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Network Synchronization with Convexity”*
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Abstract

In this paper, we establish a few new synchronization conditions for complex networks with nonlinear
and nonidentical self-dynamics with switching directed communication graphs. In light of the recent
works on distributed sub-gradient methods, we impose integral convexity for the nonlinear node self-
dynamics in the sense that the self-dynamics of a given node is the gradient of some concave function
corresponding to that node. The node couplings are assumed to be linear but with switching directed
communication graphs. Several sufficient and/or necessary conditions are established for exact or
approximate synchronization over the considered complex networks. These results show when and how
nonlinear node self-dynamics may cooperate with the linear diffusive coupling, which eventually leads

to network synchronization conditions under relaxed connectivity requirements.
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1 Introduction

The past few decades have witnessed tremendous research interest in the emergence of collective behaviors
for dynamics over complex networks [26, 411, 20} [44]. The new understanding we gained lies in that certain
global network-level tasks, such as synchronization or consensus, can be achieved by local interactions
under cooperative couplings of individual node dynamics [45] [44], 13]. More advanced strategies have also
been developed for problems like formation, swarming, optimization, and signaling [10] 20} 25] 23] 241 [15].

Synchronization problems require the node states to asymptotically reach a common trajectory or a
common value over a network. In [26], a master stability function method was proposed for the local
synchronization of linearly coupled oscillators, where the dynamics of each node consists of a term of
nonlinear self-dynamics and another term of local linear couplings. In [45], a thorough treatment was
established for synchronization of linear diffusive couplings. When the node self-dynamics is nonlinear, it
was shown that the coupling strength must dominant the influence of this self-dynamics in order for global

synchronization [2, 44]. Further extensions for linearly coupled oscillators have been established under
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more restrictions on the individual self-dynamics, e.g., passivity, symmetry, and linearity [27), 28 [17], [46].
These works mainly focused on fixed interaction graph and identical self-dynamics.

Efforts have also been made on synchronization under switching interactions, non-identical node self-
dynamics, or nonlinear couplings, which turned out to be far more challenging [33] [7]. Some recent
improvements to classical synchronization results include [39] and [I9]. In [39], connectivity requirements
were relaxed to jointly connected undirected graphs, where only the union of the switching communication
graphs is assumed to be connected over certain intervals, for linear agent models. In [19], the authors
provided a graph comparison perspective, based on which some new graphical conditions were obtained
for synchronization conditions with nonlinear node self-dynamics but fixed communication graphs.

The difficulty in analyzing synchronization conditions comes from the nontrivial coupling between
node self-dynamics and the local interactions, as well as the coupling between different node states,
especially under a switching communication graph. While without self-dynamics in each node, network
synchronization falls to a distributed consensus problem. For consensus seeking, it has been shown that
various convergence conditions can be derived based on much relaxed connectivity conditions with even
directed node interactions [40] [13], 10l B0, B, 21], 18], B6]. On the other hand, it has also been shown
that if the node self-dynamics can be properly designed, this node self-dynamics can cooperate with the
consensus couplings leading to distributed solutions to certain network optimization problems [23| 24], [42]
[37, 141 9 11], which generalized the classical incremental methods for distributed optimization [38], 22, 29].

In this paper, we try to borrow the insights from consensus-based distributed optimization methods
123l 241 [42] 37, 1], with the aim of establishing some new synchronization conditions which can partially
relax the in general strong assumptions on the nonlinear node self-dynamics [45] [19]. We assume that the
network nodes have non-identical nonlinear self-dynamics as gradients of some concave functions. This
allows for a new class of nonlinear self-dynamics which to the best of our knowledge has not been addressed
in the literature. The node couplings are linear diffusive with switching directed communication graphs.
Several sufficient and/or necessary conditions are established for exact or approximate synchronization
of the overall node states. These results reveal when and how nonlinear node self-dynamics may coop-
erate with the linear consensus coupling, which leads to synchronization conditions under much relaxed
connectivity requirements to the communication graphs.

The remainder of the paper is organized as follows. In Section 2, some preliminary mathematical
concepts and lemmas are introduced. In Section 3, we formulate the considered network dynamics and
define the problem of interest. Section 4 presents some results on fixed graphs, and then Section 5 discusses

time-varying graphs. Finally some concluding remarks are given in Section 6.

2 Preliminaries

In this section, we introduce some notations and provide preliminary results that will be used in the rest

of the paper.
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2.1 Directed Graphs

A directed graph (digraph) G = (V, E) consists of a finite set V of nodes and an arc set E, where an arc is
an ordered pair of distinct nodes of V [12]. An element (i, j) € E describes an arc which leaves i and enters
j- A walk in G is an alternating sequence W : ije1iges . .. €y—1iy of nodes i,; and arcs e, = (i, ix+1) € E
for k = 1,2,...,m — 1. A walk is called a path if the nodes of the walk are distinct, and a path from ¢
to j is denoted as i — j. A digraph G is called undirected when for any two nodes i and j, (i,5) € E
if and only if (j,7) € E; strongly connected if it contains path ¢ — j and j — i for every pair of nodes
i and j. Ignoring the direction of the arcs, the connectivity of a undirected digraph is transformed to
that of the corresponding undirected graph. A time-varying graph is defined as G, = (V, Ey(;)) where
o : [0,400) — Q denotes a piecewise constant function, where Q is a finite set containing all possible
graphs with node set V. Moreover, the joint graph of G, in time interval [t1,%2) with #; <t < 400 is
denoted as G([t1,t2)) = Uselt; 1) G(E) = (V, Usept 1) Eo(r))-

2.2 Dini Derivatives and Limit Sets

The upper Dini derivative of a continuous function h : (a,b) - R (—oo < a < b < 00) at t is defined as

h(t — h(t
D7 h(t) = limsup M
s—0t

When £ is continuous on (a,b), h is non-increasing on (a,b) if and only if DTh(t) < 0 for any ¢ € (a,b).

The next result is convenient for the calculation of the Dini derivative [6] [18].

Lemma 1 Let Vi(t,z) : Rx R - R (i = 1,...,n) be C! and V(t,2) = max;—1__, Vi(t,z). If Z(t) =
{ie{1,2,...,n} : V(t,z(t)) = Vi(t,z(t))} is the set of indices where the maximum is reached at t, then
DYV (t,z(1)) = maxier) Vit x(t)).

