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SEMIDEFINITE REPRESENTATIONS OF NON-COMPACT
CONVEX SETS

FENG GUO, CHU WANG, AND LIHONG ZHI

ABSTRACT. We consider the problem of the semidefinite representation of a
class of non-compact basic semialgebraic sets. We introduce the conditions
of pointedness and closedness at infinity of a semialgebraic set and show that
under these conditions our modified hierarchies of nested theta bodies and
Lasserre’s relaxations converge to the closure of the convex hull of S. Moreover,
if the PP-BDR property is satisfied, our theta body and Lasserre’s relaxation
are exact when the order is large enough; if the PP-BDR property does not
hold, our hierarchies convergent uniformly to the closure of the convex hull of
S restricted to every fixed ball centered at the origin. We illustrate through a
set of examples that the conditions of pointedness and closedness are essential
to ensure the convergence. Finally, we provide some strategies to deal with
cases where the conditions of pointedness and closedness are violated.

Key words. Convex sets, semidefinite representation, theta bodies, sums of
squares, moment matrices.

1. INTRODUCTION

Consider the basis semialgebraic set
S = {Z‘ €R” | gl(x) 2 Oaagm(x) Z 0}7

where ¢;(X) € R[X] := R[Xy,...,X,], i = 1,...,m. The convex hull of S is de-
noted by co (S) and its closure is denoted by cl (co (5)). Characterizing cl(co (S))
is an important issue raised in [1l @, [8, [14]. There is a considerable amount of inter-
esting work by many people. For instance, using the same variables appearing in .S,
Rostalski and Sturmfels [19] exploit projective varieties to explicitly find the poly-
nomials that describe the boundary of co (S) when S is a compact real algebraic
variety; by introducing more variables, theta bodies [4] and Lasserre’s relaxations
[10] have been given to compute cl(co (S)) approximately or exactly when S is a
compact semialgebraic set. In this paper, we aim to extend works in [4, [10] and
provide sufficient conditions such that the modified hierarchy of theta bodies and
Lasserre’s relaxations of non-compact semialgebraic set S can still converge to the
closure of the convex hull of S.

Let g1,...,Gm be homogenized polynomials of g1,..., g respectively. We lift
the cone of S to a cone of §° € R"*!

SO :={Z e R" | §1(&) >0, ..., Gm(@) >0, zo > 0}.

Let X = (Xo, X1, ... , Xn). Denote Qi (G) as the k-th quadratic module generated
by

G = {glv s 7QWL7 XOa ||X||§ - 17 1- ||X||§}7
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and

S:={F e R™ | §1(7) >0, ..., Gu(F) >0, 29 >0, |73 =1}.
Denote P[X]; := (R[X];\R) U {0} where R[X]; is the set of linear polynomials in
R[X]. We construct the hierarchy of theta bodies THy(G)

TH,(G) := {x eR"|(1,2) >0, Yie Qud) ﬂP[)?h},

and Lasserre’s relaxations Q(G)

Jy € R¥H) | st %, (Xo) = 1,

Ly(Xi) =, i=1,...,n,

My—1(Xoy) = 0, M1 (I X3 - 1)y) =0,
Mi(y) = 0, My—y;(g59) =0, j=1,...,m,

Qu(G):={ z€R"

where 3(k) = (”:ﬂ’l) and k; = [degg,/2], for every k € N.

Our contribution: Consider a non-compact basic semialgebraic set S.

e Assuming that S is closed at oo [12] and its homogenized cone co (cl (§°>)

is closed and pointed (equivalently, it contains no lines through the origin):

— We prove that the hierarchies of TH(G) and Q4 (G) defined above con-
verge to cl (co (S)) asymptotically. If Qy(G) is closed, then TH(G) =
Q1 (G) for k € N.

— If the Putinar-Prestel’s Bounded Degree Representation (PP-BDR)
[10] holds for S with order &/, then we conclude that cl(co (S)) =
THy (G) = Qu(G). If PP-BDR property does not hold, then for
every € > 0, we show that T\ﬁk(é) and € (G) convergent uniformly
to cl(co (S)) restricted to every fixed ball centered at the origin.

e We show that the conditions of closedness and pointedness are essential to
guarantee the convergence of the constructed hierarchies.

— We observe that the condition of closedness of S at co depends on the
generators of S and in many cases, we can force S to become closed at
oo by adding a redundant linear polynomial obtained by the property

of pointedness of co (cl (50))

— If co (cl (50)) is not pointed, then we divide S into 2™ parts along

each axis. If S is closed at oo and each part satisfies PP-BDR property,
we can compute the theta bodies and Lasserre’s relaxations for each
one and then glue them together properly.

Structure of the paper: We provide in Section [2| some preliminaries about con-
vex sets and cones. We also recall some known results about theta bodies [4] and
Lasserre’s relaxations [I0] for compact semialgebraic sets. An example is given to
show that for a non-compact semialgebraic set S, the sequence defined in or
does not converge to cl (co (S)). In Section[3] when S is a non-compact semi-
algebraic set, we provide sufficient conditions for guaranteeing the convergence of
modified Lasserre’s relaxations and theta bodies for computing cl(co (S)). Some
examples are also given to illustrate our method. More discussions on these suffi-
cient conditions are given in Section
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2. PRELIMINARIES
In this section we present some preliminaries needed in the rest of this paper.

2.1. Convex sets and cones. The symbol R denotes the set of real numbers. For
x € R", ||z||2 denotes the standard Euclidean norm of z. A subset C' € R™ is convex
if for any u,v € C and any 6 with 0 < 6 < 1, we have u + (1 — 0)v € C. For any
subset W € R™, denote ri (W), cl (W) and co (W) as the relative interior, closure
and convex hull of W, respectively. A subset K C R" is a cone if it is closed under
positive scalar multiplication. The dual cone of K is

K*={ceR"|(c,z) >0, VzeK}.

In particular, (R")* = R™ and L* = L* for any subspace L € R". A cone K need
not be convex, but its dual cone K* is always convex and closed. The second dual

K** is the closure of the convex hull of K. Hence, if K is a closed convex cone,
then K** = K.

Proposition 2.1.1. Let K1 and Ko C R"™ be two closed convex cone, then
(21) <K1+K2)* :KTQKS and (K1 QK2>* :Cl(Kik—i-K;)
In particular, for any subspace L C R™,
(KiNL)*=cl (K] +L"Y).

Proof. 1t is clear that K{ N K5 C (K7 + K»2)*. To prove the first equality, it is
enough to show that (K7 + K»)* C K; N K5. Let | € (K + Ks3)*, then for any
M e Ky, 2 € Ky, ¢1 >0, ¢ > 0, we have {, clx(1)+02m(2)> > 0. Let ¢; and ¢
tend to 0 respectively, we can get (I, (V) > 0 and (I, ) >0, ie., | € K} N K3,

Since K7 and K are closed, we have Ki* = K; and K3* = Ks. By the first
equality in (2.1]), we have

() 1K) = (K70 K3) = (K + K3)7)" = el (K7 + K3).
([l

Theorem 2.1.2. [I7, Corollary 6.5.1] Let C be a convez set and let M be an affine
set which contains a point of ri(C). Then

ritMNC)=Mnri(C), cd(MnC)=Mncl(C).

