.e., the fact that defaults are not identically distributed, complicate
the mathematical analysis. Nevertheless, we rigorously obtain a fairly explicit form of the large deviations
principle which is amenable to numerical investigations. In particular, we derive a representation for the
rate function which is suitable for numerically computing both the rate function and the most likely path to
failure, i.e., the extremals, in both homogeneous and heterogeneous environments.

In the numerical side, the numerical experiments illustrate the effect of systematic (exogenous) risks and
contagion on tail events of such systems. For instance, as we shall see in the numerical investigations of
Section [ if a large default cluster occurs, the systematic risk is most likely to play a large role in the
initial phase, but then its importance decreases (and thus the contagion effects become more important).
Moreover, the analysis of the extremals related to the large deviations rate function (i.e., the most likely
paths to failure) in heterogeneous pools with two or more types can help understand which types in the pool
are more vulnerable to default due to the impact of contagion, and as a consequence the pathway to creation
of default clusters.

We end this introduction by mentioning that, even though the interacting system that we study is primarily
motivated by issues of systemic risk in large financial networks, its formulation is sufficiently generic to
make the analysis and results of broader interest. The physical phenomenon of the failure of an individual
component in a network, which could have been caused by an external force, increasing the stress to other
components of the network, making the system more likely to fail, is of broader interest and applicability.

The paper is organized as follows. In Section 2l we describe the model, the assumption and recall the
law of large numbers result proven in [I7]. In Section Bl we describe our main results, the large deviations
principle for the empirical measure and empirical default rate. Then, in Section F] we perform numerical
experiments supporting the theoretical findings. Section [ contains the proofs of the large deviations results
of Section Bl We conclude with our conclusions in Section

2. MODEL AND LAW OF LARGE NUMBERS

We assume that our overall system contains N components or subsystems (where N is large). We assume
that (€2,.7,P) is an underlying probability triple on which all random variables are defined.

To start, let 7V be the stopping time at which the n-th component (or particle) in our system fails. A
failure time 7.V has intensity process AV'", which satisfies

P{rN € (t,t + 0]|F, TN >t} =~ A6

as 0 N\ 0, where .%; is the sigma-algebra generated by the entire system up to time ¢. That is, the process
defined by x(rv<s) — fg )\év’nl{771y>s}d8 is a martingale with respect to .%;.

We want our model to capture several important phenomena. Each component will be affected by three
sources of randomness, one of which is unique to the component itself, one that is responsible for contagious
effects, and one of which reflects the external environment. We assume that each component has been
engineered to be stable. We also assume, however, the system is subject to cascading (or “contagious”)
behavior; failure of any component is likely to lead to failure of more components. In particular, fixing
NeNandne {1, ---,N} we consider the model

AN = —an A" = Ann)dt + o\ AT AW+ BS ALY + en B A dX, >0
A" = XoNm
dX, = b(Xy)dt + k(X)dVe  t>0

(1) Xy — o



where

t
(2) N d:finf{t >0: / AN s > en}.
0

Here the W™’s are an independent collection of standard Brownian motions, V' is also a standard Brownian
motion, and the ¢,’s are standard exponential random variables; the W"™’s, V and the ¢,,’s are all independent
of each other.

In the case ﬂfm = ﬂfm =0 for all n € {1,---,N}, one recovers the classical CIR model in credit
risk, e.g., [7]. The term ﬂJCV,ndL{eV reflects the contagious effects and the X; term is the external source of
randomness (systematic risk). Notice that movements in X cause correlated changes in each intensity AV:",
which then provides a channel for default clustering. Each system’s component sensitivity to X is measured
by the parameter ﬁ}%’n € R. Then, a default causes a jump of size ﬂj((w,yn/N in the intensity A", where
B]CV,n € Ry = [0,00). The mean-reversion of AN implies that the impact of a default fades away with
time, exponentially with rate an, € R4. The linear dependence of A in the dX component guarantees
that A" > 0 for every N € N, n € {1,---,N} and ¢ > 0 (Proposition 3.3 in [I7]), and makes the
analytic computations easier. As it is demonstrated in [I], an important channel for clustering of defaults
are self-exciting effects of such types.

Proposition 3.3 in [I7] guarantees that under the assumption of an existence of a unique strong solution
for the SDE for X process, the system ({l) has a unique strong solution such that )\iv >0 for every N € N,
né€{l,---,N}andt > 0. The structure of the feedback term, i.e., the empirical average L, is of mean field
type, which brings the system () roughly within the class of McKean-Vlasov models, e.g., [I3]. However,
as it is also demonstrated in [I7] 18], the structure of ([Il) presents several difficulties that bring the analysis
of such systems outside the scope of the standard setup. In particular, a key structural difference is that the
empirical measure is not on the level of the intensities /\iv ™ but on the level of the default times 7., i.e.
there is an extra level of randomness. Moreover, the interacting particle system is heterogeneous and not
homogeneous, there is the presence of the additional term X, the coefficients of the intensity dynamics are
not bounded and there is a square root degeneracy.

def

Let’s define a ‘type’ space which describes the AY:"’s. Define P = Ri x R? and we denote by pV" =
(N s AN,naaN,n;ﬂ]%7n;ﬂ]€[7n; Ao N.n) € P. Then pY¥:" gives the dynamics of AV, the response to the loss

e e .. def N ..
process LY, and the initial condition. Let’s also define ’PtN’" = (AN,ns AN, ON s Bf,yn, Bf,yn, A,{V’"); this is a

AN and its current value. Of course, we have that

‘P-valued process which keeps track of the dynamics of
N,n _ Nmn

Py =py -
For any Polish space S, let M7 (S) be the collection of subprobability Borel measures on S; i.e., S consists

of Borel measures v on S such that v(S) < 1. Then M;(S) is itself a Polish space; [10]. Define here

E Y My (P), and let

N
def 1
Miv = N Z 57D£V’"X{Tév>t};
n=1

this is the empirical distribution of PtN ™ for those components which are still “alive”. We note that p is
a random trajectory in E. Also,

We shall denote by & (P) the set of probability measures on P. In [I'7, [18] 20], the authors have developed
law of large numbers and central limit theorem approximations to u¥ and as a consequence to LY as well.
The goal of this paper is to establish a large deviations principle for the empirical loss LV, namely to study its
tail behavior. In this paper we mainly concentrate on the case limy_, exy = 0. To focus our investigation,
let’s first recall the law of large numbers results obtained in [I7]; we can only understand 'rare’ events relative
to the ’typical’ event.

Assumption 2.1. We assume that there is a Kg > 0 such that the ann’s, ANn's, ONn'S, |[3f,7n|’5,
|[3§,7n| s, and Ao N.n’s are all bounded by Kp for all N € N and n € {1,2,...,N}.

Thus the types are bounded. In fact we want them to have a macroscopic distribution.
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Assumption 2.2. For N € N, define
N

def 1
UN — N;(SPN,n.

def .. . . . .
We assume that U & limy 00 Un exists in P(P), in the sense of weak convergence of probability measures
on P.

Under these assumptions, p ef limy oo ¥ is a well-defined measure-valued process. We can identify
p via the martingale problem. For p = (p,A) where p = (o, \,0,8%,3%) € P and f € C(P), define the
operators

(£:1£)(P) = 30° A0 ()~ alh = ) 2L (5) — Af(p)
(£2£)(p) = 8° 2 (p)
Define also
Q(p) = A

for p = (p,\) where p = (o, A\, 0, 8%,3°) € P. The generator £; corresponds to the diffusive part of the
intensity with killing rate A, and Lo is the macroscopic effect of contagion on the surviving intensities at any
given time. For every f € C°°(P) and p € F, define

(o) p & _ I ®lutdp).