Next, consider the following autonomous system

where f : R? — R? is a continuous function. Let 2(t) be a solution of () with initial condition z(ty) = «°.

0 ¢ Qp, we have

Then Qp C R? is called a positively invariant set of () if, for any tg € R and any x
x(t) € Qo, t > tp, along every solution z(t) of ().

We call y a w-limit point of z(t) if there exists a sequence {t;} with limg ,. tx = oo such that
limg o 2(tx) = y. The set of all w-limit points of x(t) is called the w-limit set of z(t), and is denoted as

AT (z(t)). The following lemma is well-known [32].

Lemma 2 Let x(t) be a solution of {@). Then At (x(t)) is positively invariant. Moreover, if x(t) is
contained in a compact set, then A* (x(t)) # 0.

2.3 Convex Analysis

A set K C R? is said to be convez if (1 — A\)xz + Ay € K whenever z € K,y € K and 0 < X\ < 1. For
any set S C RY, the intersection of all convex sets containing S is called the convex hull of S, denoted by

co(S).
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Let K be a closed convex subset in R? and denote |z|x = inf,cx |2 —y| as the distance between x € R?
and K, where |-| is the Euclidean norm. There is a unique element Py (x) € K satisfying |z — Pg(x)| = |z|x

associated to any 2 € R? [I]. The map Pk is called the projector onto K. The following lemma holds [I].

Lemma 3 (i). (Px(z) —x,Pg(x) —y) <0, VyeK.
fii). |Pic(x) — Prc(y)| < |z — yl, 2,y € RE.

(iii) |z|3% is continuously differentiable at x with V|z|3, = 2(z — Pk (x)).

Let f : R? = R be a real-valued function. We call f a convex function if for any z,y € R¢ and
0 < A < 1, it holds that f((1 — Xz + Ay) < (1 —X)f(z) + Af(y). The following lemma states some

well-known properties for convex functions.

Lemma 4 Let f: R? — R € C! be a convex function.

(i). f(z) > f(y)+(x—y,VI(y)).

(ii). Any local minimum is a global minimum, i.e., argmin f = {z : Vf(z) = 0}.
The following lemma is established in [34] (Lemma 13, [34])

Lemma 5 Suppose K C R™ is a convex set and let x,,x, € R™.

(i) (za — Pr(2a), 26 — Ta) < |Talk - ||Talk — 73|k |;

(ii) If |xal > |zp| Kk, then <xa — Pr(xq),2p — xa) < —|xg|K - (|xa|K - |xb|K)

3 Problem Definition

Consider a network with node set V.= {1,2,..., N}. The node interactions are modeled by a time-varying
directed graph Gy = (V, Eq(y)) with o : [0, +00) — Q being a piecewise constant function, where Q is
the finite set containing all possible digraphs over node set V. We assume that there is a lower bound
7p > 0 between two consecutive switching time instants of o (t).

A node j is said to be a neighbor of i at time ¢ when there is an arc (j,7) € E, and we let N;(o(t))
represent the set of agent i’s neighbors at time ¢. Each node holds a state z;(t) € R™. Let a;;(t) > 0 be
a function marking the weight associated with arc (j,7) at time ¢. The nodes’ dynamics are described as
follows:

%xi(t):fi(xi(t))uf > ay®(w) - @), i=1...N, 2)

JENi(a(t))
where f;(-) : R™ — R is a continuous function denoting the self-dynamics of node i and K > 0 is a given
constant. Let the weighted adjacency matrix be denoted as A,y where [A,)]i; = a;(t) if j € Ni(o(t)) and
[As()]ij = 0 otherwise. The weighted degree matrix is then defined as D) = diag(di(o(t)), ..., dn(o(t)))
with di(0(t)) = X ien(o(r)) @i (1). Then Py = Dy — Ay is the time-varying Lapacian of the network
representing the coupling of the node dynamics. For the time-varying weight function a;;(t), we assume
that there are a* > 0 and a, > 0 such that a, < a;;(t) < a*,t € Rt.

For the self-dynamics f;, we first impose the following assumption.

[A1] There are F; : R™ — R,i = 1,..., N such that f; = —VF;, where each F; is a C' convex function
with arg min F; # ().
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Remark 1 System (2) is one of the standard forms in the literature for complex network synchronization,
where the first term f; represents nonlinear node self-dynamics and the second term describes linear dif-
fusive couplings, e.g., just to name a few [43, (2, (28, [19]. On the other hand, synchronization of networks
with linear (even constant) self-dynamics but nonlinear diffusive couplings is also widely studied, e.g., the

Kuramoto model [16] (see [§] for a comprehensive survey).

Remark 2 To investigate the synchronization of System (2) under Assumption Al is inspired by the
recent developments of distributed optimization methods [23,[24). Evidently System (2) is the continuous-
time correspondence of the distributed sub-gradient algorithm proposed in [23] for solving
minimize SN | Fi(z) 3)
subject to z; € R™,zy =+ = zn.
Continuous-time solutions to the above problem have indeed been well studied, e.g., [42, [43, 9, 11, [37],
where second-order dynamics are shown to be able to derive exact solutions with fixed interaction graphs
[42,[11)]. The current paper is however more focused on the ability of reaching a synchronization for System
(@), instead of the performance serving as a continuous-time solver of (3). In fact, clearly our results are

based on weaker assumptions, e.q., the f; are not necessarily Lipschitz and the interactions are directed,

switching, and unbalanced (cf., [23, {2, [43, [11]).

Remark 3 Compared to the existing work [2, [27, (28, [17, 46, [33]: Assumption A1 does not require global

Lipschitz condition, nor identical dynamics for the f;. For instance, A1 allows for the case with

filz) = —(x = my)®

with m; € R being a constant. To the best of our knowledge, network synchronization conditions under

such class of self-dynamics have not been studied in the literature.

The initial time is set to be 0. Let x(t) = (27T (¢),...,25(t))T € R™" be the Caratheodory solution
of system (&) for initial condition 2° = 2(0). We refer to [5] regarding the existence of the Caratheodory
solution for ([2). We introduce the following standard synchronization definition [19].

Definition 1 Global synchronization of System (@) is achieved if for all 2° € R™N | we have limy_, oo |7;(t)—
xj(t)] =0 foralli,j=1,...,N.

