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Abstract

This paper presents a novel approach to reduce the complexity of sim-
ulation based policy iteration methods for solving optimal stopping prob-
lems. Typically, Monte Carlo construction of an improved policy gives rise
to a nested simulation algorithm. In this respect our new approach uses
the multilevel idea in the context of the nested simulations, where each
level corresponds to a specific number of inner simulations. A thorough
analysis of the convergence rates in the multilevel policy improvement
algorithm is presented. A detailed complexity analysis shows that a sig-
nificant reduction in computational effort can be achieved in comparison
to the standard Monte Carlo based policy iteration. The performance of
the multilevel method is illustrated in the case of pricing a multidimen-
sional American derivative.
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1 Introduction

Solving high-dimensional stopping problems in an efficient way has been a chal-
lenge for decades, particularly due to the need of pricing high-dimensional
American derivatives in finance. For low or moderate dimensions, determin-
istic (PDE) based methods may be applicable, but for higher dimensions Monte
Carlo based methods are practically the only way out. Besides the dimension
independent convergence rates, Monte Carlo methods are also popular because
of their generic applicability. In the late nineties several regression methods for
constructing “good” exercise policies yielding lower bounds for the optimal value
were introduced in the financial literature (see Carriere (1996), Longstaff and
Schwartz (2001), and Tsistsiklis and Van Roy (1999), for an overview see also
Glasserman (2003)). Among many other approaches we mention that Broadie
and Glasserman (2004) developed a stochastic mesh method, Bally and Pages
(2003) introduced quantization methods, and Kolodko and Schoenmakers (2006)
considered a class of policy iterations. In Bender et al. (2008) it is demonstrated
that the latter approach can be effectively combined with the Longstaff-Schwartz
approach.

The methods mentioned above commonly provide a (generally suboptimal)
exercise policy, hence a lower bound for the optimal value (or for the price of
an American product). As a next breakthrough in Monte Carlo simulation of
optimal stopping problems in financial context, a dual approach was developed
by Rogers (2002) and independently by Haugh and Kogan (2004), related to
earlier ideas in Davis and Karatzas (1994). Due to the dual formulation one
considers “good” martingales rather than “good” stopping times. In fact, based
on a “good” martingale the optimal value can be bounded from above by an
expected path-wise maximum due to this martingale. Probably one of the most
popular numerical methods for computing dual upper bounds is the method of
Andersen and Broadie (2004). However, this method has a drawback, namely
a high computational complexity due to the need of nested Monte Carlo sim-
ulations. In a recent paper, Belomestny and Schoenmakers (2011) mend this
problem by considering a multilevel version of the Andersen and Broadie (2004)
algorithm.

In this paper we consider a new multilevel primal approach due to Monte
Carlo based policy iteration. The basic concept of policy iteration goes back
to Howard (1960) in fact (see also Puterman (1994)). A detailed probabilistic
treatment of a class of policy iterations (that includes Howard’s one as a special
case) as well as the description of the corresponding Monte Carlo algorithms
is provided in Kolodko and Schoenmakers (2006). In the spirit of Belomestny
and Schoenmakers (2011) (see also Belomestny et al. (2013) and Bujok et al.
(2012)) we here develop a multilevel estimator, where the multilevel concept is
applied to the number of inner Monte Carlo simulations needed to construct a
new policy, rather than the discretization step size of a particular SDE as in
Giles (2008). In this context we give a detailed analysis of the bias rates and
the related variance rates that are crucial for the performance of the multilevel
algorithm. In particular, as one main result, we provide conditions under which



the bias of the estimator due to a simulation based policy improvement is of
order 1/M with M being the number of inner simulations needed to construct
the improved policy (Theorem 7). (Cf. the bias analysis of nested simulation
algorithms in portfolio risk measurement, see e.g. Gordy and Juneja (2010).)
The proof of Theorem 7 is rather involved and has some flavor of large deviation
theory. The amount of work (complexity) needed to compute, in the standard
way, a policy improvement by simulation with accuracy € is equal to 0(6_2_1/ 7)
with + determining the bias convergence rate. As a result, the multilevel version
of the algorithm will reduce the complexity by a factor of order €'/(?7). In this
paper we restrict ourself to the case of Howard’s policy iteration (improvement)
for transparency, but, with no doubt the results carry over to the more refined
policy iteration procedure in Kolodko and Schoenmakers (2006) as well.

The contents of the paper is as follows. In Section 2 we recap some re-
sults on iterative construction of optimal exercise policies from Kolodko and
Schoenmakers (2006). A description of the Monte Carlo based policy iteration
algorithm, and a detailed convergence analysis is presented in Section 3. After
a concise assessment of the complexity of the standard Monte Carlo approach
in Section 4, we then introduce its multilevel version in Section 5 and provide
a detailed analysis of the multilevel complexity and the corresponding compu-
tational gain with respect to the standard approach. In Section 6 we present
a numerical example to illustrate the power of the multilevel approach. All
proofs are deferred to Section 7 and an Appendix (on convergent Edgeworth
expansions) concludes.

