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Stable determination of an inclusion in an
elastic body by boundary measurements *

Giovanni Alessandrini! Michele Di Cristo?
Antonino Morassi® and Edi Rosset

Abstract

We consider the inverse problem of identifying an unknown inclu-
sion contained in an elastic body by the Dirichlet-to-Neumann map.
The body is made by linearly elastic, homogeneous and isotropic ma-
terial. The Lamé moduli of the inclusion are constant and different
from those of the surrounding material. Under mild a-priori regular-
ity assumptions on the unknown defect, we establish a logarithmic
stability estimate. Main tools are propagation of smallness arguments
based on three-spheres inequality for solutions to the Lamé system and
a refined asymptotic analysis of the fundamental solution of the Lamé
system in presence of an inclusion which shows surprising features.

1 Introduction

This paper deals with the inverse problem of determining an elastic inclusion
D contained in an elastic body 2 by measuring displacements and tractions
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at the boundary 9Q. More precisely, let € be a bounded domain in R3
and let D be an open set contained in 2. Assume that both the body 2
and the inclusion D are made by different homogeneous, isotropic, elastic
materials, with Lamé moduli p, A\ and p!, M, respectively, satisfying the
strong convexity conditions p > 0, 2p + 3\ > 0, u! > 0, 2! + 3\ > 0. For
a given g € H2(99), consider the weak solution u € H'(2) to the Dirichlet
problem

div((C+ (C! = C)xp)Vu) =0, in Q,
u =g, on 051, (12)

where C, C! are the elastic tensors of the body and of the inclusion, respec-
tively, and xp is the characteristic function of D. We denote by Ap : H 3=
H~2 the Dirichlet-to-Neumann map associated to the problem —,
that is the operator which maps the Dirichlet data u|gq onto the correspond-
ing Neumann data ((C + (C! — C)xp)Vu)v, taken in the weak sense (see
(3-3), below), where v is the outer unit normal to 9Q2. The inverse
problem we are considering here is to determine D when Ap is given.

This problem is one of the fundamental issues of inverse problems in
linear elasticity. In fact, the physical problem described by equations ([1.1])—
corresponds to a class of diagnostic problems very common in practical
applications, in which the inclusion is constituted by a faulty or damaged por-
tion of the elastic body and only the exterior boundary of the experimental
sample is accessible to measurements. The hypothesis of piecewise constant
coefficients is also realistic and describes practical situations in which there
is a jump of the elastic coefficients at the interface of the inclusion. How-
ever, despite the simplicity of its formulation and the relevant implications in
practical applications, few general results on this inverse problem are known.

The inverse problem of determining an elastic inclusion could be framed
as a special case of determination of the Lamé moduli from the Dirichlet-to-
Neumann map. In this case, however, most of the results currently available
concern only regular elastic coefficients. In [N-Ul], Nakamura and Uhlmann
established that in two dimensions the Lamé moduli are uniquely deter-
mined by the Dirichlet-to-Neumann map, assuming that they are smooth
(e.g., C*°(Q)) and sufficiently close to a pair of positive constants. For the
three-dimensional case, the uniqueness for both Lamé moduli was proved in
IN-U2], [E-R], [N-U3], provided that they are smooth and that the shear
modulus is close to a positive constant. Some of the above uniqueness re-
sults have been proved in the case of partial Cauchy data, see [[-U-Y] for
more details. Concerning results for less regular coefficients, quite recently,
the uniqueness and Lipschitz stability in the case of discontinuous piecewise



constant Lamé tensors, with unknown constants, but with a known decom-
position of the domain, has been achieved in [B-F-V].

An alternative approach is the one based on identification of an unknown
boundary, namely the interface 0D of the inclusion, by measurements taken
on Jf). The extreme cases of a cavity or of a rigid inclusion in an isotropic
elastic body were considered in [M-RI|] and in [M-R2|, respectively. For
this class of inverse problems, under mild regularity assumptions on the un-
known interface, Morassi and Rosset established a stability estimate of log-log
type from a single pair of Cauchy data. For the elastic inclusion even the
uniqueness question from a finite number of boundary measurements, not to
mention stability, remains a largely open issue.

In connection with the problems discussed above, we wish to mention the
reconstruction issue that has drawn a lot of attention in recent years.

Tkehata developed in [TIk1] the so-called probe method for reconstructing
inclusions in elastic bodies by means of singular or fundamental solutions.
A key ingredient of the method is a Runge type approximation theorem,
which is useful to guarantee the existence of an approximating sequence to
the singular solution. The basic idea of this method comes from Isakov’s
fundamental paper [Is1], in which the uniqueness of the determination of an
inclusion in an electrical conductor from the Dirichlet-to-Neumann map was
proved. See also a corresponding result of uniqueness for elastic inclusions
[IK-N-TJ. Unfortunately, Runge type approximation theorems are typically
based on nonconstructive arguments and, therefore, they are not suitable for
stability estimates. Still along this line of research, interesting results for the
reconstruction of an unknown inclusion in two dimensions were obtained by
Ikehata in [Ik2].

Uhlmann and Wang proposed in [U-W] a method for constructing com-
plex geometrical optics (CGO) solutions with general phases for various sys-
tems with Laplacian principal part, which include the inhomogeneous Lamé
system in the plane. In particular, in [U-W-W]|, the authors provided a re-
construction algorithm to the inverse problem of determining D from Ap.
The idea is to probe the medium with CGO solutions having polynomial-
type phase functions. The method works for bounded or unbounded planar
regions, made by inhomogeneous Lamé material, and does not need a Runge
type theorem. Using the CGO solutions, the authors develop an algorithm
to reconstruct the exact shape of a large class of inclusions, including star-
shaped domains. Numerical implementation of the method gave encouraging
results. Extension to three dimensions, however, does not seem to be easy
as this method heavily relies on the use of conformal mappings.

In this paper we prove, under suitable mild a-priori assumptions on the
regularity and on the topology of D, a continuous dependence of D from Ap



with a modulus of continuity of logarithmic type. Our proof is inspired by the
paper by Alessandrini and Di Cristo [A-DiC], in which a logarithmic stability
estimate for the corresponding problem in impedance tomography, which
involves a single scalar elliptic equation with piecewise constant coefficient,
was obtained. In this direction, we would like also to mention the recent
papers by Di Cristo and Vessella [DiC-V1], [DiC-V2|, for analogous results
for the stable determination of a time varying inclusion within a thermal
conductor. The aforementioned papers are based on quantitative estimates
of unique continuation and on accurate study of the asymptotic behavior
of fundamental solutions when the singularity gets close to the unknown
interface.

The approach we follow here goes along the same line of reasoning but
there are several steps which present new difficulties and in which we have
been forced to introduce novel arguments. Let us outline the main steps of
the proof and the new challenges that we have encountered.

Consider two possible inclusions Dy, Ds and their corresponding Dirichlet-
to-Neumann maps Ap,, Ap,. The main steps are the following.

i) We introduce the fundamental solutions I'P1, T'P2 for the Lamé system
in the full space when D = Dy, D, respectively.

ii) We show that (I'°* —I'P2)(y, w) can be dominated linearly by Ap, —Ap,
when y, w are outside of  (see , )

iii) We propagate the smallness of (I'P' — I'P2)(y, w) as y, w are moved
inside of  in the connected component G of R?\ (D; U Dy) which contains
R3\ Q.

iv) We examine the asymptotics of (I'”* —I'P2)(y, w) as y, w approach to
a point P of D, \ Dy (or 0Dy \ D).

v) We evaluate the distance between Dy and Dy by matching the smallness
estimates of Step iii) with the blowup asymptotics of Step iv).

Let us now illustrate with some more details the character of such steps.

Step i) is based on a-priori regularity estimates of solutions of the Lamé
system with piecewise constant Lamé moduli. For this purpose we appeal to
the theory of existence developed by Hofmann and Kim [H-K] and to the a-
priori bounds due to Li and Nirenberg [L-N]. Details can be found in Section

Step ii) is based on a version of the so-called Alessandrini’s identity,
Lemma

Step iii) contains a complication of geometrical /topological character due
to the fact that quantitative estimates of unique continuation can be obtained
only in sets which are not only topologically connected, but also whose con-
nectedness is expressed in tight quantitative terms. Namely, pairs of points
need to be connected by chains of balls of controlled size and number, in
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such a way that the iteration of the three-spheres-inequality gives rise to
controlled constants and moduli of continuity in the estimates of propaga-
tion of smallness.

Note that D is contained in €2 with no constraint on the distance between
D and 05, actually we may even admit that 9D N OS2 # (.

Indeed, in previous studies, it was assumed dist(D, 9Q) > const > 0, here
we show that this requirement is unnecessary since for our purposes the D-N
map is estimated only for solutions to defined on a domain €2 strictly
larger than Q. See Section [7], Step 1.

Step iv) is the one in which the difference between the scalar conductivity
equation and the vector Lamé system becomes more evident and (in our view)
presents the most challenging and interesting features.

In fact, in the scalar case it was possible to pick y = w and prove that
(I'Pr — I'P2)(y, y) blows up as y tends nontangentially to P € dD; \ Dy, and
to evaluate quantitatively the blowup rate. In the present case the situation
is more complicated for a number of reasons. First of all the fundamental
solutions are matrix valued (not scalar) functions and, therefore, it is crucial
to understand which of the entries of I'”* — I'2? has the desired blowup
behavior. Second, we are assuming that either u! # p or M # X with
no order condition between such parameters. Hence, we cannot expect, in
general, that the difference matrix I'”* — I'2 may satisfy any positivity
condition. For these reasons we have chosen to examine each diagonal entry
of I'P1 —TI'P2 separately. Similarly to the scalar case, we can show that, as y, w
tend to P € D1\ Dy, (I'P1—I'P2)(y, w) has, in a suitable reference frame, the
same asymptotic behavior of (I'" — T')(y, w). Here T is the standard Kelvin
fundamental solution with Lamé moduli g, A and I'" is the fundamental
solution I'” when D is replaced by the upper half plane {z3 > 0}.

We can take advantage of the fact that I'" is explicitly known, in fact
its expression, although complicated, was calculated by Rongved [R] in 1955.
With the aid of Rongved’s formulas we have been able to estimate the blowup
rate of (I'" — IM)yu(y,w), i = 1,2,3, as y,w — 0 vertically along the line
{z1 = x5 = 0} for suitable choices of y, w. A notable fact is that we are
obliged to pick very specific choices of y, w, w # y (see Proposition . In
fact we have found explicit examples of moduli (\, ) # (A, u!) for which
(Tt — T)yu(y,y) = 0. We emphasize that such a precise analysis has been
possible on the grounds of the explicit (algebraic) character of 't (see Section
10).

The organization of the paper is as follows. In Section [2| we introduce
some notation and the a-priori information needed for our stability result.
The main result of stability, Theorem is stated in Section [3] Section []
is devoted to some technical details of topological-metric character related



to the evaluation of the distance between the inclusions and to estimates of
propagation of smallness. The main properties of the fundamental solution
of the Lamé system with discontinuous coeflicients are presented in Section
In Section [6] we state two auxiliary estimates, Theorem [6.4 and Theorem
6.5 and in their basis we prove the main Theorem 3.1} Theorem [6.4]is proven
in the following Section [7l Section 8| contains evaluations of the asymptotic
behaviour of the fundamental solution I'P, in preparation of the proof of
Theorem which is completed in Section [9] Section is devoted to
the analysis of Rongved’s fundamental solution I't. We also investigate the
peculiar behaviour of I'" — T" (which shows remarkable differences with the
scalar case of the conductivity equations) by exploring explicit examples of
material parameters p, A and uf, A!. Finally, Section [11] contains the proof
of our main topological-metric lemma, Lemma 4.2.

2 Notation and a-priori information

2.1 Notation and definitions

Let us denote by R? = {z € R? | z3 > 0} and R? = {z € R? | 23 < 0}. Given
r € R3, we shall denote z = (2/, z3), where 2’ = (z1,72) € R?, z3 € R. Given
xr € R3, r > 0, we shall use the following notation for balls and cylinders.