Theorem 2.1.3. [17, Theorem 6.8] Let C be a convez set in R™*P. For each y €
R™, let Cy be the set of vectors z € RP such that (y,z) € C. Let D = {y | Cy # 0}.
Then (y,z) € ri(C) if and only if y € ri(D) and z € ri(Cy).

Definition 2.1.4. A closed convex cone K is pointed if K N —K = {0}, ie., K
contains no lines through the origin.

Proposition 2.1.5. [2] Section 3.3, Exercise 20] Consider a closed convex cone K
in R™. A base for K is a convex set with 0 ¢ c1(C) and K = R, C. The following
properties are equivalent:

(a) K is pointed;

(b) el (K" K*) R";

(¢) (K —K*) =R";

(d) K* has nonempty interior;

(e) There exists a vector y € R™ and real € > 0 with (y,z) > €||z||2, for all points
z e K;

(§]
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(f) K has a bounded base.

Proof. See Appendix. a

It is well known that the convex hull of a compact set in R™ is closed. However,
it is generally not true for a non-compact set. For example, let

V= {(x1,72) € R?*| 2ym0 =1, 35 >0} U{(0,0)},
then
co (V) ={(z1,22) | 1 > 0, z2 > 0} U{(0,0)},
which is not closed.

Theorem 2.1.6. Let K be a closed cone. The following assertions are equivalent:

(a) co (K) contains no lines through the origin;
(b) co (K) is closed and pointed;
(¢) There exists a vector ¢ = (¢1,...,¢,) € R™ such that {c,x) > 0 for all x €

o (K)\{0}.

Proof. By Proposition 2.1.5] (e), it is sufficient to prove (a) = (b).

Fix a point = € cl(co (K)), then there is a sequence {z()}%2, C co (K) such
that (") — z as r — oco. For each r € N, by Carathéodory’s Theorem, there exist
{zrDyntt C K and {\;}7 4 € [0,1] such that Z"H r1=1and

n+1 n+1

(r1)
(22) 1,(7‘) = Z)\r,lm(rl Z)‘Tle ||2|| mrl)”
=1

Since the sequence {2(™) /||z("1]|3}22, is bounded for each [, there exists a subse-
quence z("! such that

x(rﬁl)

2.3 lim ————=y, [(=1,...,n+1.
(2:3) t—oo ||z(reb) ||y

Because K is a closed cone, each y; € K. Without loss of generality, we assume
is true for the whole sequence. In the following, we prove that the sequence
{Aal|z™Y |32 is bounded for each I.

The closed cone {>_;"; wyi | 1 > 0} is pointed since it is contained in co (K).
By Proposition (e), there exists a unit vector ¢ € R™,||c/l2 = 1 and € > 0 such
that (c,y;) > € for each 1 <1 <n+ 1. Then there exists an N € N such that

(r:0)
(e,

€
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Therefore,
n+1
) 1
Jo 2 = || 32 Aalle™ ||2HW||
—HnZH ek (fmuxn ),
- T
=P m|w||2 T,
n+1 l”ﬂf n+1
= lella| Y- =2 [ (e
= rl||xrl||2 ch(rl '

n+1 )\ l”fL' n+1
> a Arll™
(Z A SwTETR Ty ) (Z :

=1
€ n+1
>3 (; )\r,l||$r’l|2> :

Since 2(") — z as r — oo, each sequence {\, [z |2}, is bounded. There exists
a subsequence {\,, ;]| ||2}°; such that

lim A, |z |y =, 1<1<n+1
t—o0

for some p;. Without loss of generality, we assume this is true for the whole
sequence. Then

= lim 2z

T—00
n+1 (r,0)
. x
= Jim > Anillef HQH CON
=1
n+1
= Z,ulyl S CO(K).
=1
Hence co (K) is closed and ¢l (co (K)) = co (K) contains no line. O

Remark 2.1.7. Although the pointedness is defined on closed convex sets, by
Theorem [2.1.6] it is safe to say that co(K) is pointed for a closed cone K if
co(K)N—co(K)={0}.

2.2. Quadratic modules and moment matrices. Let N denote the set of non-
negative integers and we set N := {a € N" | |a| = Y1 | a; < k} for k € N. The
symbol R[X] denotes the ring of multivariate polynomials in variables (X7, ..., X,,)
with real coefficients. For o € N, X* denotes the monomial X7 --- X whose
degree is |a| := Y"1 | o;. The symbol R[X];, denotes the set of real polynomials of
degree at most k.

For any p(X) € R[X]g, let p denote its column vector of coefficients in the
monomial basis of R[X];. A polynomial p(X) € R[X] is said to be a sum of
squares of polynomials (SOS) if it can be written as p(X) = Y7, u;(X)? for some
ur(X),...,us(X) € R[X]. The symbol ¥? denotes the set of polynomials that are
sums of squares.
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Let G :={g1,...,9m} be a set of polynomials that define the semialgebraic set
S. We denote

m

QG) =3 o049

Jj=0

go =1, O'jEEQ

as the quadratic module generated by G and its k-th quadratic module

91(G) = Zajgj ’ go =1, o; € X2, deg(o,g;) < 2k
=0

It is clear that p(z) > 0 for any p € Q(G) and x € S.

Definition 2.2.1. We say Q(G) satisfies the Archimedean condition if there exists
¥ € Q(G) such that the inequality ¥ (z) > 0 defines a compact set in R™.

Note that the Archimedean condition implies S is compact but the inverse is not
necessarily true. However, for any compact set S we can always “force” the associ-
ated quadratic module to satisfy the condition by adding a “redundant” constraint
M — ||z||3 for sufficiently large M.

Theorem 2.2.2. [16, PUTINAR’S POSITIVSTELLENSATZ| Suppose that Q(G) sat-
isfies the Archimedean condition. If a polynomial p € R[X] is positive on S, then
p € Qr(G) for some k € N.

Definition 2.2.3. [I0, Definition 3] (Putinar-Prestel’s Bounded Degree Repre-
sentation of affine polynomials) One says that Putinar-Prestel’s Bounded Degree
Representation (PP-BDR) of affine polynomials holds for S if there exists £ € N
such that if p is affine and positive on S, then p € Q. (G), except perhaps on a set
of vectors p € R" with Lebesgue measure zero. Call k its order.

Let y := (ya)aeNgk be a truncated moment sequence of degree 2k. Its associated
k-th moment matriz is the matrix My (y) indexed by N}, with (e, 8)-th entry yo+3
for , f € Nj. Given a polynomial p(X) = >  po X, for k > d, = [deg(p)/2], the
(k — dy)-th localizing moment matriz M,_q,)(py) is defined as the moment matrix
of the shifted vector ((py)a)aeNg(k_dp) with (py)a = ZB DaYatps- Mok denotes the
space of all truncated moment sequences with degree at most 2k. For any y € #>y,
the Riesz functional £, on R[X]s; is defined by

Zy <Z QX1 -~-Xf:"> = Gala, Yg(X) € R[X]o.

