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STOCHASTIC PERRON’S METHOD FOR THE PROBABILITY OF LIFETIME
RUIN PROBLEM UNDER TRANSACTION COSTS

ERHAN BAYRAKTAR AND YUCHONG ZHANG

ABSTRACT. We apply stochastic Perron’s method to a singular control problem where an individual
targets at a given consumption rate, invests in a risky financial market in which trading is subject
to proportional transaction costs, and seeks to minimize her probability of lifetime ruin. Without
relying on the dynamic programming principle (DPP), we characterize the value function as the
unique viscosity solution of an associated Hamilton-Jacobi-Bellman (HJB) variational inequality.
We also provide a complete proof of the comparison principle which is the main assumption of

stochastic Perron’s method.

1. INTRODUCTION

Stochastic Perron’s method is introduced in [I], [3] and [2] as a way to show the value function
of a stochastic control problem is the unique viscosity solution of the associated Hamilton-Jacobi-
Bellman (HJB) equation, without having to first go through the proof of the dynamic programming
principle (DPP) which is usually very long and complicated, and often incomplete. It is a direct
verification approach in that it first constructs a solution to the HJB equation, and then verifies such
a solution is the value function. But unlike the classical verification, it does not require regularity;
uniqueness acts as a substitute for verification. The basic idea is to define, for each specific problem,
a suitable family of stochastic supersolutions V* (resp. stochastic subsolutions V™) which is stable
under minimum (resp. maximum), and whose members bound the value function from above
(resp. below). So the value function is enveloped from above by vy = inf, .+ v and from below
by v_ = sup,cy-v. The key step is to show vy is a viscosity subsolution and v_ is a viscosity

supersolution by a Perron-type argument. A comparison principle then closes the gap.

Stochastic Perron’s method has been applied to linear problems [I], Dynkin games [3], HIB
equations for regular control problems [2], (regular) exit time problems [I2] and zero-sum differential
games [I4]. This paper adapts the method to another type of problems: singular control problems.
In particular, we focus on the specific problem of how individuals should invest their wealth in
a risky financial market to minimize the probability of lifetime ruin, when buying and selling
of the risky asset incur proportional transaction costs. This problem can also be treated as an
exit time problem, but with singular controls. In the frictionless case, the probability of lifetime

ruin problem was analyzed by Young [10], and later studied in more complicated settings such as
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borrowing constraints [4], stochastic consumption [5] and drift uncertainty [6]. So the goal of the
paper is two-fold. First, it exemplifies how stochastic Perron’s method can be applied to singular
control problems, which has not been covered in the literature. Second, it serves as the first step
towards a rigorous analysis of the probability of lifetime ruin problem under transaction costs. The
techniques in this paper can be applied in a similar way to other optimal investment problems under
transaction costs, as long as there is a comparison principle. For consumption-investment problems,

uniqueness is proved in [I0] under certain conditions (also see [I5, Theorem 1] and Section 4.3 of

[111).

The main idea of the proof is in line with [2] and [12], but there are some nontrivial modifications.
Similar to [8] and [13], our HJB equation takes the form of a variational inequality with three
components, one for each of the three different regions: no-transaction, sell, and buy. This makes
the proof of the interior viscosity subsolution property of the upper stochastic envelope vy more
demanding: we have to argue by contradiction in three cases separately. Variational inequalities
also appear in [3] and the authors are able to rule out some of the cases by assuming the existence of
a stochastic supersolution (resp. subsolution) less than or equal to the upper obstacle (resp. greater
than or equal to the lower obstacle). But the same idea does not work for gradient constraints.
Another challenge posed by the singular control is that the state process can jump outside the
small neighborhood in which local estimates obtained from the viscosity solution property are valid.
This issue arises in the proof of the interior viscosity supersolution property of the lower stochastic
envelope v_, and we overcome it by splitting the jump into two steps: first to an intermediate point

on the boundary of the neighborhood and then to its original destination.

