1401.0465v1 [math.AP] 2 Jan 2014

arxXiv

LOCALIZED ENERGY ESTIMATES FOR WAVE EQUATIONS ON
(1+4)-DIMENSIONAL MYERS-PERRY SPACE-TIMES

PARUL LAUL, JASON METCALFE, SHREYAS TIKARE, AND MIHAI TOHANEANU

ABSTRACT. Localized energy estimates for the wave equation have been increasingly
used to prove various other dispersive estimates. This article focuses on proving such
localized energy estimates on (1+4)-dimensional Myers-Perry black hole backgrounds
with small angular momenta. The Myers-Perry space-times are generalizations of
higher dimensional Kerr backgrounds where additional planes of rotation are avail-
abile while still maintaining axial symmetry. Once it is determined that all trapped
geodesics have constant 7, the method developed by Tataru and the fourth author,
which perturbs off of the Schwarzschild case by using a pseudodifferential multiplier,
can be adapted.

1. INTRODUCTION

This article focuses on proving localized energy estimates for wave equations on the
family of (1 4 4)-dimensional Myers-Perry spacetimes with small angular momenta. The
latter are higher dimensional generalizations of the Kerr family of solutions to the Ein-
stein vacuum equations. They are axisymmetric, though with the additional dimension,
an extra nonzero angular momentum may be permitted, which further complicates the
behavior of the null geodesics. On, e.g., the Schwarzschild and Kerr space-times, such
localized energy estimates have been essential to proving other types of dispersive es-
timates such as Strichartz estimates [45], [69] and pointwise decay estimates [52], [67],

20} 22], [43, 44].

We first describe the localized energy estimates on the Minkowski space-time. To
begin, we define
i
lullLEy =sup27 2 ullpz (mx{jajefzi-1,21]})
JEZ ’
and

—3/2

pey, = Il + N2l =l
lullzm, = llu

where v’ = (Opu, V,u) is the space-time gradient. To measure an inhomogeneous term,
we shall use a dual norm

k
Iflloey, =22 12z, ®x(jelefzr-1,241)-

keZ
Then for O = —9? + A, the localized energy estimate for the wave equation states that
(1.1) [u'l|Leerz + llull L, S 100, )z + 10ullLes, 4 L122
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provided n > 4. A similar estimate holds when n = 3 but the second term in the
definition of the LE}, norm must be replaced by, e.g., |||z|'u| g, . Estimates of this
type first appeared in [53]. From this original estimate, it is clear that the [5° norm in the
definition of || - || g1, can be replaced by square summability, which is stronger, on the
angular derivative term and, when n > 4, on the lower order term. Generalizations of the
original estimate have appeared in, e.g., [63], [38], [61], [37], [406], [14] [34], [64], [48| [49],
[50, 51] and have ultimately led to (ILI)). These estimates have been applied to problems
in scattering theory, used to prove long time existence for nonlinear wave equations, and
used to prove other dispersive estimates by handling the behavior of the solution in a
compact region. This class of estimate is known to be fairly robust and similar estimates
are known for small, possibly time dependent, long-range perturbations of the Minkowski
metric [1], [48, 49], [50, [5I] and for time independent, nontrapping, asymptotically flat

perturbations [12], [13], [63].

While proofs that rely on Huygens’ principle in odd spatial dimensions (see, e.g., [37]),
Plancherel’s theorem (see, e.g., [61], [46]), and resolvant estimates (see, e.g., [12], [13])
exist, the most robust argument and the one that is most applicable to the current setting
relies, in essence, on a positive commutator argument. See, e.g., [64], [48]. For a choice

f(r)

of function f(r), one multiplies the equation Ou by f(r)dyu + 251 £y and integrates

by parts. The original estimate of [53], then, corresponds to the choice f(r) = 1.

Related procedures have been carried out on the (1 + 3)-dimensional Schwarzschild
space-times, beginning with [40]. The Schwarzschild space-times are the class of spheri-
cally symmetric, static solutions to Einstein’s equations and represent the simplest black
hole solutions. When the analysis is carried out here, the phenomenon of trapping is en-
countered. The Schwarzschild space-time contains null geodesics that stay in a compact
region for all times. Specifically trapping occurs on the event horizon » = 2M and on
the photon sphere r = 3M.

Trapping is a known barrier to localized energy estimates. See, e.g., [57] and [25]
(the latter regards the related local smoothing estimate for the Schrodinger equation).
And, thus, estimates on Schwarzschild are expected to contain losses when compared to
(TI)); recently this was shown rigurously in [59]. By modifying the choice of f(r) and,
in particular, requiring vanishing on the trapped sets, localized energy estimates (with
losses) were obtained for the wave equation on Schwarzschild space-times in [, 8 [0, [9],

19} 20], [E5].

While trapping occurs on the event horizon » = 2M, it was discovered [45] that,
by quantifying the red-shift effect in the style of [19], this loss in the localized energy
estimates can be negated. On the other hand, the loss at the photon sphere typically
arises as a quadratic vanishing of the coefficient on the angular derivatives and the time
derivative, though with some, e.g., microlocal analysis this can be improved to merely a
logarithmic loss. See [45] and the preceding works [9] [10].

The Kerr family of solutions to Einstein’s equations correspond to axially symmetric,
rotating black holes. For small angular momentums, the Kerr metrics are small short-
range perturbations of the Schwarzschild metric. The structure of the trapping, however,
is much more complicated. While still of codimension two in phase space, the location of
the trapping may no longer be described merely in physical space. As such, it is provably
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impossible [2] to obtain such a localized energy estimate using a first order differential
multiplier.

Despite this, three approaches have been developed for proving such on Kerr back-
grounds with small angular momenta. In [3], [2I, 23 24], and [68] respectively, the
authors proved certain versions of localized energy estimates using somewhat different
approaches: [3] uses the existence of a nontrivial Killing tensor (due to [16]), [211 23 24]
rely on frequency decomposition, and [68] is based on using a pseudodifferential mul-
tiplier. The three approaches are intimately related [I5]. The current study, however,
relies most heavily on the ideas from [68§].