«

From the definition of the localizing moment matrix M_q,)(py), it is easy to check
that

(2.4) a" Mes—a,) (py)a = Z,(p(X)a(X)?).  Ye(X) € R[X]j—q,.-

2.3. Lasserre’s relaxations and theta bodies. For a compact basic semialge-
braic set S C R™, Lasserre investigated the semidefinite representations of co ()
in [I0]. Let s(k) := (":k) and k; := [degg;/2] for j =1,...,m. For any k € N,
define
Jy e R*P) st Z,(1) =1,
(2.5) W(G) = zeR" | Ly(X;)=wx;, i=1,...,n, Mp(y) =0,
Mk,kj(gjy) =0,j=1,...,m,
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It has been proved in [10, Theorem 2; Theorem 6] that

1. If PP-BDR property holds for S with order k, then co (S) = Qi (G);
2. Assume Q(G) is Archimedean. Then for every fixed € > 0, there is k. € N such
that co (S) C Q. (G) C co (S) + €B;.

Another hierarchy of semidefinite relaxations of convex hulls closely related to
{Q(G)} is called theta bodies defined on real varieties [4, [5], which can be extended
to semialgebraic sets. Let R[X]; denote the subset of all linear polynomials in R[X],
we have

(2.6) cl(co(9)) = ﬂ {z e R" | p(x) > 0}.
PER[X]1,p|s20
Define the k-th theta body of G as
(2.7) TH;(G) :={x € R" | p(z) >0, Vpe Qr(G)NR[X]1}.
Clearly, we have
TH, (G) 2 THy(G) 2 -+ 2 TH(G) 2 THy41(G) 2 -+ 2 el (co (S)).

When Q(G) is Archimedean, by Putinar’s Positivstellensatz, (2.6) and (2.7)), we
have immediately

(2.8) cl(co(S)) = ﬁ TH,(G).
k=1

Theorem 2.3.1. If Qx(G) is closed, then THi(G) = ¢l (Q(G)).

Proof. The proof is similar to the one given in [4, Theorem 2.8] for S being a real
variety. 0

The assumption of Archimedean condition plays an essential role in the hierarchy
of Lasserre’s relaxations and theta bodies . However, for a non-compact
semialgebraic set S, the Archimedean condition is violated. We can not guarantee
that the sequence defined in or converges to cl(co(S)). This can be
observed from the following example.

Example 2.3.2. Consider the basic semialgebraic set
(2.9) S = {(x1,22) € R* | 21 > 0, x] — x5 > 0}.

As shown in Figure (1], S defines the gray shadow below the right half of the cusp.
Let G := {X;, X? — X3}. It is clear that the convex hull co (S) of S is itself. We
show a tangent line [(X1, X2) :=142X; —3X3 =0 of S at (1,1) in Figure

For every c; X1 + coXo + ¢ € Qk(G) N R[X]l, co,C1,c2 € R, we have

61X1 + 62X2 + Co = 0'0(X17X2) + O'l(Xl,XQ)Xl + GQ(Xl,XQ)(XIZ — XS),
where 0g, 01,02 € 2. Substituting X; = 0, we have
2 Xo + g = O'()(O,XQ) — XS’O’Q(O,XQ).

Since the highest degree terms in o(0, X3) and —X302(0, X2) can not cancel each
other out, we have 02(0, X2) = 0 and 0¢(0, X2) is a constant. This implies c¢; = 0
and

THk(G) = {($1,$2) S R? | T > 0}
for all £ € N. Hence, theta bodies THy(G) defined in cannot converge to
co (). Moreover, since S has a nonempty interior, Qx(G) is closed for every k € N
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2

-2

FIGURE 1. The semialgebraic set S in Example [2.3.2]and the tan-
gent line [.

[15, 20]. By Theorem we have TH(G) = cl(Q(G)) for k € N. Hence,
the hierarchies of Lasserre’s relaxations x(G) defined in (2.5 cannot converge to
co (S).

The main reason that THy(G) does not converge to co (S) is that none of tan-
gent lines of S, except X; = 0, can be approximated by polynomials in Qf(G) N
R[X];, k € N. In particular, I, :=1+ ¢ € Qk(G) for any € >0, k € N. O

Remark 2.3.3. Because the semialgebraic sets and projected spectrahedra in all
examples in this paper are unbounded, they are shown in figures after being trun-
cated properly.

In next section, we show how to overcome the difficulty in semidefinite represen-
tations of convex hulls of non-compact semialgebraic sets.

3. SEMIDEFINITE REPRESENTATIONS OF NON-COMPACT CONVEX SETS

In this section, we study how to modify theta bodies and Lasserre’s relaxations
for computing cl (co (S)) when S is a non-compact semialgebraic set. Our main
idea is to lift the cone of S to a cone of S° in R"*! via homogenization, a technique
which has been used in [3 [II] for dealing with non-compact semialgebraic sets,
and show that the modified theta bodies and Lasserre’s relaxations converge to
cl(co(S)) when S is closed at co and co (cl (SO>) is closed and pointed. Some
examples are given to illustrate that the conditions of pointedness and closedness
are essential to ensure the convergence.

3.1. Nested and closed convex approximations of cl(co(S5)). Consider a
polynomial f(X) € R[X] and its homogenization f(X) € R[X], where X =
(X0, X1,...,X,) and f(X) = XIf(X/Xo), d = deg(f). For a given semialgebraic

set

(3.1) S:={zeR"|gi(x) >0,...,9m(x) >0},
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define
SO :={Z e R | §1(&) >0, ..., Gm(E) >0, zo> 0},

(3.2) S = {F e R"™ | §i(F) >0, ..., Gm(E) >0, 2o > 0},
Si={FeR"™ | §i(F) 20, ..., Gu(@) >0, @ >0, [|Z]3 =1}

Proposition 3.1.1. [6, Proposition 2.1] f(x) > 0 on S if and only if f(;%) >0 on
cl (§°)

Corollary 3.1.2. For any f € R[X]1, f(z) > 0 on cl(co(S)) if and only if
f(#) >0 onco (cl (§0)>

Proof. Since f(X) is linear, f(xz) > 0 on cl(co (S)) if and only if f(z) > 0 on S,
and f(Z) > 0 on co (cl 5°)) if and only if f(#) > 0 on cl <§°) The conclusion

follows from Proposition (Il
Definition 3.1.3. [12] S is closed at oo if cl <§°) = 5°.
As pointed out in [6, Remark 2.6], not every semialgebraic set of form (3.1)) is
closed at co. For instance, it is easy to prove that the set
{(z1,22) €ER?* | 2} (x1 —22) —1 =0, 1 — 1 >0}

is not closed at co. However, it has been shown in [6] that the closedness at oo is
a generic property.

Let P[X]; be a set of homogeneous polynomials of degree one in R[X ] plus the
zero polynomial. We define

(3-3) G = {g1, -, 9m Xo, [X]5 -1, 1 [IX]3}.

We consider the modified theta bodies defined by

(3.4) THi(G) :={z € R* | {(1,2) >0, Vi€ Qu(G)NP[X]}.

Clearly, we have THkH(G) C THk(G) for each k& € N.

Assumption 3.1.4. (i) S is closed at oo; (ii) The conver cone co (cl (§°>> is
closed and pointed.

Remark 3.1.5. The condition (ii) is equivalent to the other two conditions in
Theorem and can be verified by them.