Remark 4 By Assumption A1 itself there might be finite-time escape for the trajectory of System (2), i.e.,
x(t) approaches infinity in a finite time interval. With suitable assumptions finite-time escape can however
be excluded. We refer to the coming Lemmall, Eq. (9), and Lemmal8, respectively, which guarantee the

existence of x(t) for the entire [0,00) under the corresponding conditions.

4 Fixed Undirected Graphs — Global Results

In this section, we consider the possibility of synchronization under fixed and undirected interaction
graphs. We first establish a necessary and sufficient condition for global exact synchronization, and then a
global approximate synchronization condition is established. Detailed discussions regarding the feasibility

of the assumptions will be presented in the end of this section.
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4.1 Exact Synchronization

We make another assumption on the Fj.
[A2] {z: fi(z) =0} # 0 is a bounded set, and (z; — Pe, (z;), fi(z;)) < 0forallz; € R™ andi=1,...,N,
where 0, = co( ;v {2 : fi(2) = 0}).

Note that the inequality of Assumption A2 is not a direct consequence of convexity of the f;. However,

we will later show that convexity does lead to such inequality when the argument of each f; is in R. We

present the following result.

Theorem 1 Assume that A1 and A2 hold. Let G,y = G for some fived, undirected, and connected graph
G, and let a;j(t) = a;i(t) = a;; for some a;; > 0,i,5 =1,...,N. Then global synchronization for System
@) is achieved if and only if Y, {z: fi(z) =0} #0.

Proof. (Necessity) We first prove the necessity statement in Theorem [Il by a contradiction argument.
Suppose global synchronization is reached under the condition that (Y, {z: fi(z) =0} = 0. Let z(t) be
a trajectory of system () AT (z(t)) be its w-limit set.

First we show that AT (x(¢)) is a nonempty set. Introduce
0(xz(t)) = ()3
((?)) := max|ai(t)e,

The following lemma holds (which in fact does not rely on a fixed or undirected graph), whose proof is in

Appendix A.
Lemma 6 Let A1 and A2 hold. Then 6(x(t)) is non-increasing along each solution of System (3).

From the above lemma we immediately know that each trajectory z(t) is contained in a compact set.
Let

Mi{x:(x{...x%)ip: rp=--=an; z; €ER"i=1,...,N} (4)

denote the consensus manifold. Based on Lemma 2] and in view of the assumption that synchronization
has been reached, we conclude that A (z(t)) € M # (). Moreover, AT (x(t)) is positively invariant since
@) defines an autonomous system when the interaction graph is fixed. This is to say, any trajectory of
system (2) must stay within A" (z(¢)) for any initial value in A (z(¢)).

Now we take y € AT(z(t)). Then we have y = (zI'...2I)7T for some z, € R™. Suppose there exist
two indices i1,42 € {1,..., N} with 43 # is such that f;, (2+) # fi,(2+). Consider the solution of (2)) for
initial time 0 and initial value y. We have @, (0) # @;,(0). As a result, there exists a constant € > 0 such
that x;, (t) # @i, (t) for t € (0,e). In other word, the trajectory will leave the consensus manifold M for
(0,¢), and therefore will also leave the set A*(z(t)). This contradicts the fact that A™(z(t)) is positively

invariant. The necessity part of Theorem [Il has been proved.

(Sufficiency) Note that G is undirected, i.e., (,7) € E if and only if (j,7) € E, and a;; = a;; for all i and
j. We use unordered pair {7,j} to denote the edge between node i and j. Denote F(z) = Zfil Fi(z) and
Fo(x; K) = Zf\;l Fy(z)+ % 2 o{iiteE aij|zj — xi‘z. Denote the N'th Cartesian product of a set S as S™.
The following lemma holds with proof given in Appendix B.
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Lemma 7 Suppose ﬂlj\i 1 {z s filz) = 0} # (. Let the communication graph G be fized, undirected, and
connected. Then arg min Fg(z; K) = (ﬂfil {z: fi(z) = 0})N M.

Note that
K Z aij(zj —xi) + fi(w;) = =V, Fa(z; K). (5)
JEN;
As a result,
d 2
S FG(a(t); K) = - |V Fo(: K)| (6)

along each trajectory of System (2)). Then by LaSalle’s invariance principle we have

lim dist(z(t), arg min Fg(z; K)) = 0.

t—o00

Lemma [7] further ensures

t—o00

lim dist <x(t), < 6 {z: fi(z) = 0})NﬂM> =0

if G is undirected and connected. Equivalently, global synchronization is reached and we can even predict
that each limit point of z;(t) lies in ﬂfil {z: fi(z) = 0} for all i.

The proof of Theorem [ is now complete. O

Remark 5 We see from the proof above that the construction of Fg(x) is critical because the convergence
argument is based on the fact that the gradient of Fg(x) is consistent with the interaction graph in the

sense that no additional links will be introduced in the gradient.

4.2 Approximate Synchronization

Theorem [lindicates that exact synchronization is impossible unless ﬂf\; {7 fi(z) =0} # 0 is fulfilled. In
this subsection, we discuss the possibility of approximate synchronization in the absence of this nonempty

interaction condition. We introduce the following definition.

RmN

Definition 2 Global e-synchronization is achieved if for all x° € , we have

limsup |z;(t) — z;(t)| <e i,j=1,...,N. (7)
t—+o00
We use the following assumption.