2 Policy iteration for optimal stopping

In this section we review the (probabilistic) policy iteration (improvement)
method for the optimal stopping problem in discrete time. For illustration,
we formalize this in the context of pricing an American (Bermudan) derivative.
We will work in a stylized setup where (Q,F,P) is a filtered probability space
with discrete filtration F = (F;) =o,...7 for T € N;. An American derivative on
a nonnegative adapted cash-flow process (Z;),>0 entitles the holder to exercise
or receive cash Z; at an exercise time j € {0,...,7} that may be chosen once.
It is assumed that Z; is expressed in units of some specific pricing numeraire N
with Ny := 1 (w.l.o.g. we may take N = 1). Then the value of the American
option at time j € {0,...,T'} (in units of the numeraire) is given by the solution
of the optimal stopping problem:

5= gyl W
provided that the option is not exercised before j. In (1), T[j,...,T] is the set of
F-stopping times taking values in {j,...,T} and the process (Yj*)j>o is called
the Snell envelope. It is well known that Y* is a supermartingale satisfying the
backward dynamic programming equation (Bellman principle)

V) =max (Z;,Ex,[Y}1]), 0<j<T, Yi=Zr



An exercise policy is a family of stopping times (7;)

T, ..., T).

j=o,. 7 such that 7; €

Definition 1 An ezercise policy (7;) o 5 said to be consistent if

J=0,...,
Tj > ] = T; = Tj41, 0<5<T, and 1 =T.

Definition 2 (standard) policy iteration

Given a consistent stopping family (7;) 7 we consider a new family (75)
defined by

5=0,....,

7=inf{k:j<k<T,Z >Ex|Z

Tk+1

[}AT, j=0,..,T (2)

with A denoting the minimum operator and inf @ := +oo. The new family (7;)
is termed a policy iteration of (7;).

Definition 3 Let us introduce Y; := Ez,[Zz] and Y; = Er,[Z,,].

The basic idea behind (2) goes back to Howard (1960) (see also Puterman
(1994)). The key issue is that (2) is actually a policy improvement due to the
following theorem.

Theorem 4 (i) It holds that

)

Y >Y;>Y;, j=0,..,T. (3)

(ii) If 7'](0) =Ty, f}m—H) = T;m) (cf (2)), Yj(o) =Y, Yj(m) = Ex[Z om],
j=0,.,T, m=0,1,2,..., then ’
v —vr k=4, T
Theorem 4 is in fact a corollary of Th. 3.1 and Prop. 4.3 in Kolodko and
Schoenmakers (2006), where a detailed analysis is provided for a whole class of
policy iterations of which (2) is a special case. See also Bender and Schoen-
makers (2006) for a further analysis regarding stability issues, and extensions
to policy iteration methods for multiple stopping. Due to Theorem 4, one may
iterate any consistent policy in finitely many steps to the optimal one. More-
over, the respective (lower) approximations to the Snell envelope converge in a
nondecreasing manner.

3 Simulation based policy iteration

In order to apply the policy iteration method in practice, we henceforth assume
that the cash-flow Z; is of the form (while slightly abusing of notation) Z; =
Z;(X;) for some underlying (possibly high-dimensional) Markovian process X.
As a consequence, the Snell envelope process then has the Markovian form Y=

j=0,...,

T



Yj*(Xj), 7 =0,...,T, as well. Furthermore, it is assumed that a consistent
stopping family (7;) depends on w only through the path X. in the following
way: For each j the event {7; = j} is measurable w.r.t. X, and 7; is measurable
w.rt. (Xg);cper s L

7j(w) = (X (@), oo X1 (W) (4)

for some Borel measurable function hj;. A typical example of such a stopping
family is
Tj :mf{k]SkST, Zk(Xk) ka(Xk)}

for a set of real valued functions fi(x). The next issue is the estimation of
the conditional expectations in (2). A canonical approach is the use of sub
simulations. In this respect we consider an enlarged probability space (Q,F',P),
where F' = (F});j=0,....r and F; C F; for each j. By assumption, F} specified
as
Fi=F;vo{Xi™, i<j} with F; =0 {X;, i <j},

X;’Xi(w) (win), k > i denotes a
XZZ’XI("‘")

where for a generic (w,w;n) € €, XHXi =

sub trajectory starting at time ¢ in the state X;(w) = of the outer

trajectory X (w). In particular, the random variables X"~ and X’ X are by
assumption independent, conditionally {X;, X/}, for ¢ # #’. On the enlarged
space we consider }"J’» measurable estimations C; ps of C; := Eg, [ZT].+1] as being
standard Monte Carlo estimates based on M sub simulations. More precisely,
for
Cj(Xj) = EXj [ZT]'+1]
define
L« X, (m)
o 3, X, (m
Cjnr = 57 > Z o (X ™)

m=1 Jj+1

where the stopping times

m ‘,Xj, m -,X]‘, m
TJ(-‘rl) = hj+1(ng'+1' ( ),...,X% ( ))

(cf. (4)) are evaluated on sub-trajectories X?’Xj’(m), m = 1,..., M, all starting
at time j in X;. Obviously, C; s is an unbiased estimator for C'; with respect
to Ex, []. We thus end up with a simulation based version of (2),

@7M=min{k:j§k<T, Zy, >Ck’M}/\T.

Now set R
Y—]',M = E]:j [ZA

Tj,M]'

Next we analyze the bias and the variance of the estimator }A/Q M-



Proposition 5 Suppose that |Z;| < B for some B > 0. Let us further assume
that there exist a constant D > 0 and a > 0, such that for any § > 0 and
j=0,...,T—1,

B(IC; - 2| < §) < Do". (5)

It then holds,
P (Fo.nr # 7o) < DIM~/2 (6)

for some constant Dy > 0.