Let S be the collection of elements ® in B(Z(P)) of the form

for some M € N, some ¢ € C°(RM) and some {f,,}M_, For ® € S of the form (@), define

M
(AR) ) =S 2 (g i st 0h) (L o)+ (@) b )}

We claim that A will be the generator of the limiting martingale problem (see [17]).

Lemma 2.3. [I/Weak Convergence] Let limy_ooen = 0. The sequence {uN}n is tight in Dp([0,T]).
Moreover, for any ® € S and 0 <1 <ry...7; =5 <t <T and {¢; JJ:1 C B(FE), we have that

Jim E {fb(uiv)—@(uiv)—/t

T=Ss

J
Am) e yar T v | =0

lim E[®(u))] = @(U).

i E[#(u))] = 8(0)

The limit u = limy pY uniquely exists and is deterministic, this limit being in probability in C([0,T]; E).
Moreover, letting Ly = 1 — u,(P), we get that for every § > 0

lim ]P’{ sup |LY — L] > 5} =0.
N —o00 0<t<T

Corollary 3.3 shows that L; can be expressed as the unique solution to a fixed point equation. As in the
law of large numbers, this gives us a reference trajectory for defining rare events. For any closed subset F'
of C([0,T1];[0,1]) which does not contain L, we have that

(3) lim P{LY € F} =0.
N —o0

LAt this point we would like to remark that there is a typo in the formulation of the particular result in [I7]. In particular,
it is mentioned there that (Lo f)(p) = %(p) and Q(p) = B\, where it should have been (L2f)(p) = BC%(p) and Q(p) = A.
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The theory of large deviations gives us the rate of decay of probabilities like in ([B]), namely the tail of the
distribution of large portfolio losses. It identifies a function I : C([0,T]; [0, 1]) — [0, o] such that, informally,

P{LY & Lot} "~ 2 exp [~ NI(Lyer)]

While rare events are (by definition) unlikely to happen, large deviations theory gives a rigorous framework
to compare the rarity of different rare events. It thus helps us understand the 'most likely’ rare event in a
given set of rare events. As the numerical experiments in Section [ indicate, larger sensitivity to contagion
and systematic risk leads to fatter tails, which leads to larger likelihood of large losses in the system. Insights
of this type can help understand the role of contagion and systematic risk and how they interact to produce
atypically large failure rates. This can then provide guidance in guarding against dangerous rare system
behavior.

3. PROBLEM FORMULATION AND MAIN RESULTS

We here present our main results on large deviations for the empirical loss LY. We start with some
notation and preliminary computations in Subsection Bl The first result is Theorem [B.1]in Subsection B.2]
where we derive the large deviations principle in the case ey = 0. Lemma 23] with e = 0 follows as a
result; see Corollary 3.3l Corollary gives an alternate formulation of the rate function of Theorem B.Ik
this representation is useful for numerical studies. Then in Subsection [3.3] we present, in Theorem [B.10
the second main result of this paper, which is the large deviations principle when ex # 0, i.e., when both
contagion and systematic effects are present.

The large deviations principle of Theorem B.1lis obtained by first identifying a large deviations principle for
the empirical measure of defaults in the heterogeneous pool, v, (properly defined in (&), and then using the
contraction principle. The large deviations principle for v is proved in two steps. First, we derive the large
deviations principle in the independent (i.e., when all ﬂf/,n = 0), but heterogeneous case. Varadhan’s transfer
lemma (recalled as Theorem [57) then implies the LDP for the general case. The large deviations principle
of Theorem 310 is obtained via a conditioning argument from the large deviations principle of Theorem 3.1
and that of small noise diffusion processes, [I1]. In this section we present statement of theorems and the
corresponding proofs are in Section

Let’s recall the concept of large deviations and the associated rate function.

Definition 3.1. If S is a Polish space and P is a probability measure on (S, B(S)), we say that a collection
(&€n)nen of S-valued random variables has a large deviations principle with rate function I : S — [0,00] and
speed n if
(i) For each s > 0, the set D(s) ={s € S :I(s) < s} is a compact subset of S.
(ii) For every open G C S,
1
lim —InP{{, € G} > —inf I
i 2l {6 € G} 2 — inf I(s)
(iii) For every closed F C S,

— 1
lim —InP{{, € F'} < —inf I(s).
A € F S = )

3.1. Preliminary computations. Let’s set up some notation. Fix p = («, X\ o, B9, 5%, Xo) € P. Fix also
a time horizon T' > 0. Let a Polish space S and denote by C(S;R) and AC(S;R) to be the collection of
continuous and respectively absolutely continuous paths from S to R. For notational convenience we will
sometimes write C'(S;R) and AC(S;R) if no confusion arises. For ¢ and ¢ in AC([0,T];R) and W* a
reference Brownian motion, let A?*% be the solution of the SDE

t t
A (p) = Ao — a/o (A£Y(p) — N)ds + U/O VAZY (p)dW:

t
4 B%()x o (t) + 55 / XY ()xpory($)dib(s) >0

(4)
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This will represent the conditional intensity of a “randomly-selected” name of type p in our pool. Let the
random variable 7% be such that

(5) P&ngt}_P{Ain@Mszg}_1—Ekq{—/wa@M%}

0
for all ¢ > 0, where ¢ is an exponential (1) random variable which is independent of W*. Define

P o) EE {Af’”’(p) exp {— /0 t Af’”’(p)ds” .

Then for ¢ € [0,T]
(6) P{r#¥ <t} = /Ot f24(s)ds =1-E [exp [— /Ot )\f’w(p)ds” .

Let’s now collect together all scenarios where 79%¥ > T'. Fix an abstract point = not in [0, 7] and define

def

T =101 {x}
(which is a Polish space). For given trajectories ¢ and ¢ in AC([0, T];R), define i, , € #(T) as

. T
(7) b, (A) < /temm gﬁw(t)dt—i-é*(A){l— /0 f;ﬁw(t)dt}

for all A € A(T). In other words, ”Z,w is the corresponding probability measure on 7.

The large deviations principles appearing in Theorems [B.1] and B.I0] are in terms ,u; " Moreover, taking
advantage of the special structure of the problem, Lemma [.1] shows that '“Z: » can be computed in closed
form.

3.2. Large deviations principle for the case ¢y = 0. In this case the exogenous source of randomness,
X plays no role in the computations. Define the probability measures vV € Z(P x T)

N N
1 1
(8) v = N E 5PN,nﬁTnX{TnST} + N E 5pN~",*X{Tn>T}
n=1 n=1

This captures the distribution of p¥'" (the 'type’ of the asset) and 77V'" (the default time).

For notational convenience set

XEp T

then X is Polish. We can of course recover the empirical loss from vV; LY = v (P x [0,1]).
Let’s make the following definition.

Definition 3.2. Fiz w € Z(X) and v € P(P); we say that w = £ @ v, where & is a measurable map from
P to P(S) (i.e., & is a stochastic kernel) if

w(Ax B) = / _ €)DD)

for all A € B(P) and B € B(T). In this case, we write
ow
=5,

Let us define

9) H(v,p) = {

Jier m Etw(dt), ifv<p

00, otherwise
and then
(10) H(V) — fpeP H (%(p)v /1‘18/,0) U(dp) lf g_[l}(p) exists
00 otherwise



and where /‘g,o is defined in (), U is given by Assumption [Z2] the superscript p denotes the dependence on
the particular element p = (a, A\, o, 3%, 3%, \) € P, and for B € B(T), we set

v(B) = v(P x B).