[A3] (i) arg min F(2) # 0; (ii) arg min Fg(x; K) # 0 for all K > 0; (iii) U > arg min g (z; K) is bounded.
For e-synchronization, we present the following result.
Theorem 2 Assume that A1 and A3 hold. Let the interaction graph G,y = G for some fized, undirected,

and connected G, and let a;;(t) = aj;(t) = a;j for some a;; > 0,1, =1,...,N. Then for any € > 0, there
exists K¢ > 0 such that global e-synchronization is achieved for all K > K..
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Proof. Let’s fix €. Again, since
K Z aij(z; — ;) + fi(w:) = — Vg, Fa(z; K), (8)
JEN

the convexity of Fq(z; K) ensures that

lim dist (x(t), arg min Fg(2; K)) = 0. 9)

t—o00

Define F(z) = Zf\; 1 Fi(z;). Under Assumptions Al and A3, we have that

Ly = sup{|V.73(x)| Cx € U argmin}"(;(x;K)} (10)
K>0

is a finite number. We also define

Dy = sup{‘z* —xi‘ c1=1,...,N, x € U argmin]—"c,(m;K)}, (11)
K>0
where z, € argmin F is an arbitrarily chosen point.
Let p = (pf...p5)T € argmin Fg(x; K) with p; € R™,i = 1,...,N. Let P be the Laplacian of the
graph G. Since the graph is undirected and connected, we can sort the eigenvalues of the matrix P ® I,
as

0:)\1:"':>\m<)\m+1§"'S)\mN-

Let Iy ..., Lyn be the orthonormal basis of R™¥ formed by the right eigenvectors of P®1I,,, wherely, ..., L,
are eigenvectors corresponding to the zero eigenvalue. Suppose p = ZZL:A{ cplp withep, e R, k=1,...,mN.
According to ([A3]), we have

9 mN 9 mN
K(P@[m)p‘ :Kz‘ 3 Ck)\klk‘ =K> Y G <L, (12)
k=m+1 k=m+1
which yields
mN
Lo \2
> od<(s) (13)
KX
k=m+1

where A5 > 0 denotes the second smallest eigenvalue of P.

Now recall that
M = {x:(xlT:c%)T ri=--=zan; z; ER™i=1,...,N}. (14)

is the consensus manifold. Noticing that M = span{ly,..., 1y}, we conclude from (3] that

mN ) mN ) N 9 LO 9
Z CkZ‘ Z Crlk =|p|M=Z S(K)\’2‘> ) (15)

k=m+1 k=m+1 =1

2
‘ Pi — Pave

N N
where pave = #. The last equality in (I3 is due to the fact that 1y ® (#) is the projection

of p on to M. From (I3, Zf\il

2
Pi — Pave| can be sufficiently small as long as K is chosen sufficiently
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large. Noticing that F is a C' function, we conclude that for any ¢ > 0, there is Ki(s) > 0 such that
when K > Kj(), there hold

Pi = Pave| <6, t=1,...,N (16)
and
|]:(p2) - ]:(pave) <g¢,i=1,...,N. (17)
On the other hand, with (43]), we have
N N
S fild) =Y filPave +Pi) =0, (18)
i=1 i=1

where p; = p; — Pave- Now according to ([I8) and (X)), since F; € C*, for any ¢ > 0, there is Ka(5) > 0
such that when K > Ks(s),

S
< —. 19
— Dy ( )

N
‘ Z fz (pave)
=1

This implies

N
F(Pave) < F(2s) + 24 — Dave| X ‘Zfi(pave)

i=1

< Flzi) +. (20)

Therefore, for any € > 0, we can take Ky = max{Ki(e/2), K2(¢/2)}. Then when K > K, we have
lpi —pjl <€ Fpi) < mzin]:(z) +e (21)

for all i and j. Now with (@), every limit point of system (2)) is contained in the set argmin Fg(x; K).
Noting that p is arbitrarily chosen from argmin Fg(x; K), e-synchronization is achieved as long as we
choose K, > K. This completes the proof. ]

From Theorems [1l and 2 we conclude that even though without the nonempty intersection condition,
it is impossible to reach exact synchronization for the considered coupled dynamics, it is still possible to

find a control law that guarantees approximate synchronization with arbitrary accuracy.

4.3 Assumption Feasibility

This subsection discusses the feasibility of Assumptions A2 and A3.

Proposition 1 If F(z) = Y. | Fi(x;) is coercive, i.e., F(x) — oo as long as || — oo, then {z: fi(z) =
0} # 0 is a bounded set for alli=1,...,N, and A3 holds.

Proof. First of all, since F(z) = Zfilﬂ(xz) is coercive, it follows straightforwardly that F(z) =
SN | Fi(2) and each Fj(z) are also coercive. This implies immediately that {z: fi(z) =0} # D is a
bounded set for all i = 1,..., N and A3.(i) hold.

Next, Observing that & 2 {j.iteE aij|zj — xif >0 for all # = (27 ...2%)T € R™N and that F(z) =
SN | Fy(a;) is coercive, we obtain that arg min Fg(z; K) # 0 for all K > 0. Thus, A3.(ii) holds.
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Finallly, we denote F, = min, F(z) = F(z.). Since Y.V Fj(z;) is coercive, there exists a constant
M(F,) > 0 such that YN | Fj(x;) > F. for all |z| > M(F,). This implies

Folz; K) > Fo(ly @ 2z, K) = F, (22)

for all |z| > M. That is to say, the global minimum of Fq(x; K) is reached within the set {|z| < M} for
all K > 0. Therefore, we have

U arg min Fg(z; K) C {|z| < M(F,)}. (23)
K>0

This proves A3.(iii). O

Proposition 2 Suppose {z D filz) = 0} # 0 is a bounded set for alli =1,..., N and the node state space
is R, i.e., m = 1. Then A2 and A8 hold.

Proof. Since each {z s filz) = 0} is a finite interval when the node state is one dimensional, it is
straightforward to verifying that <m, — Po. (zi), f,(xl)> <0 for all x; € R. Thus A2 holds. We now prove
A3 also holds.

(i). Let 27 € argmin F;. Denote y, = min{zj,..., 2% }. Then for any i =1,..., N, we have

0> Fi(x}) — Fi(ys) = — (27 — y) filys) (24)

according to inequality (i) of Lemma[dl This immediately yields f;(y.) >0 foralli=1,...,N.
Thus, for any y < y,, we have

N
Fly) = Fye) > (v —y)VF(a) = = > (y—y) filys) > 0, (25)

i=1
which implies F(y) > F(yx) for all y < y,.

A symmetric analysis leads to that F(y) > F(y*) for all y > y* with y* = max{z7,..., 2% }. Therefore,
we obtain F(y) > min{F(y.), F(y*)} for all y # [y.,y*]. This implies that a global minimum is reached
within the interval [y., y*] = co{z],... 2%} and A3.(i) thus follows.

(ii). Introduce the following cube in R”":

Cfi{x:(xlT...x%)T: x; € [y*—n,y*—i—n],i:l,...,N},

where n > 0 is a given constant.
Claim. For any K > 0, C} is an invariant set of System @.