Corollary 6 Under the assumptions of Proposition 5, it follows immediately
by (6) that

Your —Yo=0M™?) and E[(Zz,,, — Zz,)

To,M

| =012,
Proof. We have
Your = ¥o = E[(Zz, = Z2) Lz smy) < BP (Fon # 70)
and
E[(Zs e — Z2)) = Bl(Zo.0s = Z2)” Lo nenm)] < BPP (Ro.ur # 70) -

]
Under somewhat more restrictive assumptions than the ones of Proposition 5
we can prove the following theorem.

Theorem 7 Suppose that

(i) the transition kernels of the chain (X;) are infinitely differentiable with
bounded derivatives of any order;

(ii) the cash-flow is bounded, i.e. there exists a constant B such that |Z;(z)| <
B a.s. for all x;

(iii) the function
2 j 2 j
o2(z) = E {(ZW(X%) - cj(x)) ] = Var [ZTHl(Xﬁ;jl)

is bounded (due to (i)) and bounded away from zero uniformly in x and j;
(iv) the density of the random variable
Z;(X;) — C5(X;5)

conditional on F;_1, i.e. given X;_1 = x;_1, is of the form x — h(x;x;_1),
where h(-;x;-1) is at least two times differentiable for each x;_1.

Then it holds R R
(YQM _ Yo‘ —OM™Y), M = .



Discussion Theorem 7 controls the bias of the estimator 170, u for the lower
approximation Y to the Snell envelope due to the improved policy (7). Con-

cerning the difference between 370 and Yy, we infer from Kolodko and Schoen-
makers (2006), Lemma 4.5, that

To—1

0<Y— Yo <E Y [Ex Vi1 — Vil

k):’T(]

(where automatically 7y > 79 when (7;) is consistent). Hence, for a bounded
cash-flow process with |Z;| < B we get

0<Yy—Yy <TBP(r; #7;) < TBP(r; # 77),

as 7; = 77 implies 7; =7; = 7. If P(7; # 77) = 0, we get Yp = Yo = Yy

4 Standard Monte Carlo approach

Within Markovian setup as introduced in Section 3, consider for some fixed
natural numbers N and M, the estimator:

N

-~ 1 .

Ynm = > Z;M) (7)
n=1

for Yy := )?07M with 7as := To.mr, based on n realizations Z%l[), n=1,..,N, of
the stopped cash-flow Zz,,. Let us investigate the complexity, i.e. the required
computational costs, in order to compute Y = }Afo with a prescribed (root-
mean-square) accuracy €, by using the estimator (7). Under the assumptions of
Corollary 6 we have with v = «/2, or v = 1 if Theorem 7 applies, for the mean
squared error,

™

~ 12 R - 2
B [Vwar -] < N7 War [Z5,] + [ - T (8)
<SN7lol +piMTP, M > M,

for some constants ji, and o2, = sup M, Var[Zz,, ], where My denotes some
fixed minimum number of sub trajectories used for computing the stopping time
7un- In order to bound (8) by €2, we set

1/2 1/ 2
. Kz uoo) w N:Fa;ﬂ
€ €

with [2] denoting the smallest integer bigger or equal than z. For notational
simplicity we will henceforth omit the brackets and carry out calculations with
generally non-integer M, N. This will neither affect complexity rates nor the




asymptotic proportionality constants. Thus the computational complexity for
reaching accuracy € when € | 0 is given by

)1/7

202, (21/2
N,M L _ 00
Cstand (6) =NM = 62+1/’Y ) (9)

where, again for simplicity, it is assumed that both the cost of simulating one
outer trajectory and one sub trajectory is equal to one unit. In typical applica-
tions we have v = 1 and the complexity of the standard Monte Carlo method
is of order O(e~3). However, if v = 1/2 the complexity is as high as O(e ™).

5 Multilevel Monte Carlo approach

For a fixed natural number L and a sequence of natural numbers m : = (my, ..., mp,)
satisfying 1 < mg < ... < mp, we consider in the spirit of Giles (2008) the tele-

scoping sum:
L
+Z (le —lefl). (10)

Further we approximate the expectations le n (10). We take a set of natural
numbers n : = (ng, ..., ny) satisfying ng > ... > ny, > 1, and simulate the initial

set of cash-flows )
J S
{ T'm.o ] = 1,...,710},

due to the initial set of trajectories X.O’z’(j), 7 = 1,...,n9. Next we simulate
independently for each level [ = 1,..., L, a set of pairs

{( 7) Zﬁj) ), j:l,...,nl}

TnLL Tmy_q

due to a set of trajectories x0%= 0

5 ) ( (
Vo = — ZZTan anZ(zi - 79 ) (11)

, 7 =1,...,ny, to obtain a multilevel estimator

as an approximation to ¥ (cf. Belomestny and Schoenmakers (2011)). Hence-
forth we always take m to be a geometric sequence, i.e., m; = mgk!, for some
mo, k € N, kK > 2.