B(x)={y R’ | |[y—=| <7}, B,=B(0),
Bi(«)={y eR?® | |y —a'| <r}, B =B)0),
Qup(x) =¥, y)l v — 2| < a, |ys — 23] <b},  Qap = Qup(0),
Qup(x)" ={W ys)l Iy —2'| <a, 0<ys—z3 <b}, QF,=Q5,(0).

Definition 2.1. (C*° regularity) Let E be a domain in R?. Given k, a,
k€N, 0<a<1,wesay that E is of class C** with constants py, My > 0,
if, for any P € OF, there exists a rigid transformation of coordinates under
which we have P = 0 and

EN By (0) ={x € By(0) | x3> ()},
where ¢ is a C*® function on By, satisfying
(0) =0,
Vp(0) =0, whenk >1,
lelloraisy, ) < Mopo-

When k£ =0, a = 1, we also say that E is of Lipschitz class with constants
Po; MO-



Remark 2.2. We use the convention to normalize all norms in such a way that
their terms are dimensionally homogeneous and coincide with the standard
definition when the dimensional parameter equals one. For instance, the
norm appearing above is meant as follows

lellorasy, © Zpo Vil ooy, 01) + 26V Pl 0)
where o ) R
V¥ las, @ =  sup | w(x/) - /aw(y)\_
¢ @', y'€B) (0) 2/ — |
x' 2y’

Similarly, for a vector function u : Q C R3 — R?, we set

1
2
iz = ([ 4 [ 19aP)",
Q Q

and so on for boundary and trace norms such as || - ||

H3 (90,R3)’ I HH—%(aQ,RB)'

For any U C R? and for any r > 0, we denote
U, ={x €U |dist(x,0U) > r}, (2.1)
U = {z € R*|dist(z,U) < r}. (2.2)

We denote by M™*™ the space of m x n real valued matrices and by
L(X,Y) the space of bounded linear operators between Banach spaces X
and Y. When m = n, we shall also denote M"™ = M"™*",

For every pair of real n-vectors a and b, we denote by a ® b the n x n
matrix with entries

(CL & b)U = a,-bj, Z,j = ]_, -y N (23)

For every 3 x 3 matrices A, B and for every C € £(M?3, M?), we use the
following notation:

3
CA)y; = Y CiAn, (2.4)

k=1

3

1,j=1

Al = (A A)2, (2.6)
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where Cjji, Aij and B;; are the entries of C, A and B respectively.
Given two bounded closed sets A, B C R3, let us recall that the Hausdorff
distance dy (A, B) is defined as

dy (A, B) = max{maxd(z, B), maxd(z, A)}

z€A Tz€B

2.2 A-priori information

Throughout the paper, we use the following a-priori assumptions.
i) Domain
Let © be a bounded domain in R? such that

R?*\ Q is connected, (2.7)
Q) is of class C*, with constants po, Mo, (2.9)

where po, My, My are given positive constants, and 0 < o < 1.
ii) Inclusion
Let D be a domain contained in €2 satisfying

R?\ D is connected, (2.10)

D is of class CY, with constants py, My, (2.11)

where pg, M, are given positive constants, and 0 < o < 1.

iii) Material

The body € is assumed to be made of linearly elastic, isotropic and ho-
mogeneous material, with elastic tensor C of components

Cijrt = N30k + 11(0ki015 + 61:0k;5), (2.12)

where 9;; is the Kronecker’s delta. The constant Lamé moduli A, p satisfy
the strong convexity conditions

> g, 2p 4+ 3N > Yo, (2.13)

where ag > 0, 79 > 0 are given constants. We shall also assume upper
bounds on the Lamé moduli

p<m, A< (2.14)



where also 7 > 0, X € R are known quantities. In some points of our analysis,
we will express the constitutive equation (2.12f) in terms of  and of Poisson’s
ratio v, instead of the Lamé moduli p, A. Recalling that

A

p=— 2.15
2N+ ) (2.15)
by (213), @11 we have
1
—1<V0§V§V1<§, (2.16)

where 14, v, only depend on ag, 7o, i, A. Let us notice that (2.12)) trivially
implies that
Cijki = Criij = Ciij, 1,5, k, 1 =1,2,3. (2.17)

We recall that the first equality in (2.17)) is usually named as the major
symmetry of the tensor C, whereas the second equality is called the minor
symmetry.

Also we note that (2.13]) is equivalent to
CA-A > &|AP (2.18)

for every 3 x 3 symmetric matrix A, where {; = min{2ayq, Y0}
Similarly, the inclusion D is made of isotropic homogeneous material hav-
ing elasticity tensor C!, with constant Lamé moduli A/, u! satisfying the

conditions (2.13)), (2.14)) and such that
A=A+ (= p")? > 5 >0, (2.19)

for a given constant 7y > 0.

In what follows we shall refer to the constants My, o, My, ag, Yo, 1, A,
1o as to the a-priori data.

Observe that, in view of (2.15)) and of the a-priori bounds on the Lamé
moduli, from (2.19) it also follows

(v =v")?+(n—p')* > Cng >0, (2.20)

where C only depends on ag, Yo, I, \.
Finally, note that the jump condition (2.19) does not imply any kind of

monotonicity relation between C and C'.



3 Formulation of the inverse problem and sta-
bility result

For any f € HY?(09), let u € H'(Q2) be the weak solution to the Dirichlet
problem

div ((C + (CT = C)xp)Vu) =0, in €, (3.1)
{ u=f, on 0f) (3.2)

where xp is the characteristic function of D.
Let us recall that the so-called Dirichlet-to-Neumann map

Ap : HY2(0Q) — H™Y2(00), (3.3)

is defined in the weak form by
< Apf,v]gn >= /(C +(C' = C)xp)Vu - Vo, (3.4)
Q

for every v € H(Q).

In what follows it will be convenient to write, with a slight, but customary,
abuse of notation,

< ADf,U|8Q >= / ’UADf.
Bl9)

The inverse problem we are interested in consists in recovering the inclu-
sion D from the knowledge of the map Ap and, more precisely, we want to
prove a stability estimate. Our main result is the following.

Theorem 3.1. Let Q C R? satisfy (2.8)-(2.9) and let Dy, Dy be two inclu-
sions contained in ) satisfying ([2.10)-([2.11). Let C and C! be the constant
elastic tensors of the material of Q0 and of the inclusions D;, i = 1,2, re-

spectively, where C and C! satisfy (2.12)-([2.14) and (2.19). If, for some e,

0<e<l,

€
1AD, = Ap, |l ez o0), m-112(50)) < P (3.5)
then
dH(aDl,aDg) S pow(e), (36)
where w is an increasing function on [0,400) satisfying
w(t) < C|logt|™, for every 0 <t <1, (3.7)

where C' >0 and n, 0 < n <1, are constants only depending on the a-priori
data.
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Remark 3.2. In the case when D;, D, are at a prescribed positive distance
from OS2, it is also possible to obtain a result analogous to the above Theorem
when the Dirichlet-to-Neumann maps Ap,, Ap, are replaced with local maps.
For instance, fixing @ € 09 and given p; > 0, denoting ¥ = 002N B, (Q),
we introduce

HY*(S8) = {g € H'*(09) | supp g CC L}

and define
Ap, : HP(S) — (HYA(%) € HV?(09)

as the restriction of Ap, to HY 2(E). Thus, replacing the assumption ((3.5))
with .
2 2
1D, = Anll (a2 o) (i) ) = P
we obtain (3.6)—(3.7)) with constants only depending on the a-priori data and
on p;. Such a result is a nearly straightforward adaptation of the theory

developed in [A-K].

The proof of Theorem [3.1] will be given in Section [0} In the following two
sections, we introduce some auxiliary results, concerning the topological-
metric aspects of the problem and the main properties of the fundamental
solution of the Lamé system with discontinuous coefficients.

4 Metric lemmas

Let G be the connected component of R®\ (D; U Dy) which contains R?\ O
and let us denote B
Qp =R*\G. (4.1)

As we shall see later, one of the key ingredients of the stability proof consists
in propagating the smallness from the boundary 0f) inside 2. Since the
value dy(0Dy, 9D,) may be attained at some point not belonging to G and,
therefore, not reachable from the exterior, it is necessary to introduce a
modified distance following the ideas developed in [A-DiC]. Precisely, let us
introduce the modified distance between D and Do

d“<D1,D2):maX{ max  dist(z, Dy), max dist(:c,Dl)}. (4.2)

x€0D1NINp r€0D2NINp

We remark here that d, is not a metric and, in general, it does not dominate
the Hausdorff distance. However, under our a priori assumptions on the
inclusion, the following lemma holds true.
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Lemma 4.1 (Proposition 3.3 in [A-DiC|). Under the assumptions of The-
orem there exists a constant co > 1 only depending on My and o such
that

dH((?Dl, aDg) S Codu(Dl, Dg) (43)

It is easy to verify that

max  dist(z, Dy) = max  dist(x,0Dy)
mE@DM\@QD xeaDlﬁaQD

max  dist(z,D;) = max dist(z,0D,),
mE@Dgﬁ@QD J:EBDgﬁ(?QD

so that d,(Ds, D2) < dy(0D;1,0D3), and therefore, in view of Lemma
these two quantities are comparable.

Another obstacle comes out from the fact that the propagation of small-
ness arguments are based on an iterated application of the three-spheres
inequality for solutions to the Lamé system over chains of balls contained in
G and, in this step, it is crucial to control from below the radii of these balls.
In order to circumvent the case in which points of 9Q2p are not reachable by
such chains of balls, we found it convenient to adapt to our case ideas first
presented in [A-S] in dealing with crack detection in electrical conductors,
which we summarize in the lemma below. We note, incidentally, that this
issue was somewhat underestimated in [A-DiC|. The procedure developed
here enables to fill the possible gaps in the proofs in [A-DiC] (and also in
[DiC], [DiC-V1], [DiC-V2]).

Let us premise some notation. Given O = (0,0,0), v a unit vector, h > 0
and 9 € (0, g), we denote

C(O,v,h, ) ={z € R®| |z — (z-v)v| <sind|z|, 0<z-v<h} (44)

the closed truncated cone with vertex at O, axis along the direction v, height
h and aperture 29. Given R, d, 0 < R < d and ) = —deg, let us consider the

cone C' (O, —es3, d>—R? , arcsin% . We note that the lateral boundary of this

d
cone is tangent to the sphere 0Bg(Q) along the circumference of its base.
From now on, for simplicity, we assume that

d,(Dy,Dy) = max dist(z,0Ds) (4.5)

x€0D1NONp

and we write d,, = d,(Ds, Ds).
Let us define

Sopy = {x € R? |py < dist(z,Q) < 2po} . (4.6)
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We shall make use of paths connecting points in order that appropriate
tubular neighbourhoods of such paths still remain within R?\ Qp.

Let us pick a point P € dD; N dp, let v be the outer unit normal to
0D; at P and let d > 0 be such that the segment [(P + dv), P] is contained
in R3\ Qp. Given Py € R*\ Qp, let v be a path in R\ Qp joining Py to
P + dv. We consider the following neighbourhood of v U [(P + dv), P] \ {P}
formed by a tubular neighbourhood of v attached to a cone with vertex at
P and axis along v

2 2
Vo= U Bais)ue (P S e ) )

Note that two significant parameters are associated to such a set, the radius
R of the tubular neighbourhood of 7, Uge,Br(S), and the half-aperture

—dQQRQ , arcsin %). In other terms, V() depends

on 7 and also on the parameters R and d. At each of the following steps,
such two parameters shall be appropriately chosen and shall be accurately
specified. For the sake of simplicity we convene to maintain the notation
V() also when different values of R, d are introduced.