Theorem 3.1.6. Let S € R" be the semialgebraic set deﬁned as in . Suppose
that Assumptwn is satisfied, then cl(co (S)) C THk( Q) for every k € N and

(3.5) cl(co (9)) = ﬂ TH,(G)

Proof. We first show cl(co (5)) C THk(G) for every k € N. For an [ € Qx(G) N
P[X];, we have l( ) > 0 on S. Since I is homogeneous, we have [(Z) > 0 on

S°. Since 5° C 5°, we have [(Z) > 0 on co( (SO)). By Corollary |3.1.2] we
have I(1,z) = I(z) > 0 on cl(co (S)), which implies that cl(co (S)) is included in
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ﬁk(é) for every k € N. Thus, the modified theta bodies defined in || form a
hierarchy of closed convex approximations of co (S) as follows:

(3.6)  THy(G) 2 THy(G) 2 -+ 2 THk(G) 2 THy11(G) 2 -+~ 2 el (co (S)).

We now verify that this hierarchy converges to cl(co (S)) asymptotically. As-
sume u ¢ cl(co (S)), we show that v ¢ THy(G) for some k € N. Since cl(co (S))

is closed and convex, by the hyperplane separation theorem, there exists a vector
(fo,£) € R*T! satisfies

(f,u) < fo and (f,z) > fo on cl(co(9)).
Let f(X) =", fiXi — foXo € R[X], then
f(l,u) <0 and f(1,2)=f(z) >0 on cl(co(S)).
By Corollary we have
(3.7) f(@)>0 Vazeco (cl (go)) .

Since co (cl (§°)> is closed and pointed, by Theorem [2.1.6] there exists a polyno-
mial §(X) = Yo 9iXi € P[X]; such that §(i) > 0 on co (cl (§°>) We choose a
small € > 0 such that (f + €j)(1,u) < 0 and rename f + €j as f, then

(3.8) f(l,u) <0 and f(Z)>0 on cl <§°> .

We have assumed that S is closed at oo, cl <§°> N{z e R"™ | ||@]ls =1} = S,

hence
(3.9) f(l,bu) <0 and f(£)>0 on 5.
Since S is compact, by Putinar’s Positivstellensatz, there exists a k' € N such that

f € Qu(G)NP[X];. Since f(1,u) <0, we have u & THy, (G). This implies

(3.10) ﬁ TH,(G) C cl(co(S)).
k=1

Finally, by 1) and 1) we can conclude cl (co (S)) = N, T\ﬁk(é) O
Example (continued). By the definitions (2.9)) and ,

5° = {(zg, w1, 22) € R? | 2y >0, woa? — a3 >0, zo > 0},
S¢ = {(zo,z1,22) €R® | 21 >0, moa? — a3 >0, 29 > 0},

S = {(xo,z1,22) €R® | 21 >0, zox? — 23 >0, 20 >0, |Z]3 =1}.

In Figure [2| we show the cone S¢ in R3 as well as the hyperplane l~(X07 X1, X5) =
Xo +2X; — 3Xy = 0 generated by [. It is shown in Figure |3 that [ is nonnagetive
on S.

For every (0,us,uz) € S¢\S5°, let

ul®) = <e, uy, {/eu? +u§’> .
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FIGURE 2. The cone S¢ and hyperplane ! generated by S and [,
respectively, in Example

FIGURE 3. The intersection of the cone S¢ and the unit sphere in

Example

Then {u(f)}oo C S° and lim,_,o u(® = (0,u1,usz). Hence, we have §°\§° Cecl (§°>
and S is closed at oo. Moreover, it can be verified that

g(XO, Xl,Xg) =2X0+2X; — 33Xy

is positive on co (cl (go)) \{0} which implies co (cl (go)) is pointed by Theorem

Hence Assumption [3.1.4] holds for S.
Let € > 0 tend to 0, [ can be approximated by I+ €g which are positive on S.

Moreover, since S is compact, by Putinar’s Positivstellensatz, [ + €g belongs to the
quadratic module corresponding to

G = {Xo, X1, XoX} — X3, X3 + X7 + X5 — 1,1 - X3 — X} — X3}
for every € > 0. Define
THk( ) = {(1111,.’172) c R | l~(1,1'1,$2) Z 0, v l € Qk( )OP[Xo,Xl,Xg] }
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we have

cl(co(8)) = (| THx(G).

Corollary 3.1.7. Let S € R™ be a semialgebraic set defined as in (3.1)). Suppose
that Assumption is;satisﬁed and PP-BDR property holds for S with order k’,
then cl(co (S)) = THy (G).

Proof. Suppose that S satisfies PP-BDR property with order &', for every f(i) > 0
on S, we have f € Qu (G). The inclusion THy (G) D cl(co (S)) is obvious by .
Now we verify ¢l (co (S)) 2 THy (G).

Assume that there exists a vector u € THy (G) but u & cl (co (S)). According to
, there exists a linear polynomial f € R[X] with f(0) = 0 such that f(1,u) <0
and f(fc) > 0 on S. Since S satisfies PP-BDR property with order k', we have
f € Qu(G). Due to the fact that f(1,u) < 0, we derive that u ¢ ﬁk/(é) This
yields the contradiction. Thus, we have cl(co (5)) = ﬁk/(é) O

We would like to point out that two conditions in Assumption can not be
dropped in Theorem [3.1.6]

Example 3.1.8. Consider the semialgebraic set S := {(z1,22) € R? | z3—27 > 0}.
Clearly, cl(co (S)) = S. We have

5° = {(zo, 21, 22) € R | mgzy — 22 > 0, xo > 0},

5¢ = {(x0, 21, m3) € R? | momy — 22 > 0, z9 > 0}.
It is easy to check that cl (§°> is convex. Define f()?) = Xo + X3, we have
f(#) >0 on co (cl (go)) \{0} which implies co (cl (go)) is closed and pointed.

However, 5¢\cl (go) = {(0,0,23) € R? | 29 < 0} # 0 means S is not closed at oco.
Let
G={Xo, XoXo — X2, X2+ X} +X3—-1,1-X2 - X? - X3}.
We prove that T\ﬁk(é) = R? for every k € N and cl(co (5)) # Nhe; ﬁk(é) = R2
Assume cgXg +c1 X1 + 2 Xs € Qk(é), then
(3.11) coXo+c1X1+caXa = G0+61 X0 +52(Xo X — X7) + (X3 + X7+ X35 —1),

where 6, € £2,i=0,1,2 and h € R[)Z'] By substituting (X, X1, X2) = (0,0,£1)
in (3.11), we get £co = 6¢(0,0,£1) > 0 which implies ¢co = 0. Assume ¢; # 0 and
let

) 2 ’ 2

L) (17 —co+c1 (—co +C1)2> e (17_00 +c1 (co +01)2> |
C1 Cc1 C1 c]

Let ¢z = 0 and substitute (Xo, X1, X2) by M /||lzM ||z and 3 /||2?)||5 in (3.11)
respectively, we get

€] () 1
_ (1) - X N X >0
e = el (“°(||x<l>||2>*"1<||a:<1>||2>||z<1>||2>’
(2) (2) 1
e — (122 = z = x >0
e = ol <”°(||x<2>||2>”1<||x<2>||2>||a:<2>||2>—’




SEMIDEFINITE REPRESENTATIONS OF NON-COMPACT CONVEX SETS 13

which implies ¢; = 0. It contradicts the assumption ¢; # 0. Hence, we have

c1 = 0. By the definition in 1) we get fﬁk(G) = R? for every k € N. Therefore,
we conclude that the assumption of closedness of S at co can not be dropped in
Theorem B.1.6l O

Example 3.1.9. Consider the set S := {(z1,72) € R? | 23 — 2 > 0}. We have
cl(co(9)) = {(z1,22) € R? | 23 > 0} and

SO = {(zg,2z1,22) € R3 | x% — xox% >0, zo > 0},

S¢ = {(x0, 21, 22) € R | 23 — woa? > 0, xo > 0}.