Complexity analysis

Let us now study the complexity of the multilevel estimator (11) under the
assumption that the conditions of Proposition 5 or Theorem 7 are fulfilled. For
the bias we have

‘E [Pam] - ff’ - ‘IE (25, — 7]| < poomi, (12)




and for the variance it holds

Tml,—l i

L
o 1 1
Var [Jom] = —Var [25,,] + > var |25, - 2=
where due to Proposition 5, the terms with [ > 0 may be estimated by
2
Var[Z; _ 7 } <E[(Z; — 7 ) ]
my mp_1 my my_1

<9E [(Z?ml . Z;)2] +2E [(Zﬁnll - Z?>2]
<C(m " +m2) < Om? (14 #7) <Vam®, (13)

with 8 := «/2, and suitable constants C, V. In typical applications, we have
that C; — Z; in (5) has a positive but non-exploding density in zero which
implies & = 1, hence 8 = 1/2. This rate is confirmed by numerical experiments.
Henceforth, we assume 5 < 1.

We are now going to analyze the optimal complexity of the multilevel algo-
rithm. Our optimization approach is based on a separate treatment of ng and
n;, 1 = 1,..., L. In particular, we assume that

= nyr(HA2-1048)/2 1 <1< [

where the integers ng and n; are to be determined, and for the sub-simulations
we take

7”nlzmo,‘<;l7 0<I<L.

We further reuse the sub-simulations related to m;_; for the computation of
Y., so that the multilevel complexity becomes

L
Chip = mnomo + Z nymy
=1
kL(1=p)/2 _ 1

= ngmg + ’nlmoﬁim.

(14)

Theorem 8 The asymptotic complexity of the multilevel estimator )A}mm for
0 < B <1 is given by

* . * * * .
Crrr = Cunr (nf,ni, L ymg,€) :=

(1—8) Veouss™ 14(1-8)/(27) 1— —o—(1—
14+2v/(1— 140 (=AY —2-0=8)/7
2o AT =D (1+o( )

(15)




where the optimal values ng, ny, L* have to be chosen according to

ng :=ng (L*, mg, €) 1=
V1/2 (1-8)/(27v) (1 _ [3)

2’yml/2 (1 — H*(lfﬁ)ﬂ)

(L4 29/ (1= ) T2

—2-(1-8)/(27) (1 ) ( /<2v>)) and, (16)

ny :==nj (L*,mg,€) :=

Voo /e 1 — ) 1+(1-8)/ (47)
14 2v/(1— V) g 1HB/2 ¢

<1+5>/2( o ﬁ)/Q)( v/ (1= B))
—2-(1-8)/(2) (1 ) ( /<2v>)) and, (17)

et +1In |2 (14 29/ (1 - 8)"?
I ne n {mg ( v/ ( B)) ] Lo (6(1_5)/(27)) ] (18)

vylnk

Note that, asymptotically, the optimal complexity Cj,; is independent of
mg. We therefore propose to choose mg by experience. In typical numerical
examples mg = 100 turns out to be a robust choice.

Discussion For the standard algorithm given optimally chosen M* N* we
have the complexity given by (9), so the gain ratio of the multilevel approach
over the standard Monte Carlo algorithm is asymptotically given by

Chrz (€)
R* (e) := %
) Cha (e)

A=A 42/ =g I v (19)
2241/ (1 — k= (1-8)/2)? 52 1817 |

For the variance and bias rate 8 and v, respectively, cf. (13) and (12). Typically,
we have that 5 = 1/2 and that v > 1/2, where the value of v depends on whether
Theorem 7 applies or not. In any case we may conclude that the smaller v the
larger the complexity gain.

6 Numerical comparison of the two estimators

In this section we will compare both algorithms in a numerical example. The
usual way would be to take both algorithms, take optimal parameters and com-
pare the complexities given an accuracy €, like we did in the previous section
in general. The optimal parameters depend on knowledge of some quantities,
e.g. the coefficients of the bias rates. This knowledge might be gained by pre-
computation (based on relatively smaller sample sizes) for instance. Here we
propose a more pragmatic and robust approach (cf. Belomestny and Schoen-
makers (2011)).

10



Let us assume that a practitioner knows his standard algorithm well and
provides us with his "optimal” M (inner simulations), N (outer simulations).
So his computational budget amounts to M N. Given the same budget M N we
are now going to configure the multilevel estimator such that my = M, i.e. the
bias is the same for both algorithms. We next show that ng, n1, and L can be
chosen in such a way that the variance of the multilevel estimator is significantly
below the variance of the standard one. Although this approach will not achieve
the optimal gain (19) for € | 0 (hence for M — o0), it has the advantage that
we may compare the accuracy of the multilevel estimator with the standard one
for any fixed M and arbitrary N. The details are spelled out below.

Taking

M =mp = mor® (20)

we have for the biases

© [Fam - 9] =5 [T - 7] < B

As stated above we assume the same computational budget for both algorithms
leading to the following constraint (see (14))

KL-B)/2 _
NM = nogmo + nlmoﬁm.
Let us write for £ € Ry,
ny = 5”0)
NM
ng = . (21)

wL(1-B)/2_1
mo + Mok =g

With (20) and (21) we have for the variance estimate (32)

. o2 Voot P LA=6)/2 _q
Var {y“’m} = e T EnoMPr L 0B 1
UgolfL Vo~ FHBL cLO-6)/2 _ 1
- <1 EMBoZ, k-2 1 >

L(l )/2
><<1+§/1 - ﬁ)/2_1>
_ O 1+ 2) (1 +b) (22)
= N z
Expression (22) attains its minimum at
o Ja VPk(B14BL)/2 23
€ T g - Mﬁ/z%o ’ ( )

which gives the “optimal” values n§ and n{ via (21), and

11



2 L
O K

Var [j)\no’m:| < i (1 + @)2

o2 kL < KLO=0)/2 _ 1 V;{ZH(IBWL)/z)?

