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EXTRA: AN EXACT FIRST-ORDER ALGORITHM FOR
DECENTRALIZED CONSENSUS OPTIMIZATION*

WEI SHI , QING LING , GANG WU , AND WOTAO YIN

Abstract. Recently, there have been growing interests in solving consensus optimization problems in
a multi-agent network. In this paper, we develop a decentralized algorithm for the consensus optimization

problem
_ 1
minigize fla) =3 (o)

which is defined over a connected network of n agents, where each function f; is held privately by agent ¢ and
encodes the agent’s data and objective. All the agents shall collaboratively find the minimizer while each
agent can only communicate with its neighbors. Such a computation scheme avoids a data fusion center or
long-distance communication and offers better load balance to the network.

This paper proposes a novel decentralized exact first-order algorithm (abbreviated as EXTRA) to solve
the consensus optimization problem. “Exact” means that it can converge to the exact solution. EXTRA can
use a fixed large step size, which is independent of the network size, and has synchronized iterations. The
local variable of every agent i converges uniformly and consensually to an exact minimizer of f. In contrast,
the well-known decentralized gradient descent (DGD) method must use diminishing step sizes in order to
converge to an exact minimizer. EXTRA and DGD have the same choice of mixing matrices and similar
per-iteration complexity. EXTRA, however, uses the gradients of last two iterates, unlike DGD which uses
just that of last iterate.

EXTRA has the best known convergence rates among the existing first-order decentralized algorithms
for decentralized consensus optimization with convex Lipschitz—differentiable objectives. Specifically, if f;’s
are convex and have Lipschitz continuous gradients, EXTRA has an ergodic convergence rate O (%) in
terms of the first-order optimality residual. If f is also (restricted) strongly convex, EXTRA converges to
an optimal solution at a linear rate O(C~F) for some constant C' > 1.
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1. Introduction. This paper focuses on decentralized consensus optimization, a prob-

lem defined on a connected network and solved by n agents cooperatively
. . . r — . 1.1
minimize f(z) Z fi(z), (1.1)

over a common variable x € RP, and for each agent 7, f; : R — R is a convex function
privately known by the agent. We assume that f;’s are continuously differentiable and will
introduce a novel first-order algorithm to solve (1.1) in a decentralized manner. We stick to
the synchronous case in this paper, that is, all the agents carry out their iterations at the
same time intervals.

Problems of the form (1.1) that require decentralized computation are found widely

in various scientific and engineering areas including sensor network information processing,
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multiple-agent control and coordination, as well as distributed machine learning. Examples
and works include decentralized averaging [7,15,34], learning [9,22,26], estimation [1,2,16,18,
29], sparse optimization [19,35], and low-rank matrix completion [20] problems. Functions
fi can take forms of least squares [7, 15, 34], regularized least squares [1,2,9, 18, 22|, as
well as more general ones [26]. The solution x can represent, for example, the average
temperature of a room [7,34], frequency-domain occupancy of spectra [1,2]7 states of a smart
grid system [10, 16], sparse vectors [19,35], and a matrix factor [20] and so on. In general,
decentralized optimization fits the scenarios in which the data is collected and/or stored in a
distributed network, a fusion center is either infeasible or not economical, and/or computing

is required to be performed in a decentralized and collaborative manner by multiple agents.

1.1. Related Methods. Existing first-order decentralized methods for solving (1.1)
include the (sub)gradient method [21, 25, 36], the (sub)gradient-push method [23,24], the
fast (sub)gradient method [5,14], and the dual averaging method [8]. Compared to classical
centralized algorithms, decentralized algorithms encounter more restrictive assumptions and
typically worse convergence rates. Most of the above algorithms are analyzed under the
assumption of bounded (sub)gradients. Work [21] assumes bounded Hessian for strongly
convex functions. Recent work [36] relaxes such assumptions for decentralized gradient
descent. When (1.1) has additional constraints that force x in a bounded set, which also
leads to bounded (sub)gradients and Hessian, projected first-order algorithms are applicable
[27,37].

When using a fixed step size, these algorithms do not converge to a solution z* of
problem (1.1) but a point in its neighborhood no matter whether f;’s are differentiable or
not [36]. This motivates the use of certain diminishing step sizes in [5,8,14] to guarantee
convergence to z*. The rates of convergence are generally weaker than their analogues in
centralized computation. For the general convex case and under the bounded (sub)gradient
(or Lipschitz—continuous objective) assumption, [5] shows that diminishing step sizes oy, =
ﬁ lead to a convergence rate of O % in terms of the running best of objective error,

Ink
N
in terms of objective error. For the general convex case, under assumptions of fixed step

and [8] shows that the dual averaging method has a rate of O ( ) in the ergodic sense
size and Lipschitz continuous, bounded gradient, [14] shows an outer—loop convergence rate
of O (k%) in terms of objective error, utilizing Nesterov’s acceleration, provided that the
inner loop performs substantial consensus computation, without which diminishing step
sizes ay, = 7 lead to a reduced rate of O (%2E). The (sub)gradient-push method [23] can

k1/3
be implemented in a dynamic digraph and, under the bounded (sub)gradient assumption
and diminishing step sizes a, = O (ﬁ), has a rate of O (%) in the ergodic sense in terms

of objective error. A better rate of O (%) is proved for the (sub)gradient-push method

in [24] under the strong convexity and Lipschitz gradient assumptions, in terms of expected
objective error plus squared consensus residual.
Some of other related algorithms are as follows. For general convex functions and
assuming closed and bounded feasible sets, the decentralized asynchronous ADMM [32] is
2



proved to have a rate of O (%) in terms of expected objective error and feasibility violation.
The augmented Lagrangian based primal-dual methods have linear convergence under strong
convexity and Lipschitz gradient assumptions [4,30] or under the positive-definite bounded
Hessian assumption [12,13].

Our proposed algorithm is a synchronous gradient-based algorithm that has a rate of
O (%) for general convex objectives with Lipschitz differentials and has a linear rate once

the sum of, rather than individual, functions f; is also (restricted) strongly convex.

1.2. Notation. Throughout the paper, we let agent ¢ hold a local copy of the global
variable z, which is denoted by x(;) € RP; its value at iteration k is denoted by x’a) We

introduce an aggregate objective function of the local variables

n

£(x) 2 filza),

i=1
where

T
Ty

T
Z(2)

[I>

€ R"*P,

T
L(n)

The gradient of f(x) is defined by

— VTfi(zq) —

. VTf T -
VE(x) £ (o) € R"*P.