It can be verified that S\S° = {(0,21,25) € R3 | 25 > 0}. Using similar ar-
guments in Example (continued), we can show that S is closed at oo.

However, lim,_o(e, +1, #/e) = (0,%1,0) and (0,£1,0) € cl (§) which implies
that co (cl (50)) is not pointed.
Let

G = {Xo, X3 — XoX3, X3+ X7 + X3 -1, 1 - X§ - X} — X3},

we show THy,(G) = R? for every k € N.
Assume ¢ Xg + ¢1 X1 + 2 X5 € Qi (G), then

(3.12) coXo+e1 X1 +c2Xo = Go+61 X0+ 52(Xs — XoXP) +h(XE+XE+ X2 1),

5; €%2,i=0,1,2 and h € R[X]. Substituting (Xo, X1, X5) = (0,%1,0) in (3.12),
we derive ¢; = 0. Substituting (Xo, X1, X2) = (0, £1, X3) in (3.12), we have

(3.13) caXs = 50(0,+1, Xo) + 62(0, +1, Xo) X3 + h(0, £1, X2) X3.

It is clear that &¢(0,%1, X2) can not have a nonzero constant term. Hence, the
right side of the equation (3.13)) is divisible by X3, which is only possible when

c2 = 0. By the definition of the theta body, we derive THy(G) = R? for every
k € N. This shows that the assumption of pointedness of co (cl (50)) can not be
dropped in Theorem [3.1.6]

Since the PP-BDR property is not generally true, similar to Lemma 5 and The-
orem 6 in [I0, Section 2.5], we give an approximate semidefinite representation of
cl(co(S)). For aradius r € R, let B, := {z € R" | |||z < r}.

Lemma 3.1.10. Let Q C R"™ be a closed convex set and let v > 0,e > 0 be fized.
Assume that (2 + eB1) N B, # 0 and v € B, \(Q + €By), then there exists a unit
vector £ € R"™ and a scalar f* with |f*| < 3r + € such that

(3.14) fle>f* VeeQ and fTu< f*—e
Proof. Since (2 is closed and convex, there is a unique projection u* of v on 2. Let

f:= (u* —u)/||u—u*|2 and f* := fTu*. Using the same arguments in the proof of
[10, Lemma 5], we conclude that (3.14). Moreover, let @ € (2 4+ ¢B1) N B,., there
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exists & € Q such that ||a — 4||2 < e. Hence, we have
11 < MEll2flu®ll2

< lullz + llu” — ull2

< lullz + | — ull2

< Hlullz + (1@ — allz + |1z — ulls

<r+e+2r=3r+e

O

Theorem 3.1.11. Let S € R™ be a semialgebraic set defined as in (3.1)). Suppose

that Assumption holds, then for every fized ¢ > 0 and r > 0 with cl (co (S))N
B, # 0, there exists an integer k. € N such that

cl(co(S))NB, C T\ﬁk(é) NB, C (cl(co(S))+€eB1)NB,

holds.
Proof. By Theorem we only need to prove
(3.15) THy, . (G) NB, C (cl(co(S)) +€By) NB,.

Without loss of generality, we assume (cl(co(S5))+eB;) N B, # B, and let
u € B,\ (cl(co(S5)) + €B1) be fixed. By Lemma [3.1.10} there exists f € R™ with
If]l2 = 1 and a scalar f* with |f*| < 3r + € such that the following condition holds

T2 > f* on cl(co(S)) and flu< f*—e
Define f(X) = 30, fiX; — f*Xo € R[X], by Corollary m f(@) > 0 on
o (cl <§°>> Since co (cl (§°>) is closed and pointed, by Theorem [2.1.6} there
exists a polynomial §(X) = Y0 9iXi € P[X]; such that ||g|| = 1 and §(Z) > 0
on co (cl (go)) We define a new polynomial

~ € ~ ~ ~ ~

P(R) = =i(R) + F(X) € RIK],
then . B
Pllo < ——|lg|l2 + ||f
1Bl < —=— &l + Il
€
< +143r+e¢,
T V142
and . 3
p(l,u) = WQ(LU) + f(1,u)
€ ~ *
S m”gHQH(Lu)”Q +fTu_ f
<e—e=0.
Let

¢:= min {g(:z) ‘ Fecl (50) |2l = 1},
then ¢ > 0 is well defined and p(Z) > ce/v/14+1r2 > 0 on cl <§°) NIzl = 1}.

As S is closed at co, we have p(Z) > ce/v/1+712 > 0 on S. Since S is compact,
by Putinar’s Positivstellensatz [16] and [I3l Theorem 6], there exists an integer



SEMIDEFINITE REPRESENTATIONS OF NON-COMPACT CONVEX SETS 15

k. € N depending only on r and € such that p € Q. (G 7). From p(1,u) < 0, we
derive u ¢ THkm(G). This implies (3 . O

3.2. Spectrahedral approximations of cl(co(S)). In order to fulfill computa-
tions of cl (co (S)) via semidefinite programming, we study an alternative descrip-

tion of Tﬁk(é) in a dual view and establish the connection between them. In the
following, we consider moment sequences y of real numbers indexed by (n + 1)-
tuple a := (g, a1, ..., ap) € N*1. Each y defines a Riesz functional .%, on R[X].

Recall that §(k) = (”:ﬁrl) and k; = [degg;/2]. For every k € N, define

Jy e R°W) | st Z,(Xo) =1,

fy(XZ) = X, = 1,...,77,,

My—1(Xoy) = 0, Mk—l((”)?”g —1)y) =0,
Mk:(y) t 07 Mk*kJ(gjy) t O’ j = 1’ REENL

(3.16) Q(G):={ zeR"

Theorem 3.2.1. We have cl(co (S)) C cl (Qk(é)) C ﬁk(é) for every k € N.

Proof. Since ﬁk(é) is closed, it is sufficient to prove
co (S) C Q(G) C THL(G) for each k € N.