In proving the viscosity semi-solution property of v4, boundary property is usually harder to
show than interior property. In fact, most of the work in [12] is devoted to proving the boundary
viscosity semi-solution property of v4. In our case, we avoid this hassle by constructing explicitly a
stochastic supersolution and a stochastic subsolution both of which satisfy the boundary condition.
The boundary viscosity semi-solution property then becomes a trivial consequence of the definition
of v4. This is very similar to classical Perron’s method in which one has to first come up with a
pair of viscosity semi-solutions satisfying the boundary condition (see Theorem 4.1 and Example
4.6 of [7]). However, we point out that the construction of such stochastic semi-solutions depends
on the specific problem at hand and may not always be possible.

Previous works on stochastic Perron’s method focus on methodology and take comparison prin-
ciple (which is crucial for stochastic Perron’s method to work) as an assumption. Here we provide,
in addition to stochastic Perron’s method, a complete proof of the comparison principle for our
specific singular control problem. The proof relies on the existence of a strict classical subsolution

satisfying certain growth condition, an idea we borrowed from [10].

The rest of the paper is organized as follows. In Section Bl we set up the problem, derive the HJB
equation and some bounds on the value function, and state the main theorem. In Section [3 we
introduce the notion of stochastic supersolution and show the infimum of stochastic supersolutions

is a viscosity subsolution. In Section (] we introduce the notion of stochastic subsolution and show
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the supremum of stochastic subsolutions is a viscosity supersolution. Finally, in Section [B] we prove

a comparison principle and finish the proof of the main theorem.

2. PROBLEM FORMULATION

Let (©,F,P) be a probability space supporting a Brownian motion W = (W;);>¢ and an in-
dependent Poisson process N = (N;);>o with rate 3. Let 74 be the first time that the Poisson
process jumps, modeling the death time of the individual. 74 is exponentially distributed with rate
3, known as the hazard rate in this context. Denote by F := {F;};>¢ the completion of the natural
filtration of the Brownian motion and G := {G;};>0 the completion of the filtration generated by
W and the process 1>, 1. Assume both 7 and G have been made right continuous; that is, they

satisfy the usual condition.

The financial market consists of a risk-free money market with interest rate r > 0 and a risky
asset (a stock) whose price P; follows a geometric Brownian motion with drift o > r and volatility
o > 0. Transferring assets between the money market and the stock market incur proportional
transaction costs specified by two parameters A\, u € (0,1). One can think of the stock as having
ask price P;/(1 — A) and bid price (1 — p)P;. Same as [13], we describe the investment policy
of the individual by a pair (B,.S) of right-continuous with left limits (RCLL), non-negative, non-
decreasing and G-adapted processes, where B records the cumulative amount of money withdrawn
from the money market for the purpose of buying stock, and S records the cumulative sales of
stock for the purpose of investment in the money market. We set (Bp—, Sp—) = 0, i.e. there is no
investment history at time zero. Due to transaction costs, it is never optimal to buy and sell at
the same time. So we limit ourselves to strategies (B,.S) such that for all ¢, AB; := B, — B;_ and
ASy := S;— S;_ are not both strictly positive. Denote by % the set of all such pairs (B, S). Apart
from investment, the individual also consumes at a constant rate ¢ > 0.

Denote by X; and Y; the total dollar amount invested in the money market and the stock at

_l’_

time ¢, respectively. Let L(z,y) := x4+ (1 — p)y™ — ﬁy‘ be the liquidation function. For each

a € R, define

So = {(z,y) €R*: L(z,y) > a} = {(z,y) €R2:x+% >a,x+ (1 —p)y > al.

Given initial endowment (z,y) and a pair of control (B, S) € ), the pre-death investment position

of the individual evolve according to the stochastic differential equations (SDE)
dX; = (T‘Xt — C)dt —dB; + (1 — ,u)dSt, Xo_. ==, (21)
dY; = aYidt + oY, dW; + (1 — /\)dBt —dS;, Yo =uy. (22)

Here we allow an immediate transaction at time zero so that (Xy, Yy) may differ from (z,y). Denote
the solution by (X®¥ 55 y©u:B:5) et

TI;E7y7B75 = inf{t 2 0 . (X-T:vaws,mey’Bﬂg) ¢ Sb}
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be the ruin time. The individual aims at minimizing the probability that ruin happens before

death. The value function of this control problem is defined as

P(x,y) = (Bvisn)fe% P(T;’y’B’S < Tq)- (2.3)

Clearly, v is [0, 1]-valued, and ¥ (z,y) = 1 if (x,y) ¢ Sp. Same as in the frictionless case, when
L(z,y) > ¢/r, the individual can sustain her consumption by immediately putting all her money in
the money market and consuming the interest. We shall assume b < ¢/r, otherwise the problem is
trivialEl We have ¢ (z,y) =0 for (z,y) € gc/r. In other words, EC/T is a “safe region”. The (open)
state space for this control problem is S := Sp\S.,. /r» and the boundary consists of two parts: the

ruin level 95, and the safe level 98, ;.