The form of the action functional is fairly easy to understand, at least in the homogeneous case. Suppose
that there is a fixed p* € P and p¥™ = p* for all N € N and n € {1,2,...,N} (and thus U = §,). If

V' =8, x w for some w € P(T), then 2 (p*) = w and one expects that

Py (dv™ € dv*) N2ee e_NH(w’“zi,O) — o~ NHW)

Consider next a heterogeneous pool with two fixed types p% and pj. Assume that, in a pool of size N,
every third name is of type p% the remaining names are of type pj. If

1 2
- §5P2 X wag + 55% X wpg,

then
81/*( _Jwa ifp=pj
ou P T ws ifp=py
Then
ovN 1 1
W)= —= 57’ T N /o 5* T,
1<n<N 1<n<N
ne3N ne3N
oV 1 1
(PB) = 5772 D OrXim<r) + 573 DL OxX{r.>T)
AUy 2N/3 N 2N/3 it
n¢3N n¢3N

At a heuristic level, one expects that

ovN ovN

]P)N(dyN c dy*) =Py {M(p;‘) =~ de, M(p%) =~ de}

N N * 2N x (1
= exp |:_§H (WAMU;AO) — ?H (wB,’uz]?O)] — o NH@)

Theorem gives the rigorous proof that, in general, H(v) is the rate function for {¥’V, N < oo} in
the heterogeneous case. An immediate consequence of Theorem [£.8 and contraction principle is the large
deviations principle for LY = vV (P x [0,]).

Theorem 3.1. Consider the system defined in [Il) with eny = 0 and let T < co. Under Assumptions [21]
and 22, the family {LY, N € N} satisfies the large deviation bounds of Definition [Z1], with rate function

I(0) =inf {H(v) : v € P(X) and v (P x [0,T]) = (} .
and speed N. The rate function I is lower semicontinuous and has compact level sets.

As expected the rate function is essentially defined via an entropy functional, which in the present setting
takes the form H (g—[’} (p), /‘g,o)- However, due to the heterogeneity of the environment and due to the feedback
term dLY in the system, new phenomena appear. The effect of heterogeneity is to essentially integrate over
all the different types in the P space, whereas the feedback term is responsible for the subscript 7 in the
1t o, which is a non-linear effect in the entropy.

For &, € AC([0,T];R) let us define the functional

T (O N o (1=ET)
g(gafgp,o)_‘/o 1 <2)0(t)>§(t)dt+l (1—fOT b (t)dt) (1 f(T))

.0

Next, in Corollary B.2] we note that the rate function I has a straightforward alternate representation
which is a bit more suited to numerical investigations.
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Corollary 3.2. Consider the system defined in ([{l) with exy = 0. Define

') = inf Po(®) Uldp) : 0)=0,p(s) = U(d do(T)=1"¢
O= oy 4 [ 96000, 72.0) Uan) (6,00 = 0.6 = [ (o0 (do). and (1) =1}
Under the assumptions and notation of Theorem[Z1, I =1'.

An immediate consequence of Theorem [B.1is the law of large numbers result for LYY obtained in [17].

Corollary 3.3. Assume that ey = 0. There is a unique measure v* such that for every t € [0,T]

D*([O, t]) —1_ / ef(bp(t))\oJrf(;‘ abP (t—u)du+B° Iy bp(tfu)l’/*(du))U(dp);
P

this is the unique solution of H(v) = 0. Finally, v*([0,t]) = L; for all t € [0,T], where L was given in
Lemma 2.3

The proof of Corollary B3 is in Section
As an example of possible use of Theorem [3.I] and Corollary B.2] let’s consider homogenous pools and
heterogeneous pools composed of K different bins that are homogeneous within each bin.

Example 3.4 (Homogeneous). Fiz p* € P and assume that p’'™ = p* for all N and n. Then
1(6) = inf {g (¢, [0 o) : 0(0) = 0,(T) = £,0 > 0,0 € AC([0, T|;R) } .

Example 3.5 (Heterogeneous). Let us assume that the pool is composed of K different bins. Assume that
k;:% of the names are of type A; withi =1,--- | K and Zfil k; = 100. Setting o(p, s) = Zfil 1659 4: (S)X{pa,}+
we get that

K K
. i
1(¢) = inf {Z g (e JEG ) s l®) = Y 155a (1) for cvery t € [0,T]
i3 =1

o(T) = £,04,(0) = 0,04, > 0,4, € AC([0, T|;R) for everyi=1,--- , K}.

3.3. Main result: Large deviations principle for the case limy_,., ey = 0. In this subsection, we
study the case where systematic effects are present. When ey # 0, the large deviations of process {X}¥ =
enXy, N € N} affect the large deviations of the empirical default rate process {LY, N € N}. In order to
properly formulate our result we need to make some assumptions on the scaling properties of the coefficients
of the X process. These are minimal assumptions that guarantee the existence of a large deviations principle
for the family {X}¥ = ey X;, N € N}. In particular:

Assumption 3.6. We assume that the following limits exist uniformly on bounded subsets of R
e b(x) = limg g be(z) = lim. o eb(x/e).
e For some ¢ € (0,1], &(x) = limg g ke (7) = limg o' ~Sk(x/c).
Moreover, the coefficients b(x), R(x) are uniformly continuous on compact subsets of R and we assume that

the SDE with drift coefficient b(zx) and diffusion coefficient F(x) has a unique strong solution.
For any u € L? ([0, T];R) define the map I' : L? ([0, T];R) = C([0, T]; R) by the equation

(1) b(t) = / B((s))ds + / R((s))u(s)ds

Assumption 3.7. We assume that for any u € L* ([0, T];R) the map T : L? ([0, T]; R) — C([0, T]; R) defined
by (1) is well defined and [{I1l) has a unique solution. Moreover we assume that for every N € N, the map
T is continuous when it is restricted to the set {u € L? ([0, T]; fo lu(s)|?ds < N} endowed with the weak
topology of L?[0,T)].

We need one more assumption.

Assumption 3.8. Let u € A the set of square integrable on [0,T], R-valued and §; predictable processes
and consider the controlled sde
AX" = [be(X7") + ke (X" u(t)] dt + ke (XM)dV;, X5 = 0.
9



If limy, 00 €5, = 0 and {up }nenA such that sup,,cy fOT |un(s)]?ds < N almost surely, then X»Un is tight in
C([0,T);R) and

T
supE/ |R(X ) 2ds < 0.
neN 0

As we shall see in Lemma [5.10] of Subsection 5.3, under Assumptions 3.6, B and B.8, the large deviations
principle for the family {XN = exyX,, N € N} on C([0,T];R) with speed 1/¢% is the same as the large

deviations principle and with the same speed for the family {X}¥, N € N}, where
(12) dXN = b(XN)dt + eSR(XN)avi, XY =o.

In this case, the large deviations action functional for {X}¥, N € N} in C([0, T]; R) is

. 1" 2 2
(13) Jx(w):mf{§/ lu(s)|"ds :ue L ([O,T];R),l"(u):¢}
0

whenever {u € L? ([0, T];R),T'(u) = ¢} # 0 and Jx (¢) = oo otherwise.
We remark here that if z(z) # 0 for all € R, then for ¢ € AC ([0, T];R) with ¢(0) = 0, we have the
simplified well known form, see Section 5.3 of [I1],

and Jx (1)) = oo otherwise. However, in general, the form of the rate function is given by (I3).