— VT u(zw)

Each row ¢ of x and Vf(x) is associated with agent ;. We say that x is consensual if all
of its rows are identical, i.e., 7(1) = --+ = x(,). The analysis and results of this paper hold
for all p > 1. The reader can assume p = 1 for convenience (so x and Vf become vectors)
without missing any major point.

Finally, for given matrix A and symmetric positive semidefinite matrix G, we define
the G-matrix norm ||Al|¢ £ /trace(ATGA). The largest singular value of a matrix A
is denoted as omax(A). The largest and smallest eigenvalues of a symmetric matrix B
are denoted as Amax(B) and Ayin(B), respectively. The smallest nonzero eigenvalue of
a symmetric positive semidefinite matrix B # 0 is denoted as Amin(B), which is strictly
positive. For a matrix A € R™*" null{A} £ {z € R"|Az = 0} is the null space of A and
span{A} £ {y € R™|y = Az,Va € R"} is the lincar span of all the columns of A.

1.3. Summary of Contributions. This paper introduces a novel gradient-based de-
centralized algorithm EXTRA, establishes its convergence conditions and rates, and presents
numerical results in comparison to decentralized gradient descent. EXTRA can use a fixed
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step size independent of the network size and quickly converges to the solution to (1.1). It
has a rate of convergence O (%) in terms of best running violation to the first-order opti-
mality condition when f is Lipschitz differentiable, and has a linear rate of convergence if
f is also (restricted) strongly convex. Numerical simulations verify the theoretical results

and demonstrate its competitive performance.

1.4. Paper Organization. The rest of this paper is organized as follows. Section 2
develops and interprets EXTRA. Section 3 presents its convergence results. Then, Section

4 presents three sets of numerical results. Finally, Section 5 concludes this paper.

2. Algorithm Development. This section derives the proposed algorithm EXTRA.
We start by briefly reviewing decentralized gradient descent (DGD) and discussing the
dilemma that DGD converges slowly to an exact solution when it uses a sequence of di-
minishing step sizes, yet it converges faster using a fixed step size but stalls at an inaccurate
solution. We then obtain the update formula of EXTRA by taking the difference of two
formulas of the DGD update. Provided that the sequence generated by the new update
formula with a fixed step size converges to a point, we argue that the point is consensual
and optimal. Finally, we briefly discuss the choice of mixing matrices in EXTRA. Formal

convergence results and proofs are left to Section 3.

2.1. Review of Decentralized Gradient Descent and Its Limitation. DGD

carries out the following iteration
k . .
ac(gl = ng wija:?j) — akai(x’(“i)), for agent 1 =1,...,n. (2.1)

Recall that J:'(“i) € RP is the local copy of x held by agent i at iteration k, W = [w;;] € R"*"
is a symmetric mixing matrix satisfying null{/ — W} = span{1} and opmax(W — 1117) < 1,
and o > 0 is a step size for iteration k. If two agents i and j are neither neighbors nor
identical, then w;; = 0. This way, the computation of (2.1) involves only local and neighbor
information, and hence the iteration is decentralized.

Following our notation, we rewrite (2.1) for all the agents together as

xFH = WxF — ok VE(xF). (2.2)

With a fixed step size o

= «a, DGD has inezxact convergence. For each agent i, J:’(“Z.) converges
to a point in the O(«)-neighborhood of a solution to (1.1), and these points for different
agents can be different. On the other hand, properly reducing o enables ezact convergence,
namely, that each x’(“i) converges to the same exact solution. However, reducing o* causes
slower convergence, both in theory and in practice.

Paper [36] assumes that V f;’s are Lipschitz continuous, and studies DGD with a con-
stant o = a. Before the iterates reach the O(a)-neighborhood, the objective value reduces

at the rate O (1), and this rate improves to linear if f;’s are also (restricted) strongly con-

1

175 and assumes that

vex. In comparison, paper [14] studies DGD with diminishing o =
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V fi’s are Lipschitz continuous and bounded. The objective convergence rate slows down
to O (le/s) Paper [5] studies DGD with diminishing o* = kl—l/z and assumes that f;’s are
Lipschitz continuous; a slower rate O <%) is proved. A simple example of decentralized
least squares in Section 4.1 gives a rough comparison of these three schemes (and how they
compare to the proposed algorithm).

To see the cause of inexact convergence with a fized step size, let x* be the limit of x*
(assuming the step size is small enough to ensure convergence). Taking the limit over k on

both sides of iteration (2.2) gives us
x> = Wx* — aVI(x>).

When « is fixed and nonzero, assuming the consensus of x> (namely, it has identical rows
x?f)) will mean x*° = Wx>, as a result of W1 = 1, and thus Vf(x*°) = 0, which is
equivalent to V f; (x?f)) =0, Vi, i.e., the same point z‘(’f) simultaneously minimizes f; for all
agents ¢. This is impossible in general and is different from our objective to find a point

that minimizes > ., f;.

2.2. Development of EXTRA. The next proposition provides simple conditions for
the consensus and optimality for problem (1.1).
PROPOSITION 2.1. Assume null{I — W} = span{1}. If
*T
— iy —
*T

X
x* & *) (2.3)

T
satisfies conditions:

1. x* = Wx* (consensus),

2. 1TVE(x*) = 0 (optimality),
then x* = a:z‘i), for any i, is a solution to the consensus optimization problem (1.1).

Proof. Since null{I — W} = span{1}, x is consensual if and only if condition 1 holds,
ie., x* = Wx*. Since x* is consensual, we have 1TVf(x*) = Y7 | Vfi(2*), so condition 2
means optimality. ]

Next, we construct the update formula of EXTRA, following which the iterate sequence
will converge to a point satisfying the two conditions in Proposition 2.1.

Consider the DGD update (2.2) written at iterations k£ 4+ 1 and k as follows

xF2 = Wxht — o VF(xF ), (2.4)

xFHL = Wx* — aVE(x"), (2.5)
where the former uses the mixing matrix W and the latter uses

W:




The choice of W will be generalized later. The update formula of EXTRA is simply their
difference, subtracting (2.5) from (2.4):

xFF2 b — b kP — aVE(xFTY) 4+ aVE(xF). (2.6)

Given x* and x**1, the next iterate x**2 is generated by (2.6).

Let us assume that {x*} converges for now and let x* = limy_,, x*. Let us also assume
that Vf is continuous. We first establish condition 1 of Proposition 2.1. Taking k — oo in
(2.6) gives us

x* —x* = (W — W)x* — aVF(x*) + aVF(x*), (2.7)
from which it follows that
Wx* —x* = 2(W — W)x* = 0. (2.8)

Therefore, x* is consensual.