Define ¥(x(t)) = max;ev x;(t). Then based on Lemma [I] we have

d
D (a(t) = Jmax —wi(t)

:zeIo(t {ZN xi) + fil Z)]
< max [fi(xiﬂ, (26)

1€Zo(t)

A

10
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where Zy(t) denotes the index set which contains all the nodes reaching the maximum for ¥(z(t)).

Since
0> Fi(z7) = Filys +n) =2 =(@7 =y« =) filys+ 1), i=1,...,N (27)
we have fi(y*+mn) <O0foralli=1,...,N. As a result, we obtain
DT (z(t <0, 28
(=() (x(t)=y*+n (28)
which implies ¥ (z(t)) < y* +n for all ¢ > ¢y under initial condition ¥(z(ty)) < y* + n. Similar analysis
ensures that min;ey x;(t) > y* — n for all t > tg as long as min;ev (o) > y* —n. This proves the claim.
Note that every trajectory of system (2)) asymptotically reaches arg min Fg(z; K)). This immediately
leads to that Fg(z; K) reaches its minimum within CJ for any K > 0 since C/ is an invariant set. Then
A3.(ii) holds.
(iii). Since arg min F; is bounded for i = 1,..., N, there exist b; < d;,i = 1,..., N such that argmin F; =
[bi, d;]. Define b, = min{by,...,by} and d* = max{dy,...,dy}. We will prove the conclusion by showing
arg min Fg(z; K) C C, for all K > 0, where

Ci = {x:(x{x%)T x; € [b*’d*]’izl"“’N}‘

Let z = (21...,2n)7 € argmin Fg(z; K). First we show max{zy,...,zxy} < d* by a contradiction
argument. Suppose max{zy,...,zy} > d*.
Now let 41,...,4; be the nodes reaching the maximum state, i.e., z;; = -+ = z;, = max{z1,...,zn}.

There will be two cases.
o Let k= N. We have z; = --- = zy = y in this case. Then for all ¢ and =] € argmin F;, we have
0> Fi(a}) - Fily) = — (] — y)fily) (20)
which yields fi(y) > 0,i =1,..., N since y > d*. This immediately leads to
Fa(z; K) = F(y) > min F > min Fg(z; K), (30)
which contradicts the fact that z € argmin Fg(x; K).

e Let £k < N. Then we denote s, = max{zl- s {ig, ikt = 1,...,N}, which is actually
the second largest value in {z1,...,2x}. We define a new point 2 = (21...,2n5)" by % = z;,i ¢
{i1,...,ix} and

. d*, if s, < d*
Sx, oOtherwise
for i € {i1,...,ix}. Then it is easy to obtain that Fg(z; K) > Fg(2; K), which again contradicts

the choice of z.

Therefore, we have proved that max{z,...,zny} < d*. Based on a symmetric analysis we also have
min{zy,...,2zn} > b.. Therefore, we obtain arg min Fg(z; K) C C, for all K > 0 and A3.(iii) follows. O

11
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5 Time-varying Directed Graphs — Global Exact and Semi-global Ap-

proximate Synchronization

In this section, we consider time-varying graphs. We introduce the following definition [13] 18].

Definition 3 G, is said to be uniformly jointly strongly connected if there exists a constant T > 0 such

that G([t,t +T)) is strongly connected for any t > 0.
We present the following result.

Theorem 3 Let A1 hold. Suppose G,y is uniformly jointly strongly connected and ﬂlj\il {z s filz) =
0} # () contains at least one interior point. Then global synchronization is achieved for System (3). In
fact, for any initial value x°, there exists x. € (N, {z: fi(z) = 0} such that limy_,ec z;(t) = zx for all
1€ V.

Note that the condition lim; o 2;(t) = x, is indeed a stronger conclusion than our definition of syn-
chronization as Theorem [3] guarantees that all the node states converge to a common point. We will
see from the proof of Theorem [3] that this state convergence highly relies on the existence of an interior
point of ﬂf\; 1 {z : filz) = 0}. In the absence of such an interior point condition, it turns out that global

synchronization still stands. We present another theorem stating the fact.

Theorem 4 Let A1 hold. Suppose G,y is uniformly jointly strongly connected and ﬂf\il {z s filz) =
0} # (. Then global synchronization is achieved for System (2).

For e-synchronization under switching interactions, we present the following result.

Theorem 5 Let A1 and A2 hold. Suppose G, ;) is uniformly jointly strongly connected. Then for any
€ > 0 and any initial value 20 € R™N | there exist a sufficiently small TJ(JUO) > 0 and a sufficiently large
KI(2°) such that e-synchronization is achieved under z° for all T < T (2°) and K > KJ(29).

Note that compared to the results under discrete-time dynamics [23] 24], Theorems Bl and @ stand on
quite general assumptions, which applies to the case when the {z : filz) = 0} are unbounded. Compared
to Theorem [2I Theorem [l is semi-global in the sense that the control gain Kl (2°) depends on the initial
value. With switching interaction graphs, it becomes fundamentally difficult to characterize the limit set
of the trajectories, and a general global result as Theorem 2 may not hold.

The remaining of this section presents the proofs of the above results. We first present some useful

lemmas, and then the proofs of Theorems Bl [ and Bl will be established, respectively.

5.1 Preliminary Lemmas
We establish three useful lemmas in this subsection. Suppose ﬂf\; {7z fi(z) = 0} # 0 and take z, €

ﬂij\; {Z filz) = O}. We define

,i=1,...,N, (32)

Vi(t) = |as(t) — 2

12
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and

V(t) = max Vi) (3)

The following lemma holds, whose proof is given in Appendix C.

Lemma 8 Let A1 hold. Suppose ﬂf\il {z : filz) = 0} # (. Then along any trajectory of System (2), we
have DYV (t) <0 for allt € RT.

A direct consequence of Lemma B is that when ﬂlj\i {7 filz) =0} # 0, we have

lim V(t) = d? (34)

t—o00

for some d, > 0 along any trajectory of system (2]) with control law J,(n;, g;). However, it is still unclear
whether V;(t) converges or not. We establish another lemma indicating that with proper connectivity
condition for the communication graph, all V;(¢)’s have the same limit d?. The following Lemma holds

with proof given in Appendix D.