Also we warn the reader that it will be convenient at various stages to
use a reference frame such that P = O = (0,0,0) and v = —es.

arcsin% of the cone C <P, v,

Lemma 4.2. Under the above notation, there exist positive constants d, c1,
where pio only depends on My and «, and ¢y only depends on My, o, My, and
there exists a point P € 0Dy satisfying

Cldu S dZSt(P, Dg), (48)

and such that, giwving any point By € Ss,,, there exists a path v C (Qro U
S2p0) \ Qp joining Py to P + dv, where v is the unit outer normal to D,
at P, such that, choosing a coordinate system with origin O at P and axis
es = —v, the set V(v) introduced in satisfies

V(y) CR’\ Qp, (4.9)

provided R = \/ErT’ where Ly, 0 < Ly < My, is a constant only depending
0

on My and o.

The proof of Lemma [4.2]is given in Section |11}
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5 Fundamental solution of the Lamé system
with discontinuous coefficients

In this Section, D is a domain of class C1** with constants py, My, 0 < a < 1,

and C, C’ satisfy (2.12))—(2.14).

Given y € R? and a concentrated force 16(- — y) applied at y, | € R3,
|I| = 1, let us consider the normalized fundamental solution u® € L} (R3, R?)

loc
defined by

div, ((C+ (C' = C)xp)VauP (z,y;1)) = —16(z —y), in R*\ {y},

(5.1)
where §(- — y) is the Dirac distribution supported at y, that is

/ (CH(C'=C)xp) Vot (2,5 1) Vop(a) = Lp(y), for every ¢ € CF(R?,R).
R3

(5.2)
It is well-known that
u®(z,y;1) = TP (2,y)l, (5.3)

where TP = T'P(.,y) € L. (R® L(R3 R3)) is the normalized fundamental

matriz for the operator div ,((C+ (C! — C)xp)V.(-)). The existence of I'”
is ensured by the following Proposition.

Proposition 5.1. Under the above assumptions, there exists a unique fun-
damental matriz TP (-,y) € CO(R3\ {y}). Moreover, we have

FD(J;?y) = (FD(yax))Tv fOT every T € Rgu T 7£ Y, (54)
P2 (2, )] < Cloe -y, for cveryz € BY, @ 41y, (5.5)

V.2 (z,y)| < Clo—y| 2, forcveryz €RY, x4y, (5.6)

where the constant C' > 0 only depends on My, o, g, Yo, A, .
Let us premise the following Lemma due to Li and Nirenberg [L-N].

Lemma 5.2. Under the above hypotheses, let u € HY(Q,ra1,) be a solution
to

div((C+ (C" = C)xp)Vu) =0, in Q- (5.7)
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Then, u € CY(Qrray) and, for every & € Qprm, such that Qapapn,(x) C
QrrM,, we have

||VU||LOO(Qp,pM0(I)) + pﬂ|vu|ﬁ,Qp’pNIO(1‘)ﬂ5 + p6|vu|ﬁyQp,pM0(x)\D S

C 2
</ W), (5:8)
p 2 Q2p,2pM0(x)

where | - |3 denotes the usual Holder seminorm, [f = ﬁ and C > 0 only

14+

depends on My, o, g, Yo, A, i

Proof of Proposition[5.1. In view of the results presented in [H-K], in order
to ensure the existence of I'? and properties (5.4), (5.5)), it is sufficient to
prove that there exist constants 1o € (0, 1], C' > 0 such that, for every R > 0
and T € R3] all weak solutions u € H'(Byg(T)) of the equation

div ((C + (C' = C)xp)Vu) =0 (5.9)

satisfy
Uy, Br(@) < — u , 5.10
| ‘# Br () Rio \ | Bop(T)] BQR(E)| | ( )

see Lemma 2.3 in [H-K]. In fact, we shall derive (5.10) with po = 1.
By Lemma , u € WH(Bg(T)) and consequently it is Lipschitz con-
tinuous. By the results in [L-NJ, we have

1

C 2

e = [Vl < o ([ 1WP)' G
R> Bar(T)

where C' > 0 only depends on a, My, ag, 70, A\, . By (5.11)), we finally

obtain the desired estimate

C 1 2
u < =|—=—— uQ) , 5.12
| |17BR( ) R (’BQR(:E)’ Ban(®) ‘ | ( )

where C' > 0 only depends on «, My, ag, Yo, \, T

It remains to prove estimate (5.6). By applying (5.11) to I'°(-, %) in

Bg(z), where s = @, we have

ot

1
C z
90 Clmmn < S5 ([ I nPae)

52 \JBss(x)
Since |€ — y| > 2s, and by (j5.5)),we have
C
V.IP(, ©(Bs(z)) < T3
I ey < o

where C' > 0 only depends on o, My, ag, Yo, \, fi- O

(5.13)
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6 Proof of the main theorem

We begin with the following identity, the prototype of which can be attributed
to Alessandrini [A] in connection with the inverse conductivity problem.

Lemma 6.1. Under the assumptions of Theorem let u; € HY(Q), i =
1,2, be solutions to (3.1) with D = D, respectively. Then the following
tdentity holds

/(@ (T = C)yp,)Viuy - Vs — /(c (T = C)xp,)Viuy - Vi =
Q Q

=<< (AD1 — AD2>UQ,'LL1 > . (61)

Proof. Straightforward consequence of (3.4 and of the symmetry properties
of C, C. O

Let us choose y, w € R3, y # w, and [, m € R? such that |I| = |m| = 1.
We define the functions

S, (g, w1, m) = / (C — CYVo(T2 (2, y)l) - Vo (P22 (2, whm),  (6.2)

Dy

Sp,(y,w;l,m) = / ((C] — (C)VQC(FD1 (x,y)l) - Vx(FD2(x,w)m), (6.3)

Do
f(y,w,l,m) = SD1(y7w;l7m) - SDQ(y7w;l7m>‘ (64)
The following Lemma takes its inspiration from a result due to Beretta,
Francini and Vessella [B-F-V| Proposition 3.2].

Lemma 6.2. For every y,w € R?, y # w, we have
fly,wil,m) = (TP = T)(y, w)m - 1. (6.5)

Proof. Let us denote I'; = I'P" and C; = (C + (C! — C)xp,), i = 1,2. Let
R > 0 be large enough so that Q C Bg(0) and |y|,|w| < R. By Green’s
formula we have

/ ((CQVzFQ(x,w)m)y-(Fl(x,y)Z)—/ CoV(To(z,w)m)-V (T (z,y)l) =
0BR(0)

Br(0)
- _Fl(w7y)l -m,

and also

/ (C1 V. Iy (x, y))v-(Dy(x, w)m)—/ CiVe(Ty(z,y))- Vo (Do(z,w)m) =
0BR(0)

Br(0)
= Ty (y,w)m -,

16



By using the major symmetry of C, and subtracting,

SDl(y7 w; la m) - SDQ(?/? w; la m)+
—|—/ (Cgvxrg(x,w)m)u-(Fl(x,y)l)—/ (CiV. Iy (z, y) v (Ty(z,w)m) =
9Br(0) 9BR(0)
= Doy, w)m -1 =Ta(w, y)l - m.

By (5.5)), (5.6)), the boundary integrals are infinitesimal as R — oo and, by

53)
Ty (w,y)l-m =T1(y, w)m - L.

O
Let us fix y =7 € R*\ Qp and [ € R?, |I| = 1. Let us define
fk<w7l) = f(gaw;l7ek)a k= 172737 (66)
f:(f17f27f3)' (67)
Similarly, let us fix w = w € R3\ Qp and m € R3, |m| = 1. We define
filysm) = f(y.Wiejm),  j=1,2,3, (6.8)
f= (1 fo, fo): (6.9)
Lemma 6.3. The vector-valued function f = f(w;l) satisfies the Lamé sys-
tem o
divy(CV,f) =0, inR*\ Qp, (6.10)
for every 1 € R3, |I| = 1. o
The vector-valued function f = f(y;m) satisfies the Lamé system
div, (CV,f) =0, inR>\Qp, (6.11)

for every m € R3, |m| = 1.

Proof. Since, by (B.4), f = (2 = T'P)(w,§)l and f = (TP —=TP1)(y, w)m,
the thesis is a straightforward consequence of Lemma [6.2] O]

Theorem 6.4 (Upper bound on the function f). Under the notation of
Lemma[{.2, let
yn = P — hes, (6.12)

wp =P — Aphes, 0< Ay < 1, (6.13)
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with

_ in
0<h§d<1—suiL 0), (6.14)
where 50 = arctanLLO and v = —es3 s the outer unit normal to Dy at P.
Then, for every l, m € R3, |I| = |m| =1, we have
C 1 )“2
1 (g, wns L, m)| < WECI(Z;) , (6.15)

where € is the error bound introduced in (3.5) and the constant C' > 0 only
depends on My, o, My, ag, Yo, A, 15

o _ sindg

Cl = 7(52—’_2 ||llo§§:\" 02 — 2 |110g6| ’ A - _ )\w 5 : X _ ]. 8{5 7
d % sin sin

| log x| (1 — greinte) 1+ sine

(6.16)

where §, 0 <6 <1, 9", 0 <" <1, only depend on ag, Yo, A, 11; v > 0 only
depends on My, o, My, ag, Yo, A, [t.

Theorem 6.5 (Lower bound on the function f). Under the notation of
Lemma[{.2, let

yn = P — hes. (6.17)
For every i = 1,2,3, there exists é“’ € {%, %, %} and there exists h € (0, %)
only depending on My, o, g, Yo, N\, [, No, such that
C _
| f (Y, ws €i, €3)] > W for every h, 0 <h < hp, (6.18)
where
wy, = P — \yhes, (6.19)
. . Po .
= min } dist(P, Dy), ———-min{1, M , 6.20

and C' > 0 only depends on My, o, ag, Yo, A, T, Mo-

Proof of Theorem[3.1. From the combination of the upper bound ([6.15)),
with [ = m = ¢; for i € {1,2,3}, and from the lower bound (6.18)), we

have
h

Cy B
C < eCl(E) , forevery h, 0 <h < hp, (6.21)
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where p is given in ([6.20), the constants C; > 0, Cy > 0 are defined in
and depend only on My, o, My, ag, Y0, A, 11, and the constants C' € (0,1),
he (O, %) only depend on My, a, ag, Yo, \, T, To-

Passing to the logarithm and recalling that € € (0, 1), we have

1

1 [ _

h<Cpy| —— : , for every h, 0 < h < hp, (6.22)
| log e

In particular, choosing h = hp, we have

<C L = 6.23

If p = dist(P, Dy), by Lemma and Lemma [1.2] the thesis follows. If,
. o o ) . .

otherwise, p = PWISYH NESTH min{1, My}, the thesis follows by noticing that

dy(0D1,0D3) < diam(2) < Cpg, with C' > 0 only depending on My, M;. O

7 Proof of Theorem 6.4

The proof is divided into four steps.
Step 1. For anyy, w € Ss,, and for any I, m € R3, |I| = |m| = 1, we have

€
(. wilom)| < O (7.1)

where C' > 0 only depends on My, o, My, ap, Yo, A, Ji.
For any y € Sap,, w € QP \ Qp, and for every |, m € R?, |I] = |m| =1,
we have

(g, wslm)] < % (72)

where C' > 0 only depends on My, o, My, g, Yo, A, It

Proof of Step 1. When y, w € R®\ Q, we may apply the identity (6.1)) with
ui(+) = TP1(-,y)l, ug(-) = T'P2(-,w)m obtaining

F(yywil,m) = / P a)) - (Apy = Ap) (M) (73)

By (7.3) and by (3.5), we have

€
7 w3 m)] < 0P )y g T2 )l
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By (5.5) and ([5.6)), we have

TP () 200y < TP ) Ul on) =

_ ( /8 ) |rD1<x,y>|2+p3|erl<x,y>|2) <

<C < |z —y| 7% + pjla — y|4)
o0

Noticing that, for any = € 09, |x — y| > po, and estimating |09| as
09] < Cp2, (7.4
where C' > 0 only depends on My, a, My, it follows that

T2 ()l 172000y < €

with C' > 0 only depending on My, a, Mi, ao, Yo, A, fi. Since for any
x € 0, |z —w| > po, a similar estimate holds for |[T'72(-, w)m|| g1/2(5q), and

(7.1) follows.