Though we shall currently focus only on the small angular momenta regime, we men-
tion some recent related works [24], [4, Bl [6] that permit large momenta. We also mention
here a few places [45], [69], [67], [52], [42], [20] 22], [43] [44] where example applications of
these estimates on black hole backgrounds can be found. In particular, in these works,
the localized energy estimates are used to prove other measures of dispersion. They are
used to obtain information about solutions in a compact region where the geometry is
most difficult and are combined with known Minkowski estimates near infinity where the
metric may be viewed as a small perturbation of the Minkowski metric. Such arguments
are akin to those appearing much earlier in, e.g., [36] and to those used in, e.g., [61], [13],
[37], [46] [47], [48, 49], [51] to prove exterior domain analogs of well-known boundaryless
estimates.

Higher dimensional black hole space-times have been derived, based partially in interest
coming from string theory. Our motivation for studying this problem comes from the
connections to the problem of black hole stability, which is described e.g. in [21]. Tt is
well-known that classes of quasilinear wave equations have global small data solutions in
(1 + n)-dimensions for n > 4, but in order to guarantee such for n = 3, one must take
advantage of some nonlinear structure. See, e.g., [62]. As such, one might consider such
stability problems in higher dimensions first where the nonlinear structure may be less
essential. The reader can compare, e.g., the proof of the stability of Minkowski space [18]
with that in higher dimensions [17].

While the extra dimensions permit black holes with different topologies (see e.g. [26]
27), 31, B2, [33], [35], [39], 58], and the references therein), we shall study only those
which are most closely related to the standard Kerr solutions. In particular, a higher
dimensional analog of the Schwarzschild space times was derived in [66], and the analogs
of Kerr are from [54]. In higher dimensions, as there are more directions in which one may
rotate and yet maintain axial symmetry, a broader family of solutions, called Myers-Perry
space-times, may be examined.

Localized energy estimates were proved independently on the (hyperspherical) (14 n)-
dimensional Schwarzschild space-times of [66] in [41] and [60]. Rather than examining
generic dimension, we examine specifically (144)-dimensions. In particular, as in [68], our
proof will rely heavily on the integrability of the geodesic flow. This is known for Myers-
Perry black holes with two distinct angular momenta [56], [70], but, to our knowledge,
not generically. In (1 + 4)-dimensions, however, this covers the entire family. Our main
theorem, Theorem [£1] states that for small angular momenta there is a localized energy
estimate for the wave equation on such (1 + 4)-dimensional Myers-Perry solutions.
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This paper is structured as follows. The next section contains a review of the localized
energy estimates on (1 4 4)-dimensional Schwarzschild space-times. In what follows, we
shall perturb off of this result. We modify the existing estimate of [4I] by incorporating
the redshift effect and by smoothing out the multiplier near the photon sphere, which
will simplify the microlocal analysis that comes later. In the third section, we present
the Myers-Perry metric and its most relevant properties. We, there, analyze the trapped
geodesics and, in particular, prove that they each lie on surfaces of constant r. In the
fourth section, we define our local energy spaces, and in the final section, we prove the
main estimate, Theorem .11

2. LOCALIZED ENERGY ON (1 + 4)-DIMENSIONAL SCHWARZSCHILD

Here we shall rely on the approach of [45] and [4I]. Estimates of a similar form were
also proved in [60]. Akin to the relationship between [45] and [68], the estimate of [41]
plays a key role as we assume that a,b < 1 and argue perturbatively.

In the sequel, we shall be employing pseudodifferential multipliers. So we first seek
to modify the multiplier of [41], which is only C? at the photon sphere, to make it
smooth in a neighborhood of the photon sphere. Moreover, as in [45], we shall include
the arguments of [19] that take advantage of the red-shift effect and allow us to prove
an estimate that does not degenerate at the event horizon. This was previously done in
[60], and we include it here for completeness.

We assume a basic familiarity with [41] and shall not reproduce every calculation here.

The metric for the (1+n)-dimensional hyperspherical Schwarzschild space-time, which
was discovered in [66], is
d+1 d+1y ~1
ds® = —(1 - (7“_5> )dt2 + (1 — (7‘_5) ) dr® + r?dw?,
r r

where 7 = 74 represents the event horizon and dw? is the line element on the (n — 1)-
dimensional unit sphere. Here d = n — 3, which allows us to quickly compare to the

1
% o Ts as T = Tps is the location of the photon sphere.

n = 3 case. We define r,; = (

K = 0, is the Killing vector field that is timelike in the domain of outer communication.
It extends into the interior of the black hole, becoming null on the event horizon and
spacelike in the interior.

As in the more typical (143)-dimensional case, the singularity at r = r, is a coordinate

singularity. Setting
r d+1
rt = / (1 - (7‘_5) ) ds
Tps S

and v =t 4+ r*, the metric becomes
oy d+1
dszz—(l— (f) )dvz+2dvdr+rzdw2.
While these coordinates are nonsingular at the event horizon, surfaces of constant v are
null and not convenient for posing Cauchy problems for the wave equation. To this end,
we introduce, as in [45],
b=v—p(r), pel>
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subject to
o 4(r) >r* for r > rg and p(r) =r* for r > (rs 4+ rps)/2,
d+1
o,u’(r)>0and2—(1—(%) )u’(r)>0.

The metric, in the (0,7, w) coordinates, then becomes

(2.1) ds? = —(1 - (T—S)dH) di? + 2(1 - (1 - (T—S)d+l)u’(r)) do dr

r r
T's

+ (2;/(7“) - (1 — (—)d+1>(u’(r))2) dr? 4+ r? dw?.

r
The first condition on p shows that these coordinates coincide with the Schwarzschild co-
ordinates away from the event horizon. The second condition guarantees that © =constant
slices are space-like.