N YRR -1 M.

The ratio of the corresponding standard deviations is thus given by

Var |:jnovm:|

R°(M,L) = ——m—— (24)
Var [J)NVM}
_pp, W 1m0

Mg 1—p-(-B)/Z

Note that the ratio (24) is independent of N. By setting the derivative of (24)
w.r.t. L equal to zero we solve,

8/2
[om 2 gy | Mo (1 - ;-f“*ﬂ)/?) . (25)
Blnk N (1-B)

Since L° > 0, we require

1/2 2/p
%~ (1-58)
M > (000 = H(lﬁw)> . (26)

It is easy to see that (24) attains its minimum for L° given by (25) and M
satisfying (26). It then holds R° (M, L°) < 1, hence the multilevel estimator
outperforms the standard in terms of the variance.

Remark 9 Suppose the practitioner using the standard algorithm makes up his
mind and changes his choice of N to N’, connected with the number of inner
simulations M. He so chooses a new budget M x N’ say. Then with this new
budget we can adapt the parameters accordingly, yielding the same variance
reduction (24) with the same (25), as the latter are independent of N.

6.1 Numerical example: American max-call

We now proceed to a numerical study of multilevel policy iteration in the context
of American max-call option based on d assets. Each asset is assumed to be
governed by the following SDE

dS; = (r —6) Sidt + oS{dWy}, i=1,..,d,

under the risk- neutral measure, where (W, ..., W) is a d-dimensional standard
Brownian motion. Further, Ty, T1, ..., T;, are equidistant exercise dates between

12



Ty = 0 and T;,. For notational convenience we shall write S instead of St,. The
discounted cash-flow process of the option is specified by

+
Zy, —erk< rnaXUlS,i€ K> .

i=1,...,

We take the following benchmark parameter values (see Andersen and Broadie
(2004))

r=005 o0=02 6=01, K=100, d=5 n=9 T,=3
and S§ =100, i = 1,...,d. For the input stopping family (Tj)0<j<T we take
Tj :mf{k’ 1 J<k<T: Z,>Eg, [Zk—&-l}}/\Ta

where Ez, [Zj11] is the (discounted) value of a still-alive one period European
option. The value of a European max-call option can be computed via the
Johnson’s formula (1987) (Johnson (1987)),

s & ) 5 1n(%.>
:ZS(’)\/%/ exp{—2z2].lH ‘J\/ — 2L 4 oVT | dz

with

d, = , di=d\ —oVT.

For evaluating the integrals we use an adaptive Gauss-Kronrad procedure (with
31 points).

For this example we follow the approach of Section 6. We see that the final
gain (24) due to the multilevel approach depends on k as well. Our general
experience is that an “optimal” k for our method is typically larger than two.
In this example we took k = 5. A pre-simulation based on 102 trajectories yield
the following estimates,

v=1, B=05,
Var [Zz, | =: 0 (m) < 02, = 350,
JmVar [Z?ml ~ Z:, | <V =645, (27)

13



0.4~ - —

Figure 1: The SD ratio function R°(M, L) for different M, measuring the vari-
ance reduction due to the ML approach.

14



where we used antithetic sampling in (27). This yields Figure 1, where R (M, L)
is plotted for different M as a function of L. For each particular M one may
read off the optimal value of L° from this figure.

Assume, for example, that the user of the standard algorithm decides to
calculate the value of the option with M = 7500 inner trajectories. From Figure
1 we see that L = 4 is for this M the best choice (that doesn’t depend on N).
For the present illustration we take N = 1000 and then compute ng, n§ from
(21) and (23), where V4 is replaced by the estimate

max {Wu(ml,ml 1)}

=1,....4

with

n

- ,_1 ") ) 1>
s =132 [0, 2, - (=]

for n = 103 and the bar denoting the corresponding sample average, where
antithetic variables are used in the simulation of inner trajectories. Let us
further define

[ 7]

with n = 102 again. Table 1 shows the resulting values n;, the approximative
level variances ¥ (my,m;—1), 1 =1,...,4, as well as the option prices estimates.
As can be seen from the table, the variance of the multilevel estimate JA)no’m
with the “optimal” choice L° =4 (cf. (25) and Figure 1) is significantly smaller
than the variance of the standard Monte Carlo estimate ?1000,7500.

Om =10 (m,0)

[ANgE

1
n 4

Table 1: The performance of the ML estimator with the optimal choice of n,

l=0,...,4, compared to standard policy iteration
l ny my — Z [Zﬁ") Z;n) } v (my,my—1)
l n=1 my mp_—1
0 47368 12 25.5772 350
1 5223 60 0.0668629 53.4224
2 1847 300 —0.0623856 37.2088
3 653 1500 0.201612 15.8769
4 231 7500 —0.0319232 5.19074
Vno.m = 25.7513661 sd (y““m) -
0.2820887804
N = M = o sd (Y M) =
ST YN,IM = 25.2373 ( ’
1000 7500 0.5899033819

15



Concluding remarks

One may argue that the variance reduction demonstrated in the above example
looks not too spectacular. In this respect we underline that this variance reduc-
tion is obtained via a pragmatic approach (Section 6), where detailed knowledge
of the optimal allocation of the standard algorithm (in particular the precise de-
cay of the bias) is not necessary. However, in a situation where the bias decay
is additionally known (from some additional pre-computation for example), one
may may parameterize the multilevel algorithm following the asymptotic com-
plexity analysis in Section 5, and thus end up with an (asymptotically) optimized
complexity gain (19) that blows up when the required accuracy gets smaller and
smaller.