Let y € Sy, w € Qo \ Qp. By (5.6) we have

2
fuwstm) <CY / z — g% — 0|2, (7.5)
i=1 Y Di

where C' > 0 only depends on My, o, ag, Yo, A, fi. Since |z — y| > po, we
have

Fy,w;l,m)] < Crg Z/ v —w| P = Cpp¥(L+ ). (7.6)

Let R = diam(Q2) + py < Cpg, with C' > 0 only depending on My, «, M;.
Then, Q C Bg(w) and

I < / |z —w| > =2m*R< Cpy, i=1,2, (7.7)
Bpr(w)
and ([7.2)) follows. ]
Step 2. For any Y € Sap,, for everyl, m € R3, |l| = |m| =1, we have
_ c .,
|f(y7wh7 l)m)| S p_e 5 (78)
0
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where
Jros 2get |

77_65 Ilogxl +17 (79)

and Yo, N\, Ti; X, 0 < x < 1, only depends on My, a; d., 0 < d. < d, only
depends on My, a, oo, Yo, A, Ti, where d has been introduced in Lemma
B,0< B <1, C >0 only depend on My, o, My, g, Yo, A, T

Proof of Step 2. Let us fix J, W € Sap,.
By Lemma , there exists a path v C (mu Szpo) \ Qp joining W to
QQ = P — des, such that
V(y) CR*\ Qp, (7.10)

when R =

Theorem dﬁ

Recalling Lemma [6.3, we know that the vector-valued function f =
(f1, f2, f3), where fi(;1) = f(¥, 1, ex), kK = 1,2, 3, satisfies the Lamé system
with constant coefficients

Note that arcsin% = 50 as defined in the statement of

div ,(CV,f) =0, inR*\ Qp. (7.11)

At this stage, a basic tool is the following three spheres inequality for so-
lutions to the Lamé system in Br(x) C R3\ Qp: there exists 0¥,
0 < ¥* < 1, only depending on ag, Yo, \, &, such that for every r, 7o, r3,
0<r <ry<ryg<yTF, we have

T Tel 1 Y [ P (7.12)

where C' > 0 and 6, 0 < 6 < 1, only depend on g, Yo, A, i, 22 -

Let us choose r; = %, ro = 3r1, r3 = 4r;. Let x1 = w and let us
define {x;}, i = 1,...;s, as follows: x; = W, ;41 = fy(tl-), where t; =
max {t| |y(t) — x| =} if |z, — Q| > 2ry; otherwise, let i = s and stop the
process. By construction, the balls B, (x;) are pairwise disjoint, |z, —z;| =

2r fori=1,....s — 1, |xs — Q| < 2r;. Hence, we have

77‘3

3
s<C (?) < (7.13)
1

where C’ > 0 only depends on Mo, a, My, o, Yo, A, i. An iterated applica-

tion of (7.12)) and estimates ([7.1)), (7.2)) give
1\ C
16 Dlmmon € () U DIy € o (719
Po Po

21



where the constant C' > 0 depends only on My, «, My, «q, Yo, A, i, and the
constant 3, 0 < § < 1, only depends on My, a, M1, apg, Yo, A, i
Let us denote

A =d, (7.15)
Y1 = arcsin (SH;Q?O) ) (7.16)
w1 = Q =P - )\163, (717)
P1 = ’19*)\1 sin 191. (718)
In order to approach wy,, we construct a sequence of balls contained in the
5 i
cone C <P, —ey, 4 _ERQ ,arcsin %), with R = \/ﬂ_Lg’ as follows. Let us define,
for k > 2,
Wy = P — )\keg, (719)
Ak = XAk-1, (7.20)
Pk = XPk—15 (7.21)
with | sing
— SN vy
=—\ 7.22
X = 1 snd, (7.22)
We have that
pr=X""p1, (7.23)
e = X" (7.24)
Bpk+1 (wk-i-l) C B3Pk (wk) (725)
Denoting
d(k) = |we = P| = px, (7.26)
we have
d(k) = x*"'d., (7.27)
with

For any t, 0 < t < d,, let k(t) the smallest positive integer such that d(k) < ¢,
that is

<k@)—1<‘bg£ +1 (7.29)
B ~ |logx| '

‘log i
|log x|
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By applying the three spheres inequality ([7.12)) over the balls centered at w;
with radii p;, 3p;, 4p;, for j =1,...,k(t) — 1, we obtain

C 135k(t)—1

1/ l)HLoo(Bpk(t)(wk(t))) < %6 ; (7.30)

where the constant C' > 0 only depends on My, a, M, o, Y, \, G. In

particular, in view of (6.14)), inequality ([7.30) holds with ¢ = A,h, and we
have

fnd] < Ser (7.31)
Po
with n given by .
For any m € R3, |m| = 1, by linearity of f (¥, wy; [, m) with respect to the
last variable, we have

3
F @ wns Lm)| = Y mfr(wn; D] < |ml - [ f(wp; 1)), (7.32)
k=1
and, by (7.31), the thesis follows. O

At this stage, in order to estimate f(yp,wp;l, m) when y;, wy, are defined
by , , we shall propagate the smallness with respect to the first
variable, by iterating the three spheres inequality over suitable chains of
balls. As in Step i), we need a preliminary rough estimate of f(y,ws;l,m)
for any y € R3\ Qp. However, since such an estimate degenerates when y
approaches {1p, we have to restrict our analysis to points y sufficiently far
from Qp. Precisely, we consider the set V() obtained reducing the width

of the set V() appearing in ([7.10)) by replacing in its definition R = Wervr

with R = d Let us denote 1/9\0 = arcsin R _ !

Wrvr W

In Step 4, we shall apply the three-spheres inequality on a chain of balls
contained in V() and centered at points belonging either to the arc v or to
the segment joining @) to y, = P — hes. By a straightforward computation,

the distance from €2p of the points of all these balls is, at least,

~ 1 -
hsindg = §h sin . (7.33)

Step 3. For anyy € W\Q%Sm% and for any l, m € R?, |l| = |m| =1,
we have

C Lo
. < -
|f(y7wha la m)| > po)\w < n ) 5 (734)

where C' > 0 only depends on My, o, My, ag, Yo, \, Ji.
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Proof of Step 3. By (5.6 and ((6.4) we have
2
fowslm| <CY [ le-ulZe-wl (@3
i=1 7 Di

where C' > 0 only depends on My, o, oo, Yo, A, fi. By Holder inequality we
have

: :
/|x—y|-2|x—wh|—2s(/ |as—y|-4) (/ |a:—wh|—4) C(736)

i =1,2. Let R = diam(Q) + pg < Cpo, with C' > 0 only depending on My,
a, M. Then, Q C Bgr(y) and 2 C Bgr(wy,). Since |z —y| > sindgh for every
x € Qp, we have

C
/‘w—yr“S/ o -yl <+, i=12 (7.37)
D, Bra)\B 5., ) h

where C' > 0 only depends on My, a. Similarly, since |z — wy| > A, sin 50h,
we have

C
/|x—m$4gxz,i:1ﬂ, (7.38)
D; w

and ((7.34)) follows. O

Step 4. Conclusion.
Let § € Ssp, such that dist(y, 9Q) = 2po, so that Beo (y) C Sap and, by

(7.8) of Step 2,

C
Hf('awh;l,m)||Loo(Bﬂ2l@“)) < %6’7, (7.39)
where
log Aé‘ih
n= B8 T (7.40)

By Lemma there exists a path v C (20 U Sy,,) \ Qp joining ¢ to Q =
P — deg, such that V() C R*\ Qp, where V(7) is defined by (7.10).

By Lemma the vector-valued function f = (fl, fg, ﬁ,), where fk(, m) =
f( wp;yex,m), k= 1,2, 3, satisfies the Lamé system ((7.11]), with constant co-
efficients A\, p. Then, we can repeat the propagation of smallness arguments
of Step 2 with the following modifications

ry = ﬁgd, ¥ = arcsin <SH;190> , (7.41)
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ensuring that the geometrical construction takes place inside the set 17(7) as
specified in the previous Step 2. Therefore, estimate holds for every
point y belonging to the chain of balls.

By repeating the arguments of Step 2, in view of the estimates and

(7.39)), the analogous of ([7.14)) becomes

g C (po\ 5
1 G wn)llzoes,@) < o) <%> e, (7.42)
where
og )\élj(h
7= B8 Teex (7.43)

and C' > 0 and B, 0< B < 1, only depend on My, o, M, o, Yo, A, T, and
0, X, dy are the quantities appearing in ([7.8]).

Finally, by adapting the geometrical construction seen above to the chain
of balls joining @ to y,, inside V (), recalling and noticing that the
new values of x and d, are bigger than the previous ones, we have

| (yn, wy)| < pgw (p—]f) e, (7.44)
where

S 752+lole log (17931:'11:1;%)(1 | (7.45)
and y = ;S:ZZZ, v > 0 only depends on My, a, My, ag, Yo, \, 7i; and C > 0

only depends on My, o, My, g, 7o, A, 7.
By linearity of f(y,w;(, m) with respect to the third argument, the bound
(7.44)) holds also for f(yn,ws;l,m), for every I, m € R3, |I| = |m| = 1.

Introducing
Ao 2
A= . B=— (7.46)
4 (1 — reino) | log x|
we may rewrite the second factor in the right hand side of (7.44)) as
E’yazéBllogA(%)‘ - 6752+B|10gA‘ <%)Bllog§\ (7 47)

which gives the desired estimate (|6.15]).
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8 Asymptotics of I'”

Given a bounded domain D with boundary 0D of class C%*, with constants
po, Mo, 0 << 1,let O € 9D and v = v(O) the outer unit normal to D at
0.

Let us choose a coordinate system with origin O and axis e3 = —v, and
let It (x,y) = I™% (z,y) the normalized fundamental matrix associated to
D = Ri. We recall that its explicit expression was found by Rongved [R].
See also Section [10| where Rongved’s formulas shall be used in more detail.

Recalling the notation u”(z,y) = T'P(x,y)l (see (5.3)) and defining simi-
larly ut(z,y) = T (x,y)l, for any [ € R3, |I| = 1, let us prove an asymptotic
approximation of u” in terms of u*.

_ _ poMo
Theorem 8.1. Let y = (0,0,—h), 0 < h < oS Under the above

assumptions and notation, we have

C . —1+a
‘UD('Tay) - U+($,y)| < — (u) , Vo € Q 2 poMg M D;

Lo Lo 8\/1+N13 78\/1+M02
(8.1)
C (|lx— “aa
Vo)l < 4 () T veeqr o, on,
Po Po 120 /14032 124 /14002
B (8.2)
where C' > 0 only depends on My, a, ag, Yo, A, 1.
Proof. Let us set
R(.ﬁl?,y) :uD<:U7y) —U+(£E,y). (83)

The estimate of R is based on a local flattening of the boundary 0D, which is
realized through the following transformation ® (see, for instance, [A-DiC]).