For a choice 0 < r. < rs, we seek to solve the wave equation
(2.2) Osu = f,
where Og = V*0, when the background metric is given by (21]), in
Mpr={0>0,7>r.}
with initial data on
EIEZMRﬁ{f):O},
which is space-like. We use
EEZMRﬂ{rzre}
to denote the lateral boundary.
We shall work with a nondegenerate energy, rather than the conserved energy associ-
ated to the Killing vector field J;, as was used in [41]. This will help us, as in [45], to

cleanly utilize the red-shift effect. We define the energy on an arbitrary © = vy slice to
be

Elu)(9) = /M s }((&pu)2 + (05u)* + |X7u|2) 42 dr dw.

The initial energy E[u](¥3) and the outgoing energy E[u](X}%) are defined as

E[u](S5) = E[u)(0), Elu)(S}) = / (0 + (0u)? + [ Wul?) 72 di dov.

We modify the localized energy spaces to reflect the quadratic loss at the photon

sphere. To do so, we set
LEs = r LEy

lull Ly = 10l Ly + 105ullLes + | Wl s + 17> 2ullL2(m)-
Note that the loss due to trapping only occurs on the 0z and ¥ components. We analo-
gously set

and

T —Tps

-1
Ifllee: = H( r ) fHLE;W'
Then, we have the following theorem, which is largely from [41] and [60].
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Theorem 2.1. For u solving [22), we have
E[u)(2}) + sup Elul(0) + [lul 7y S El(CR) + /176

For any Lorentzian metric g, the energy-momentum tensor for the wave equation is
given by

1
Qaplu] = Oqudgu — §gaﬂ87u&yu,
satisfying Ve Qap[u] = dgubyu. For a C! vector field X, a scalar field ¢, and a 1-form

m, we set

1
Baq)u2 + Zmau’.

1
Pa[qu7Q7m]:QQB[U]X6+quaau__ 2

2 (
It, thus, follows that

(2.3) VO Palu, X,q,m) = Ogu(Xu+ gu) + Q[u, X, ¢, m],
where
Qlu, X, q,m] = Quplu]m®? 4+ q0“udau + maoud“u + %(Vo‘ma — VYOaq)u?.
Here
Tag = %(VQX;} +VsX.)
denotes the deformation tensor of X.

The theorem will follow from a proper choice of X, ¢, and m. Indeed, we will construct
such satisfying the following lemma.

Lemma 2.2. There exist X, q, and m that are smooth, spherically symmetric, and K-
invariant in r > rs. Moreover, X is bounded in (U,r,w) coordinates and X (dr)(rs) < 0;
lg(r)] <r~t and |¢'(r)| < r~2; m has compact support in r and (m,dr)(rs) > 0; and

— 2
Qlu X, q.m) 2 =MD (@) 4+ (=22 ) (1= (@yu)” + 17 [Vuf?) 4+,

Proof. We begin by working in the (¢,7,w) coordinates and set
X=X1+0X,, ixl1
with

%= 10(1- (2) Mo xa= b (0 - (1- (2)7) a).

r

For smooth choices of f and b, these are smooth on Mg in the (v,r,w) coordinates.
Indeed,

Ts

X =) ((1- (7)“1)& +0.), Xo=-b(r)o,.

The choice of X7 is inspired by the preceding work [41], though to ease calculations
in the sequel, we shall mollify the original multiplier near the photon sphere. The vector
field X5 is inspired by [19]. See [60] for the corresponding argument in generic dimension.
This component allows us to take advantage of the red shift effect.
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d+2_ d+2
pd+2_d+ g+l dtl

To begin, for g(r) = —x2*— and h(r) = lrl(cHldeil)7 we set
5 Ts

d+2r Sr;”l
fi(r) =g(r) + i13 prd+2 a(h(r)),

where
xZ, .’L'S 07
a(z) = Q@ — 5252 + a2’ 0< 2 <a,
8a
5 T > .

Here o = 5—. The function a serves to smooth out the logarithm near infinity to insure
that f; is everywhere increasing. For later purposes, we note that a’” is everywhere
non-positive. With the further choice of

Ts

ali) = 3[(1- (2) )20, 1),
it was shown in [41] that

Qb Xi1 a0 2 (1 (22) ) @, 4 1 (T

| (3
where X1[f1] = fl(l - (TTS)dH)aT.

We would like to replace fi by a similar multiplier F' that is smooth at the photon
sphere. In order for Q[u, X1[f1], ¢1,0] to still satisfy the inequality above, it is sufficient
to pick F' to be increasing, bounded, and I(F') > Ol where

I(F) = _%r(dw)ar [(1 _ (E)d+1)Td+zaT{(1 B (E)d+l)T,(d+2)aT(F(T)Td+2)}}'

r r
Let
d+ 2 rpsrdt!

P(r) = hir) + s ) (n a) (b)) = Qalr) = alh(r) )

B d+ 2 rpsrdt! . B "

= g(r) + g i (1= 0@athr) + x(r) (W * ) ((r) - Qa(r) ) .
Here 9y is a standard mollifier, which is an approximation of the identity for large N.
See, e.g., [28]. Q2 is a second order polynomial (with very small coefficients) that is
selected so that all derivatives up to order 2 of (¢, xa)(h(r)) — Q2(r) coincide with those
of a(h(r)) at 7 = rps. The function x(r) is a smooth cutoff that is supported in a small
neighborhood of 7,5 and is the identity on a smaller neighborhood of ;. Since a € C?
on the support of y, given any € > 0, we can choose N sufficiently large so that

0%(F(r) = fi(r)] <&, 0<a<2.

We proceed to show that F' preserves the desired properties of f; on the support of x
if N is chosen sufficiently large. By construction, we have that F'(r,s) = fi(rps) = 0. By

1l(f1) is the coefficient of u? in Q[u, X1[f1],q1,0]
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choosing N sufficiently large so that
1,
0(F(r) = filr)l < 5 _inf  fi(r),

2 resupp x
it follows easily that F’(r) > 0.
It finally remains to show that [(F') > 0. We write

(2.4)

1d+2r,rdt!
UF) = 1)+ [UF = 1)+ 5 g 2o X0

1d+2rpsrdtt
S 4d+3 rdv? (T)(

As

1P+ 2920 ) (1= (22)) (i = ) )

only contains derivatives up to order 2 of the mollified a, it can be made uniformly small,

and an argument similar to that employed to show that F'(r) > 0 can be used to show
I(F) > 0 provided that

" Srd-H Ts 2 1 /
_i% e X(T)(l - (7)d+ ) (¥ *a”)(h(r)) (W (r))* > 0,

"

which follows easily from the non-positivity of a’” on the relevant region.