7 Proofs

7.1 Proof of Proposition 5

Let us write {?0’1\/[ 75 ?0} = {?O,]V[ > ﬁ'\o} @] {?O,M < ?0} . It then holds

T—1
(o >7rC | {C <2 <Cudn{R =13}
s
= J47" n{m =1},
7=0
and similarly,
T—1

(o <7t c | {C5 =2 > Ciu}n{m =i}
j=0
T-1
=: UA;VI? ﬂ{?o :]}
j=0

So we have
T-1

P(Fon #70) < Y P(AMTUANT).
j=0
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By the conditional version of the Bernstein inequality we have,

M
1 5 (m

me1 i+ J+1
oo
< 1{|Zj—C_¢\§M*1/2} + ; 1{2’“*1M*1/2<\Z_7~—Cj|§2’€M*1/2}'
p <2k1M1/2 o1 i (Z (XX my C>>
X M = \ " j

oo
<16z oy em-2y § :1{2k—lM—1/2<\zj—cj|g2kM—1/2}.
k=1

22k—3M ]

- exp {— MB? + B2F-10M1/2/3

o0
< 1{|ZJ—C;‘\§M*1/2} + Z 1{\Z,~—Cj\§2kM71/2}'
k=1

22k—2 :|

Fexp {_ B? + B2F1/3

So by assumption (5),

P(AYF) < DM+ D> 2 M~ exp

|: 22k72
k=1

B2 + BQk—lM—1/2/3
< BlM—a/2

for B; depending on B, and «. After obtaining a similar estimate P (A;V[_) <
ByM~/2 we finally conclude that

P (Fo.nr # 7o) < M~%/*T max(By, By) = D;M~*/2,

7.2 Proof of Theorem 7

Define Tas := To,m, T := To, and use induction to the number of exercise dates
T. For T = 0 the statement is trivially fulfilled. Suppose it is shown that

1
E (Z?M - Z?) = O(M)
for T exercise dates. Now consider the cash-flow process Zy, ..., Zr41. Note that
the filtration (F;) is generated by the outer trajectories. Note, since T'+ 1 is
the last exercise date, the event {7 =T + 1} = Q\ {7 < T'} is Fp-measurable.
Further, the event {7)y =T + 1} = Q\ {7as < T} is measurable with respect
to the information generated by the inner simulated trajectories starting from
an outer trajectory at time 7', and so, in particular, does not depend on the

17



information generated by the the outer trajectories from 7" until 7'+ 1. That is,
we have

]E]:T_*_1 [(1?—M=T+1 — 17’—‘=T+1)] = ]EfT [(1?M=T+1 - ]‘?=T+1)]
and so
E([Zri1 (12 =141 = Lomr1)] = E [ZraEry, (1o =141 — l=741)]
E [Zr 1 EBx, [(1ay, =141 — la=141)]] - (28)

By (28) and applying the induction hypothesis to the modified cash-flow Z;1,<r,
it then follows that

E (Zzy — Z#)| = [E (Zay Loy <r + Zrialay=r41 — Zzlecr — Zriale—ria)|
=[E (ZTM #u<t — Zele<r) + E (Zri1 (Iay, =141 — lo=741))]
< O(M) +|E (Zr1Brp (12, =141 — 1=r41))|- (29)
Let us estimate the second term E [Zr (1 Ex, [1,,=7+1 — 13=711]] . Denote epr,; =

1z;<c;m — 1z;<c, for j=0,..,T, and €y ; = Eg, [1Zj§C_7‘,M - 1Zj§Cj} - Then
by the identity (ig := +00)

Mo-T0-> Y Meo-w T o

I=1i;<ij_1<---<ig r=1 JAULIAU 1,0 0

it holds

T T
Ery [May=r11 — lr=ria] =Erp | [[1z,<c,m — [ 12,<c, | = Ra+ Ra,
=0 =

where
T T
R1=Ez, ZEM,jH:lZiSCi Z? ,]le <c;
=0 i#j =0 ij

and

Ro=Er, | Y emjeng |[ lz<e

J2<J1 1#j1,J2
+Er, E EM,j1EM 2EM js H lzi<oi| +---

J3<j2<J1 i#51,52,73

= E EM,j1EM,js H 1z,<c;

Jj2<j1 i#j1,72

+ E EM .1 EM 52E M H lzi<ci +-..