Let us consider a cut-off function ¥ € C*°(R) such that 0 < J(¢) < 1 in
R, 9 =1if [t| <1,9(t) =0if |[t| > 2, [9'(t)] <2 and [9"(¢)] < 4 for every
t € R. Let

£0o
= ———— = pgcosy, 8.4
P T Mg Po 0 (84)
where tan vy = Mj. Let us introduce the following transformation

:R* — R?, (8.5)

51 = Ty,

62 = T,
53 = T3 — cp(:vl,xg)ﬁ (5;]?\’4()) U <%> ) (86)
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where ¢ is the C** function that represents locally dD.
It is easy to prove that ® is a C'1*-diffeomorphism satisfying the following
properties:

¢=1Id in RB \ QQp,lOpMo) (87&)
P(Q2p,10pM0) = Q2p,10pM0} (8.7b)

P(x) = (2,25 — ('), in Qppmys (8.8a)
(I)(Qp,pMo NoD) = Qp,pntp N {xs =0}, (8.8b)
Q(Qporty N D) D{(E, &) €] <p, 0<& < Molp— €'}, (8:8¢)
(Qpori \ D) D{E &) €'l < p —Molp—[€']) <& <0} (8.8d)
Mo -7 <|P(x) — @@)] < clz —F|, forevery z, T € R?; (8.9)
|®(z) — x| < p%|x’]1+a, for every x € R, (8.10)
0

|J(x) — Id| < p%|x’|a, for every x € R?, (8.11)

0

where J(z) = V®(x) and ¢ > 0 is a constant only depending on M,.
Denoting

§=o(x), n=2y) =y, (8.12)
and defining
[P ) =TP(z,y), Xp() = xplx), J(E) = J(x), (8.13)

we have that

. D ~ D T jT(g)
dive { €+ (€ = OOV (EmDTO)] 5)} = —15(¢),

for every ¢ € R® and for every [ € R®, |I| =1. (8.14)
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By (8.8, B.8d), Xp(&§) = x+(¢) for every £ € {(¢,&)| €] < p, [&] <
Moy(p — |€'])} and, therefore,

div { [(C 4 (€7~ Cpal €N (VP (D (e)] -2 } ~ —16(¢—n).

det J(&)
in Q, ,m, and for every I € R3[| = 1. (8.15)
Let us define the function
R(¢n) = u”(&n) —u"(&m), in Qy o, (8.16)
where B
a”(&m) =T, (8.17)
ut(&,n) =TH(E ). (8.18)

The function R(¢,n) satisfies the equation

ive [(C+ (€~ C(O)VR(E )] = F&n). n Qo  (819)

where
F(&n) = dive { [(C+(C” = C)x+(8)) Veu” (&, m)] ( ) }
det J
~ dive { [(€+(€” — OOV (€ n)(T(9) — )] = J(Z }
(8.20)
We want to estimate R(z,n) for z € Qp Mg and n = (0,0, —h) € Qp oty
Using Green’s formulas one finds '
E(z,n)-m:]1+12+13+14+f5, (821)

™~ ~D jT(g)
IH(E, 2)m - { C©)Ve(&,m)] (fd - Tf@) } ve dor,

- (8.22)

— Jle P TreN jT(£> ve do
I,= /8 - r+<f,z>m{[<c<§> (e (e m(ie) ~ 1a))] -~ j@} e do,
(8.23)
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= (R @@V € mpwe ~ T m- EOTERE m)e] do

(8.24)
I = /Q

V5<F+<f,z>m>~{[@@)vg#(g,n)} (Id— 7'(©) )}dg,
(
[52-/1 VdF*@wOmJ{[@@)(V@F%anxfg)—zdg] %
(

p PMg
2> >

8.25)
)

d
o} 2

8.26)

det J(§)
Qp pMg
2z

where C = C + (CP — C)y..
Let us estimate [;. By Proposition and by the properties of the
transformation ® defined by , we have

l<ome [ le-ale-alelde. (20)

0Q , oy
§7 E

where C' > 0 only depends on My, a, ag, Yo, A, fi. Since &€ € 0Q, i, and z,
27 2
N € Qp pry, then
47 4

€ —=nl>Cp, |£—2>Cp, (8.28)
with C' = $ min{1, My}. Therefore,
C a—1
L] < — (ﬁ) , (8.29)
Po \ Po

where C' > 0 only depends on My, a, ag, Yo, A, [
Similarly, one finds

a—1

| < % (é) , (8.30)
a—1

|I3] < % (%) , (8.31)

where C' > 0 only depends on My, a, ag, Yo, A, Ji-
In order to estimate I, let us write

L=I+1 (8.32)

where

™~ ~D jT(f)
V(T (€, z)m)-{ [C(f)vgu (&, 77)} <]d - m) } dg,

(8.33)
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" o_ . ~ P . jT(S)
I = /Qggwo V(I (€, 2)m) {[C(S)Vf (5777)} <1d o j(g))}dg'

(8.34)
Arguing similarly as in estimating [;, we have

a—1
17| < ¢ (ﬁ) 7 (8.35)

Po \ Po

where C' > 0 only depends on My, a, oo, 70, A, i. Note that in the above
formulas the factor f is a constant which only depends on M,. We found
it convenient for the following calculations to keep such a constant factor in

evidence (see - below).
For simplicity, let us denote Q= Qgp 3oty - We have

Iy = I, + I, (8.36)
where
S T
I, = / Vg(l’“L(f,z)m)-{ C(&)Veu® (&,m) (]d - = dg,
o Jane<an—n [ } det J(£)
(8.37)
g J7(©)
Iy, = / V(I (€, Z)m)'{ C(e)Vea® (& n) (fd - — 3
Qn{lel>4in—21} [ ] det J(£)
(8.38)
By Proposition and introducing the change of variables
— |z = nlu, (8.39)
we have
L |2 n |
I < Cpylz—n O‘_l/ w—— ———| dw. (840
N T N e S40

Since the integral on the right hand side is bounded by an absolute constant,
see, for instance, [M, Chapter 2, Section 11] , we have

1”<_<‘Z ’) , 8.41
11, o\ (8.41)

where C' > 0 only depends on My, o, o, Yo, \, T

30



By Proposition, and noticing that Q C {|¢| < 2p\/1 + Mg < 2p\/1 + M3}

and that 4|z — n| < 2py/1 + M2, we have

Iy go—a/ — 2| 72|€ — n| 72| dE, 8.42
T <O | i€ A e el (342)

where C' > 0 only depends on My, o, ag, Y0, A, fi. Since, trivially, |z—n| > |z,
|2 —n| > |n|, we have

§
El<ie—nl il <le—nl+lz-n<le-al+ Sl (@3
so that 4
€< 5le . (8.44)
Similarly,
4
€l = 316~ =l. (8.45)
By inserting ({8.44)), (8.45) in (8.42), we have
—a a— ¢ z—-n o
)< ot [ getae< o () san
4|n—z|<|€|<2p/1+ M2 Po Po
where C' > 0 only depends on My, o, o, Yo, A, Ti.
By (8.35)), (8.41)), (8.46]) and taking into account that
1+ MZ
g < YT M P (8.47)
2 2
we have )
C —n\*"
L] <= ('Z n|) , (8.48)
Po Po

where C' > 0 only depends on My, o, ag, Yo, A, Ti.

An estimate analogous to (8.48)) holds for I5.

By the above estimates and choosing in (8.21) m = gijZ;l, for every

z € Qt ., and for every n = (0,0, —h) € Q, ,u, We have
Fih i

4 4

_ C P a—1
m@wngﬂﬁ>, (8.49)

where C' > 0 only depends on My, o, ag, Y, A, fi. Notice that, by (8.47),

2'2;—0"'<1.
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Let us get back to the original variables in order to obtain the estimate
for R(z,y). Since

() = (€ &+ ),  inP(Qpm), (8.50)

it easy to see that

<I>‘1(Q§7% N{r3 =0}) = Qp o0 NOD, (8.51)
qu(% o) € D, (8.52)
qu(%%) ND =9, (8.53)

Qp o1 C q)*l(Q%%), (8.54)

Qp om0 N D C @*I(Q;%), (8.55)

Qg o \ D C <I>’1(Qéu). (8.56)

Therefore, for every € @Q, o, N D and for every y € Q, oy \ D, y =
8 8 87 8
(0,0, —h), with h € (0, %), we have

_ C (19 - B\
R@(), 2] < ;. (—pg ) , (8.57)

where C' > 0 only depends on My, a, ag, Yo, A, [i.
Recalling that ®(y) = y, we have

R(z,y) = u”(z,y) - iﬁ(q’(l’)y O(y)) +u'(B(z), By) — u'(x,y) =
= R(®(z), ®(y)) + (u*(2(2), @(y)) — u'(z,y)) . (8.58)

In order to estimate the second addend in (8.58)), let us distinguish two cases.
Case i): x3 > 0, that is x € R3+. o
By the results in [L-N], v (-,y) € C'(R3*) and, since the segment S =

[z, ®(z)] is contained in R3*, by (5.6)), (8.10) and noticing that |z'| < |z —y],

we have

[ (@(x), 2(y)) — u' (2,y)| < [[Vu' (-, y)l|z=(s)|@(z) — 2| =
= [Vut(w,y)| - |[®(2) — 2| < Cpg*lw —y| |z —y[""*, (8.59)

where w € [z, ®(z)] and C' > 0 only depends on My, «, ag, Yo, A, &
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Since either |w —y| > |z — y| or |w — y| > |®(z) — y| and, by (8.9),
[@(x) —y| = |(x) — P(y)| = Clz — y|, we have that

|z — 9
[ (@(2), B(y)) — u*(x, y>|<%( - ) S (860

where C' > 0 only depends on My, a, ag, Yo, A, Ji-

Case ii): w3 < 0, that is 2 € R3~.
Let T = (2/,¢(a')) € 0D and T = ®(T) = (2/,0). By using the C'-
regularity of ut separately in R3+ and in R3~, we have

[ (2(2), y) —u' (2,y)] < [u¥(®(2),y) —u" (@ y)|+ [u" (T, y) —u' (2,y)] <
< [Vur (™, y)| - |0(x) = 2 + [Vu' (w™,y)| - [7— |, (8.61)

where w™ € ST = [®(x),7], w~ € S~ = [T,z]. Let wt = & !(w™). Since
wt € [z, P(x)], by we have that 0t € [@71(Z), d~1(®(2))] = [T, x].
Therefore, x € [wT, w™], so that either |w* —y| > |z—y| or |wt —y| > |z —y].
Noticing that |w™ —y| = |®(w") —®(y)| > Clw™ —yl, in both cases, by (5.6),
we have

Vut(w®,y)| < Clo —y| ™, (8.62)
where C' > 0 only depends on My, a, ag, Yo, \, Ji-

Now, let w~ = ®~!(w™). Recalling and considering the third com-
ponents, from wy < [®(x)]3 it follows that wy = [®~(w™)]3 < [®@7H(P(2))]3
xz. On the other hand, z3 < ws, so that € [w™,w~|. Therefore, ei-
ther [w™ —y| > |x —y| or |~ — y| > |z — y|. Noticing that |w™ — y| =
|®(w™) — ®(y)| > Clw~ — yl, in both cases, by (5.6]), we have

Vut(w™,y)| < Cla —y| ™, (8.63)

where C' > 0 only depends on My, a, ag, Yo, A, Ji-

By (8.61)(5.63) and (5.10), we have
[ (@(a), ) — u* (2, )] < Cla — y| () — 7| + |7 — af) =
_ —1+ao
— Clo—y|?|0(e) 2] < & ('JC ') . (3.64)
£0 Po

where C' > 0 only depends on My, a, ag, Yo, A, T

By (8.57)—(8.58]), (8.64) and (8.10)), estimate (8.1)) follows.

In order to obtain (8.2)), let =,y € @, , © € DN {zz3 > 0}, y =
(0,0,—h), h > 0, and let

AQ) = 2= (8.65)

8/1+ M2
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Since |z —y| < £4/1 4 Mg, for every x,y € Q , vy, it follows that
127 12

)
A < — .
(@) < 15 (8.66)
so that
Q24(2),22 ()Mo (T) C Qp ol VT € Q, prg. (8.67)

127 12

Let us define Qf(2) = QA (4 apyas, (¥) N D- Let 8=

1+a)
By a standard interpolation mequahty, we have

HVR<7 y) HLOO (QF () <

1 11 1
& (IR gy VR0 3+ 577 1FCD iapion )
(8.68)

where C' > 0 orﬁdepends on My and a.