This gives that
T — Tps

Qlw XilF) 71,012 (1= (2) 7 )r @ @ 4 (T

T T
d+1
(= (5) )
T

This choice of F', however, does not give a bounded multiplier at the event horizon.
To rectify this, we set p to be a smooth, increasing function satisfying

() = {R’ el

for a smooth choice of F'.

9. R< -3,
and let p.(R) = e !p(eR). Finally, we set
1 d+2
F) = g2 E ()

in the definition of X;. Recalculating, with the abbreviated notation X;[f] = X; and
@1[f] = ¢1, we have

QX0 = (1 - (22)™Y @ 002 0L (20 a1 ),

3
o0

d+1
As before, I(f) Zr=3(1— ( ) except when er?*2F(r) < —1. We record that

1. —1
U(f) = o e 2 F)IE) ~ 0@ (28 () ~ 0 (1~ (=) ) er+2 ().

r
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For the multiplier X5, we calculate

oo EH. o) - Lyt 1 () o 1 (2)°7) o)

+_(d—F1)rg+1 b(r) (éhu-— (1__ (ii)d+1)‘léku)2

2 rd+2 r
+ [%b'(r) — @} Vul? + d+2VO‘8 ( (7“))”2

Inspired by this, we choose b(r) to be smooth, positive and decreasing on [rs, (7s+37ps)/4),
and supported in [rg, (rs + 37rps)/4]. For later purposes, we set

(d+ 1)rd+? re\ A T (d 4 Drdt!
=g by, M= (1 - (—) ) — s )y me =0.

tT T A2 r
Then,
d+2b(r) (d+ Drett b(r) reydHy 7 2
_ N > _ (=

Q|u, X2, 5 ,m} > 5 TdH(@Tu (1 (T) ) 6tu+7u)

1, b(r) 1, 2 (A+Drétt b(r) 5 5

+ [0 - - e P

d+2 b(r) pd+1

e 2
VR0 (2 Ju? + (d 1) S50, ()
Combining, we obtain

d+2b(r) roy 41\ 2 (d+9) )
(2:5) Q[u X1 + 08Xz, qu = d—— = om] 20(1_ (7) ) r (D)

1/r—rps\2 9 TORNCAS N 2 9
+C;(T) [V ul —i—C(Sb(r)(aTu— (1— (7) ) 6tu+7u) +n(r)u
provided § > 0 is sufficiently small. Here

d+1 d+1
W D M) 2 68 200, (M) 1o+ 1) g0, () +107).

Before proceeding to bound n from below, we address the fact that the right side of (Z3])
fails to control 0; away from the event horizon. This is easily remedied by setting

n(r)=—9

_ T'ps
@2(7) = Xr>(rotrye)/2T (d+3)(Tp) )
and recomputing
d+20b(r
Q {U, X1+ 0X0,q1 — 5—Q + 0142, 5771}
Provided that 4; < ¢ and bootstrapping the many neghglble terms, we obtain
d—+2b(r AN N
Q{U X1+0Xo,q1 — %(—) + 41 2,771} > C(l - (r_) ) r=(3) (9,u)?

r

e (=Yg 1 conr) (0,0 - (1 (2)") B )’

r

(1= (2)") i
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As we may easily observe that

X(dr)(ra) = —8b(rs) <0, {m, dr)(rs) = S Lb(ra)y(ra) > 0,

Ts

provided that (r,) > 0, it remains to choose v so that n is positive where er¢+2 f(r) <

—1. We suppose that supp v C {r < rps}, 0 <~ <1,and~" > —1. For r > r,, the lower

bound follows from that for [(f) by the support properties of b(r) and ~. For r < rps,

we write @) gi
n:uﬂ+&—7ﬁ§_mwﬂﬂ_0@y

The lower bound on «/, then, implies that n > I(f) — O(d), which is positive where

erd*2f(r) > —1 for sufficiently small 4.

Finally, in the region er?*2f(r) < —1,

(d+ 1)rdtt

n>34 >

b(r)y'(r) = O(8) = O(e)p" (er™*F(r))

- 0(52(1 — (T—S>d+1>71)p"'(57°d+2F(7°)).

r
While v/ may be taken to be positive, the requirement that 0 < < 1 places restrictions
on how large it may be. On average, 7/ can be at most O(e“/¢) on this interval. But
since the interval of integration er?*2f(r) < 1 is of length e~c/e,

" d+2 2 s d+1y 7t " d+2
/ oelp (er™ 2 )+ (1= (22) ) 1o e 2 )] dr S el <6,
erdt2 f(r)<—1 r

provided that ¢ is sufficiently small. And this completes the proof of the lemma. O

Proof of Theorem[21l With the previous lemma in hand, we only tersely describe the
remainder of the proof as the details follow from obvious modifications of the argument
in [45]. We allow X, ¢, and m to be as in the lemma. From the divergence relation (Z3))
and the fact that K is a Killing vector field, we have

V@Palu, X + CK, q,m] = (Byu)(X + CK)u + qu) + Qu, X, ¢, m]

for a large constant C. Integrating over 0 < v < 99, and r > 7., we obtain

/(Dgu((X—l—CK)u—i—qu)—i-Q[u,X,q,m]) dVol = /(dﬁ,P[u,X+CK,q,m])rd+2 dr dw io

— dr, Plu, X + CK,q,m]) r¢? dodw.
( q ¢

For C' large enough and r. near enough to rs, we claim

(2.6) Elu)(dy) ~ —/ (dD, Plu, X + CK,q,m]) r¢*2 drdw, o >0
=0
and
(27)  {dr,Plu, X + CK,qm]) 2 (0,0 + (05u)? + |Ful> + 2, r=r..
Upon proving these, a localized energy estimate, though with weight r—(4+3)/2 rather
than 7—/2~ at infinity on the 9, and 93 terms, follows immediately from the lemma and

the Schwarz inequality.
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To prove (2.6]), we note that, for r > ry,

(dv, Plu, X + CK]) = (X (dv) + C){dv, P[u, 05]) + X (dr){dv, P[u, O,])

Ts

~ C[ (@ + (1 (7)””1) @) + |Tul?] + (D).