Fixing a vector u € S, let @ := (1,u)/||(1,u)|]z € S and y := {Ya}|a<2k, Where
Yo = U*/Tg for a € N"F1. Tt is quite straightforward to show that .%,(Xo) = 1,
Zy(Xi)=wu;, i=1,...,nand

(w, My (y)w) = aiOwQ(ﬂ) >0, Yw € R[)?];€7

1 -
(v, My,_1(Xoy)v) = a—ﬂovz(ﬁ) = UQ(Q) >0, Yv € R[X]k_1,
0

~ 1 B _ ~
(P Mia ((1X 13~ D)) = =0"(@) (Jall} ~1) =0, ¥p € R[X]is,
~ 1o 0 > .
<qa Mk—kj (gjy)q> = ﬂioqz(u)g](u) > 07 Vq € R[X]k—kjv J= 17 cee, M

Therefore, we derive u € Qk(é) and S C Q4 (G). Since O (@) is convex, it is clear
that we have co (S) C Qk(G)

For a given v € Qk(G) let by € R3(2F) be its associated moment sequence defined
in . For every [ € Qi(G) NP[X];, we have the representation

I(X) =6 +60Xo+h(|X]2 - 1)+ Zajgy

where 7;’s are SOS and each term in the summation has degree < 2k. We have
I(1,0) = Z,(1) = %, |  +0X0 + (| X|2 - Z

By 1) and 1' we obtain l~(1, v) > 0, which implies v € ﬁk(é) The proof is
completed. (I
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FIGURE 4. The spectrahedral approximation Q3(G) (shown
shaded) of ¢l (co (S)) in Example [2.3.2]

Example (continued). Using the software package Bermeja [I8], we draw
the third order spectrahedron Q3(G). As shown in Figure |4 our modified Lasserre’s
relaxation Q3(G) is a very tight approximation of cl (co (.9)). O

The following results are obtained by replacing TH;, (é) by cl (Qk (é)) in The-
orem [3.1.6] Corollary and Theorem [3.1.11

Corollary 3.2.2. Let S € R™ be a semialgebraic set defined as in (3.1). Suppose
that Assumption [3.1.]] is satisfied, then

1. cl(co(8)) € Q(G) for every k € N and el (co (S)) = 3, el (Qk(é)).
2. If PP-BDR property holds for S with order k', then cl(co (S)) = cl (Qk/(é))

3. For every fized € > 0 and r > 0 with cl (co (S))NB,. # 0, there exists an integer
ke € N such that

cl(co(S)) NB, C el (ka(é)) NB, C (cl(co(S)) + ¢B,) N B,
holds.
Proof. Tt is straightforward to verify these results via the preceding theorem. [J
Example 3.2.3. Consider the following semialgebraic set
S = {(x1,12) €ER?* |23 — 23 — 21 +1=0, zo >0},

which is the red curve shown in Figure[f] We have

SO = {(zo,x1,22) € R3 | 23 — 20232 —mgah +xg =0, x2 >0, 29 > 0},

5¢ = {(z0, 21, m2) € R? | 2% — woad — a2z + 23 =0, 25 >0, 20 > 0}
Clearly, S°\S° = {(0,0,25) € R® | 25 > 0}. It can be verified that S¢ = cl (§°>,
i.e., S is closed at co. Since Xy -+ X2 > 0 on cl (§0) \{0}, we have X+ X5 > 0 on

o (cl (go)) \{0} and thus, by Theorem [2.1.6| co (cl (50)) is closed and pointed.

Hence, Assumption holds for S. The third projected spectrahedron 23(G) is
depicted (shaded) in Figure O
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FIGURE 5. Thg semialgebraic set S (red curve) and projected spec-
trahedron Q3(G) (shaded) in Example

FIGURE 6. Lasserre’s relaxation of cl(co (5)) N B, in Example

Remark 3.2.4. As shown in Theorem [B.I.11] and Corollary [3.:2.2] the projected
spectrahedra (@) for k € N are outer approximations of ¢l (co (S)) and conver-
gent uniformly to cl(co (S)) restricted to every fixed ball B,.. If we truncated S
first by the ball B, and then compute the convex hull of the resulting compact
set by Lasserre’s relaxations (2.5), in general, we can not get approximations of
the truncation cl(co (S)) N B,. Taking Example for instance, compared with
Figure[f] Lasserre’s relaxation of cl (co (S N B,.)) shown in Figure[6]is not an outer

approximation of the truncation cl(co (5)) N B,.

By similar arguments given in [4, 5], we show below that T\ﬁk(é) =cl (Qk(é))

for cach k € N if Q4 (G) is closed.
Let M :={(1,z) | z € R"} and O}(G) = Qx(G) NP[X];. By the definition of
dual cones,

(3.17) OL(G)* N M = {1} x THL(G).
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Denote proj (Qk(é)*> as the projection of Qx(G)* onto (]P’[)Z']l)* It is clear that
(3.18) proj (Qk(é)*) AM = {1} x Q(G).

If Ox(G) is closed, by Proposition we have

(3.19) Q1(G)" = el (proj (Qu(E)")).

Lemma 3.2.5. If Q,(G) is closed, the hyperplane M intersects ri (pI‘OJ (Qk(é)*))

Proof. By [, Theorem 6.3] and (3.19)), it is equivalent to prove M intersects
ri (Qk(é)*) Fixing a vector u € S, then we have I := (1,u)/|/(1,u)|]2 € S and
€ QL(G)*. Let

D:={tg eR |3t eR", st. (to,t) € QL(G)*}.
Since Xy € QL(G) and ¢ -1 € QL(G)* for all ¢ > 0, we get D = [0,00) and thus
1 € ri(D). By Theorem [2.1.3, we derive that M intersects ri (Q,lc(é)*) O

Theorem 3.2.6. If Qk(é) is closed, then ﬁk(é) =cl (Qk(é))

Proof. By (8.17), (B13), (B-19), Theorem .1.2 and Lemma [3.2.5, we have
1} x (Qk(é)) =cl (proj (Qk(é)*) N M)
(proJ (Qk( )))mM
0LG) N M
{1} x THL(G).

This shows that TH,(G) = cl (Qk(é)). O

4. MORE DISCUSSIONS ON ASSUMPTION [3.1.4]

As we have seen, if Assumption [3.1.4]is satisfied, then we can obtain a hierarchy
of nested semidefinite relaxations converging to cl(co (S)). In this section, we give
more discussions on cases where Assumption does not hold.

4.1. Closedness at co of S. We have mentioned that a semialgebraic set is closed
at 0o in general [6]. Unfortunately, as we show below, the closedness condition does
not hold on certain kinds of semialgebraic sets.

Let U be a semialgebraic set defined as

gi(x) =0, g;j(x) >0, i= 1,...,m1,}
, )

deg(g;) is even, j =1,...,m

(4.1) U:= {z eR"”
Denote
U° ={zeR""| ()
U = {z e R"! | §i(z) =

G;(&) >0, 20 >0, i=1,...,my, j=1,...,ma},
gj(‘%)zoa 1'0207 i:]-v"wmla j:].,...,T)’LQ}.

0,
0,
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Proposition 4.1.1. Suppose U is not compact. If co (cl ((70)) is closed and

pointed, then U is not closed at co.