Example 3.9. Two classical examples, where Assumptions[3.6, [37 and [ hold and thus the LDP for the
process { XN, N € N} holds, are (a): the Ornstein-Uhlenbeck process with b(x) = —yz and k(x) = 1, where
then b(x) = —yx, R(x) = 1 and { = 1, and (b): the CIR (or square-root) process with b(x) = —y(z — 7 /¢)
and k(z) = \/z, where then b(x) = —y(x — &), &K(z) = /T and ( = 1/2.

Then, we have the following theorem.

Theorem 3.10. Consider the system defined in [Il) with limy_ 00 eny = 0 such that limpy oo Ns?\f =ce€
(0,00) and let T < oco. Under Assumptions (21, 22, [0, [3.7] and [Z3 the family {LY, N € N} satisfies the
large deviation bounds of Definition [31, with speed N and with rate function

I(f) =inf{5(%¢) tp€C(Px [OaT];R)WE C([OvT];R)v@(T):E}

where

Ipg (w(p)vfg,w(t)) U(dp) + ¢ Jx(¥), ifp € AC(P x[0,T;R),¢ € AC([0,T];R),%(0) =0,

S(p, ) = @(p,0) =0, >0,5(s) = [ (p,s)U(dp)
0, otherwise

Here, Jx (¢) is the rate function for the process {X~, N < oo}, as defined by (I3)). 1(¢) has compact level
sets.

The definition of S(p,v) suggests that if ¢ = limy_,o0 Ne2¢ = oo then the Jpyg (gp(p), ;,¢(t)) U (dp)

integral in S(p, 1) will be the dominant factor, whereas if ¢ = limpy 00 NE?VC = 0, then the Jx(¢) entropy
term will be the dominant factor. This will become clearer in Section 5.3l Hence both effects are preesent if
c=limy_ o0 Ns?\f € (0,00) and this is the case that we focus on in this paper. However, in the course of the
proof of Theorem BI0 we prove Lemmal[E3] which is the large deviations principle for {LY, N € N, ¢ € [0, 7]}
conditional a given path of the process t — X; in C.([0,T;R]), when ey = 1.
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4. NUMERICAL EXPLORATION OF THE LARGE DEVIATIONS PRINCIPLE

In this section we illustrate our theoretical results by some numerical computations. In particular, in
Subsection FT] we investigate how the rate function, the tails of the probability loss distribution and the
extremals behave in specific situations for a homogeneous pool. We compare two different portfolios and
qualitatively compare the two cases. Then, in Subsection we perform some numerical experiments for a
heterogeneous pool composed of two types, where the difference in the two types is in the level of influence
of contagion and systematic effects.

Understanding the most likely ways in which contagion and systematic risk combine to lead to large
default rates, gives useful insights into how to optimally hedge against such events. In particular, the
numerical experiments show that if a large cluster were to occur, the effect of the systematic factor would be
more significant in the initial phase, but then its importance decreases and contagion effects become more
important. Moreover, in the case of heterogeneous pools, the large deviations analysis allows us to make
statements about which types of names in the pool are likely to be affected more and in which order.

In the numerical results that follow we have computed numerically the rate function I(¢) and the cor-
responding extremals ¢ and 1 solving the variational problems of Theorem for the homogeneous and
heterogeneous cases of interest. In the numerical computation of the rate function, one needs to compute
fg,w(t) and this is done with the help of Lemma [Tl

4.1. Numerics for homogeneous pool. Let us now understand how our calculations look like in some
specific cases in the case of homogeneous portfolios. We consider the systematic risk X; to be of Ornstein-
Uhlenbeck type and in particular

(14) Xo =0

For the numerical experiments below we have taken ey = \/—% The LDP is given by Theorem B.10 with
¢ = 1. The main difficulty in evaluating 7(¢) and the extremals is the computation of '“Z: » of [@). The virtue

of the CIR-based evolution of AV:" of () is that fairly explicit formulae are available. For t € [0, 7], let 6}
solve

(15) 0 (s) = /OS (1 - %U2 (Hf(r))2 — 0495(7“)) dr + % /05 OF (t — r)dip(r). s €[0,1]
Then define . .
P () =07 (H)Ae + a)\/o 0F (r)dr + ﬁc/o OF (t — r)dp(r)

Lemma 4.1. We have that .
2®) =17 (M exp -T2 ,(0)]

Proof. Define
M, exp [—Hf(t ~ AP —ad / COP(t — rydr — € / (1 — r)dio(r) — / S Afﬂﬂdr]
for s € [0,¢]. Note that 65(0) = 0. In differentsial form, S 0
AM, = {0(t = )2 = B7(t = 5) { —a(A8 = ) + BOp(s) + B ()N | = XY
%(9;’@ —5))202A8Y + 6P (t — ) {ad + /3%(8)}} Mds + dM,

where M is a martingale. The ODE () implies that the ds term is identically zero, so M is a martingale.
Noting that

t
My = exp [-Ty.4(t)] and M; = exp {—/ )\f’“’dr] ,
0
we get that
t
e tvw® = My =E[M;] = E [exp {— / Af"wdrH :
0

11



Comparing this with (&) and differentiating, the claim follows. O

We consider two test portfolios; see Table[[l For each test portfolio, we compare four different cases, (a)
Independence: 3% = 3¢ =0, (b) Contagion only: 3 = 0, 3% # 0, (c) Systematic risk only: 5% # 0, 8¢ =0,
and (d) Systematic risk and contagion: 5% # 0, 3% # 0. In each case, the time horizon is T = 1.

| [ Nla[A[o]h ][~y [B5]57]
Portfolio ] [200] 1| 1]00]05] 1 [10] 3
Portfolio 11 | 200 | 5 | 1| 1 |05]0.1] 28] 1

TABLE 1. Model parameter values for two test portfolios.

In Table 2] we report the losses in the pool at time 7" = 1 for the two portfolios, both in the case that
there is a contagion effect (i.e. 3¢ # 0 and taking the values of Table[D]) and in the case that there is no
contagion effect (i.e., setting 3¢ = 0).

| [ L) | Lne() |
Portfolio I 0.804 | 0.470
Portfolio IT || 0.650 | 0.589

TABLE 2. Typical default rate { = L.(T) at T =1 when contagion is present, i.e., 3¢ # 0
and £ = L,,.(T) at T = 1 when contagion is not present, i.e., 3 = 0.

In Figure [l we see a comparison of all rate functions I. Note that in both cases ¢ satisfies I(¢) = 0, where
the law of large numbers is numerically given by Table 2l Of course, this is expected and is in accordance
with large deviations theory.

- Independence . - Independence
Contagion only i Contagion only

——- Systematic risk only i ——- Systematic risk only

—— Systematic risk and contagion —— Systematic risk and contagion

Rate functions
Rate functions

0.0 02 0.4 0.6 08 1.0 0.0 0.2 04 06 0.8 1.0

Default rate Default rate

FIGURE 1. The rate function I'(¢). Left panel: Portfolio I. Right panel: Portfolio II.