For ¢ € C?(S), define

1
Lo = Bp — (rz —c)ps — aypy — §U2y290yy-

The HJB equation for the frictional lifetime ruin problem is
max {Lu, —(1 — p)ug + uy, upy — (1 = Nuy} =0, (x,y) €S, (2.4)
with boundary conditions

u(z,y) = 1if (z,y) € 08y, u(z,y) =0if (z,y) € S, (2.5)
2.1. Upper and lower bounds on the value function. Let

B
¥(z,y) = <L($’y)> ' , (x,y)€S. (2.6)

c—rb

1) is the probability of ruin if the agent immediately liquidate her stock position and makes no
further transaction throughout her lifetime. It is an upper bound for the value function since such

a strategy may not be optimal. It is easy to see that 1) satisfies the boundary conditions (2.3]).

For k € [1 — p, 7151, let

d
loy = | (TERE) s b <
0, x+ky > c/r

(2.7)

where

d:%[(r—l—ﬁ%—R)—l—\/(r—l—ﬁ—l-R)?_MB} -1, R:%(O‘;TY. (2.8)

That is, ¥, (x,y) is the minimum frictionless probability of ruin when the initial wealth is = + ky
(the frictionless ruin probability is derived in [16]). 1 bounds the frictional value function from
below because each k corresponds to a stock price inside the bid-ask spread, and trading at a more
favorable frictionless price obviously leads to smaller ruin probability. For a rigorous proof, one can
refer to Remark and Lemma Since the value function 1 is bounded from below by 1, for

fp > ¢/r, then 9 (z,y) is either 0 or 1, depending on whether (x,y) belongs to Sy or not.



each k, it is bounded from below by their supremum:

d

c—rL(z,

B)= s o) = vden) Vo ) = (S g
kel—p, 5] o e-r

Since 1)y is continuous in k, the above supremum remains unchanged if we replace [1 — p, ﬁ] by

(1 —p, ) N Q. Clearly, v satisfies the boundary conditions (ZX).

The following lemma summarizes the results.

Lemma 2.1. For (z,y) €S,

<£igﬂﬂyéw@wg<£1£@@>é

c—rb c—rb

where d is defined in (2.8)).

Remark 2.1. It can be shown that 1 is a viscosity supersolution and P is a viscosity subsolution
of Z4). With a comparison principle which we will prove in Section [d, one can use (classical)
Perron’s method introduced by Ishii [9] (also described in [7]) to get the existence of a wviscosity
solution to (24), (2). But such a solution cannot be compared with the value function unless one
can prove reqularity which is necessary for the classical verification theorem. Instead, we will use

stochastic Perron’s method which amounts to verification without smoothness.

2.2. Random initial condition and admissible controls. For convenience in later discussion,
we introduce a “coffin state” A. Let S U A be the one point compactification of S. Throughout
this paper, all closures are taken in R?. For any R2-valued vector z, we use the convention that
A+ 2= A. Set (X;,Y;) ;= A for all t > 74. For any function u defined on S, define its extension
to SU {A} by assigning u(A) = 0.

A pair (7,€) is called a random initial condition for (2.10), [22) if 7 is a G-stopping time taking
values in [0, 74], € = (€Y, &€Y) is a G,-measurable random vector taking values in SU{A}, and £ = A
if and only if 7 = 74. Denote by (X659 y768:5) the solution of 2] and (2] with random
initial condition (7,&) in the sense that (X,_,Y;_) = & The exit time of (X755 Y7689 from
S is defined by

oTSBS = inf{t > 7 : (XZ’S’B’S,Y;’&B’S) ¢ S}t

Note that 67655 < 7, < oo since (XE5P5 vI4B9) = A ¢ S.