By Lemma 5.2, and noticing that @ D( ) C R3* N D,

|VR(',ZU)|5,Q;;(1) < ’qu('vy”ﬁ,Qg(x) + |Vu+('ay)|ﬁ,ng(x) <

C
S A($)1+ﬂ (Hu ( )||L°° QQA(z) 2A(I)NIO + ||U ( )LOO(QQA(I)va(I)AIO(xZ)), )
8.69

where C' > 0 only depends on My, «, ag, Y0, A, i. Noticing that for any
W € Qan(z) 2 ()Mo (T),

3
W=yl = |z =yl = |w—z| = |z —y| = 2A(z)\/1+ Mg = J|o —yl. (8.70)
and by applying (5.5)) to both u? and u™, we have
Hu () )HL‘X’ (Q2a(2),24 () My (%)) < Clz -y~ 1 (8.71)

||u+(-, y)HL‘”(QzA(z),zA(z)MO(I)) < C|x - y|_17 (8'72)

where C' > 0 only depends on My, a, ag, Yo, \, Ji-
From (88.69)),(8.71)), (8.72)), we have

IVR(:, y)’ﬁ,Qﬁ(m) < Cloz—y| 7, (8.73)

with C' > 0 only depending on My, a, ao, Yo, \, Ji-
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By (8.68), (8.73). (8.1) and (8.70)), we obtain
Vou® (2, y) = Vou' (2, y)] < IVR(C )l L 05 @) <
af
C . *24’@ o —2+a
. C (!fﬂ y!) +(!$ y!) (874)
Po Po

=
where C' > 0 only depends on My, a, ag, Yo, A, fi. Taking into account that

0< % < 1, we obtain (8.2)).

]

9 Proof of Theorem [6.5]

Let p = min {dist(O,D2), 12\/% . min{l,Mo}}, and h < hp, with h €
0

(0, %) to be chosen later, where O = P denotes the origin of the cartesian
coordinate system, with e3 = —v, v being the outer unit normal to D; at O.
This choice ensures that estimates (8.1, hold for D = Dy in B,(O)ND;,
and B (O)N Dy, respectively. For simplicity, in the following we shall denote
B, = B,(0), By = Bf(0).

By we have

‘f(yhuwh;hm)’ > |SD1<yh>wh;l7m)‘ - |SD2(yh7wh;l7m)|' (91)

In order to estimate |Sp,| from below, we write

Spy (Y, wi; l,m) = / (CT =)V (T (2, yn)l) - VoL (2, wp,)m)+

DlﬂBp

+/D B (C'=C)Vu (TP (, yn) =T (2, yu)) 1)V (072 (2, wp) =T (0, wi) Jm) +

+ Vo (PP (@, yn) = T (2, yn))1) - V(L (@, wp)m)+

o0
[ (€ = VAT D) V(T o n) = Dl wn)m)+

1NB,

+/ (C —C)V (TP (z, yp)l) - Vo (IP2 (2, wp)m), (9.2)
Di\B,

where T'(x,y) is the Kelvin fundamental solution in R? of the Lamé operator
with constant coefficients A, p. It is well known (see [G]) that

1 1 <(m—y)®(w—y)

D(z,y) = -
@9 = Tomai=w) e=gl\ o=y

+(3— 4y)ld) . (9.3)
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Since the leading term of Sp,, as h — 0, is the first integral in the right
hand side of (9.2)), it is convenient to represent the domain of integration as
follows

DiNB,=BfU(DiNB,;)\ (B \ D) (9.4)
and rewrite as
SD1<yh7wh;l7m) — Il +R1 +R2+R3, (95)
where
I, = / (CT =)V (TH (2, yn)l) - Vo (T (z, wp)m), (9.6)
B+

P

Ry = /D . (C! — )V (T (2, yp)l) - Vo (T (2, wp)m)—

— /B . (C" = C)Vo (T (2, yn)l) - Vo (T (2, wp)m), (9.7)

Ry = / (C! = C)V (TP (2, ypn)l) - Vo (T2 (2, wp,)m), (9.8)
D1\B,

s = /D (- C)Vo (TP (2, yn) — T (2, y)1) - V(T (2, wp)m)+
* /D B (C" = C)V (PP (z, yn)l) - Vo (TP (2, wy) — T, wp))m).  (9.9)

Lemma 9.1.

1 T +
L = E/Ri((c —C)V,.(I' (z, —e3)l) - Vo (I(x, —Aypesz)m)—

1 I_ T(x, —e . T, —Ap€3)M
_E/Ri\BJ;(C C)V. (I (@, —e3)l) - Vo (D(w, —Aues)m). (9.10)

Proof. Let us start with proving the following identities, which hold for any
h>07§7 yOER37§7éyO:

F(S? yO) = hr(h§7 hyO)? F+(§7 yO) = hr+(h€a hy()) (911)

Let us prove the first identity. By the definition of I'(-,y), we have
/ CVL(D(w,9)) - Vapla) = - ply),  for every p € CF(RY).  (9.12)
R3
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By choosing y = hyy and performing the change of variables £ = ¥, we have

/R CVE(AT(hS, hyo)l) - Vet (§) = L-w(yo), for every v € CF*(RY), (9.13)

where ¥(§) = ¢(hE), that is the first identity in (9.11)) holds. The second
identity in (9.11]) can be derived similarly, taking into account that x*(hz) =
X" (x) for every h > 0.

By applylng the change of variables { = ¥ to I, recalling ([6.17] ,
and using , we obtain the identity (9.10] -

Let us set
L=1 -1, (9.14)
where
1
=1 / (CT = C)V (I (z, —es)l) - VoD, —Awes)m),  (9.15)
R
1
ol / (C" = C)Vu(T* (2, —ea)l) - Vo (T, —Awes)m).  (9.16)
h R3 \B+

Let us first estimate from above I7. By recalling (/5.6 and observing that
€+ es| = [€], €+ Awes| = [€], we have

Q

<< (9.17)
Yoo

where C' > 0 only depends on g, Yo, A, Ti.
In order to evaluate I7, let us premise the following identity.

Lemma 9.2.
/RS (C'=C)V (T (z,90)1) - Vo (T (2, w0)m) = (T (g, wo) — T (yo, wo))m -1,

+

for every yo, wy € R?, yo # wy. (9.18)

Proof. This is a special case of [B-F-VI Proposition 3.2], the proof is analo-
gous to the one of Lemma O]

Proposition 9.3. Letyo = (0,0, —1), wg = (0,0, =\,). Foreveryi =1,2,3,
there exists \, € {%, %, %} such that

| (T* (o, wo) — T(yo, wo))ei - e > C, (9.19)

where C > 0 only depends on oo, Yo, \, T, No-
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The proof is postponed to the next Section [10]

Remark 9.4. We note that for the present purposes it would suffice to prove
that holds true for at least one i = 1,2,3. We believe that such a
result, slightly stronger than necessary, may be instructive because we shall
show by examples (Section that there may be values of A\, for which
(T* (o, wo) — T'(yo, wo))e; - €; may indeed equal zero.

On the other hand, taking advantage of the explicit character of I't, we
shall prove that (I'"(yo, wo) — I'(yo, wo))e; - €; may vanish only for finitely
many values of \,,.

Finally, let us note that we restrict the choice of \,, to three specific values
just for the sake of definiteness and also with the purpose of having in
a constructive form.

Choosing [ = m = e;, i = 1,2, 3, and taking into account (9.10), (9.17]),
(9.18) and (9.19)), we have

L > % L1 with |17 < € (9.20)
p

where C > 0 and C' > 0 only depend on ag, Yo, A, T, 7o

Let us estimate |R;| from above. By recalling (9.7)), by using (5.6), (9.3)),
and by the change of variables y = 7, we have

ﬂaqlx/‘lJra

|| < C/ /po 2 — yn| 2|z — wp| 2das | dridag =
R2

M
Mot

/|1+a

<[ ([ 1
R2 Mo jor|1+o (|2/)2 + (z3 + h)?)(|2|? + (z3 + Awh)?)

% al,,/ |1+
pgzh ly']

dl‘3 d[L‘ldlL'g =

¢ / ! d dy,d
=7 Y Y1aY2,
W e \ S stgnerypee QP Gt DY (s ) ) 102

(9.21)

where C' > 0 only depends on My, a, ag, Yo, \, Ji-
It is convenient to split R? as the union of the sets A = {y/ € R? | |¢/| >

1
(2% ) s h e}, B={y e R?||y| < ) " pTe ) and to estimate
0
&

the integral in the right hand side of (9.21)) separately in A and B. We
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obviously have

IOhD‘|y |1+a 1
= dys | dyrdyz <
h /A /_g@mgqua (Iy'[> + (s + D) (> + (s + Aw)?)

C’ 1+ C h a—1 +00 C h 27:&
< Cpomr [ WL g, = ( ) / T ( ) ,

(o} /|4 ITfa __«o

08 e po \ Po (%> htia Po \ Po

(9.22)

where C' > 0 only depends on My, a, ag, Yo, A, ,u.

In B we have that |y;| < 1, so that |ys+ 1| > 3 and |ys + Ay| > Ay — 5 >
1

2 _1
5= 5= 5 Therefore

C S haly!| e 1
n dys | dyrdy, <
h / /MOhamHa (Y + (s + DD+ (s + ) ) 2=

1+a a—1 /114 a—1
S%ha_l/ 4 : §£<£) / 4 :Q(ﬁ) ’
08 B (V2 +35)% ~ po \po r ([P +35)2  ro \po
(9.23)

where C' > 0 only depends on My, o, ag, Y, A, fi. By (0.21)-(9.23), and
recalling that p% < 1, we have

B | < ¢ (£>H, (9.24)

Po \ Po

where C' > 0 only depends on My, o, o, Yo, A, Ti.
Let us estimate R from above. By ((5.6]), we have

[Ro| < C | — yn| | — wa| %, (9.25)
R3\B,

where C' > 0 only depends on My, a, o, Yo, A, fi. Since h < £and A\, €
(0,1), we have By (yn) C B,, Bp(wy) C B,, so that |z —y,| > h, |z —wp,| > h
for every z € R*\ B,. Moreover, |z — y| > |z| — h, |z — wp| > |z] — A\ph >
|z| — h. Passing to spherical coordinates, denoting by r the radial coordinate
and taking into account that, since h < g < 5, we have r — h > 7, it follows

that
Ryl < c/ c/ _ (9.26)
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where C' > 0 only depends on My, «, ag, Yo, A, [i.
Let us estimate R3 from above. To this aim, let us set

R3 = Ry + Ry, (9.27)

where

= /D (€ = OV )~ T ) - Vel w)m), (029)

RY = /D (€ OV (e, )0) Vel(0 P w) =D wi) ). (9.29)

- ’ l Wwe lla”e

C _ _ _ _
Ry< S [ el e e ol e
Po Jr3

R3m{—f—69|m/|1+aga:3§0}
(9.30)
where v = 32; < % and C' > 0 only depends on My, a, ag, Yo, A, Ti-
By passing to cylindrical coordinates and applying Holder inequality
twice, we have

1
= / & — yal e — wn| 2 <
Po JRr3

<< (/ r(r? 4 (ws+ h)*) T2 (7 (w5 + )\wh>2)1d"’) dzs <
0

= 7y
Po Jo

00 v—1
<< / (3 + )7 (3 4+ Ah) iy = < (ﬁ) (931)
Po Jo po \ po

where C' > 0 only depends on My, a, ag, Yo, \, T

On the other hand, by (9.21)), (9.24) we have

| — yn| 7P|z —wp| 72 <

/]1@30{—],‘3{.9|x'|1+a§z3§0}
0

L{:?|1./|1+a

C (h\""
< / /po 2 — yu| 2|z — wp| 2dws | doidz, < — (—> :
R2 _%9@@14—& Po \ Po

(9.32)
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=, so

where C' > 0 only depends on My, «, ag, Yo, A, [i.
In order to estimate Rj, let us notice that, by (6.20), Dy N B,

that, by A,h < h <8, Dy By (wy) = (0. Therefore, the function
v(x,wy) = (TP2(z, wy) — Dz, wy))m (9.33)
satisfies the Lamé system with constant coefficients A, u
div,(CV,v(z,wy)) =0, in Be(ws). (9.34)
3
(9.35)

’

By standard regularity estimates, we have

( / B rv<w,wh>12)

P
2

T Q

sup |V,o(z,wp)| <

B (wn)
where C' > 0 only depends on ag, Yo, A, .
At this stage, we apply the Maximum Modulus Theorem by Fichera [F],
which asserts that
sup [o(z,w)] <C s [ole,wy)], (9.36)
9Bp (wn)

B (wn)
where C' > 0 only depends on «y, v, A, [t
By (9.35), (9.36), (5.6)), (9.3), we have
C
sup |Vu(z, wy)| < ;, (9.37)

Be (wn)

where C' > 0 only depends on My, ag, Yo, A, [t
It is convenient to split the integral R as follows
(9.38)

Ry = i+ 1

3b)

where
Ry, / (C"=C)Vo (TP (@, yn)1) - Vo (D72 (2, wy) = T (2, wy ) )m),
B‘g (wh)ﬂDl
(9.39)

(C'=C)V, (TP (2, yn)1)-Vo (T2 (2, wn) =T (, wp) )m).
(9.40)

gb = /
(DlﬂBp)\Bg(Wh)
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By (5.6), (9-37) and noticing that, by h < £, Be(ws) C B (yn), we have

1

C C C
Ry, < — |z —yn| 2 < |z —yn| 2 < =, (9.41)
Bg(u}h) B%g(yh) P

where C' > 0 only depends on My, ag, Yo, A, .