In Figure 2 we see a large deviations approximation to the tail of LY. That is, we plot P{LY ~ ¢} <
exp [~ N1(¢)] where £ > £ = Lp. The exposure to contagion and the systematic risk has significant implica-
tions for the tail of LY. Moreover, we see here that, in terms of the tail of the distribution, in Portfolio I, the
effect of contagion dominates the effect of systematic risk, whereas, in Portfolio II, the effect of systematic
risk dominates the effect of contagion. This is mainly due to the differences in the values of 3% and 8¢ in
the two portfolios, Table [I}
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1e-05

1e-05

8e-06

8e-06

Probability
4e-06 6e-06
Probability
6e-06

4e-06

2e-06

2e-06

] |

-~ Independence 3 ---- Independence B 'y
Contagion only \ \ Contagion only i

——- Systematic risk only | L

risk and jion 1=+~

0e+00
I

- Systematic risk only sl A
—— Systematic risk and contagion |~ 77"

T T T T T T T T
0.6 07 08 0.9 1.0 0.70 0.75 0.80 0.85 0.90 0.95

0e+00
I

1.00
Default rate

Default rate

FIGURE 2. Large deviations approximation to the tail of the default rate LY. Left panel:
Portfolio I. Right panel: Portfolio II.

In FiguresBland @ we see a comparison of the optimal ¢ and v for a level £ = 0.85. The effect of contagion
and of the systematic risk alter the behavior of the extremals (the most likely path to failure). Comparing
the tails of the loss distributions of portfolios I and IT in Figure B we conclude that in Portfolio I, the effect
of contagion is in general more profound than the effect of systematic risk. On the other hand in the case
of Portfolio II, the effect of systematic risk is more profound than the effect of contagion. Moreover, in the
left panel of Figure @l we see that if a large default cluster occurs, the systematic risk is most likely to play

a large role in the initial phase, but then its importance decreases (and thus the contagion effect becomes
more important).

. ---- Independence
Con

- - Independence
2 3 c

Sys only oz

——  Systematic risk and contagion

—- Sy k only
Systematic risk and contagion

phi extremal
4

T
0.2 0.4 0.6 o8 1.0

o8 1.0

FIGURE 3. Optimal ¢(t) for ¢ € [0,1] and ¢

= 0.85. Left panel: Portfolio I. Right panel:
Portfolio II.

4.2. Numerics for heterogeneous pool. In this subsection, we illustrate numerically the case of a het-
erogeneous portfolio, which is composed of two types. Type A is 1/3 of the names and type B is 2/3 of
the names. In order to illustrate the effect of contagion and systematic risk in such a heterogeneous port-
folio, we keep all parameters the same, except for the parameters (ﬁg, ﬁi) and (Bg, Bg) for types A and B
respectively. The systematic risk is assumed to be given by (I4)).

In particular, we assume that initially we have N = 200 names in the pool and we consider a portfolio
composed of two types with the following parameters. In such a portfolio we compute that the typical loss
at time T" =1 is 0.62 if there is no contagion and 0.81 if there is contagion. Below, we see plots comparing
the rate functions, tails of the distribution and extremals in all cases, depending on weather both contagion
and systematic risk effects are present or not.
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Portfolio II.

T
1.0

T
0.2

[afAlo] X [7]57]57]

Type A

1

2

1

0.5

115 )10

Type B

1

2

1

0.5

111 2

TABLE 3. Model parameter values for two types in the portfolios.

T
0.4

Optimal ¢ (t) for ¢ € [0,1] and £ = 0.85. Left panel: Portfolio 1. Right panel:

In Figure [l we see a comparison of all rate functions I and of the tails of the loss distribution.

- Independence
Contagion only
\ ---- Systematic risk only
\ —— Systematic risk and contagion

Rate functions

Probability

4e-06 6e-06 8e-06 1le-05

2e-06

0e+00
I

-~ Independence
Contagion only
—-- Systematic risk only

— risk and

gl

Default rate

T T
0.70 0.75

0.80

T
0.85

Default rate

0.90

FIGURE 5. The rate function I(¢) and the tails of the loss distribution

0.95

1.00

The effect of contagion and of the systematic risk alter the behavior of the extremals (the most likely
path to failure). In Figure [l we see a comparison of the optimal ¢ for a level of loss £ = 0.85 for types A
and B under the different scenarios of contagion effects or not and systematic risk effects or not. In order
to illustrate the difference between the behavior of the most likely path to failure between types A and B,
we compare the corresponding ¢ extremals in the left panel of Figure [[] when both effects of contagion and
systematic risk are included in the model. We notice that at any given time ¢, the extremal for type A is
bigger than the extremal for type B. This implies that unlikely large losses for components of type A are
more likely than unlikely large losses for components of type B. Thus, components of type A affect the pool
more than components of type B even though type A composes 1/3 of the pool, whereas type B, composes

2/3 of the pool.
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Then, in the right of Figure [[l we see a comparison of the optimal 1) extremals for a level ¢ = 0.85 for
the cases of systematic risk effects are present or not. We see that in the presence of contagion, if a large
default cluster occurs, the systematic risk is most likely to play a large role in the initial phase, but then
its importance decreases, which means that contagion effect becomes more important. So, in conclusion the
analysis of the extremals shows that in such a pool if a large cluster were to occur, it would most likely be
due to effects of the systematic risk factor which then affects more names of type A and less names of type

nly
isk and contagion

phi extremal
04
phi extremal
04
|

T T T T T T T T T
0.2 0.4 0.6 o8 1.0 0.2 0.4 0.6 o8 1.0

FIGURE 6. Optimal ¢(¢) for ¢ € [0,1] and £ = 0.85. Left panel: ¢ extremal for type A.
Right panel: ¢ extremal for type B.

-—- Systematic risk only
—— Systematic risk and contagion

0.020
I

— Type A
Type B

phi extremal
4

psi extremal

0.005 0.010 0015
1 1 1

0.000
I

-0.005

0.2 0.4 0.6 08 1.0 0.2 0.4 0.6 o8 1.0

Time

FIGURE 7. Left panel: Comparison of ¢ extremals for types A and B when systematic risk
effects are present. Right panel: Optimal v (t) for ¢ € [0,1] and ¢ = 0.85.

5. PROOF OF THE LARGE DEVIATIONS PRINCIPLE

The proof of Theorem Bl goes in two steps. First we prove the corresponding result when 3¢ = 0, namely
we prove the LDP in the heterogeneous case when defaults are independent of each other (Subsection B.T]).
Then, based on this result combined with Theorem [5.7, we shall obtain the desired LDP of of Theorem [3.1]
in Subsection 5.2} In Subsection [£.3] we prove Theorem B.10

5.1. Large deviations under independence and heterogeneity. For each N € N, let {72V }N | he
the independent collection of default times with intensities

ANPENT — o (APENT Xy ) dE 4 oy (AP AW >0

ind,N,n
)\0 o :/\O,N,n-

(16)
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In other words,

¢
def ;
T,‘lndN—Clnf{tZO: / )\‘Snd’N’"zen}
0

where the ¢,’s are as in [@). Then {7"&N}N_is a collection of independent random variables (although
they are not identically distributed ). Define the empirical measure of the types and default times:

md N _ E
6pN n Tlnd N .

Moreover, let

dv ¢ Ov .
(17) Hind(y) _ {prP o (W(p)u NS,O) U(dp) if oU ?XlStS
00 otherwise

where H is as in (@). The definition of H™® differs from the definition () of H in that we replace pf ; in (0)
by Ug,o- This corresponds to no contagion or systematic effects, which is the same as setting 3¢ = 3% =0
leading to independent default rates.

Then, the corresponding large deviations principle reads as follows.