Indeed, due to the boundedness of X, X (dv)+ C =~ C for C large enough. The condition
X (dr)(rs) < 0 is used to obtain the nondegenerate 0, contribution. And by continuity,
the same expression extends to r > r. for r. sufficiently close to rs. To complete the
proof of (2.6), we note that the decay of ¢, the compact support of m, and the Schwarz
inequality reduce controlling the lower order terms to proving a straightforward Hardy-
type inequality such as

/00 r2u? r 2 g < 072 /00 [C(l — (%)d+l) + 1] (Opu)? ri+2 dr,

e

For ([27), we similarly compute

d+1

,
- L) @) +
Te

(dr, Plu, X + CK,0,m)) 2 C(95u)* + | ¥Vul* - (1
when 0 < ry —re < 1. Here we have used the lateral boundary condition on m as
provided by the lemma. As

d+1

1
qu{dr, du) — 50 (dr, dg) < C(5u)* + 1 + (1= 25 ) (9u)?
Te

provided that C' is large enough and rs — r. is sufficiently small, these terms can be
bootstrapped into the above. We can now translate these bounds to any 0 < r, < 7y
from local thoery. This completes the proof of the theorem with the weaker weights at
infinity.

In order to get the sharp weights at infinity, we can rely on the methods of [48] for
small perturbations of Minkowski space. See the sharper statement of the results that
follow from that proof in [42, Lemma 3.3]. Indeed, for some constant R > rp, and a
smooth § so that 8(r) = 0 for r < R and 8(r) = 1 for r > 2R, then an application of the
results of [48] complete the proof provided that

18, BlullLEz,

can be bounded. But as [0, 5] is supported in a compact region, it follows immediately
that the above is controlled using the previously established estimate with weaker weights
at infinity. O

3. THE METRIC

Here we introduce the class of (1+4)-dimensional Myers-Perry black holes. These space-
times are higher dimensional analogs of the well-known Kerr solutions of Einstein’s equa-
tions. With the additional dimension, an extra angular momentum parameter is intro-
duced.
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The line element for the (1 + 4)-dimensional Myers-Perry solution is given by
T2 2 p2
(31) ds® = —d’ + = [dt + asin? 0de + beos? 9d¢} + P g2
p 4A
+ p2d6? + (z + a?) sin® 0d¢? + (x + b?) cos? Odip?.

Here r; is a parameter, depending on the mass of the black hole, which corresponds to
the Schwarzschild radius. Moreover,

p? =z +a’cos’® 0+ b?sin? 6,
A = (z+a*)(z +b?) — ria.

The parameters a,b are angular momentum parameters. We are using the notational
conventions that we learned from [30]. In particular, z = 72, where r is the commonly
used “radial” variable.

The event horizons are given by the solutions to A = 0. In particular, they are z = z,

! (r2 a? =>4+ /(r2 —a® - b2)2 — 4a2b2>.

r+ = 5 s —
We shall primarily be concerned with the domain of outer communication x > z.

For future reference, we note that

1
vV—g= 3 sin @ cos Op?

and that the inverse metric is given by

1 2 A 2 b2
gt — F{(a2—b2)sin20— (x4 a”)[ er(x—i— )]}7
gt = ar?(z + b?) w_ br?(x + a?)

AN p2A
o6 1 [ 1 (a® —b2)(x+b2)—|—b2r§}
7= p? Lsin? @ A
w1 { 1 N (a® = b?)(z + a?) —a%?}
g p? Lcos? 6 A
2
¢w:_abrs wm:4é OOZL
g p2A7 g p27 g p2'

As expected, the Myers-Perry black holes serve as higher dimensional analogs to the
axisymmetric Kerr black holes. The structure of the singularities, horizons, and er-
goregions display similarities to those of the more familiar Kerr space-times. Further
similarities include superradiance, the construction of maximal analytic extensions, and
the existence of hidden symmetries. See [54], [55], [29], and the references therein. Some
properties do differ, such as the existence of ultra-spinning black holes [54], [55].

In what follows, we focus our comparisons on the behavior of null geodesics. In par-
ticular, we show that each trapped geodesics has a constant r. Like the Carter tensor
[16] for Kerr, the Myers-Perry space-times contain hidden symmetries [29] in all dimen-
sions, but as is mentioned therein this is insufficient to guarantee the separability of the
Hamilton-Jacobi equations in generic dimensions. The Hamilton-Jacobi equations can be
separated in the special case that there are, at most, two distinct rotations parameters.
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See [56] and [70]. Specifically for the (1 4 4)-dimensional solutions, the hidden symme-
tries and separability appear in [30], and it is this exposition that closely informs what
immediately follows.

Let E = —0;, ® = 04, ¥ = 0y, and K denote the constants of motion. Then we have,
again with notations from [30],

(3.2) pi6? = o,
(3.3) pli? = 4Xx,
2 2 2
(3.4) p2f:Ep2+TS(I+aA)(I+b)5,
. o ar?(z + b?) (a® - b*)®
2 _ s _
(3:5) o= sin? 0 A £ r+a? ’
. N4 br?(z + a?) (a® — bW
2 _ _ S
(3.6) pw_cos29 A £+ x4 b2
Here we have abstracted
ad bw
A T
1 1
2,22 22 2 2
(3.8) © = E*(a” cos” 6 + b” sin” 0) T cosQH\I] + K
o2 2

(3.9) X = A{E% + (a® - bz)( ) - K] +r2(x + a?)(z + b*)E2.

r+a2  x+b?
By writing (a? — b?) = (z + a®) — (z + b?), we see that

P2 P2
r+a2 x+0b2

a’®? b2 W2
(x 4 a?)? + (x+ b2)2)
=r(0*®* 4+ a*T?).