Proof. Since U is not compact, there is a sequence {u®}  C U satisfying
limy, o0 [[u™]]2 = co. Because {(1,u™)/||(1,u™)|]2} C U° is bounded, there exists

a nonzero point @ = (0,u1,...,uy,) € cl Ue).
If co (cl ((70)) is closed and pointed, by Theorem [2.1.6] we have —u ¢ cl ((7°>
However, deg(g;) is even for j = 1,...,my, it is straightforward to see both @ and

—u belong to (7'37 which implies cl (ﬁo) #* Ue. Therefore, U is not closed at co. O

Remark 4.1.2. Consider the semialgebraic set S defined as in (3.1]). Let g; be the
homogeneous part of the highest degree of g; fori =1,...,m and Dg = §°\cl <§°>
If S is not closed at oo, then
0# Ds C{(0,2) e R"*' | gi(x) 20, ..., gm(x) >0}

Decompose Dg = D U D% where

D = {(07:10) € R**! ’ (0,2) € S°\cl (go) but (0, —z) € cl (50)}
and

D% = {(O,:c) € R™H! ’ (0,2) € S°\cl (go) and (0, —x) ¢ cl (50)} .

If S is defined by (4.1), then by the proof of Proposition DY + (). However, if

co(cl (go) is closed and pointed, there exists a linear function I € IP’[)? ]1 such that

[(Z) > 0on co (cl (S’VO)) \{0}. Adding the inequality {(Z) > 0 to the generators of

§°, or equivalently, adding l~(1,x) > 0 to the generators of S, it is clear that S, So
remain the same but we have Dé = (). As a result, the set S with new generators
is more likely to be closed at co. This shows that the closedness at co depends not
only on the geometry of S, but also on the generators of S.

Example (continued). We have shown that the semialgebraic set S is not
closed at oo, which can also be verified by Proposition [£.1.1} According to Remark
we add xg+2x2 > 0 to the generators of S°, or equivalently, we add 14+z5 > 0 to

the generators of S, then §°\cl (§°> = (). Therefore, S is closed at co with respect
to its new generators. Since the geometry of S does not change, co (cl (§°>) is

still closed and pointed. The second order spectrahedron 5(G) is shown (shaded)
in Figure [7} O

Example 4.1.3. Consider the quartic bow curve
S = {(x1,12) € R? | 2] — 222y + 23 = 0}
as shown (red) in Figure [8 We have
SO = {(z0,21,72) € R® | 2 — 2oxizy + 2023 =0, 20 > 0},

5 = {(z0, 21, m2) € R? | 2t — moatas + zoxd = 0, zo > 0}.
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FIGURE 7. The parabola X5 — X7 = 0 (red curve) and the second
order spectrahedron 5(G) (shaded) in Example

FIGURE 8. The bow curve S (red curve) and the third order spec-
trahedron Q3(G) (shaded) in Exmaple

We first show that co (cl (§°>) is closed and pointed by proving the polynomial
Xo— X, is positive on co (cl (§0>) \{0}. For every 0 # @ = (ug, u1,uz) € cl <§°>,

we have uj — upuius + uous = 0. If us = 0, then u; = 0 and ug — up > 0. Assume
ug # 0, then u3uy —u3 # 0. Otherwise, we have u3 = u3 and uj — uouj +uguj = 0,
then us = 0, a contradiction. Therefore,
ui
Up — U2 = —5————3 — Uz
uug — uy

_ (uf — u3)® + ujud

udus — u3
>0,

which implies co (cl (§°)> is closed and pointed. Since S is of form (4.1f), by
Proposition S is not closed at co. By Remark we add 1 — x5 > 0 to
the generators of S to “force” it to be closed at co. The third order spectrahedron
Q3(G) with the new generating set is shown (shaded) in Figure O
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4.2. Pointedness of co (cl (5")) When co (cl <§°>) is not pointed, we divide

S into 2™ parts along each axis. Let

(4.2) E:={e=(e1,...,en) | e, €{0,1}, i=1,...,n}

and for each e € &,

(4.3)  Se:={zeR"|gi(z) >0, (-1)%2; >0, i=1,....,m, j=1,...,n}.

Then S = |J ¢ Se and |[E] = 2". For each e € &, define 5o, 5¢, S, and G, as in

and . By Theorem [2.1.6] both of co (cl (52)) and co (52) are closed
and

pointed for each e € £.

Theorem 4.2.1. Let S € R™ be a semialgebraic set defined as in (3.1)). Assume
that

1. S is closed at oo; B
2. For each e € £, PP-BDR property holds for S..

Then cl(co (S)) is the closure of a projected spectrahedron.

Proof. Fix an integer k' such that PP-BDR, property holds for each S, with order
k’'. Note that S, may not be closed at co for some e € £. However, we show that

(4.4) cl(co(S.)) Ccl (ri(ée)) Ccl(co(S)), Veef.

By Theorem [3:21] we get

cl(co (S.)) C el (Qk, (ée)) C TH (G.), Vece&.

Fix a vector u ¢ cl (co (S)). According to (3.7), there exists a polynomial f € P[X];
such that f(1,u) < 0 and f(Z) > 0 on co (cl (50)) Since cl <§°> = S° and
5¢ C 5° for each e € &, we have f(Z) > 0 on each co (§§> Because co (5;3) is
closed and pointed, by Theorem there exists a polynomial g € IP’[)? ]1 such
that g(Z) > 0 on co (§g) We choose a small € > 0 such that (f+¢g)(1,u) < 0 and
rename f + €§ as f, then f(&) > 0 on §§ In particular, f(Z) > 0 on S.. Since S,
satisfies PP-BDR property with order k', we have f € Qj (G) and u € THy/ (G) due
to the fact that f(1,u) < 0. It implies THy (G.) C ¢l (co (S)) and (4.4). Therefore,

we have
cl(co(9))=cl (co (U Se>>
ecé
cl (co (U cl(co (Se))>>
ecé
cl (co <U cl (Q;«(é&)))
eef

C cl(co(cl(co(9))))
1(co

cl(co(9)),

N
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which implies

cl(co(5)) =cl (co (U cl (Qk/ (ée)>>> =cl <co (U Qk/(ée)>> .
ec& ec&

Since each Q/(G.) is a projected spectrahedron, by [7, Theorem 2.2], we have

cl <co (U Qk’(ée)>> = cl( S Az | oA =1, A >0, 29 € Qi (Ge) )

ecf
which is the closure of a projected spectrahedron. (I

Remark 4.2.2. If £’ is a subset of £ such that S = (J ¢ Se, then according to
the above proof, the conclusion of Theorem still holds if we replace € by &'.

Example (continued). For S = {(z1,22) € R? | 23 — 22 > 0}, we have

shown that co (cl <§° ) is not pointed, and the modified theta bodies 43_4 and

Lasserre’s relaxations (|3.16)) do not converge to co (cl <§ )) Due to Remark 4.2.2
divide S into two parts

S(070) = {(xlva) € RZ | ‘Tg - z% Z 03 x1 Z 07 Z2 Z O},
Sa,0) = {(z1,12) € R? | 23 — 2% >0, —21 >0, 29 > 0}.

It is easy to check that PP-BDR property holds for 5(070) and §(1,0) with order one.
Thus for any k' > 1, we have

Qe (é(o,o)) = {(z1,22) €R* |21 >0, 25 > 0},
Qs <é(170)> = {(Il,l’z) S R? | 1 <0, x9 > O}
Clearly, cl (co (Qk'(é(o,o)) U Qk’(é(l,o)))) = cl(co (9)) for any integer ¥ > 1. O

However, if PP-BDR property does not hold with order &’ for some §e, according
to the proof of Theorem [4.2.1} cl (Qk/(ée)) may not be a subset of cl(co (S)) for

some e € £. In this case, cl (co (Uees Qk/(ée)>) may contain cl (co (5)) strictly.