J3<j2<j1 i#j1,52,93
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were we note that conditional Fr the €3/ ; are independent. It is easy to show

that
1 1

gmy; =Op <\/M) , hence E[Z7;1R2] =0 (M) )

Let us write

E ZT+1EM,j H 1Zi§ci
i)

ElZr11R1] =

E (em,Bz, | Zra [[1z.<c
i+

M 10>

[

I
M- I

Il
=]

E [gMJWj] .
J

By assumption, Z; = Z;(X;), 7 =0,...,T. Let us set
f](l‘) = Z](ﬂf) - E[Z7j+1( 7’;+1)|X - 1‘] Z](.I‘) - C](Jj)

and consider for fixed j,

Aj ()

G =G =5 Z (Z (™) = i) ) = o) ik

T+l T

where o is defined in (iii), and denote by p; as(-; ) the conditional density of
the r.v. Ajp(z) given X; = x. Then

T
ElZr1Ra] = ZE l:WjE]:j [1ngc_,»,M - 1ZjSCj]]
j=0

I
M=

E[W;Ex, [Lisx;)<csm—c5) — Lg;0x5)<0]]

<.
Il
o

I
tgq

Er |1 v oy — Lr(x,

_W] Fi |: {fj(Xj)SUj(f)iA”%X])} fJ(XJ)<0:|:|

o5 g )]
L1yx)>0Wi /Pj,M(Z;Xj) (1{fj(xj)<c,j(xj)jﬁ} - 1fj(Xj)§0> dz}

E [1fj(XJ><oWj /Pj,M(Z%Xj) (1{f,-(xj>§aj<x,.>¢37} - lfj(Xj)<0> dZ]

<.
Il
o

|
,tgq

<
Il
o

Il
.Pgﬂ

<
Il
o

+
-

<
I
o
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T
:ZE {Wj/pj’M(Z;Xj)l{fj(Xj)SUj(Xj) z }dz]

j=0 VM
T
E (1, (x, ; ; XN (1 1
+jz::0 [ fJ(XJ)SoWg/pJ,M(z, J)( {fj(xj)gaj(xj)\/zﬁgo} >dz]
T
jZ::O |:W]/p]7M(Zy ]) {0<fj(Xj)§gj(Xj)\/zM}dz:|
T
jgo { J/PJ,M( ) {g,-(xj)ﬁdj(Xj)SO} }
T T
= (); = ()
=0 =0
Note that

W; = H 1Z1;§C,;E}'j Zrs1 H lz,<c;
i<j i>j
= [[1z.<c.Vi(Xy),
1<j
SO

(I); =E HlZiSCiE}—j—l‘/j(Xj)/pij(Z;Xj)1{0<fj(X].)<a-j(Xj)\/ZJTI}dZ )
i<j

Consider

EfHVj(Xj)/pva("‘?Xj)dﬁ{oqj(xg)gaj(&)ﬁ}

=: /pj (x;Xj_l)Vj(x)da:/pj7M(z;x)1{0<fj(w)§0j(x) 5 }dz

VM
Z/dZ/ij\/[(Z;l’)p_j (I;Xj—l)‘/}(x)l{0<fj(w)ggj(w)

Similarly,

d
)t

(D); =B | [T1z.<c.Bs, <V}‘(Xj)/PJ:M(Z%Xj)l{aj<xj)¢37<fj(xj)<o}> dz

1<J

where
Eff*lvj(Xj)/pf?M(Z;Xj)l{amxj)ﬁqj(xj)so}dz

= /dz/pj,M(Z;l‘)Pj (ﬂf;Xj—l)Vj(x)l{nj(x)

<sy ()0} 9%
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yielding

(I) II =E le <C; /dz/ij (2 xpj r; X 1) {0<fJ )<o;(z)

i<j

d
At

—E le<c /dz/p]szpJ LUX] 1) ( ) {Uj(w)ﬁ<fj(w)§0}dm

1<j

/dz/pr Ha)Vi@)e;@ {0<f7(m)<07(r)r
/dZ/ij 2 1’ )77[}3( ) {O'J(x)\/zﬁ<fj(r)§0}dx

(* 27

where
V(@) =B [[[1z.<cp; (@ X5-1)
1<j

Now we assume that () is, uniformly in = and j, bounded and bounded away
from zero, and that

Dj n(z;2)
VM

with ¢ being the standard normal density and with D; js satisfying for all x
and M the normalization condition

pim(z2) = ¢ (2) (1 + )

/QS Dj v (w;z)dw = 0,
and the growth bound
D7 y(w) = O(e‘““z/Q) for some a < 1 uniformly in j, M and z. (30)

For example, (30) is fulfilled if the cash-flow Z;(x) is uniformly bounded in j
and = (see Appendix). We then have

“h :/dz/(b(z)Vj(x)¢j(x)1{0<fj(w)/0j(ﬂf)éﬁ}dm

/dz/¢ ”M”) Vi,
(%) 1a + (%) 10

Let &;(dy) be the image of the measure

Vi(@)y;(x)dx

\/7
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under the map

Then

7

(o = [ 26 (2) 1o (0 —)
— VM / Lisodt 6 (1/31) &((0,1)

Since &;((0,0]) = 0 and the fact V; > 0 is infinitely differentiable, we have due
to assumptions (i)-(iv) that ¢ has a density ¢(0) in ¢t = 0, and that

& ((=t,0]) = tg(0) + O(t*) = &((0,1]), t>0. (31)

Then by following the standard Laplace method for integrals (e.g. see de Bruijn
(1981)) we get

($)1a = 27\/]7\7 / lisodte™ Mt2/2§j((07t])

=d;M~ Y2 oM.