—r2z(a® —b2)( ) —I—T?(a:—i—aQ)(x—i-bQ)(

Making this substitution in the definition of X, we obtain
X = AE?r — K) + (a® — b?)(cp?(x ) - U + a2))

to2 (EQ(Q: +a?)(z + b2) + 20E®(x + b2) + 20EW(z + a2) + (b + a\IJ)Q).

We have reduced our analysis to understanding this cubic polynomial as the zeros of X
correspond to turning points of (B3).

At least one of the parameters E, K, ®, ¥ should be nonzero. As (B.2) disallows E =
K =0, the above representation for X is always nondegenerate.

We first examine the case that £ = 0. Rewriting (3.8
(® — Easin®0)? (¥ — Ebcos? §)?

_ _ 2 _ 52 _ 2 w2l _ _
9_[K+(<I> Ea)? — & + (¥ — Eb) \11} o o

it follows from ([B.2]) that
K+ (® — Ea)* — ®* + (¥ — Eb)* — ¥? > 0.

Thus, in particular, when E = 0, we must have K > 0. In this case, X is a quadratic
equation with leading coefficient —K, and we note that X(xy) > 0 since A(zy) = 0.
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Thus, since K > 0, there is a single zero with multiplicity 1 outside of the event horizon.
X must change sign at this point from positive to negative, which creates a single right
turning point for (B3] and no trapped geodesic can exist.

We next examine the case E # 0. Here X is a cubic polynomial with a positive leading
coefficient. As it is obvious from the original formulation B.3) of X that X (z4) > 0, it
follows that there is always one root of X to the left of . Three cases then must be
examined: (1) X has no roots greater than z, (2) it has two distinct roots in x > x4,
or (3) it has a since double root in this region. If there are no roots, then X > 0 in
this region and all null geodesics escape to infinity. If there are two distinct roots x1, z2
so that z1 < x1 < we, then & changes sign from positive to negative and negative to
positive respectively at x1 and x5. Thus 2 is a right turning point and x5 is a left turning
point, which does not support a trapped geodesic. A double root xy of X corresponds
to a steady state and implies that all other geodesics converge to xg in one direction and
either x = 0 or oo in the other direction, which are thus not trapped.

The above analysis shows that along any trapped null geodesic we have constant x,
which corresponds to a double root of X

4. LOCALIZED ENERGY SPACES

We now return to the (1 4 4)-dimensional Myers-Perry space-time with metric given
by BI), and we seek to define localized energy norms that reflect the more complicated
trapping on this background and to state our main theorem.

We let 7,=,®, ¥, and © denote the Fourier variables for ¢,z,¢,1, and 6. We are
abusing notation as we early used some of these to denote constants of motion. From
this point forward, however, the notation will be reserved solely for the Fourier variables.

We set
p(x,0,7,2,8,0,0) = g2 429" 704+ 2¢" 71U+ g?? D2 - gV T2 4 29V DU+ g"" =2 4 g7 O3

to be the Hamiltonian, which vanishes on any null geodesic. The Hamilton flow indicates

dp  8A

4'1 r — — — —E

( ) z 0= p2

(4.2

. 0

== __az = (gfx# +2¢"07® + 29" TV + gOP D7 + gV WP 4 290V DU + g7 E? 4 gf’f@2) :

= Rop(z,7,®, W)A™? + %(pQ)p — 422 + a® +1* —r?)22,
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To be explicit, we have

R = (£C2(CL‘-H)Q)(:C—2T‘§+b2)+a4($+b2)2+a2(52(4£C2—2T‘§$+T‘§)+2$2(,T—T‘g)+2b4$))7'2
+ 2ar2(x 4+ 02 (22 — r2) + b1)7® + 2012 (22 + a*(2z — r2) + o)1V
+ (02 (z? + 2(r2 + b))z + (r* = b)) — a®(2? — 2% (z — r?) + b)) D2
+ (a® — a*(b* + 2r2 — 22) — b%2? + a?(r} — 2riz + (20 + 2))0?
— 2abr?(2x — r2 + a® + b)) DV,

Along any null geodesic, we have that p = 0. Moreover, as we proved in Section [3]
trapped null geodesics have constant x, and thus, by ([@1]), Z = 0. Hence, corresponding
to any trapped null geodesic, there must be a root rq (7, @, ¥) solving

Rap(r7,, 7, @, ¥) = 0.

Note that 772 R is a fourth order polynomial in z and 772Rp o = 23(z — 2r?) has
a simple root at x = r5,. Moreover, near x = 75, there is a constant C,,, so that
||, |¥| < Cyup|7] since p = 0. Hence 772 R, is a small perturbation of 772 Rg o for small

enough a, b, and has a simple root near r = 7.

It will be more convenient to work with the r coordinate, x = r2, and its corresponding
Fourier variable £ = 2rZ instead of z and Z. For future reference, we record that

) A
(4.3) 0r(p*p) = =2rRap A% + 0n(3)€7

(4.4) de(p°p) = 2%&-

We are now ready to define the local energy spaces, in a similar fashion to [68]. Naively,
one would like to replace the r — rp, factor in [1] by a quantization of r — (7, ®, ¥).
The problem with this approach is that any such quantization depends nontrivially on 7,
which makes uniform energy bounds on v-slices difficult to prove. Instead, near r =
we can write

p= gtt(T - Tl(Tv 07 5) \I/a (1)7 @))(T - TQ(Tv 97 5) \I/, (1)7 6))
for some real smooth 1-homogeneous symbols 71 and 75. We define
Ci(ra 97 57 \Ilu (I)7 6) = XZI(T - Ta,b(Tiu (I)a \Ij))

where x>1 is a smooth symbol which equals 1 for frequencies > 1 and 0 for frequencies
< 1. The role of the cutoff is to transform the homogeneous symbol into a classical
one. Note that since low frequencies are already controlled without degeneracy near the
trapped set, this makes no difference in our estimates.