Lemma 9 Let A1 hold. Suppose ﬂf\il {z s filz) = 0} # 0 and Gy is uniformly jointly strongly
connected. Then along any trajectory of System (@), we have limy oo V;(t) = d2 for all i.

Finally, the next lemma shows that each z;(t) asymptotically reaches arg min F; along the trajectories

of system (2), whose proof is in Appendix E.

Lemma 10 Let A1 hold. Suppose ﬂf\il {z s filz) = 0} # 0 and Ggy) is uniformly jointly strongly

connected. Then along any trajectory of system (2), we have

lim sup ‘xi(t)|arg i =0
t—00 ’
for all i.
5.2 Proofs of Statements
5.2.1 Proof of Theorem
The proof of Theorem [3] relies on the following lemma.
Lemma 11 Let z1,...,2n,41 € R™ and dy,...,dpn 1 € RT. Suppose there exist solutions to equations

(with variable y)
ly — z1]? = du;

ly — Zm+1|2 = dm+1-

Then the solution is unique if rank(zz — 21y Bl — zl) =m.

13
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Proof. Take j > 1 and let y be a solution to the equations. Noticing that
(y—z,y—2)=di; (y—2,y—2)=d;
we obtain
1 9 2\ -
<y,zj—zl>:§(d1—dj+\zj\ —\z1]>,]:2,...,m+1. (36)

The desired conclusion follows immediately. O

Let 7, = (rf...rL)T be a limit point of a trajectory of System (@). Based on Lemma [, we have
limy_, o Vi(t) = d for all z, € ﬂf\;l {z s fi(z) = 0}. This is to say, |r; — z«| = d, for all ¢ and z, €
ﬂl-]il {z: fi(z) = 0}. Since ﬂf\il {z: fi(z) = 0} # 0 contains at least one interior point, it is obvious

to see that we can find z1,..., 2,41 € ﬂf\il {z : filz) = 0} with rank(zg — 21y Zmtl — zl) = m and
di,...,dm+1 € RT, such that each r;,4 =1,..., N is a solution of equations ([B5). Then based on Lemma
1, we conclude that 7 = --- = ry. Next, with Lemma [0, we have |7;|argmin 7, = 0. This implies that
r=--=ryeNX, {z: fi(z) = 0}, i.e., global synchronization is achieved.

We turn to state convergence. We only need to show that r, is unique along any trajectory of System (2I).
Now suppose 7} = 1y ®r! and r? = 1y ®7r? are two different limit points with 7! # 2 € ﬂf\il {z D filz) =
0}. According to the definition of a limit point, we have that for any & > 0, there exists a time instant ¢.
such that |z;(t.) —r!| < e for all i. Note that Lemma 8 indicates that the disc B(r!,¢) = {y : [y —7r!| < ¢}
is an invariant set for initial time t.. While taking ¢ = |r! —72|/4, we see that r? ¢ B(rl,|r!l — r?|/4).
Thus, r? cannot be a limit point.

Now that the limit point is unique along any trajectory of System (2)), we denote it as 1y ® z, with
. e Y, {z: fi(z) = 0}. Then we have lim;_,o 2;(t) = @, for all i = 1,..., N. This completes the proof.

5.2.2 Proof of Theorem [

In this subsection, we prove Theorem @ We need the following lemma on robust consensus, which is a

special case of Theorem 4.1 and Proposition 4.10 in [36].

Lemma 12 Consider the following dynamics for the considered network model:
di=K Y ay(t)(a;—w) +wilt), i€V (37)
JENi(o(t))

where K > 0 is a given constant, a;;(t) are weight functions satisfying our network model, and w;(t) is a
piecewise continuous function. Let Gg ;) be uniformly jointly strongly connected with respect to T > 0.
(i). There holds lim;_, o |xl(t) - xj(t)| =0 for alli,j € V if limy_, oo wi(t) = 0,7 € V.
(ii). For any € > 0, there exist a sufficiently small T, > 0 and sufficiently large K. such that

limsup |z;(t) — z;(t)] < €||lw(t)]|oo

t——+o0

for all initial value ° when K > K, and T < T,, where ||[w(t)||co := max;ev SUPye0,00) [Wi(1)]-

14
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Lemma [I0 indicates that limsup,_, ., |z;(t)] = 0 for all ¢, which yields

arg min F;

t—o00

for all 7 according to Assumption Al. Then global synchronization follows immediately from Lemma

M2 (i). Again by Lemma [I0] we further conclude that
N
lim sup dist (z;(t), ﬂ {z: filz) =0}) =0.
t—r00 i=1

The desired conclusion thus follows.

5.2.3 Proof of Theorem

From Lemma [B we know that 6(z(t)) = max;ey |2;(t)[§, is non-increasing under A2. As a result, we

conclude that
z(t) € T(z0) := {z eR™ : () < H(xo)}

for all £ > 0. Again by Assumption A2, I'(z°) is a compact set. We can thus define

h(zY) = TaX Sup {|fz(zl)| cz=(21...28)7 € F(mo)}.

0

Now along the trajectory z(t) of ([2) with initial value z”, we have

| fii(®))] < (a®)

for all ¢ > 0. Then the desired e-synchronization result follows immediately from Lemma [21(ii).

6 Conclusions

In light of recent works on consensus-based distributed optimization methods, we have established some
conditions on the synchronization problems of coupled oscillators. We assumed that the network nodes
have non-identical nonlinear self-dynamics which are gradients of some concave functions. This allowed for
functions that are not passive or globally Lipschitz. The node interactions were under switching directed
communication graphs. Some sufficient and/or necessary conditions are established regarding exact or
approximate synchronization of the overall node states. These results revealed when and how nonlinear
node self-dynamics can cooperate with the linear consensus coupling and reach synchronization with much
relaxed connectivity conditions. Some interesting future generalizations include the exact convergence rate

to a synchronization under strict convexity, and synchronization conditions with constrained node states.
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Appendix

A  Proof of Lemma

Denote ZT(t) := {i € V : |z;(t )&, = 0(x(t))}. Then from Lemma [l and Lemma Bl(iii), we know

DT O(x(t)) =2 maX) <xz(t) — Po,(z(t)), fi(zi(t)) + K Z aij(t)(z;(t) — xz(t))> (39)

e JENT )
Now with Lemma [l (ii), there holds
(wi(t) = Po.(zi(t)), 2;(t) — wi(t) ) <0 (40)

for all + € ZT(t) and j due to the definition of ZT(¢) and 6(x(t)). Combining (39), [@Q), and Assumption