Provided that 1T(W — W) = 0, we show that x* also satisfies condition 2 of Proposition
2.1. To see this, adding the first update x! = Wx°® — aVf(z") to the subsequent updates
following the formulas of (x2 — x!), (x® — x2),..., (x**2 — x¥*1) given by (2.6) and then

applying telescopic cancellation, we obtain

k+1
xFH2 = Wxht — o VE(xP ) + Z(W — W), (2.9)
t=0
or equivalently,
k ~
xFF2 = Wkt — VT 4+ ) (W - W)X (2.10)
t=0

Taking k — oo, from x* = limy,_, .. x* and x* = Wx* = Wx*, it follows that

aVf(x*) = i(W - W)x'. (2.11)

Left-multiplying 17 on both sides of (2.11), in light of 1T(W — W) = 0, we obtain the

condition 2 of Proposition 2.1:
1TVf(x*) = 0. (2.12)

To summarize, provided that null{ — W} = span{1}, W = ow, 1T (W —W) =0, and
the continuity of V£, if a sequence following EXTRA (2.6) converges to a point x*, then by
Proposition 2.1, x* is consensual and any of its identical row vectors solves problem (1.1).
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2.3. The Algorithm EXTRA and its Assumptions. We present EXTRA — an
exact first-order algorithm for decentralized consensus optimization — in Algorithm 1.
Algorithm 1: EXTRA

Choose o > 0 and mixing matrices W € R"*" and W € R"*";
Pick any x° € R"*?;
1. xt + Wx% — aVE(x%);
2. for k=0,1,--- do
X2 (I + W)xF+H — Wxk — o [VE(xFH1) — VE(x)];

end for

Breaking to the individual agents, Step 1 of EXTRA performs updates

m%i) = Zwijx((]j) - avfi@'?j)), 1=1,...,n,

j=1

and Step 2 at each iteration k£ performs updates
xﬁ'ﬁ'Q = zﬁ';'l + Zwijx@?’)'l — Z@ij@) -« sz(xl&';'l) — Vfi(xé“i))} , i=1,...,n.
j=1 j=1

Each agent computes V f,;(:z:?i)) once for each k and uses it twice for 1:@4)'1 and :1:’(‘2';'2 For our

recommended choice of W = (W 4 I)/2, each agent computes Z?:l wijx’(“j) once as well.

Here we formally give the assumptions on the mixing matrices W and W for EXTRA.
All of them will be used in the convergence analysis in the next section.

AssuMPTION 1 (Mixing matrix). Consider a connected network G = {V, &} consisting
of a set of agents V = {1,2,--- ,n} and a set of undirected edges £. The mizing matrices
W = [wi;] € R™*™ and W = [i;;] € R™*" satisfy

1. (Decentralized property) If i # j and (i,j) & £, then w;; = W;; = 0.

2. (Symmetry) W =WT, W=wWT,

3. (Null space property) null{ W — W} = span{1}, null{I — W} D span{1}.
4. (Spectral property) W > 0 and % =W = W.

We claim that Parts 2—4 of Assumption 1 imply null{ — W} = span{1} and the eigen-
values of W lie in (—1, 1], which are commonly assumed for DGD. Therefore, the additional
assumptions are merely on W. In fact, EXTRA can use the same W used in DGD and
simply take W = %, which satisfies Part 4. It is also worth noting that the recent work
push-DGD [23] relaxes the symmetry condition, yet such relaxation for EXTRA is not trivial
and is our future work.

PROPOSITION 2.2. Parts 2—4 of Assumption 1 imply null{I — W} = span{1} and that
the eigenvalues of W lie in (—1,1].

Proof. From part 4, we have I+2W =W = 0 and thus W = —I and Amin(W) > —1.
Also from part 4, we have % = W and thus I » W, which means A\p.x(W) < 1. Hence,
all eigenvalues of W (and those of W) lie in (-1, 1].
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Now, we show null{l — W} = span{1}. Consider a nonzero vector v € null{I — W},
which satisfies (I —W)v = 0 and thus v7' (I-W)v = 0 and vI'v = vIWv. From ¥ - W
(part 4), we get vI'v = v (LEW )y > vI'Wv, while from W = W (part 4) we also get
vIWv > vIWv = vT'v. Therefore, we have v Wv = vT'v or equivalently (W —I)v=0,
adding which to (I — W)v = 0 yields (W — W)v = 0. In light of null{W — W} = span{1}
(part 3), we must have v € span{1} and thus null{7 — W} = span{1}. 0

2.4. Mixing Matrices. In EXTRA, the mixing matrices W and W diffuse information
throughout the network.
The role of W is the similar as that in DGD [5,31,36] and average consensus [33]. It
has a few common choices, which can significantly affect performance.
(i) Symmetric doubly stochastic matrix [5,31,36): W = WT, W1 = 1, and w;; > 0.
Special cases of such matrices include parts (ii) and (iii) below.
(ii) Laplacian-based constant edge weight matrix [28, 33],

L
W=I-7,

T

where L is the Laplacian matrix of the graph G and 7 > %)\max(L) is a scaling
parameter. Denote deg(i) as the degree of agent i. When Apax(L) is not available,
7 = max;eyp{deg (i)} + € for some small € > 0, say € = 1, can be used.

(iii) Metropolis constant edge weight matrix [3,34],

max{deg(i)17deg(j)}+e7 if (Zhj) € 57
Wi; = 0, if (i,5) ¢ € and @ # 7,
1= > wig, if 1 = j,
key

for some small positive € > 0.

(iv) Symmetric fastest distributed linear averaging (FDLA) matrix. It is a symmetric
W that achieves fastest information diffusion and can be obtained by a semidefinite
program [33].

It is worth noting that the optimal choice for average consensus, FDLA, no longer

appears optimal in decentralized consensus optimization, which is more general.

I+W
2

When W is chosen following any strategy above, W = is found to be very efficient.

2.5. EXTRA as Corrected DGD. We rewrite (2.10) as

k—1
xFH = Wxh — aVEx") + Y (W -W)x', k=01,

2 (2.13)

DGD

correction

An EXTRA update is, therefore, a DGD update with a cumulative correction term. In
subsection 2.1, we have argued that the DGD update cannot reach consensus asymptotically
unless v asymptotically vanishes. Since aVf(x*) with a fixed o > 0 cannot vanish in general,
k+1 _ Wx* does not vanish, preventing x* from being

8
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asymptotically consensual. Provided that (2.13) converges, the role of the cumulative term

f:_ol(W — W)x! is to neutralize —aVf(x*) in (span{1})*, the subspace orthogonal to 1.
If a vector v obeys v (W — W) = 0, then the convergence of (2.13) means the vanishing
of vIVf(x*) in the limit. We need 1TVf(x*) = 0 for consensus optimality. The correction
term in (2.13) is the simplest that we could find so far. In particular, the summation is
necessary since each individual term (W — W)Xt is asymptotically vanishing. The terms

must work cumulatively.