We use the symbols ¢; to define microlocally weighted function spaces in a neighbor-
hood V x S3 of {r = 1,5} x S3. We set

lullZe, = llei’ (z, D)ulliz + lullz-.

For the inhomogeneous term, we define the dual norm

L = inf — (lgallZ2 + llg2l7m)-

”g ci(z,D)g1+g2=9g
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For the remainder of the paper, we shall be using the r variable rather than the = variable
from Section Bl In another abuse of notation, x is now used to denote z = rw analogous
to standard spherical coordinates.

Pick x(r) to be a cutoff function supported in V' and equal to 1 near r = rp,. We set
our local energy norm to be

(4.5)

lull LE2

mp

=|x(Ds = m2(z, D)xul 2, + Ix(Dr = 7a(z, D))xul 2, + (1 = x*)drull L&y,
+ (1= X VullLey + 10rullLey + 7% 2ul 2.

For the inhomogeneous term, we set the dual norm to be

(4.6) 1fllees, = 11 =) flleey, + IXflleiz24esr2

Letting O,,, denote the d’Alembertian in the Myers-Perry metric, the main result in
our paper is the following:

Theorem 4.1. For |a|, |b| sufficiently small and for some r— < ro < r4, let u solve
Ompu = f in Mg. Then

(4.7) lullZgy,, + sup Blu]() + E[u](Z%) S E[)(SR) + /i, -

in the sense that the left hand side is finite and the inequality holds whenever the right
hand side is finite.

5. PROOF OF THEOREM [4.1]

We now prove the localized energy estimate from the previous section assuming
max(|al,]b]) < g < 1. The arguments are fundamentally the same as the ones in [6§],
and some of the results will be cited without proof.

The main idea is to use the multiplier method. Unfortunately, due to the complicated
nature of the trapping, no differential operator provides us with a positive local energy
norm. Instead we rely on the smoothed out (near the photonsphere) vector field X to
control the LE,,, norm away from the trapped set, to which we add a pseudodifferential
correction near the trapped set. Since we would also like to establish uniform energy
bounds, we will pick the correction to be a differential operator of first order in ¢, which
will allow us to integrate by parts with respect to time.

If one integrates (2.3]) on the domain
D={0<0<0, r>re},
local energy estimates are established as long as the boundary terms satisfy
(5.1) BDR[u] < 1 E[u](37) — c2(E[u](to) + E[u](Zh)), c1,c2 >0
and Q[u, X, q,m] > 0.

From here one, we will use the sub(super)scripts S and mp to denote the Schwarzschild
and the Myers-Perry metrics respectively. By choosing X, ¢ and m like in Section 3, we
know that
(5:2)  Q%u, X, qm] 21 (O + (1~ ’2)2 (r4(95u)® + [ Wul?) +r3u?,

r
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and the boundary terms satisfy (5.1])

The same computation can be performed for the Kerr metric. Precisely, with 0 stand-
ing for 0; and 0., x* = rw,

leY €0 1eY iJ iJ €0
(53)  10°[gmp)ii — (95)i)l < camprs 10 [(gmp) = (99)7]] < oy
and thus one can easily check that
€

(5.4) [Py [ X qm] = PPlu, X, q,m)| £ 510,
respectively

1 1
(55) |Qs[ua Xa q, m] - Qmp[u, Xa q, m” 5 €0 (T'_Q |8’LL|2 + ’f'_4 |U|2) :

Thus (G.1)) still holds; however, we can only say that
2
(5.6) Q"P[u, X,q,m] 2 v~ |0,ul*+ {(1 -) - Ofo} (r|0gul?+7 71| Wul?) +r 32,
T

and the right hand side is no longer positive definite near r = r;.

In order to correct this, we will add a pseudodifferential correction to X and ¢. In
order to quantize the symbols, we will use a Weyl calculus with respect to the metric
dVyp = rp?drdw. We thus slightly abuse the notation and redefine the Weyl quantization

as

w

P
sWi=— " =

r
p r
so that real symbols get quantized to self-adjoint operators with respect to L*(dV,,,,).
Let .
S =1isy + sy 0O, E=ey+ Zeiflat

where 51 € 81, 59,69 € S” and e_; € S™! are real symbols with kernels supported close
to r = rps. One can now compute

(5.7) %/ Ompte - (S + E)udVip, = / Qu - udVy,, + BDR™P[u, S, E]
where } }

(58 Q= %([Dmpa S+ OmpE + EOpp) = 65’ + 24" Dy + g5 Dif + ¢, D}
with ¢; € S7.

Since the Weyl quantization is only with respect to the spatial variables, we define the
matrix-valued pseudodifferential operator

5 (@ 4@
@ (qi” a5 )
Let
(5.9) I1Q™P(u, S, E] = / gyu U+ 2Rq v - Dyu + ¢ DyuDyu dViy,y,
D

and note that

I1Q™[u, S, E] = /vo (Qi, W)dv
0
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where @ = (u, Dyu).
We will pick S and E so that ¢"; = 0; in this case, after integrating by parts in time,
B becomes
(5.10)  ® / Ot - (S + E)udViny = IQ™[u, S, E] + BDR™[u, S, E].
D

The exact form of the boundary terms does not matter, since we will pick the symbols
si € €9S" to be small when ¢y < 1. In particular, since there are no boundary terms at
r = 1., this means that

|BDE™[u, S, E]| S €0(E[u](0) + E[u](v0)).

The local energy estimates now follow if we can pick S and E so that
(511) [ @l X g Vi, + 1Q™ w8 B2 Nl

Near r = 7, the principal symbol of the quadratic form on the left in (GIT]) is (see

©.8) ,
50 X + s} +plg+e)
where for convenience we denote
s = s1 + TSo, e=¢eypt+TeE_1.
In order for (E.I1)) to hold, the above symbol must dominate the principal part of the

LE,,, norm, i.e.