A2 we further know

DHO(x(t)) < 2 max. <:Ul-(t) — Po_(x:(t)), f; (mi(t))> <0. (41)

ie€Zt(t

The desired lemma thus follows. O

B Proof of Lemma [7]

When MY, {z: fi(z) =0} #0, it is clear that argmin F = NY, {z: fi(z) = 0}.
Now take z, = (pI ...pI)T € (ﬂlj\il {z: fi(z) = 0})NﬂM, where p, € Y, {z: fi(z) = 0}. First
we have x, € arg min, Zfil Fi(z;). Second we have x, € arg min, % Z{j,z‘}eE aij|:cj — xi‘Q. Therefore, we

conclude that z, € argmin Fg(x; K). This gives

N
arg min Fg(x; K) (ﬂ {z: fi(z) = }) ﬂM (42)
On the other hand, convexity gives

arg min Fg(z; K) = {x : —K(P®Ip)x = <(f1(x1))T (fN(xN))T)T}, (43)

where ® represents the Kronecker product, [, is the identity matrix in R, and P is the Laplacian of
the graph G. Noticing that
AL en)Pel,)=14P® 1, =0,

where 1y = (1...1)7 € RY, we have

(15 0 1) ()" (tan))") qu (44)

for any x € arg min Fg(z; K).
Take 2* = (¢} ... ¢%)T € argmin Fg(7; K). Suppose there exist two indices i, and j. such that

fi.(ai.) # fi.(q;.)-
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Then at least one of f;, (¢;,) and fj,(g;,) must be nonzero. Taking p € (X, {z: fi(z) = 0}, we have

N N
Y Fila) > Y Fi(p)
i=1 i=1

because for x = (27 ... 21)T € argmin Ziil Fi(z;), we have fi(z;) = 0,i =1,...,N. Consequently, for
we = (p*...p")T, we have

Fa(a K) > Fa(ws; K)

which is impossible according to the definition of z* so that such i, and j, cannot exist. In light of (@4,

this immediately implies f;(¢;) =0, i =1,..., N, or equivalently
g €{z: filz) =0}, i=1,...,N (45)
for all z* = (¢T ... ¢%)7 € argmin Fg(x). Therefore, we conclude from @) that SN | Fi(q;) = SN | Fi(p.),
and this implies
2
Z aijlgj —a|” =0

{j,i}eE

as long as #* = (¢} ... ¢%)T € argmin F(z). The connectivity of the communication graph thus further

guarantees that g1 = --- = qu, so we have proved that z* € (ﬂf\il {z filz) = 0})N () M. Consequently,
we obtain
N N
arg min Fg(x; K) C (ﬂ {z: fi(z) = 0}) ﬂM (46)
i=1
The desired lemma holds from ([Z2)) and (E0)). O

C Proof of Lemma [§

Based on Lemma [I], we have

d
DYV (t) = —Vi(t
®) z‘rélf(a}t()dt ®)

= max 2<xi(t) — 2, Z az‘j(t)(l“j — %) + fz($z)>, (47)

i€Z(t) FEN;(o(t))

where Z(t) denotes the index set which contains all the nodes reaching the maximum for V' (¢).

Let m € Z(t). Denote
Zy={z: |z— 2| < VV({)}

as the disk centered at z, with radius \/V(¢). Take y = x,,(t) + (2 (t) — z«). Then from some simple
Euclidean geometry it is obvious to see that Pz, (y) = x,,(t), where Py, is the projection operator onto

Zy. Thus, for all j € N, (o(t)), we obtain

<$m(t) — Zx, xj(t) - xm(t)> = <y - xm(t)’ Z; (t) - xm(t)>
= (y = Pz (y),z;(t) — Pz(y))
<0 (48)
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according to inequality (i) in Lemma Bl since z;(t) € Z;. On the other hand, based on inequality (i) in

Lemma [ we also have

(2 () = 245 frn (@ (1)) < Fn(24) — Fon (@i(t)) <0 (49)

in light of the definition of z,.
With 7)), (#8) and ([@3)), we conclude that

DYV (t) = max 2(wi(t) — 2., Y ag(t)(z; — ;) + fi(w:)) <0, (50)
0 JENTo(®)

which completes the proof. O

D Proof of Lemma

In order to prove the desired conclusion, we just need to show lim inf; . V;(t) = dz for all 2. With Lemma

B we conclude that Ve > 0,3M (e) > 0, s.t.,
Vi(t) <ds +¢ (51)

for all s and t > M.

Claim. For all ¢ > M and all 7,5 € V, we have
(wilt) = 20, 25(0) = (1)) < ~Vilt) + (du + £)\/Ti(D). (52

If 2;(t) = z. (B2) follows trivially from (GI)). Otherwise we take y. = z, + (ds + €) élggiz:' and

B; = {z e — 2] < ds —i—e}. Here B, is the disk centered at z, with radius d. + ¢, and y, is a point within

the boundary of B; and falls the same line with z, and z;,(t). Take also ¢, = yx + 2;(t) — z.. Then we

have

(2i(t) = 20,5 (t) = yu) = (@ = Yo, 25(t) = Yx) = (@ — P, (¢4), 2 (t) — Pp,(gs)) <0 (53)

according to inequality (i) in Lemma [B] which leads to

<xz -z, j(t) — xz(t)> = <$@(t) — Zs, Tj(t) — y*> + <$2(75) — R Y — xl(t»
< (@i(t) = 2e, yu — 2(t))
= —Vi(t) + (dy + &)/ Vi (D). (54)

This proves the claim.

Now suppose there exists igp € V with liminf; ,, V() = ‘9@'20 < d?. Then we can find a time sequence
{t1}3° with limy_,~ t = oo such that

Hio + d*
9 .