3. Convergence Analysis. To establish convergence of EXTRA, this paper makes
two additional but common assumptions as follows. Unless otherwise stated, the results in
this section are given under Assumptions 1-3.

ASSUMPTION 2. (Convex objective with Lipschitz continuous gradient) Objec-

tive functions f; are proper closed conver and Lipschitz differentiable:
IVfi(za) = Vi(mp)ll2 < Ly ||va — 2ll2, Ve, 7 € R,

where Ly, > 0 are constant.
Following Assumption 2, function f(x) = > | fi(x(;)) is proper closed convex, and Vf

is Lipschitz continuous
IVE(x.) — VE(xp)|lF < Le||xa — XpllF, VXq,xp € R™*P,

with constant L¢ = max;{Ly, }.
ASSUMPTION 3. (Solution existence) Problem (1.1) has a nonempty set of optimal
solutions: X* # ().

3.1. Preliminaries. We first state a lemma that gives the first-order optimality con-
ditions of (1.1).

LEMMA 3.1 (First-order optimality conditions). Given mizing matrices W and W,
define U = (W — W)'/2 by letting U £ VS'/2VT ¢ R™™"™ where VSVT = W — W s
the economical-form singular value decomposition. Then, under Assumptions 1-3, x* is
consensual and .%‘E‘l) = xZ‘z) =...= x?‘n) is optimal to problem (1.1) if and only if there
exists q* = Up for some p € R"*P such that

Uq* + aVE(x*) =0, (3.1)
Ux* = 0. (3.2)

Proof. According to Assumption 1 and the definition of U, we have
null{U} = null{VT} = null{WW — W} = span{1}.

Hence from Proposition 2.1, condition 1, x* is consensual if and only if (3.2) holds.
Next, following Proposition 2.1, condition 2, x is optimal if and only if 1TVf(x*) = 0
Since U is symmetric and UT1 = 0, (3.1) gives 1TVf(x*) = 0. Conversely, if 1TVf(x*) = 0,
9



then Vf(x*) € span{U} follows from null{U} = (span{1})" and thus aVf(x*) = —Uq for
some q. Let q* = Proj;q. Then, Uq* = Uq and (3.1) holds. 0
Let x* and q* satisfy the optimality conditions (3.1) and (3.2). Introduce auxiliary

sequence

and for each k,

k *
() () ()

The next lemma establishes the relations among x*, q¥, x*, and q*.
LEMMA 3.2. In EXTRA, the quadruple sequence {x*,q* x* q*} obeys

(I+W-— oW (Xk+1 —x*) + I/T/'(x’“"'1 —xF)

— U(q" - q) — a[VE() - VE(x), (34

forany k=0,1,---.
Proof. Similar to how (2.9) is derived, summing EXTRA iterations 1 through k + 1

x! = Wx? — aVf(x?),
x2 = (I + W)x! = Wx° — aVF(x!) + aVF(x°),

xFHL = (I + W)xF — WxF—1 — aVF(xF) + aVF(xF1),

we get
xFH = TWxk — éo (W — W)xt — aVF(xh). (3.5)
Using g**! = fiol Ux!' and the decomposition W — W = U2, it follows from (3.5) that
(I +W — 2W)xF1 L W(xF! — xF) = —UqF! — aVF(xh). (3.6)
Since (I + W — 2W)1 = 0, we have
(I +W —2W)x* = 0. (3.7)

Subtracting (3.7) from (3.6) and adding 0 = Uq* + aVf(x*) to (3.6), we obtain (3.4). 0O
The convergence analysis is based on the recursion (3.4). Below we will show that x*

converges to a solution x* € X* and ||z*+!

- zk||€v converges to 0 at a rate of O (1) in
an ergodic sense. Further assuming (restricted) strong convexity, we obtain the Q-linear
convergence of ||z* — z*||% to 0, which implies the R-linear convergence of x* to x*.
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3.2. Convergence and Rate. Let us first interpret the step size condition

a< Q/\LH(W)7 (3.8)
Ly

which is assumed by Theorem 3.3 below. First of all, let W satisfy Assumption 1. It is easy
to ensure Apmin(W) > 0 since otherwise, we can replace W by % In light of part 4 of
Assumption 1, if we let W = %, then we have )\min(W) > %, which simplifies the bound
(3.8) to

a < ff’
which is independent of any network property (size, diameter, etc.). Furthermore, if Ly,
(i = 1,...,n) are in the same order, the bound L% has the same order as the bound
1/(L 3" | Ly,), which is used in the (centralized) gradient descent method. In other words,
a fixed and rather large step size is permitted by EXTRA. i

THEOREM 3.3. Under Assumptions 1-3, if « satisfies 0 < a < ”‘%“:m, then

2% — 2% — 25 — 2% = ¢llzt — 2R k=01, (3.9)

where ( =1 — ﬁf(fﬁ’) Furthermore, z*

Proof. Following Assumption 2, Vf is Lipschitz continuous and thus we have

converges to an optimal z*.

IVER®) — VEG)E
< 2a(xF —x*, Vf(xF) — Vf(x*)) (3.10)
= 2(xF! —x* a[VF(xF) — VF(x*)]) + 2a(xF — xF+1 VE(xF) — VE(x*)).

Substituting (3.4) from Lemma 3.2 for a[Vf(x*) — Vf(x*)], it follows from (3.10) that

ZIVERY) — VE)|E

< 2xFH —x* U(q* — gF D)) 4+ 2(xF T — x* T (xF — xFH1)) (3.11)
_ k4+1 _ %2 k _ k+1 kY _ *
2||x x ||I+W72W + 2a(x" — x" T VE(x") — VE(x*)).