1

5P X +sh+pla+e) 2 G(r—m)’ +ci(r—m)’ + &

Unfortunately this is not enough. Indeed, since Q is a matrix valued operator of second
order, the Fefferman-Phong inequality does not hold. What we do instead is write the
left hand side as a sum of squares dominating the right hand side. We have:

Lemma 5.1. Let ¢y be sufficiently small. Then there exist smooth homogeneous symbols
s€ey(St,,, +7S0..), € € eSSy, + TS,wm) so that for r close to rps we have

(5.12) ( {p,X—I—s}—I—pq—l—e) Z;L?ZCQ )2 4+ A1 — )2+ €2

for some p; € S}, +7SP, . that depend smoothly on a,b and in addition satisfy the

conditions:

hom

i) w; are differential operators for a =b=0,i=1,9
i) 1o and pi1 are small, in the sense that
(MlOa Mll) € ﬁ(siom + ngom)'

Proof. We will start by reformulating the results of Section [2] in the setting of pseudo-
differential operators. We know that near r = rp, the symbol of X is i f(r)(r — rps)§ for
some smooth function f > 0. Then near r = rps, we can write

Slu, X, q,m] = ¢>*Poudsu + ¢ u?
Q7[u, X,q,m] =q 0t + q
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where the principal symbols are

s S,af

> =q 50

1 1,
natlp = 5oAps: X} +aps, @77 = —5V0aq.
The symbol of Og is

e(-5) (B

where A\ stands for the spherical Fourier variable.

We can now compute
1

r?q” = 5 {r"ps, X} + (g = 77 f(r)(r = 7)) ()

= a3()7® + B2 + )2

(5.13)
Ps)

where, near r = 7,

respectively

The facts that f > 0 and [( - :—3)_1(7" — 1rps) f(7) I > 0 are used to write the first two
coefficients as squares.
Due to the results of Section 2] we know that
(5.14) S 2EH -T2 N, 050
near r = rps, which implies that ¢ is a multiple of (r — 7,5)? and moreover we can write
—g""r?G = v(r)ak(r), O<v<l

The symbol A\? of the spherical Laplacian can also be written as sums of squares of
differential symbols,
6
=N
i=1

where in Euclidean coordinates we can write
i} =A{amy —xjme, 1 < k< j <4}

This leads to the sum of squares
(5.15)  r*¢% = (1 —v(r)ad(r)r® + B5(r)E* +v(r % ZAQ (r* = 72)€?).

The natural counterpart for the Myers-Perry spacetime is the symbol

S=if(r)(r —rop(r,®, V).
This is a homogeneous symbol that coincides with X in the Schwarzschild case a = b = 0,

and it is well defined for r near 7,5 and |®|, |¥| < Cyp|7|. In particular it is well defined
in a neighborhood of the characteristic set p = 0, which is all we need.
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We can now compute the Poisson bracket on the characteristic set {p = 0}:

1 -
5y = — ()T~ s (7,8, 9)) + E(PD)eDr (P — T (., 1))
= 2rf(r)Ra)bA72(r —rap(T, D, 7))
A A )
250,700 — ral(r, ®,9) — (00 3) 5 ()7 — ral(r, ®,9) | €2
Since 74,5(7, ®, ¥) is the unique zero of R, near r = r, and is close to 7, it follows
that we can write

(5.16) %{pr, 5} =a?(r, 7, ®, )% (r — Tap(T, @, U))2 4 B2(r, 7, &, U)E2 on {p=0}

where a, 8 €SP, are positive symbols.

Unfortunately s is not a polynomial in 7. To remedy that we first note that

5— Zf(T)(T - TP5)§ € eosflwm'
Hence by (the simplest form of) the Malgrange preparation theorem we can write
1
;g = (T - rps)f(r)g + Sl(ru 57 97 67 (I)u \I]) + SO(T’, 57 97 67 (I)u \I])T) + 7(7-7 Ty 57 97 67 (I)u \I])p

with s1 € €9 S} 50 € €SY and -y € eosgolm. Then we define the desired symbol s by

hom> hom

s=1(s1+ soT).

We also define
2|7
Q= LO&(T, Tiy (I)a \I/)(T - Ta7b(7—i, (1)7 \IJ)) S Sgomv ﬂz - ﬂ(’ra Tiy (I)a \I/)a
T — T2
and let C' be a large constant. Then we can find e € ¢(S),, + 75, ) so that (T12)
holds for

A2 v
2 _ 1 - _ _ _ 2 -
M = TQ(/\2+(T2—T§)§24(Q1(T Tg) ag(T 7'1)) 5 1 1,6,
2 (r* —r2)€”

W= e e 1@~ ™)~ aalr =)’

W= Y ar(r =) +an(r —m))%, = %(ﬁf + 53 — Ceo)§”
2 (060_634‘6%)(7_72)252 2 (CEO_B%+ﬁ§)(7_TI)2€2
Hio = 2(11 — 712)2 ’ fn = 2(1y — 12)?

The proof is identical to the one in Lemma 4.3 of [68], so we shall skip it.
O

To finish the proof, we will pick S and E so that (5II]) holds. Since s and e are
homogeneous, we need to truncate away the low frequencies, so we redefine
§1=X>18, €= X>1€

where Y is a smooth symbol equal to 1 for frequencies greater than 1 and 0 for frequencies
< 1. We also need to truncate near the trapped set. Let y be a smooth cutoff function
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supported near 7,s which equals 1 in a neighborhood of 7,,, chosen so that we have a
smooth partition of unity in 7,

1= 2(r) +x5(r).

We now define the operators

S = XSwX7 E= XewX - ezvzuuth

where the operator ¥, is chosen so that the D} term in (5.8)) vanishes:

aux

tt w w tt . w
9 Caux + Couzd = 4d-1

The proof that (Z.IT]) holds for small enough €y is identical to the one in [68].

(1]

(9]
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