Theorem 5.1. The family {v™*N N € N} satisfies the large deviations principle with rate function
H™ () : P (P x T) [0, 00].

Proof. The upper and lower bound follow by Lemmas [5.4] and respectively. Let us now prove that this
is a lower-semicontinuous functional with compact level sets. Lower-semicontinuity of H (g—;}(p), ,up) follows
immediately, since H(v, pn) is a convex, lower-semincontinuous function of each variable v or p separately
(e.g., Lemma 1.4.3 in [8]). Compactness of level sets follows again as a consequence of the corresponding
property of the relative entropy H (v, 1) (e.g., Lemma 1.4.3 in [8]). These properties are being inherited to
H™(v), by Lemma 6.2.16 of [6]. This completes the proof of the Theorem. O

Remark 5.2. Under homogeneily, namely if pév’" =po for all N e N andn € {1,---, N} then the LDP is
a direct consequence of Sanov’s theorem and is given by [@). The fact that the defaults are not identically
distributed posses some additional difficulties in the proof, as it is seen below.

5.1.1. Compact Support. It is often useful (in passing from a large deviations upper bound for compact sets
to an upper bound for closed sets) to show sufficient tightness. In our case, Assumption 2] actually gives
us compact support. Assumption 21l implies that there is a bounded subset K of P such that pév "¢ K for
all N € Nand n € {1,2...N}. Since T is itself compact, [~ KT, Km]ﬁ x T is compact, and fact

v (- K Kl x T) = 1

Moving this to measure space, let’s define

(18) {we 2(X): w([-Kgp Kggl° xT) =1}

Then K CC Z(X), and P-a.s. v*4N €  for all N € N.

dcf

5.1.2. Large deviations upper bound. In this section, we prove the large deviations upper bound.
Let’s start with an equivalent characterization of H (v).

Lemma 5.3. For every v € (X)) we have that

Hw)= swp { / o(p, t)v(dp, dt) — / log / e¢<Pvt>u8,o<dt)U(dp>}-
peC(PXT) (p,t)eX peEP teT

Proof. First we assume that the stochastic kernel & = ﬁ exists. For ¢ € C(T) and p € P, let’s define

o()E(p) (df) — log / PO o)

16

G(o,p) &

teT



The Donsker-Varadhan variational representation of the relative entropy [8, Theorem 1.4.3] is that

H(&(p), noo) = sup G(g,p).
¢eC(T)

For any ¢ € C(X;R), we have that

/ o(p. ) (dp, dt) — / log / eHPO P (1)U (dp)
(P)EPXT peEP teT ’

= AL ot et~ | ero08 an) e

=/ G(o(p.-),p)U(dp) < . H(&(p), b o)U (dp) = H™ ().

To prove the opposite inequality, define

Fy(p) = sup G(o(p,-),p)
$eC(X), |4l <N

for all positive integers N. Fix now n > 0. For each N, let ¢5 € C(X;R) be such that |¢}| < N and
G(onN(ps-),p) > Fn(p) —n. Since N — Fn(p) is non-decreasing for each p € P, monotone convergence
implies that

H(v) = / i Fu( ) < i [ F(pU0p)

cp N— oo N— oo pe
< fim_ [ Gloneh o) +n< s [ GlopUdp) +1
=X JpeP peC(X)JP

Let n ™\, 0; combining things together, we have the claim when g—[’j exists.

Let’s next consider the case where 2% is not well defined; thus ™4 () = co. Then there is an A € B(P)
and B € %(T) such that v(A x B) > 0 and U(B) = 0. Since P is Polish, there is a closed subset F of A
such that v(F x B) > 0. For ¢ > 0 and N € N, define

¢?V(p7 t) = CexXp [_N dlStX((p7 t)a Fx B)]
where distx (-, F' x B) is the distance (in X) to F' x B. Note that
J\}i—r>noo ¢§v = CXFxB

pointwise. By dominated convergence, we then have that

sup / o(p, ) (dp, dt) — / {1og / e("("’“uso(dw}U(dp)
peC(X) (p,t)EX pEP teT ’
> T { [ oxipomldpadn) - [ {1og / eﬁv“’v”us()(dt)}U(dp)
N=oo | J(p,t)ex peEP teT ’

=/ chxB(p,t)V(dp,dt)—/ {log/ ec"”B(p’”uoo(df)}U(dp)
(p,t)EX peP teT ’

/ eCXFXB(Pvt)Mg)O(dt) = / 1u570(dt) = M&O(T) =1
teT teT

If p € F°, then

Thus
sup / o(p,t)v(dp, dt) — / {log / Pt p O(dt)} Ul(dp) 3 > cv(F x B).
pcc(X) | J(p.tyex peP teT ’
Letting ¢ " oo, we get the claim when g—;} is not well defined, finishing the proof. O

We now can prove the upper bound.
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Lemma 5.4. For any closed set F C P (X), we have

1 . .
lim Nln]P’{l/md’N €F} < — inf H™(v)

N—oco veF
Proof. Using (8], we start with the fact that
(19) P{"N e F} =P {v™N e FNK}.

Fix ¢ < inf,eprxc H(v). For every ¢ € C(X;R), define

Ay = {V e Z(X): /(p,t)ex o(p, t)v(dp,dt) — /peP {log /teT e¢(p’t)up(dt)} U(dp) > E}

By Lemma [5.3] we have that
FNKC U¢ec(x)A¢.
Since F' N K is compact, we in fact have that

FNKC U¢€¢A¢

for some finite subset ® of C'(X;R). Consequently

(20) P{v"N e FnK} <Y PN € A4}
Ped

Using the exponential Chebychev inequality, we calculate that
P {Vi“d’N € A¢} <P / o(p, )N (dp, dt)
(p,t)eX
>0+ / {1og / P P O(dt)} U(dp)}
peP teT '
S R
(p,t)eX
> N{+ N {log/ P P O(dt)} U(dp)}
peP teT '

<exp-NEexp [N [ ofp. N (dp. )
(p,t)eX

X exp [—N {log/ e¢(p’t)u8_’0(dt)} U(dp)]
pEP teT
< exp|[—N/{]exp [N/ {log/ e¢(p’t)u8_0(dt)} UN(dp)]
pEP teT '

X exp [—N {log/ e¢(p’t)u8)0(dt)} U(dp)]
peP teT

— 1 in
lim NlnP{u d.N €A¢} < —/.

N —o00

Thus

Using this a finite number of times in ([20), we get that

lim %ln]P’{Vi“d’N eFNK} < -

N —oc0

Letting ¢  inf, ¢ prx H™(v), we have that
1 . _
lim — ln]P’{l/“‘d’N €EFNK} <— inf H™(v).

N—oco N veFNK
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Finally returning to (I9), we calculate that

. 1 ind, N : rrind : rrind
_ ’ < _ < —
lim N InP {y € F} uemf/CH (v) jgf o (v)
giving us the claim. 0

5.1.3. Large deviations lower bound. In this section, we prove the large deviations lower bound.
We need the following continuity result.

Lemma 5.5. The map p — ,u870 is continuous as a map from P to P(T).
Proof. This follows fairly easily from the explicit formula (). O
We can now prove the lower bound.