For the terms on the right-hand-side of (3.11), we have

2<Xk+1 - Z‘*, U(q* - qk+1)> = 2<U(Xk+1 - X*)v q* - qk+1>
(~Ux*=0) = 2(UxFl q* —q*t) (3.12)
2(q" ™ — q*, q* — "),

2(xF T — x* W (xF — xFH)) = 2(xF+1 — xb, T (x* — xM 1)), (3.13)
and

2a(xk — xkT1 VE(xF) — VE(x*))
<ot = xR 4 22 VERR) - VE(x)IR
11

(3.14)



Plugging (3.12)-(3.14) into (3.11) and recalling the definitions of z*, z*, and G, we have

ZIVERY) — VEG)|E

< 2<qk+1 _ qk7q* _ qk+1> + 2<Xk+1 _ Xk7 W(X* _ Xk+1)> (3.15)
e R [ e e [ N\ {E S A (el
that is
0 < 2(zF*! — 2% G(z* — ZF 1)) — 2| xF+1 — X*H?JerzVV + °‘2Lf |xk — xk+1)2. (3.16)

Apply the basic equality 2(z* 1 —z*, G (z*—2z* 1)) = ||zF —z*|| 4 —|| 2" T —2*||Z — ||z — 2" 1|4
to (3.16), we have

0 < |28 =2 = ll2""" = 2*g — |28 — 2"

. (3.17)
R TR S R
Define
I 0
o — ( ~ ) |
L
0 W—oler
By Assumption 1, in particular, I + W — 2W 3= 0, we have |kt — X*||§+W72W > 0 and
thus
E o %12 okl o2 E_ k+1 _aLf E k12 _ |,k _ k41
2" —z*(|&; — ||z z"|lg 2 2" — 2" o — —~llx" = x*lE = |27 — 2" o
Since a < ”‘%“f(m, we have G’ = 0 and
2" — 2"18 > ¢l — 2 T2, (3.18)

which gives (3.9).

It shows from (3.9) that for any optimal z*, ||z*

— z*||% is bounded and contractive,
so ||z* — z*||% is converging as ||z¥ — z**1||Z, — 0. The convergence of z* to a solution z*
follows from the standard analysis for contraction methods; see, for example, Theorem 3
in [11]. 0

To estimate the rate of convergence, we need the following result.

PROPOSITION 3.4. If a sequence {ax} C R obeys: ar, > 0 and Y ;2 a; < oo, then we
have': (i) limg o0 ag = 0; (i) L 321 ap = O (L); (iii) ming<g{ar} = o (3).

Proof. Part (i) is obvious. Let b, £ %Zle a;. By the assumptions, kby is uniformly
bounded and obeys

lim kby < oo,
k—o0

IPart (iii) is due to [6].
12



from which part (ii) follows. Since ¢, £ mig{at} is monotonically non-increasing, we have
t<

2k
keop = k X mm{at} < Z as.
t=k-+1
This and the fact that lim_, Zfikﬂ a; — 0 give us ¢ = o (%) or part (iii). a

THEOREM 3.5. In the same setting of Theorem 3.3, the following rates hold:

(1) Running-average progress:

i 1
>l -2 =0 (1)
t=1

El

(2) Running-best progress:
A2 = Ly,

rt[1<1]£1{||z HG}_O %)

(3) Running-average optimality residuals:
: 1 1 1

Z Uq' +aVEx")|Z, =0 <k) and + S Iux'|E =0 (k) ;
e t=1
(4) Running-best optimality residuals:

. 1
mm{HUq + aVf(x }0( > and Iglglllcl{”UxtH%}O(k);

??‘M—t

Proof. Parts (1) and (2): Since the individual terms |z* — z*||%, converge to 0, we are
able to sum (3.9) in Theorem 3.3 over k = 0 through oo and apply the telescopic cancellation,

ie.,
o ||t t+11(2 1w t 2 t+1 HZOZH
;)Ilz —z't ||c::gt20(||z -zt - 2 -2 E) = < < oo. (3.19)

Then, the results follow from Proposition 3.4 immediately.

Parts (3) and (4): The progress ||z* — z"T1||Z, can be interpreted as the residual to the
first-order optimality condition. In light of the first-order optimality conditions (3.1) and
(3.2) in Lemma 3.1, the optimality residuals are defined as ||qu+an(xk)||€~V and |[UxF||2.
Furthermore, || 21T (Uq" + aVE(x"))|3 = |V f1 (x’(fl)) + .t an(gc’(“n))ﬂg is the violation to
the first-order optimality of (1.1), while |[Ux¥||Z is the violation of consensus. Below we
obtain the convergence rates of the optimality residuals

Using the basic inequality ||a+ b||% > L|a||Z — ys L_||b||2 which holds for any p > 1 and

any matrices a and b of the same size, it follows that

R A T
IETHIZ, (= W)xE + Ug® + aVExS)[12, (3.20)
> xR+ ST+ aVEGR) 2, — LI - x|,

13



Since W — W and (I — W)W (I — W) are symmetric and

null{W — W} C null{(I — W)W (I — W)},

there exists a bounded v > 0 such that ||({ — W)kaf;V = ||Xk”(2I—V~V)W(I—V~V) < UHXk”%/_W.
It follows from (3.20) that

LS b L2 Ll 2

5 2zt -2 G+ E Iy

k
> 13 (I3 = 2l ) + I3y,
t=1 (3.21)
+1 %||th+an(xt)||%/ (Set p>wv+1)
=1

k
(1= SE)IUX[E + FIEE L+ %t; U + aVE(x)

I
Bl L
M=

2 1%
o W

W
Il
_

As part (1) shows that ¢ SF L zt—zttZ =0 (+), we have + S UGt +aVE(xh)
k
O (1) and + >0, [[UX!|2 =0 (3).
From (3.21) and (3.19), we see that both |[Uq' +aVf(x")[|%, and [[Ux"||% are summable.
Again, by Proposition 3.4, we have part (4), the 0(%) rate of running best first-order

2
I

optimality residuals. ]
It is open whether ||zF — z"1||Z, is monotonic or not. If one can show its monotonicity,

then the convergence rates will hold for the last point in the running sequence.

3.3. Linear Convergence under Restricted Strong Convexity. In this subsec-
tion we prove that EXTRA with a proper step size reaches linear convergence if the original
objective f is restricted strongly convex.

A convex function h : RP — R is strongly convex if there exists p > 0 such that

(Vh(xg) — Vh(xp), Tq — ) > pllre — 23||?, Vg, € RP.
h is restricted strongly convez? with respect to point & if there exists p > 0 such that
(Vh(z) = Vh(),x — &) > pllz - F||5, Vo eRP.

For proof convenience, we introduce function

A

1 2
g() 2 169 + Il

and claim that f is restricted strongly convex with respect to its solution z* if, and only if,
g is so with respect to x* = 1(z*)T.

PROPOSITION 3.6. Under Assumptions 1 and 2, the following two statements are equiv-
alent:

(i) The original objective f(z) = L 3" | fi(x) is restricted strongly convex with respect

to x*;

2There are different definitions of restricted strong convexity. Ours is derived from [17].