By (5.6)), by Hélder inequality and requiring that h < %, so that h < £
and Bs (yn) C Be(wy), we have

" < 0/ 12—yl 2l — wal 2 <
R\ B (wp)

2 2
<C / |z — wp| ™! / lz—yu '] <
R3\B§ (wn) RS\Bg(yh)

where C' > 0 only depends on My, ag, Yo, A, Ti.
By (9.9), (9-31)), (9-38), (9.41)), (9.42)), we have

y—1 a—1
| Rs| < ¢ ((ﬁ) —- (ﬁ) ) L& (9.43)
Po Po Po P

where C' > 0 only depends on My, ag, Yo, A, .
Let us estimate from above |[Sp,(yn, wp)|. By (5.6) and recalling that
DyN B, =0, we have

> |Q

. (9.42)

|Sp, (Y, wn)| < C |z — yn| e — wa| 2, (9.44)
R3\B,

where C' > 0 only depends on My, ag, Yo, A, fi. Noticing that
|z —yn| > || —h, |z —ws| > |z|—h, (9.45)

and passing to spherical coordinates, we have

<
‘SDz(yiuwh)’ S O/p (7“——}1)4(17” (946)

where C' > 0 only depends on My, ag, 70, A, . By h < § < £, we have
r—h> g, so that

1Sy (Yn, w)| < C/ — = —, (9.47)
p
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where C' > 0 only depends on My, ag, Yo, A, Ti.
Finally, by (9.1), (9.5)), (9.20), (9.24)), (9.26), (9.43]), (9.47), we have

o ¥
ez (1-a (L) —a (L) —al). -1

Po Po p
(9.48)
3;‘; and the constants C; > 0, 7 = 1,2, 3, only depend on M, «,

o, Y0, X, 7i. Therefore, there exists h > 0, only depending on My, a, ag, Yo,
A, I, 1o, such that, for any h, 0 < h < hp, estimate (6.18) follows.

where v =

10 Rongved’s fundamental solution and proof
of Proposition 9.3

In this section, in order to prove Proposition (9.3, we investigate whether
there exist directions [, m for which there exists wy = (0,0, —c¢), 0 < ¢ < 1,
such that

(T (yo, wo) — T'(yo, wo))m -1 # 0 (10.1)

for any couple of Lamé materials with moduli (u,v), (u!,v?), where yo =
(0,0, —1). To this aim, we introduce the closed-form expression of I'* derived
by Rongved [R].

Let us choose a coordinate system (0, e,, e,,e,). Consider the two half-
spaces R*" = {(z,y,2) | 2 > 0}, R* = {(x,y,2) | 2 < 0} made by homo-
geneous Lamé materials with moduli (u,v), (uf,v!), respectively. The two
half-spaces are glued together on the interface z = 0, that is the traction
and the displacement both are continuous across the interface z = 0. The
problem of determining the displacement field

ut (-, P) = (-, P)i (10.2)

in R3 caused by a force | € R3, |I| = 1, acting at the point P = (0,0, c¢),
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0 < ¢ < 1, is described by the following boundary value problem

[ pAut + AV (divae®) = —15(P), inz>0,

i V(divut) =0, inz<0,

1201

,uIAu-i- +

(1(Vut + (Vuh)T) + 22 (divut)Id) e,y 00 =
= ( HVut + (Vu™)T ) 12“2';, (leU*)Id) e:|(@y0-), onz=0,

+ —_ t+ _
U (2 y.0t) = U | (2y.0-)s on z =0,

[ im0 00 ut(z,y,z) =0.

(10.3)
Case 1. Force | = e, normal to the interface:

1 ap 0B

+(. e =Tt (. R _Z
I'"(,Ple,-e, =T, (-, P) 11— <6x+zax)’ (10.4)

1 ap 0B

+(. e =T (. - - (= il
r (7P>€Z €y FyZ(vp) 4(1_1/) (ay+zay)7 (105)

3—4v 1 op 0B
+ . . — + . e — _ z
I'*(-,Ple,-e,=T7 (-, P) 4(1—V)BZ M=) (82 + P ,), (10.6)

where

for z > O:
1 1 p—pl 3—4v  2c(z+c)
B,=—<— , 10.7
4w{Rl+u+M(3—4V)< R R (10)

s e e 3w
C dmp Ry o+ pl(3 - 4v) Ry

Ap(l—-v) pu(l —20)(3 —4vh) — pf (1 — 207)(3 — 4v) o e
=l ( pl 4 p(3 = 4vT) >lg(R2+ i )]}

with

l\.’)\»—‘
—~
—_
I
=)
~—

Ry = (2* +¢* +(z—c)2)% Ry = (22 + v + (2 + ¢)?)2;
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for z < 0:

B. = - (10.10)
*T AR+ u(3 — 4T’ :

(b (R 10.11

== (_E+2Og( 1_Z+c))’ (10.11)
where ’ |
C — VUV

bl - 77-(# + MI(S . 4V)>, (1012)

o lov = 2)E -4 (-2 )@ - 4)
by = m(u+ pl (3 — 4v)) W+ (3 — 4T . (10.13)

Case 2. Force |l = e, parallel to the interface:

3—4v 1 ap 0B 0B
(. P e =TT (.. P) = B.— bl x z
(s Plewes =Tl P) = I0 53 B 10 =0 <5’x+x3x +28x>’
(10.14)
1 88 OB, OB
I't(-.Pe..e. =TT (-.P)=— = z z 10.1
(-, Ples - e e P) =) <6y+x8y +zay>, (10.15)
3—4v 1 op 0B 0B
(- Pley-e, =TT (. P)=— 2 g~ (28,20 :
(5 Pleg-e: =T2(, P) 41—-v)"7 41 —-v) (82+x82 +Z@z)’
(10.16)
where
for z>0:
1 (1 1=t
B,=— | = £ 10.1
Trp <R1+1+%R2>’ (10.17)
I
= p cx (1—2v)z )
B, = — , 10.18
2W(u+u1(3—4v))( i+ )RRy + 2+ 0) (1018)
5 1 ((1—2V)(u—u1)cx . )
C2n(p A+ p)(p A (3 —4v)) \ Ro(Ry + 2 +¢) Ry+z+c)’
(10.19)
with

A" = {(u— 1) (1 = 20) [ (3 — 4w) (1 = 2") — (3 — ") (1 - 20)] —

—2u (v — v ) (p+ p' (3 —4v))} - o+ ,u(i’) —4)

; (10.20)
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for z < 0:

1 1
Be=——7—+ "7 10.21
27 14 (14_#7’) Ry ( )
— (1 —2v")(p — p") . x

z = 2W(M+UI)(NI+H(3—4VI)) Rl(Rl—Z—l—C)’ (10.22)

8= 1—u! '

2n(U=w)(u A+ ph) (! (3 - Av))

A=y BB oy

+ [A* I )(,le"_‘[:[(?)—lly))] T —mz+c}' 10.23)

In order to adapt these results to our notation, we find convenient to intro-
duce the following change of the coordinate system:

€1 = €y,
€2 = €4,
€3 = —¢6, (10.24)
associated to the rotation
01 0
R=11 0 0 (10.25)
00 -1
Then, we have
F;rl FTZ F1+3 F;_y F;—x _F;—z
F;ii_l F;I_Q F;)_S _ij _ij sz

and a relationship analogous to ((10.26|) holds for the Kelvin fundamental
matrix I'.
Let us analyze the main cases.

i) m=es, [ = es3.
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In this case, by ((10.6))—(10.8]), (9.3), and denoting @ = (0,0, 1) = —yo, we

have

Fg—:&(yo,wo)—rw(yo, wo) = sz(@ P)—FZZ(Q, P)) = 477#(1 _ u) .t?’(ﬂ i Z;(g _ 4,/))’
(10.27)

where

Pt)=Q0—v) [(n—p")B—4v) —yp] £ + (' —p)(t —1),  (10.28)

witht=14¢ 1<t <2, and

pu(l —2v)(3 —4vh) — pf (1 —207)(3 — 4u)'

v = A — T (10.29)
We note that P is a second degree polynomial
P(t) = at® + Bt + 7, (10.30)
whose coefficients can be estimated as follows
o 4+ %4+ = (Adp + Bov)? + C*(6p)?, (10.31)
where we have denoted
Sp=p— ', ov=v-—1, (10.32)
and the quantities A, B, C' satisfy
C?* B*> %, A* <K, (10.33)

where K > 0 only depends on the a-priori data.

Furthermore we observe that, being the space of real second degree poly-
nomials a 3-dimensional linear space, for any three distinct values t;, to,
t3 € R we have

(P(t1))* + (P(t2))* + (P(t3))* > C(a” + % +7%), (10.34)

where C' > 0 is a computable quantity only depending on ¢y, ts, t3.
Thus, in view of (2.20]), we obtain

(P(t1))* + (P(t2))* + (P(t3))* > Q* > 0, (10.35)

where () > 0 only depends on ¢y, t5, t3 and on the a-priori data.
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In conclusion, picking any three distinct values ¢;, ¢, ¢3 € [%, %] (for the

sake of concreteness we may choose ¢; = %, Cy = %, c3 = ‘—é), we obtain that

there exists i € {1, 2,3} such that wy = (0,0, —¢;) satisfies
|F§r3(y0,w0) — Fgg(yo, ’LUO)| >C > 0, (1036)
where C' only depends on the a-priori data.

11)m:l:eg

By (10.26)) and the analogous for I'; by (10.14)), (10.17)—(10.20)) we have

(0 00) T ) = TE(Q, P) =Tl QuP) = gy g (1037)
where
PO = e e e
4ﬂu+mwdiuwsmw'ﬁ+mwmiu4§@»'“ng
and i

A" = {(p— )1 = 20) [P (3 — ) (1 = 2P) — p(3 — P (1 — )] —

2 =P h B = )}

An inspection of the polynomial P analogous to the one performed above

(10.39)

leads again to the conclusion that, picking c¢; = %, Co = %, c3 = %, there
exists i € {1,2,3} such that wy = (0,0, —¢;) satisfies
I035(Y0: wo) — Ta2(yo, wo)| > C >0, (10.40)
where C' only depends on the a-priori data.
A similar result holds when m = [ = e;, namely
|1 (Yo, wo) — T (yo, wo)| = C >0, (10.41)

where C' only depends on the a-priori data.

Proof of Proposition[9.3 This is an immediate consequence of ((10.36]), (10.40)

and ((10.41)). O
Remark 10.1. Observe that
F:;(yofwo) == Fij(y07w0) = Oa ? 7é j? Za] = 17 2a 3. (1042)

Hence only diagonal terms of I't — I" appear to be relevant.
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10.1 Examples

Let us conclude the present section with a remark emphasizing an interesting
difference with respect to the electrostatic case. For the analogous inverse
problem in electrostatics, which involves the Laplace operator, from the ex-
plicit expression of I'" given, for instance, by (3.11) in [A-DiC], it easy to see
that

(I =) (Yo, 90) #0, for yo=(0,0,-1), (10.43)

for any choice of different constant values of the conductivity within the
inclusion D and in ©\ D. On the contrary, an analogous result does not
hold in the isotropic elastic case. Since for current materials, the Poisson
coefficient takes positive value, let us restrict our analysis to the cases in
which 0 < v < £ and 0 <! < L.