Example 4.2.3. Rotating the semialgebraic set S in Example about the
origin 45° counter-clockwise, we get
S" = {(x1,22) € R? | —V2(21 — 12)% — 2(x1 + 22)? > 0},

which is the left part of R? divided by the red curve in Figure @ Then, cl(co (S5))
is the closed half space of R? partitioned by the line X, = X;.

By Remark set & ={(0,0),(1,0),(1,1)} and divide S = |
as in ([£.3)). Clearly, for any integer k' > 1, we have

{0 (~/(170)> = {(1‘1,1?2) € R? ‘ 21 <0, x9 > O}

ccer St defined

The third order spectrahedral approximation Q3 (él(o 0)> of Séo,o) is shown shaded

in Figure[d] As we can see, the support line Xo = X is approximated by X» = aX;
with a < 1. The same thing happens in the third quadrant. Numerically, we deduce

cl (co (Ueeé" Qg(é’e))) = R? which contains cl (co (9)) strictly. O
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FIGURE 9. The third order spectrahedral
Q3 (ézmo)) (shaded) of 5'(070) in Example 4.2.3

approximation

Therefore, when co (cl <§°>) is not pointed, it becomes much more complicate

to approximate cl(co (S)) properly if PP-BDR property does not hold on S, for
some e € £. We leave this case for future investigations.

Acknowledgments: Feng Guo is supported by the Fundamental Research Funds
for the Central Universities. Lihong Zhi and Chu Wang are supported by NKBRPC
2011CB302400, the Chinese National Natural Science Foundation under Grants
91118001, 60821002/F02.

(1]

(6]

(7]
(8]

[9

(10]

(11]

References

Aharon Ben-Tal and Arkadi Nemirovski. Lectures on Modern Convexr Optimization: Analysis,
Algorithms, and Engineering Applications. MOS-SIAM Series on Optimization. Society for
Industrial and Applied Mathematics, 2001.

Jonathan M. Borwein and Adrian S. Lewis. Conver Analysis and Nonlinear Optimization.
CMS Books in Mathematics. Springer, 2006.

Lawrence Fialkow and Jiawang Nie. The truncated moment problem via homogenization and
flat extensions. Journal of Functional Analysis, 263(6):1682 — 1700, 2012.

Joao Gouveia, Pablo Parrilo, and Rekha Thomas. Theta bodies for polynomial ideals. STAM
Journal on Optimization, 20(4):2097-2118, 2010.

Joao Gouveia and Rekha R. Thomas. Spectrahedral approximations of convex hulls of alge-
braic sets. In Grigoriy Blekherman, Pablo A. Parrilo, and Rekha R. Thomas, editors, Semi-
definite Optimization and Convex Algebraic Geometry, MOS-SIAM Series on Optimization,
chapter 7, pages 293-340. Society for Industrial and Applied Mathematics, Philadelphia, PA,
2012.

Feng Guo, Li Wang, and Guangming Zhou. Minimizing rational functions by exact Jacobian
SDP relaxation applicable to finite singularities. Journal of Global Optimization, pages 1-24,
2013. http://dx.doi.org/10.1007/s10898-013-0047-0.

J.William Helton and Jiawang Nie. Sufficient and necessary conditions for semidefinite rep-
resentability of convex hulls and sets. STAM Journal on Optimization, 20(2):759-791, 2009.
J.William Helton and Jiawang Nie. Semidefinite representation of convex sets. Mathematical
Programming, 122(1):21-64, 2010.

J.William Helton and Victor Vinnikov. Linear matrix inequality representation of sets. Com-
munications on Pure and Applied Mathematics, 60(5):654-674, 2007.

Jean B. Lasserre. Convex sets with semidefinite representation. Mathematical Programming,
Ser. A, 120(2):457-477, 2009.

Shaowei Lin. Unbounded convex semialgebraic sets as spectrahedral shadows, 2010.


http://dx.doi.org/10.1007/s10898-013-0047-0

24 FENG GUO, CHU WANG, AND LIHONG ZHI

[12] Jiawang Nie. An exact Jacobian SDP relaxation for polynomial optimization. Mathematical
Programming, Ser. A, 137:225-255, 2013.

[13] Jiawang Nie and Markus Schweighofer. On the complexity of Putinar’s positivstellensatz.
Journal of Complezity, 23(1):135 — 150, 2007.

[14] Pablo A. Parrilo. Exact semidefinite representations for genus zero curves. Talk at the Banff
workshop “Positive Polynomials and Optimization”, Banff, Canada. October 8-12, 2006.

[15] Victoria Powers and Claus Scheiderer. The moment problem for non-compact semialgebraic
sets. Advances in Geometry, 1(1):71-88, 2001.

[16] Mihai Putinar. Positive polynomials on compact semi-algebraic sets. Indiana University
Mathematics Journal, 42:969-984, 1993.

[17] R. Tyrrell Rockafellar. Conver Analysis. Princeton Landmarks in Mathematics and Physics.
Princeton University Press, Princeton, 1996.

[18] Philipp Rostalski. Bermeja - software for convex algebraic geometry. http://math.berkeley.
edu/~philipp/Software/Software.

[19] Philipp Rostalski and Bernd Sturmfels. Dualities in convex algebraic geometry. Rendiconts
di Matematica, Serie VII, 30:285-327, 2010.

[20] Markus Schweighofer. Optimization of polynomials on compact semialgebraic sets. SIAM
Journal on Optimization, 15(3):805-825, 2005.

APPENDIX A.

In the following, we give the proof of Proposition [2.1.5

Proof of Proposition[2.1.5. We prove the properties are equivalent by showing the
implications [2]

(@) = (0) = (c) = (d) = (e) = () = (a).
e (a)=(b). Since K is pointed, by (2.1)), we have

c(K*— K*) = (KN—K)* =0* =R".

(b)=(c). It follows from the fact that K* — K* is a subspace in R" and

therefore it is closed.

e (¢)=(d). Since K* is always nonempty, by [I7, Theorem 6.2], it has
nonempty relative interior. By [I7, Theorem 2.7] and (c), we have aff (K*) =
K* — K* =R"™ and thus K* has nonempty interior.

e (d)=(e). Let y be an interior of K*, then (y, z) > 0 for all 0 # z € K.
Let € := min{(y, u) | u € K, |lul]]2 = 1}, then € > 0 and (y,x) > €||z| for
all x € K.

e (e)=(f). By (e), there exist a vector y and real € > 0 satisfying 1/||y[l2 <
|z]|l2 < 1/e for all x € C :={x € K | (x, y) = 1}, thus C is bounded and
0 & cl(C). For every 0 # u € K, we have (u, y) > 0 and u/(u, y) € C,
i.e., C is a bounded base of K.

e (f)=(a). Suppose C'is a bounded base of K. If there exists 0 # x € KN—K,

then ciz € C and —coxr € C for some c¢1,co € Ry. Since C is a convex set,

we have 0 € C. This contradicts to the assumption that 0 ¢ ¢l (C).

O
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