14



(ii) The penalized function g(x) = f(x) + ﬁ”x”%ﬁ/fw is restricted strongly convex with
respect to x*.
In addition, the strong convexity constant of g is no less than that of f.
See Appendix A for its proof.
THEOREM 3.7. If g(x) £ f(x) + =[x is restricted strongly convex with respect

2Ng)\min (W)
L¢?

2~
W-w
to x* with constant pg > 0, then with proper step size o <
such that the sequence {z*} generated by EXTRA satisfies

, there exists § > 0

2% —2*[[% > (14 0)||z+ — 2|2 (3.22)

That is, ||z* — z*||%, converges to 0 at the Q-linear rate O((l + 5)—k)' Consequently, ||x* —
X*H%/ converges to 0 at the R-linear rate O((l 4 5)—k)‘

Proof. Toward a lower bound of ||z* — z*||% — ||z~*!

—z*||4: From the definition of
g and its restricted strong convexity, we have
k+1 _ X*H% < 2a<xk+1 _ X*,Vg(xk'H) _ Vg(x*))

=[xkt — X*H%/J}V + 20(xk L — x* VE(xFL) — VE(xF))

+2(xF L — x* a[VE(xF) — VE(x*)]).

2apg || x

(3.23)
Using Lemma 3.2 for a[Vf(x*) — Vf(x*)] in (3.23), we get
200p1g |3 — x*||3
< xR - X*||?A~/7W + 20(xF L — x* VE(xFFL) - VE(xF)) — 2||xk+t — X*H§+W72V~V
+2<Xk+1 _ X*, U(q* _ qk+1)> + 2<Xk+1 _ X*, W(Xk _ Xk+1)>
= ||xktt - X*||?W—W)—2(I+W—2W) + 2o (xFH — )f*, VE(xFH) — VE(xF))
+2<Xk+1 _ X*, U(q* _ qk+1)> + 2<Xk:+1 _ X*, W(Xk _ Xk+1)>.
(3.24)

For the last three terms on the right-hand side of (3.24), we have from Young’s inequality

2a(xk1 — x* VE(xF1) — VE(xF))
an[x* —x*[[F + S| VEEMH) — VE(x) [ (3.25)

<
2
e N i Lt [}

where n > 0 is a tunable parameter and
2(xM1 —x*, U(q" — q"*1)) = 2(¢"*! — ¢*,q* — ¢, (3.26)
and
D(xEH — x* TV (k= xb 1)) = 20xh 1 — b, T(x* — x5+, (3.27)

Plugging (3.25)-(3.27) into (3.24) and recalling the definition of z*, z*, and G, we obtain

2(3‘/Jg||xk—’_1 - X*H%

< ||Xk+12 h X*H?W—W)—Z(I—&-W—QVV) + anl|x* = x| (3.28)
ke xh T — B2 4 2(2F T — 2 Gz — 2T,

15



By 2(z**1 — 28, G(z* — 2" = |28 — 2 ||4 — ||z2" ! — 2*||4 — ||zF — 2*11)|2, (3.28) turns
into

k

¥ - b1 g

> ||Xk+1

*(12 * x*
z'||G — |z e = ||a(2H —mI—(W =W)+2(I+W —2W) (3.29)

2
e P e

A critical inequality: In order to establish (3.22), in light of (3.29), it remains to show

2
et — x| + b =2 - e ik - xR

a2ug—n)I—(W—W)+2(I+W —2W)
> §||zkt — 2|2

(3.30

: k % k+1__ %2 _ k+1_ o*\||12 _—

With the terms of z", z* in (3.30) expanded and from ||x x5 _w = IU(x x*)|g =

|UxFH12 = [|[g* ! — gF |2, (3.30) is equivalent to

_ 2 k _ Jk+1(2
X*||a(2ugfn)1+2(I+W72W)76W + % x ”

wH > 0llg**t — g*|[%,

(3.31)
k+1 _

I oy

which is what remains to be shown below. That is, we must find a upper bound for ||q

q*||2 in terms of ||x**! — x*||Z and ||x* — x**+1|2.

Establishing (3.31), Step 1: From Lemma 3.2 we have

[0+ — )2

= (W 2 (e ) W (1 — xE) + a[VE(eE) — VEGx)]
[T+ W = 2) (xEH1 = x°) + o[ VAT — VE(x")]
A+ o[V TH ]

x (3.32)
-x

From the inequality [la+b+c+d|[3 <0 (52llallk + 8IbI3 ) + 525 (25 lel? +ldl} ),
which holds for any 8 > 1, 8 > 1, v > 1 and any matrices a, b, ¢, d of the same dimensions,

it follows that
o™t —a* (I,
< 0 (I =Xy gy + B2 IVEGEH) = VEG) ) (3.33)
+3%1 (mnx = XEHL, 4902 VEE) - VEGHT2))
By Lemma 3.1 and the definition of g*, all the columns of q* and g**?! lie in the column
space of W — W. This together with the Lipschitz continuity of Vf(x) turns (3.33) into

la"*! — a*[[%
0 Amax (I+W —2W)? 2 *
S KW (B e ~2) oLy ) I+ = (3.34)
0 Amax(W7) 27 2 k k+1)2
+(6—1)5\,,,;,,(W—W) (7 ~—1 +ya“Lg ) HX —xFt HF7
where ;\min(-) gives the smallest nonzero eigenvalue. To make a rather tight bound, we
choose vy =1+ M and 3 = W in (3.34) and obtain
"+ —a &
< Oomax AW _2W)aLe)® |kt o2 4 Oomax (V) 4ale) b ikt 2 (3.35)
F(0-D)Amin(W-W) Fe

- S\min (W_W)
16



Establishing (3.31), Step 2: In order to establish (3.31), with (3.35), it only remains to
show

k41 _ 2 B _ ok+1)2
HX X*||O¢(2/J,g717)1+2(1+W72W)75W + ||X X ||W* (nyQI
n
0 «(I+W —2W)4aL¢)? 0 «(W)+aLg)?
> g (Uomen TV o) ok i1 o2 4 AomasOVDEabe) ok _ ekt12)

To validate (3.36), we need

(3.36)

a(2ug — ) +2(1 + W —2W) — §W = 59(”"‘“X;(111V(VV~V_5W))+&L”2 I, (337)
i aL 2 50(0',,,ax(W)+och)2 :
w nf 1= (0—1) Amin (W—W) I,

which holds as long as

5 < min{ a(%ﬂg—n)j\min(W—V‘{) _ _ (9—1)(77>\min(W)—f}LfQ)S\min(W—W)}
- e(Umax(1+W_2W)+O¢Lf)2+>\max(W)Amin(W_W) ’ 977(Umax(W)+O¢Lf)2 ( ’ )
3.38