In case m = | = eg, taking the limit in as wy tends to yo, that is
choosing ¢ = 2, one finds

. 3 Qu, v, p', V")
(Fss = L) (o, 80) = g T (T W (8 = ) (W + 1B = 7))
(10.44)

Qu, vyt V") = 32p** 0" — 32up’ v’ — 24p°0° — 64’ +
+ 16pp’ v + 56pp’ v’ + 16(uh)2v? + 48y + 28° ! — 28upv—
—20pp vt —28(p!)?v — 21p% + 10pp” + 11(p)?. (10.45)

The polynomial @ is homogeneous of degree 2 in u and !, and of degree 1
in 1. Setting s = £ and dividing by (u")?, we obtain

I .1
% = Qu(v, 1, 5), (10.46)

where

Qa(v, v, s) = 320207 s* — 320711 s — 24125% — 64vv’ 5% + 16075 + 5601 s+
+ 48vs® + 28v7 5% + 161% — 28vs — 2007 s — 215 — 28v + 10s + 11.  (10.47)

Solving @, = 0 with respect to v/, we have

; 3(8v% —16v +7)s? — 2(8v2 — 14v + 5)s — 16v? + 28v — 11
= (10.48)
4[(8v2 — 16v + 7)s? — (8v2 — 14v + 5)s]

From ((10.48)) it is possible to determine triples of values (v, v!, s) satisfying
(10.48]) and such that 0 < v < %, 0 < vl < %, 0 < s # 1, for instance
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Figure 1: Case m = [ = e3: Intersection of the surface ()2 = 0 with the set
{w!,s)|0<v<i0<v <i0<s<2}

(1 17 6) (1 661 11) (3 17 11
) )

336 %) (1> 16980 10)> (57367 19)- Lherefore there exist infinitely many pairs

of materials {u, v}, {uf, !} such that (T3 — s3)(yo, o) = 0.

Figure [1] shows the intersection of the surface Q)3 = 0 with the set
{w,s) |0 <v<3,0<v <10<s <2} Itisevident from this
graph that for each couple (v, !) of Poisson coefficients such that 0 < v <
2,0 <! < 1, there exists a positive value of s such that Qa(v, v, s) = 0.

Moreover, substituting s = 1 in the expression of (), one finds

Qa(v, v, 1) =8(v — 1)(v — 1), (10.49)

which has no zero when v # v!. This implies that for each couple (v, v!) of
Poisson coefficients such that 0 < v < %, 0< vl < %, v # vl there exists 3,
0 < 5 # 1 such that Qo(v,v!,5) = 0, that is Qu(v,v!,5u!, u?) = 0 for any
p! > 0. Moreover, from it follows that if 4 = pu!, then for any choice
of the Poisson coefficients, such that v # v/, then Q; # 0 and therefore

(F§L3 — I'33) (40, %o) # 0.
Next, putting v/ = v in the expression of ()5, one finds

Qa(v,v,8) = (s — 1) - [(320° — 88v* + T6v — 21)s + (—161% + 28v — 11)],
(10.50)

that is the intersection of the surface Q» = 0 with the plane v = v/, when
represented in the plane (v, s), splits in the line s = 1 and in an algebraic
curve of degree 3. Figure[2] which contains the graph of this curve and of the
line s = 1, shows that in our set of interest, 0 < v < %, the only solution is
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-2 -1 0 1 2

Figure 2: Case m = [ = e3: Representation of the curve Qs(v,v,s) = 0 for
ve[-22],se€[-22]

s = 1, that is if the Poisson coefficients coincide, but u # p! (that is s # 1),
then (I'f; — Ts3)(yo, %o) # O.

In case m = | = e; and taking the limit in the complete expression of

(10.37)) as wy tends to yo, that is choosing ¢ = 2, one finds

1 Qu, v, p' V")
ry,—T = . L 10.51
B S Gl R e

where R(u,v, u!,v!) #0 for > 0, uf > 0, and

Q(u, v, p!, v = 32u* v +64p° 1 V2! —96 (! ) v —24pP v — 48P vy’ —
— 562 v —104p° i vt +64p(p ) v? + 136 (1) 2vr’ +32(p!)*v? + 361° v+
+ 2830 + 8812l v + 4012 vt — 92u ()2 — 52u(pt )2 —

—48(p" )Py — 21p® — 357 p + 37u(p’)? +19(p')?. (10.52)
The polynomial @ is homogeneous of degree 3 in p and pf, and of degree 1
in 1. Setting s = £ and dividing by (uh)3, we obtain
1T
Q(M’V}’U]gjy ) = QQ(Va V175>7 (1053)
(1")
where
Q2(v, V', 5) = 32027 5% + 641°07 5% — 24125 — 48v1T 5% — 961°1T s — 561257 —
— 104v!s* + 36vs® + 280 s3 + 641%s + 13601l s + 88vs*+
+400"s% + 3207 — 215° — 92vs — 525 — 355> — 48v + 375 +19. (10.54)
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Figure 3: Case m = [ = ey: Intersection of the surface Q)3 = 0 with the set

{w,s)|0<v<3,0<v <1 0<s<2}

Solving Q2 = 0 with respect to v/, we have

1 ND

v
where

NP =3(8v° — 120+ 7)s* + (561 — 88v + 35)s°—
— (640% — 92v + 37)s — 3207 + 48v — 19, (10.56)

DP =4((8V* =120+ 7)s* +2(8V* — 130 + 5)s* — (241 — 34v + 13)s) .
(10.57)
From this expression of v’ it is possible to determine triples of values
(v,v',s) satisfying (10.55) and such that 0 < v < %, 0 < < %, 0 <
s # 1, for instance (3,35 ), (1, 705> 33)s (35> 1oos> 39)- Therefore there

576632 15/7 \47 473487 20/ \20° 1596’
exist infinitely many pairs of materials {u,v}, {u’,v'} such that ('3, —

['22) (%0, o) = 0.

Figure |3] shows the intersection of the surface @) = 0 with the set
{wv,s) |0 <v<3,0<v <10<s <2} Itisevident from this
graph that for each couple (v, ') of Poisson coefficients such that 0 < v <
%, 0<vl < %, there exists a positive value of s such that Q(v,v!,s) = 0.

Moreover, substituting s = 1 in the expression of ()5, one finds

Qa(v, V", 1) = 16(v — 1) (v — V1), (10.58)
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A

-2 -1 0 1 2

Figure 4: Case m = | = ey: Representation of the curve Qs(v, v, s) = 0 for
ve[-22],se€[-22]

which has no zero when v # v!. This implies that for each couple (v, v!) of
Poisson coefficients such that 0 < v < %, 0< vl < %, v # vl there exists 3,
0 < 5 # 1 such that Qo(v,v!,5) = 0, that is Qy(v,v!,5u!, u?) = 0 for any
p! > 0. Moreover, from it follows that if u = u!, then for any choice
of the Poisson coefficients, such that v # v, then Q» # 0 and therefore

(T35 — T22) (Yo, %o) # 0.
Next, putting v/ = v in the expression of ()5, one finds

Qa(v,v,8) = (s — 1) - [320°5% + 961°s — T207 5% —
— 232025 + 64vs® — 3207 + 192us — 21s% + 48y — 565 — 19], (10.59)

that is the intersection of the surface @, = 0 with the plane v = v!, when
represented in the plane (v, s), splits in the line s = 1 and in an algebraic
curve of degree 5. Figure[d] which contains the graph of this curve and of the
line s = 1, shows that in our set of interest, 0 < v < %, the only solution is
s = 1, that is if the Poisson coefficients coincide, but u # p! (that is s # 1),

then (I'3; — o) (Yo, %o) # 0.
Analogous considerations hold, for symmetry evidence, when studying

(T3 — T11) (v, %o)-

11 Metric lemmas, proofs

In order to prove Lemma [4.2] we shall use the following results.
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Lemma 11.1. [Lemma 5.5 in [A-R-Ro-Vd]] Let U be a Lipschitz domain in
R3 with constants py, My. There exists hg, 0 < hg < 1, only depending on
My, such that

Uhp, 15 connected for every h, 0 < h < hy. (11.1)

Theorem 11.2. [Theorem 3.6 in [A-B-Ro-Vé]] There exist positive constants

do, 1o, Lo, Lo < My, with %, ;—g only depending on My and Lo only depending
on a and My, such that if

d(0D1,0D5) < do, (11.2)

then OS)p is Lipschitz with constants ro and Lo. Moreover, for every P €
O0Qp NADy, up to a rigid transformation of coordinates which maps P into

the origin and e3 = —v, where v 1s the outer unit normal to Dy at P, we
have

D;N B, (P) ={z € B,,(0)| 3 > ¢;(2)}, i=1,2, (11.3)

©1(0) =0, V¢i(0)=0, (11.4)

H(PiHCO’l(B;O(O)) S LoTo, ’l = 1, 2 (115)

An analogous representation holds for every P € 0Qp N JDs.

Proof of Lemma[{.2 Let

dy = @, (11.6)
Co

where ¢q is the constant introduced in Lemma [4.1], and let
d2 = min{dl, hopo}, (117)

where hg, 0 < hg < 1, only depending on M, has been introduced in Lemma
[I1.1] We shall distinguish two cases.

Case i) Let d,, < d.

Then, by Lemma[d.1jwe have dy (9D1,9D5) < dy. Therefore, by Theorem
, 0f)p is Lipschitz with constants rq, Ly, where ;—g only depends on M,
and Lg only depends on M, and . We may apply Lemma to R3\ Qp
obtaining that there exists ﬁo, 0 < %0 < 1, only depending on a and M,
such that (R3\ Qp)u,, is connected for every h < hy.

Let P € 0D; N0S2p be such that

du(Dh Dg) = dlSt(P, DQ) (118)
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Under the coordinate system introduced in Theorem let us consider the
point ) = P — %63. We have that

horo

21+ 12
ho

Let us denote h; = Wk Since hy < }L/(), the set (R3\ Qp)p,r, is connected
0

dist(Q, Qp) > (11.9)

and contains ). Therefore, there exists a path v C (R3 \ Qp)p,,, joining any
point Py € Sy, with Q). Therefore, in the above coordinate system, the set
V() satisfies

V(y) CcR*\ Qp, (11.10)

provided

g-loro 4 (11.11)

2 V1+ L2
Case ii) Let d,, > d;.

Then, trivially, d, > dy. Let P € 8D; N dQp be such that
d, (D1, Dy) = dist(P, D). (11.12)

Since dy < hgpg, by Lemma m (R3\ Dy)g, is connected. Therefore, given
any point Py € Ss,,, there exists a path v, v : [0,1] = (R®\ Ds)4, such
that ¥(0) € Sap, and (1) = P. Let = infyepoy {t| dist(y(t),dD;) > %},
By definition, dist(y(),0D1) = %2, so that there exists P € 0D satisfying

|P —~(t)] = 2. We have that

dy do

dist(P, Dy) > dist(y(¢), Dg) — |y(t) — P| > dy — 5 =5 (11.13)
Let 7 = 7[jpz and let us choose a cartesian coordinate system with origin O
at P, and e3 = —v, where v is the outer unit normal to D; at P. We have
that
V(7)) CR*\ Qp, (11.14)
assuming
d d
d==, R= —u=—. (11.15)
2 1+ M2
Let _
- h dy h
d=min{ ~20 20 ToPo L (11.16)
2 " 2c¢ 2



and let us notice that p% only depends on My, a. Observing that Lo < M,

formula (4.9) follows with d given in (I1.16)). Since there exists a positive
constant C' only depending on My, M; such that diam(2) < Cpy, we have

that
i Q
o= (Bem) <o i

2

with ¢; only depending on My, o and M;. Letting ¢; = min {1, %}, inequal-

ity (4.8]) follows.
[
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