Lemma 5.6. Let G be an open subset of #(X). Then
1 , _

Proof. We proceed in a standard way. It suffices to fix a v* € G such that H™(v*) < oo and a n > 0 and
show that

1 . _
(21) lim — P {v"*N e G} > -H™ ") -
N—o00 N
Let’s understand the implications of H"d(v*) < co. Then ¢ Lef %’z]* exists and

. H(&(p), 16,0)U(dp) < 00

so H(&(p), i) < oo for U-a.e. p € P. Thus &{(p) < pp for U-a.e. p € P. Finally, this and Tonelli’s
theorem ensures that
def d€(p)

a dﬂg,o

o(p,1t) (t)

is well-defined. In fact, defining the stochastic kernel g o(p) def 116,0, We have that
dv*

(5,0 ®U)

so ¢ is measurable. Using ([22]), we furthermore note that

v {(p.t) € X : §(p,t) = 0} = /( X001 )01p: (1 U ) =0

(22) ¢ =

Let’s thus define
, -0 if ¢(p7 t) =0

Defining, for convenience e~ >° def 0; we know that
(23) | oo o(an = o)) = 1
teT

for U-a.e. p € P. We also note that

i) = [ waanan - [ g [ e an )
(p,t)eX peP teT
Fix some pu° € Z(T). For ¥ € C(X;R), define now the stochastic kernel

Jiep exp[¥(p,H)]ug o (dt) .
:Q/ (p) (B) d:cf { Jtif‘ zxi['ll(z,t)]zg,z(dt) if j;ge'rexp [\I/(p, t)] Mg,o(dt) >0
1 (B) if [,erexp [¥(p, )] uo(dt) =0
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Let’s now approximate, keeping in mind Lemma B3] [22]), and the fact that  — e~ is continuous on
[-00,00). We then have that there is a ¢ € C(X;R) such that

|Hi“d<v*)— /( Do ) - / N {1og /teTeW*”uS,o(dt)}U(dp)
P, P

and such that the measure 7 ' Z; @ U is in G.
Let’s now define

(24) SN d:Cf/ @(p, t)l/i“d’N(dp, dt) — / {log/ elﬁ(p’t)ug)o(dt)} Un (dp).
(p,t)eX P teT

p

<n/3

Then E [exp [NSn]] = 1, and we thus define

Pn(A) Y E[xaexp[NSy]] A€.Z
The next step is to reduce G. Let B C X be an open subset of G which contains © and such that

<n/2

/ b(p, t)v(dp, dt) — / b(p, t)v* (dp, dt)
(p,t)eX

(p,t)eX

for all v € B. Thus
P{I/ind’N S G} > P{I/ind’N S B} = EN [X{Vind,NeB} exp [—NSNH .
Thanks to Lemma [5.5 the map

p— ew(p’t)ﬂg,o(dt)
teT
is in C(P;R). Thus we can find an N* € N such that

/ {1og / 6¢(p’t)u8,o(dt)}U (dp) — / {1og / 6¢(p’t)u8,o(dt)}UN(dp)' < /2
peP teT peEP teT

if N > N*. Combining things together, we have that

<n

/ @[;(p,t)ui“d’N(dp, dt) — / {log/ ew(p’t)ug)o(dt)} Uy (dp) — ﬁind(u*)
(p,t)eX peP teT

if "N € B and N > N*.
Assume now that N > N*. Then

P{v"N € G} > P{v™N € B} =Ry [X{uina.vepy exp [~NSy]]
> Py {v™N € Byexp [-N{H™(v*) +n}] .
To finish the proof, let’s show that
(25) lim Py{"N e B} > 0.

N —o00

To do so, let’s construct a metric on Z(X). Define d(z) Lef [z]/(1 + |z|); then the map (z,y) — d(z — y)
is a metric on R. Let {f,}nen be a countable and dense subset of C(X;R), and define

(26) p(v1,v9) def Z 9-ng </( e fn(p, )1 (dp, dt) — /

neN (p,t)eX

fn(pa t)VQ(dpv dt))

for all v; and v in Z2(X). Then p is a metric on & (X). Since » € B, there is a dgz > 0 small enough such
that

(27) {v' e 2(X): p(v,0) < d@m} C B.
Let’s now understand the statistics of #™®" under Py. From the structure @4) of Sy, we see that, under

Py, {ri*&NIN_are independent and 7Y has law Ew(pﬁ[)
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Fix f € C(X;R). Let’s write

/ £(p, )™ (dp, dt) — / £(p, D)2 (dp, d)
(p,t)eX

(p,t)eX

<

[ et - [ f(p.0)(E; @ Un)(dpude)
(p,t)eX

(p,t)eX

+

~/(p,t)ex /(b t)(EﬂAJ ® Un)(dp, dt) — ~/(p,t)6X f(p, t)(EJ; ® U)(dp, dt)

Keeping Lemma [5.5] in mind, we have that

lim
N —o00

=0.

/(p,t)ex f(P, t)(EJ) & UN)(dp, dt) — /(p f(p, t)(EJ) ® U)(dp, dt)

,t)eX

Let’s next use Chebychev’s inequality; we have arranged things to take advantage of the fact that

~ N
Ex [fp o)) = [ flen )= (db)
teT
for all N and n. We then calculate that

2

En

[ seowtapdn ~ [ fip.0(E; @ Un)dp.d
(p,t)eX

(p,t)eX

2

N
=Eyx %;{f(piv,aﬁ’)— teTf(p,]y,t)Elz}(pfy)(dt)}
L\ N N N e N 2
= 3 B {rota) = [ ro¥0zsedan]
1 2
N (:t)gxlf(p,t)l

Let’s collect things together. For each f € C'(X;R), we have that

lim EN
N —o00

/ F(p, )N (dp. dt) — / £(p, )0 (dp, dt)
(p,t)eX

(p,t)eX

]_O.

The structure of (26) then implies that
lim Py {p(W™ N ) > 6@m} = 0.

N—o0

This then implies (28], finishing the proof.

O

5.2. Proof of Theorem [l In this section we prove Theorem Bl using Varadhan’s integral lemma [22]

as it appears in Theorem I1.7.2 of [9].

Theorem 5.7 (Varadhan’s integral lemma). Let S be a Polish space. Suppose that {¢N} yen is a sequence
of S-valued random variables with large deviations principle with rate function I. Let {€N}nen be another
sequence of S-valued random variables and assume that there is a continuous function G : S — R such that

P{in € A} = E[xa(én) exp [NG(¢n)]]
for all A € B(S). If

. T 1 N
lim lim N InE |:X[o¢,oo) (G(EM)) eNG(E )} -

a—00 N—o0

then {EN}NGN has a large deviation principle with good rate function I — G.
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In our case, we take S = e (X) and &y 4f yindN - Lemma B allows us to define the Radon-Nikodym
derivative eN ¢,
For p € P, define

) =1 %a2 BP0 —abP(t) >0
b(0) = 0.

Note that since 3% = 0 then 6 (s) = bP(s) for all 0 < s <t < T, where 6} (s) is defined in ([[H). It is easy
to see that bP and bP are uniformly bounded in P x [0,T]. Using (@) and Lemma (1] we can fairly easily

compute the ratio of densities of 7¥ and 7.V and consequently of v~V and vV, For p € P, r € [0,7],
and v € Z(P x [0,T]), define

N 7@12)0([0,7“]) =log { bP(r a\bP(r ¢ T.pr—ul/ U
(o) og G0 o {iPA 4 adep(r) 4 5 [ i~ upu(Pau))

Ho,0 0

—log (EP(T)AO + ozj\bp(r)) - B¢ /T bP(r — u)v (P, du)

0
For p € P, let’s also define

T
a(p%) = 5 [ (T = wpp(P.u)
0
For v € Z(X), let’s finally define
def
601 [ gpitldp.dr).
(p,t)eX
Then
P {VN €A} =E [XA(ui“d’N) exp [NG(Vi“d’N)H .
Theorem [B.1] follows by Theorem and contraction principle.