To ensure § > 0, the following conditions are what we finally need:
€ (0,2ug) and a e (o, “LijW)) 2. (3.39)

Obviously set S is nonempty. Therefore, with a proper step size @ € S, the sequences
|z* — z*||% is Q-linearly convergent to 0 at the rate O((1 + §)~*). Since the definition of
G-norm implies [|x* —x*|[% < [[z* —2*2, [|[x* — x*||% is R-linearly convergent to 0 at the
same rate. ]

REMARK 1 (Strong convexity condition for linear convergence). The restricted strong
%/_W, not on f(x).
In other words, the linear convergence of EXTRA does not require all f; to be individually

convezity assumption in Theorem 3.7 is imposed on g(x) = f(x) + 1= |||

(restricted) strongly convex.
REMARK 2 (Acceleration by overshooting W) For conciseness, we used Assumption

1 for both Theorems 3.5 and 3.7. In fact, for Theorem 3.7, the condition % = W in

part 4 of Assumption 1 can be relazed, thanks to pg in (3.37). Certain W = #

W = %, can still give linear convergence. In fact, we observed that such an “overshot”

, such as

choice of W can slightly accelerate the convergence of EXTRA.
REMARK 3 (Step size optimization). We tried deriving an optimal step size and cor-
responding explicit linear convergence rate by optimizing certain quantities that appear in

the proof, but it becomes quite tricky and messy. For the special case W = %, by taking
tg (14 Amin (W)

4Lf2 :
REMARK 4 (Step size for ensuring linear convergence). Interestingly, the critical step

size, a < w =0 (@) in (3.39) for ensuring the linear convergence, and the

N — lg, we get a satisfactory step size o —

Amin (W—=W) _ e\ . .
;2] 0 (Lf%) in (A7) for ensuring the restricted strong

convezity with O(ug) = O(uf), have the same order.

parameter o =

On the other hand, we numerically observed that a step size as large as O (L%) still
leads to linear convergence, and EXTRA becomes faster with this larger step size. It remains
an open question to prove linear convergence under this larger step size.
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3.4. Decentralized implementation. We shall explain how to perform EXTRA with
only local computation and neighbor communication. EXTRA’s formula is formed by Vf(x),
Wx and Wx, and a. By definition Vf(x) is local computation. Assumption 1 part 1 ensures
that Wx and Wx can be computed with local and neighbor information. Following our
convergence theorems above, determining « requires the bounds on L¢ and /\min(W), as well
as that of g in the (restricted) strongly convex case. As we have argued at the beginning
of Subsection 3.2, it is easy to ensure )\min(W) > %, SO /\min(W) can be conservatively set
as . To obtain L¢ = max;{Ly,}, a maximum consensus algorithm is needed. On the other
hand, it is tricky to determine pg or its lower bound p, except in the case that each f; is
(restricted) strongly convex, we can conservatively use min;{ss, }. When no bound pg is
available in the (restricted) strongly convex case, setting « according to the general convex

case (subsection 3.2) often still leads to linear convergence.
4. Numerical Experiments.

4.1. Decentralized Least Squares. Consider a decentralized sensing problem: each
agent i € {1,--- ,n} holds its own measurement equation, y;y = Mz + e(;), where y;y €
R™: and M;) € R™*P are measured data, x € R? is unknown signal, and ey € R™¢ is

unknown noise. The goal is to estimate x. We apply the least squares loss and try to solve

_ 1 —
minimize f(z) = —
xT

1
" Z §||M(z')33 - y(i)||§~

i=1

The network in this experiment is randomly generated with connectivity ratio r = 0.5, where
r is defined as the number of edges divided by @, the number of all possible ones. We
set n = 10, m; = 1,Vi, p = 5. Data y(;) and M(;), as well as noise e, Vi, are generated
following the standard normal distribution. We normalize the data so that L¢ = 1. The

algorithm starts from x(()l.) =0,Vi, and ||z* — x?l.) I = 300.

We use the same matrix W by strategy (iv) in Section 2.4 for both DGD and EXTRA.
For EXTRA, we simply use the aforementioned matrix W = % We run DGD with a
fixed step size a, a diminishing one 77 [14], a diminishing one kol‘—(/)?, with hand-optimized
o, a diminishing one £ [5], and a diminishing one k‘f% with hand-optimized o, where
« is the theoretical critical step size given in [36]. We let EXTRA use the same fixed step

size «.

The numerical results are illustrated in Fig. 4.1. In this experiment, we observe that
both DGD with the fixed step size and EXTRA show similar linear convergence in the first
200 iterations. Then DGD with the fixed step size begins to slow down and eventually stall,
and EXTRA continues its progress.
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——DGD with fixed «

- DGD with o = a/k'/?
100 0 DCD with o = 3a/k'/?
- - -DGD with of = a/k'/?
-©-DGD with of = 5a/k/?
10 EXTRA with fixed o

0 500 1000 151‘00 2000 2500 3000

ke o*
Fic. 4.1. Plot of residuals H, Constant o = 0.5276 is the theoretical critical step size given

for DGD in [36]. For DGD with diminishing step sizes O(1/k'/3) and O(1/k*/?), we have hand-optimized
their initial step sizes as 3a and 5a, respectively.

4.2. Decentralized Robust Least Squares. Consider the same decentralized sens-
ing setting and network as in Section 4.1. In this experiment, we use the Huber loss, which
is known to be robust to outliers, and it allows us to observe both sublinear and linear
convergence. We call the problem as decentralized robust least squares:

1 n mg

minizmize f(z) = - Z Z He(Mey;x — Yeys) ¢

i=1 | j=1

where M;); is the j-th row of matrix M;y and y(;); is the j-th entry of vector yy. The
Huber loss function H is defined as

Hf(a,) = { %CLZ’ for |CL| < 55 (63 ZOIle),
&(lal

— 3¢, otherwise, ({1 zone).

We set & = 2. The optimal solution z* is artificially set in the ¢2 zone while x(()i) is set in
the ¢1 zone at all agents 1.

Except for new hand-optimized initial step sizes for DGD’s diminishing step sizes, all
other algorithmic parameters remain unchanged from the last test.

The numerical results are illustrated in Fig. 4.2. EXTRA has sublinear convergence for

the fist 1000 iterations and then begins linear convergence, as m’(“i) for most i enter the 3
zone.
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.
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&

—— DGD with fixed «

- DGD with o = a/k'/?
107+ 0 DGD with o = 10a/k'/?
- - -DGD with of = a/k'/?
-©-DGD with of = 20a/k'?
10| EXTRA with ﬂ);%d o

0 500 1000 151\00 2000 2500 3000

100

ke o*
Fic. 4.2. Plot of residuals H, Constant o = 0.5276 is the theoretical critical step size given

for DGD in [36]. For DGD with diminishing step sizes O(1/k'/3) and O(1/k*/?), we have hand-optimized
their initial step sizes as 10a and 20a, respectively. The initial large step sizes have helped them (the red
and purple curves) realize faster convergence initially.