Vip(tr) < (55)

We divide the rest of the proof into three steps.
Step 1. Take ty, > M. We bound Vj,(t) in this step.
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With (52)) and inequality (i) in Lemma @] we see that

SV = 20 =20 Y () — 1) + il 0))
JEN; (a(t))
<2 > az‘oj(t)<$z‘o (t) = 2, 2(t) — w4 (t)> + Fig (2:) = Fig (w3 (1))
€N (a(1))
< 2N = 1)a* (= Vig(t) + (@ +2)v/ Vi (D)), (56)
for all ¢ > ty,, which implies
&Vl < ~(N = Da* (VT — (e +9)), 12 . (57)

In light of Gronwall’s inequality, (B5]) and (&) yield

VIVl®) < 0T (1) + (1 DI ) (g, )

o~ (N=1)2a"Tp o~ (N=1)2a"Tp

<t + (1= ) (d. +9)
AL (58)

for all ¢ € [tg,,tr, + (N —1)Tp]| with Tp = T+ 7p, where T" comes from the definition of uniformly jointly
strongly connected graphs and 7p represents the dwell time.
Step 2. Since the graph is uniformly jointly strongly connected, we can find an instant ¢ € [ty,, tx, + T
and another node 41 € V such that (i,i1) € Gy for t € [t, + 7p]. In this step, we continue to bound
Vi 1)

Similar to (B2), for all ¢ > M and all 4,5 € V, we also have

(ilt) = z25(0) = wa(0)) < =V (VI - \/V30)) (59)
when V;(t) < V;(t). Then based on (B2)), (58], and (G9), we obtain
V<2 Y an 0w (0) — zat) — w,(1)

JEN (@ (1)

=2 Z @iy j (t)<xi1 (t) = 2, xj(t) — iy (t)> + 2044 (t)<xi1 (t) = 2, @i (1) — w3 (t)>
JEN (a(t)\{io}

< 2N = 2)a" (= Viy (1) + (@ +)VVir (1)) = 20/ Vi, (D (VVir () — Vi 1))

< —2<(N —2)a* + a*)Vil(t) 2/ Vi (1) ((N —2)a*(dy +€) + A*a*) (60)

for t € [t,# + 7p], where without loss of generality we assume V;, (t) > V;, () during all ¢ € [£, + 7p].

Then ([60) gives

%m < —<(N —2)a* + a*> Vi, (1) <(N —2)a"(d« +¢) + A*a*>,t € [t,t+7p) (61)

which yields

V(i 7p) < e (V2 ) oy oy (1- ef(wfzma*)w) (N —2)a*(d, + ¢) + Asas

(N —2)a* + ax
(4™ (1 — ef((N*Q)a* +a*)TD) ef(N*1)2a*TD ,
(N —2)a* + ay x 2 io
Q4 (1 — ¢~ (N=2)a” +a*)TD) e’(N*1)2a*TD
! (1 - (N - 2)(1* + G x 9 >(d* +e¢) (62)
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again by Gronwall’s inequality and some simple algebra.
Next, applying the estimate of node 4y in Step 1 on i; during time interval [t + 7p, tg, + (N — 1)Tp],
we arrive at

a*(1 — e_((N_Q)a*'HI*)TD) e—2(N—1)%a*Tp

. < )
Valt) = (N —2)a* + a, 8 2 Oio
ay (1 — e~ (N=2)a”+a:)mp e—2(N-1)?a*Tp
+<1_ ( (N —-2)a*+a ) . 2 >(d*+€) (63)

for all t € [tg, + Tp,tx, + (N — 1)Tp].
Step 3. Noticing that the graph is uniformly jointly strongly connected, the analysis of steps 1 and 2 can

be repeatedly applied to nodes i3, ...,in_1, and eventually we have that for all ig,...,iny_1,

. (1 — e~ (N=2)a"+a.)r _ —(N—=1)3a*T,
a(l—e D)>N 2 e DHiO

(N —2)a* + a. 2
a*(l _ 6—((N—2)a*+a*)TD) N-2 o~ (N=1)?a*Tp
1- | (dx
+< ( (N —2)a* + a. ) 8 2 (d: +¢)

< d, (64)

Vi (11, + (V= 1)Tp) < (

for sufficiently small ¢ because 0;, < d. and

<1

ay (1 _ e—((N—Z)a*—l—a*)TD) N-2 o~ (N-1)%a*Tp
( ) e
(N —2)a* + ax 2

is a constant. This immediately leads to that
V(tg + (N = 1)Tp) < d2, (65)

which contradicts the definition of d,.
This completes the proof. ]

E Proof of Lemma
With Lemma [ we have that limy ., V;(t) = d? for all i € V. Thus, Ve > 0,3M (¢) > 0, s.t.,

de <A\ Vi(t) < di+¢ (66)

for all ¢ and t > M. If d, = 0, the desired conclusion follows straightforwardly. Now we suppose dy, > 0.
Assume that there exists a node ig satisfying lim sup,_, ‘ﬂ:io (t) ‘arg in g > 0. Then we can find a time
0

sequence {tj}3° with limg_,o, tx = oo and a constant ¢ such that

{xiO(tk)‘argminFio >0, k=1,.... (67)

Denote also By = {z: |z — z,| < dy + 1} and Gy = max {|f;,(y)| : y € By }. Assumption Al ensures that
G is a finite number since B; is compact. By taking ¢ = 1 in (G6]), we see that x;(t) € B; for all ¢ and
t > M(1). As a result, we have

S| =] X a0 — )+ fulw)| < 20— (d 1) + G (63)

JE€Niy (o (1))
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Combining (@7) and (G8]), we conclude that

|wi0 (t)|argminFi0 2> t € [tk? tk + T]’ (69)

l\'>|<>z

S9)

for all k =1,..., where by definition 7 = .
2(2(n—1)a* (du+1)+G1 )

Now we introduce

(=%

Ds = mln{F (y) — Fiy(24) = andyEBl}.

|y‘arg min F, 2
Then we know Ds > 0 again by the continuity of Fj,. According to (B6]), (66]), and (63]), we obtain

d

g Vit) < 2N = 1)a* (= Vig(t) + (du + )VVis0)) + Fiy (20) = Fo (1)

< 2(N —1)a*(2d, + €)e — Ds, (70)
for t € [tg,tx + 7], k =1,.... This leads to
Vig (i +7) < Vi (t) +(2 *(2d, +€)5—D5>
< (dv+2)? + <2(N D)a*(2d, + ¢)e — Dé)
< d? (71)

as long as € is chosen sufficiently small. We see that (1)) contradicts (G6]). The desired conclusion thus
follows. O
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