Theorem 5.8. The family (v™)nen of @) satisfies the large deviations principle with rate function H(v) :
P(PxT)w[0,00].

Proof. Note that G : Z(X) — R is continuous in the weak topology and bounded. Thus

lim lim — logIE [ X]a,00) (G(l/ind’N)) exp [NG(Vind’N)H =

a—o0o N—oo N

holds. Thus {¥V, N € N} has a large deviations principle with rate function HY Find @ Pix v e Z(X).
If 8% does not exist, then H™4(v) = oo so H(v) = co. If % exists, then

vI= n o - n———v S
H() / GP{ [0 T dt)}U(dp) [ e

(p) dpgo(s) | v
pEP { {1 Z[,ZLO 0 (©) = In dﬂg,o(s) } 3U( dS)} Utde)
dv
- { R Tt dt)} U(dp)
—A@H(dU( )i ) Ut

We conclude with the proof of Corollary B3
22



Proof of Corollary 33 Clearly, it is enough to consider the case H(v) < oo. H (-,-) is relative entropy,
which implies that it is a convex and lower semicontiunuous function with respect to both arguments and
strictly convex as a function of the first argument for each fixed second argument. Thus H(v) = 0 implies
that H (j—;}(p),ugo) = 0, which due to the relative entropy nature of H, it is true if g—[’}(p) = up o U—ae.
This implies the relation

v(P,B) = /P B,u;o(ds)U(dp), for all B € B(T)
X

which by (@) and Lemma [£1] translates to the equation
([0, 1]) = / [1 ) {e— Iy )\SD’O(P)dst U (dp)
P
(28) =1- / = (P OXo+Jg oA (t—w)dut B [ 19 (=) (du) ) 7 ()
P

where \*(p) satisfies @) with ¢(t) = ©([0,¢]) and v (t) = 0. Let us next argue that this equation has a
unique solution which coincides with L;, the limit in probability of the empirical loss LY as N — oo.
By Lemma 4.1 of [I7] we get that

(29) Ltzl—ut(P):l—/

P
where for each p € P, there is a unique pair {(Q(¢), A; (p)) : t € [0,T]} taking values in Ry x Ry such that

a = [ E{xerew |- t A ()is| ).

Xi(p) = o —a / (A:(p) — Nds + 0 / VR PAW + 8° / Q(s)ds.

Then, using Lemma [} one easily computes from (29) that L, = ([0, t]), the unique solution of 28). O

E [e* I A:(P)ds} U (dp)

and

5.3. Proof of Theorem In this Subsection, we consider Theorem The proof is a direct con-
sequence of (a): Theorem 5.8 and (b): the LDP for the XY = ey X, process, Lemma [.I0. Thus, we only
sketch the main arguments.

Firstly, we notice that an immediate consequence of Theorem 5.8 is the following conditional LDP.

Lemma 5.9. Consider the system defined in [Il) with exy = 1. Under Assumptions[21] and[23, and given a
path t — X, in C. ([0, T];R), the family {vN, N € N} satisfies the conditional large deviation principle with
rate function H(v;X) : P(P x T) — [0,00] and speed N, where

H(v;X) =

_ fPH (%(P)aﬂg,x> Ul(dp), if g—[’}(p) exists
+00, otherwise.

Secondly, we notice that under Assumptions 3.6 B.7 and the family {XV = ey X, N € N} satisfies a
large deviations principle as given by Lemma

Lemma 5.10. Let XV = exX and assume that Assumptions [2.0, [3.7 and [Z8 hold. Then, the process
{XN N € N} satisfies the large deviations principle with rate function Jx(-) as given by (I3) and speed
1 /E?VC

Proof. Notice that XV = ¢ X is the unique strong solution of the SDE

xN xN
dXN =enb (—t> dt + 5, |:€}V_CI€ (—tﬂ dVi, XY =enao
EN EN

It follows then by Theorem 2.1 in [2], or in the case of non-degenerate bounded diffusion from the classical
results in Section 5.3. of [II], that under Assumptions B.6] B.7 and the processes {eyX, N < oo} and
{XN N < oo} defined in ([[2) have the same large deviations principle with rate function Jx(-) and where
speed of the large deviations asymptotic is 1/ a?\f. 0
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By Lemma and contraction principle we get that, given a path t — X;, the large deviations rate
function for the family {LY = v (P x [0,t]), N € N,t € [0,7]} is given by

Ip9 (w(p),fg,x(t)) U(dp), ¢ € AC(P x [0,T];R),¢(p,0) =0,¢ >0,
(30) J(p; X) = and @(s) = [ ¢(p,s)U(dp)

+00, otherwise

The latter statement and Lemma[5. 10 imply that the rate function for the pair {(L{V, XN),N eN,te|o, T]}
is given by S(¢, ), as defined in Theorem B0 Indeed, by Lemma 1.2.18 and Theorem 4.1.11 of [6], it is
enough to establish a local large deviations principle and exponential tightness. Exponential tightness is a
direct consequence of the compact support computations of Section [B.1.1] and the exponential tightness of
the small noise diffusion process X~. Denoting by B(-,§) the ball in the space of continuous functions in
[0, T] with uniform norm, proving a local large deviations principle amounts to proving

- 1 N N
%ﬁ?lﬂf,‘ffopﬁlogp{@ , XN) € B((p,9),0)} < —S(p,9), and

R | N N
J— > _
limlim inf = log P {(L™, X™) € B((¢,9),8)} = =S(p¥)

In the case limpy_so NE?VC = ¢ € (0,00), both statements are seen to be true due to the conditional
probability relation P(ANT) = P(A|T')P(T") and using the conditonal large deviations principle discussed at
Lemma and the large deviations principle of Lemma [5. 10l Basically, to exponential order, we have as
N — o0

(31) P{LN ~ ¢, XV ~ )} ~ exp |~ NJ (1)) — E%wao
N

which means that if limy_, Nex = ¢ € (0, 00), the rate function for the pair {@N,XN),NeN,te[0,T]}
is given by S(¢,1), as defined in Theorem BI0 Then, by varying over ¢ € C([0,T];R) and ¢ € C(P x
[0, T];R) such that ¢(T) = ¢, we get that the rate function for the loss {L¥ , N < oo} at time T is I(-),
which is the statement of Theorem [B.I0, concluding its proof.

Display 1)) also shows that if limy e Ns?\f = 00, then the term J(y;) is the dominant factor, while
if Imy oo Na?\g = 0, then the Jx(¢) entropy term is the dominant factor.

6. CONCLUSION

In this paper we studied large deviations for an empirically motivated interacting particle system of
default clustering. The components in the system interact through the empirical default rate in the pool
and through a systematic risk which is common to all of the them. An explicit large deviations principle is
derived and probabilities of tail events are then studied. One can compute the extremals of the rate function,
which characterize the most likely path to failure of the system. The numerical experiments reveal the role
that contagion and systematic risk play in the failure of the system. In the numerical examples that we
performed, we saw that if a large default cluster occurs, the systematic risk is most likely to play a large role
in the initial phase, but then its importance decreases, and then contagion effect become more important.
Then, the analysis of the extremals in heterogeneous pools can help understanding which components in the
pool are more vulnerable to the effect of contagion.
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