Further we have for some constant C'

C 2
‘(*)1b| < m/dz/gb(z)e /2‘/j(x)1/)j(x)1{0<{3](:)
__C o [ e300 (o 2
- \/T/d / &(0. =)
1 a t M —1
m/dt/ &((0,1]) = O(M 1),

Due to (31) we get in the same way (*)2 = ()24 + (*)2p,

()20 = VT [ Lcadts (VA1) &5((8,0) = [ Lisadts (VA1) &((~2,0)
=d;M~ Y2+ O(M™Y)

and (*)2p = O(M~1). Gathering all together we obtain (¥); — (x)2 = O(M 1),
hence (I); — (II); = O(M ™) for all j, and we so finally arrive at

E[Zr1(1zy=r41 — lr=r1)] = O(M ).

d
<}

7.3 Proof of Theorem 8

First, we analyze the variance of the estimator JA?n .m, that is given by

Var |:§n,mj| = 7Var Z?’NLO + Z n Va’r |: T?TLL - Z?77Ll,1:|
1

N OB (32)
<0 WP
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cf. (8) and (13). Let us now minimise the complexity (14) over the parameters
ng and nq, for given L, mg and accuracy e, that is (cf. (8)),

mg/ql’YL ng nlmg k(1-8)/2 1
We thus have to choose L such that —5=r < le,
1 1 o
L>’Y_1 ne- + n(/‘l’ /mO) (33)
Ink
With a Lagrangian optimization we find
1/2,=6/2 EO8)/2 1
0 + o m, —
ng (L, mo, €) = nd 0 L = (34)
€2 — (mH;:}L—y)
0
ni (L, mg,€) = ng (L, mg, €) 0;01/<_(1+5)/2V;C/2m8ﬁ/2. (35)
This results in a complexity (see (14))
* * * « /{L(l_ﬁ)/2 —_ 1
CML (TLO, ’n,l, L7 mo, E) = TLO (L, mo, 6) mo + TL1 (L, mo, E) m(]lim

2
(amm§/2+\/ sl (1—ﬁ)/2) ml? -
36

2
62 _ Moo
mg kLY

Next we are going to optimize over L. To this end we differentiate (36) to L
and set the derivative equal to zero, which yields,

22ty = P (14 27/ (1~ B))
mo

+ 2y pE (1 +onmB/Py1 (1 _ H*(lfﬁ)/Q)) . —L(1-B)/2

1= Bm2
= p+qr FOTA20 with (37)
~Ine! Inp In (1 + g~ E0=A/2)p) (38)
 ylnk  2ylnk 2vIlnk '

From (37) we see that there is at most one solution in L, and since § < 1 we
see from (38) that L — oo as € | 0. So we may write

-1
et p (RfL(lfﬁ)/Q) el 0. (39)
ylnk = 2yIlnk ,

Due to (39) we have that
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hence by iterating (39) with (40) once, we obtain the asymptotic solution

* .

—1
_ et Inp +O<€(175)/(2v)> €0 (41)
ylnk = 2ylnk , 7

that obviously satisfies (33) for € small enough. We now are ready to prove the
following asymptotic complexity theorem. Due to (41) it holds for a > 0,

gL = pa/ 27 —aly (1 L0 (41—13)/(2@)) . hence
KEA=0)/2 = p(A=8)/n)—(=8)/(7 L 0 (1)  and (42)
RILT = pl/2e 1 (1 L0 ( (1-8) /(27))) (43)

So by inserting (42), (43) with (37) in (36) we get after elementary algebraic and
asymptotic manipulations (15). By inserting (42), (43) with (37) in (34) and
(35) respectively we get in the same way (16) and (17), respectively. Finally,
combining (37) and (41) yields (18).

8 Appendix

Convergent Edgeworth type expansions

Let pps be the density of the square-root scaled sum:

Ar+...+ Ay
/M 9,
where Ay, ..., Ay are i.i.d. with E[A,,] =0 and Var [A,,] =1, m = 1,..., M.
The density py; has a formal representation:

with .
[
h;(z) = (-1) {dj exp (— 2/2)} exp (22/2) .
The coefficients I'; 3s are found from

oo

exp Z(K‘J, M~ Qj )3 /5! ZF],Mﬁ /3,

j=1

where ;s are the cumulants of the distribution due to pas and o; are the
cumulants of the standard normal distribution. It is clear that

Pom =1
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and that

n k
Tyom = Z Ern—k,M("fk,M — o)
k=1

for n > 0. Note that ay = k1,37 and o, =0 for £ > 1. Hence I'y 3y = ' 0 =0
and

n
k
Lnm = E —Iyk MERM
n
k=3
for n > 2.

Lemma 10 Let the random variable A1 be bounded, i.e., |A1] < A a.s., then

Cn
VM

|1—‘n,M‘ S

for some constant C depending on A.
Proof. First note that I's y; = k3 3 and

|kpar| < CFMYF2 k€N,

for some constant C' depending on A. Assume that the statement is proved for
all n < ng. Then

Cno+l notl k

Fn < Ml_k/2
| o+1,M| = \/M kZZS no + 1

no+1 no+1 no+1
c s C

<
T VM o+l - VM

for M large enough. m
Since o
hj(2)] < B[z

for some B > 0, it holds

o) = o) |14+ 2D

VM

where
2 hy(2)VMT > |2 (BC)?
|Da(2)] < Zﬂ()]'J < Z?)H(]')
j=

which implies (30).
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