4.3. Decentralized Logistic Regression. Consider the decentralized logistic regres-
sion problem:

n

] L
minimize flx) = -~ Z o Zln (14 exp (=(My;2)y0)5)) ¢ >
Ut

i=1

where every agent ¢ holds its training date (M(i)j,y(i)j) eRP x {—1,+1}, 5 =1,---,my,
including explanatory/feature variables M;); and binary output/outcome y;);. To simplify
the notation, we set the last entry of every M;); to 1 thus the last entry of = will yield the
offset parameter of the logistic regression model.

We show a decentralized logistic regression problem solved by DGD and EXTRA over
a medium-scale network. The settings are as follows. The connected network is randomly
generated with n = 200 agents and connectivity ratio » = 0.2. Each agent holds 10 samples,
i.e., m; = 10,Vi. The agents shall collaboratively obtain p = 20 coefficients via logistic
regression. All the 2000 samples are randomly generated, and the reference (ground true)
logistic classifier z* is pre-computed with a centralized method. As it is easy to implement
in practice, we use the Metropolis constant edge weight matrix W, which is mentioned by
strategy (iii) in Section 2.4, with e = 1, and we use W = # The numerical results are
illustrated in Fig. 4.3. EXTRA outperforms DGD, showing linear and exact convergence
to the reference logistic classifier z*.
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Fic. 4.3. Plot of residuals H, Constant o = 0.0059 is the theoretical critical step size given

for DGD in [36]. For DGD with diminishing step sizes O(1/k'/3) and O(1/k*/?), we have hand-optimized
their initial step sizes as 10a and 20«, respectively.

5. Conclusion. As one of the fundamental method, gradient descent has been adapted
to decentralized optimization, giving rise to simple and elegant iterations. In this paper, we
attempted to address a dilemma or deficiency of the current decentralized gradient descent
method: to obtain an accurate solution, it works slowly as it must use a small step size
or iteratively diminish the step size; a large step size will lead to faster convergence to,
however, an inaccurate solution. Our solution is an exact first-order algorithm, EXTRA,
which uses a fixed large step size and quickly returns an accurate solution. The claim is
supported by both theoretical convergence and preliminary numerical results. On the other
hand, EXTRA is far from perfect, and more work is needed to adapt it to the asynchronous

and dynamic network settings. They are interesting open questions for future work.

Appendix A. Proof of Proposition 3.6.
Proof.

“(ii) = (1)”: By definition of restricted strong convexity, there exists g > 0 so that for
any X,

IN

(Vg(x) — Vg(x*),x — x*)

(VE(x) — VE(x*),x — x*) + 5= |Ix — X*H%/J/V.

g lx — x* &

(A1)

For any z € R?, set x = 127, and from the above inequality, we get

ngllr—a*3 < L3 (Vfile) - Vfile'),a —a*)
(V) - V() — o).

Therefore, f(z) is restricted strongly convex with a constant 7 £ g
“(i) = (ii)”: For any x € R™*P, decompose

X=u+v
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so that every column of u belongs to span{1} (i.e., u is consensual) while that of v belongs to
span{1}". Such an orthogonal decomposition obviously satisfies || x[|2 = [|u||2+|v]|2. Since
solution x* is consensual and thus (u—x*,v) = 0, we also have ||x—x*||z = |[u—x*||F+]| v||3.
In addition, being consensual, u = 1uT for some u € RP. From the inequalities

n

(VE() — VEX'), u— x7) = n% SV fi() = Vfi(e*)u— o)

i=1

AVAIYS
o 3

uillu— 21 = - x|,

(VE(x) — Vf(u),x —u)
(VE(u) — VE(x*),x — u)
(VE(x) — Vf(u),u — x*)

—Le[u—xpllve,

AV V]

—Le[[v]lrlfu = x"||r,

we get

(VE(x) — VE(x*),x — x*)

(VE(u) — VI(x*),u — x*) + (Vf(x) — Vf(u),x — u)
+(Vf(u) — Vf(x*),x —u) + (VF(x) — Vf(u),u — x*)
prla—x*|E — 2Leflu — x*[|p[|v]F.

(A.3)

v

In addition, from the fact that u — x* € null{IW — W} and v € span{IW — W}, it follows
that

> Jun (VW) |2, (A4)

where S\min(-) gives the smallest nonzero eigenvalue of a positive semidefinite matrix.
Pick any v > 0. When ||v||r < v||lu — x*||F, it follows that

(Vg(x) — Vg(x*),x — x*)
(VE(x) — VE(x*),x — x*) + 52 [Ix — x*[|%

W—w

min(W-W
> ppllu—x*E - 2Lfllu —x* e lvlle + 22=GT = v |2 (by (A.3) and (A.4))
min W W
> (7 — 2Ley)[[u — x| + 2o GV )2
> min {uf — 2L, 7‘“‘“(‘/‘/ W) lx — x*[|2.
(A.5)
When ||v]|r > v||lu — x*||r, it follows that
(Vg(x) — Vg(x*),x — x*)
— (VE(X) - V). x - x) + - x 2
> 0+ %VZ_MHVH% (apphed convexity of f and (A.4)) (A.6)
> MHVH w”u_x*”2
= 2a(1+$2) F 2a(1+%2) F
Amin (W =W *
Wﬁ))\lx —x*||3
Finally, in all conditions,
(Vg(x) - Vg(x*),x — x*)
Amin (W—W) (A7)

0 = 2 gl - IR

22

> min {Mf — 2L¢y,



By, for example, setting v = 4LL{¢’ we have pug > 0. Hence, function g is restricted strongly
convex for any a > 0 as long as function f is restricted strongly convex. 0

In the direction of “(ii) = (i)”, we find g < s, unlike the more pleasant p; = pg in

the other direction. However, from (A.7), we have

sup ptg = lim jig

v, y—0t Amin (W—W) - ‘Ltf’

o=
2(1+71Z)<uf——2Lm)

which means that ug can be arbitrarily close to p7 as a goes to zero. On the other hand, just

to have O(ug) = O(pf), we can set v = O (%ﬁ) and o = % =0 (f—f@) =

0] (f—f’%) This order of « coincides, in terms of order of magnitude, with the critical step

size for ensuring the linear convergence.
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