We also restrict ourselves to a subset of controls. Observe that when buying stocks, we move
northwest along the vector (—1,1 — \); when selling stocks, we move southeast along the vector
(I — p,—1). It is not hard to see by picture that starting in S, one can never jump to Se/r by
a transaction. On the other hand, it is never optimal to jump across dS; from S because such a
jump immediately leads to ruin. If we are on 9S,/, (resp. 9S), jumping to its right is impossible
and jumping to its left is not optimal (resp. does not prevent ruin from happening). Therefore,
we may focus on those controls under which the controlled process exits S via its boundary or the

coffin state. The formal definition of admissibility is given below.



6 ERHAN BAYRAKTAR AND YUCHONG ZHANG

Definition 2.1. Let (7,§) be a random initial condition. A control pair (B,S) € < is called
(1,&)—admissible if

(X0 YER) e as u{A),
Denote the set of (1,£)—admissible controls by < (T,§).

We have (B, S) =0 € &/(7,¢&) for any random initial condition (7,¢). When 7 = 0 and £ = (z,y),
we shall omit the 7-dependence in the superscripts of the controlled process and relevant stopping
times, and write <7 (7,&) = </ (z,y). As we have argued, working with admissible controls does not

change the optimal probability, i.e.

— inf P(rPvBS <),
v(wy) =, Jof RO < 7a)

The following constructions of admissible controls will be used a few times in Section Bl We list
them here for future reference.

Lemma 2.2.

(i) If (B, S%), i = 1,2 are (1,£)-admissible and A is any G.-measurable set, then
(Bt75t) = 1{t2'r} [(Btl - B,%_,Stl - S’%—) la+ (Bt2 - Bg—vsg - S’%—) 1AC]

is also (1,&)-admissible.

(i) Let (B',S') be a (7,&)-admissible control, 7 € [r,07%B"S"] be a G-stopping time, and
& = (XZ{S’BI’SI,YTZ’S’BI’Sl). Then (11,£&1) is a random initial condition. Furthermore, let
(B2,52) be a (11,&1)-admissible control. Then

(Bt7 St) = 1{t<7'1}(Btl7 Stl) + 1{t27'1}(B132 - B72—1— + Bql—lvsz? - 572—1— + Sql—l)

is a (7,&)-admissible control.

Proof. (i) (B, S) is G-adapted by the definition of stopping time and stopping time filtration, and
the G-adaptedness of (B?, S%), i = 1,2. It is nonnegative because (B%,S%), i = 1,2 are non-
decreasing. Monotonicity, RCLL property and that AB and AS are not both strictly positive also
follow from the assumption that (B?, S%) € o, i = 1,2. So (B, S) € 4. By pathwise uniqueness
of the solution to 21I), [22), we have

7,6,B 7.§,B ,¢,BY,81 y 1.6,B,ST 7,6,B%,5% ,71,£,B2,52
(Xt757 7S’Y;/ 7§7 75) — 1A(Xt757 75 ’}/t 757 7S )+1A6(Xt757 75 ’}/t 757 7S ), tZT-

It follows that
0-7—757B7S — 1AO—T7§7B1751 _|_ 1ACUT’£’B2’SZ,

and thus
T7§7B7S T757B7S J— T7§7B17sl T757B17sl T7§7B2752 T7§7B2752
(XJT,&B,Sv Ygr,é,B,S) = 1A(XJT,5,Bl,sl ) Ygr,g,Bl,sl) + 14c (XJT,5,32,S2 ) YJT,5,32,32) cosu{A}

by the (7, &)-admissibility of (B?, S%),i = 1,2.

(ii) Clearly, 71 is a G-stopping time taking values in [7,74] and &; is G, -measurable. Since
7 < 0_7,5,31,517 the (7,¢)-admissibility of (B!, S1) implies & € SU {A}. Moreover, & = A if and
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only if 71 = 74. So (711,&1) is a valid random initial condition. It is routine to check (B, S) € <.
To show (B, S) € /(1,&), observe that

1 ql 1 ¢l
(X;vng 7S ’Y{rvng 7S )7 T S t < T,

B,S < 76,B,S
(Xz-vgv ’ 7}@77 ) ) 2 oo 5 oo
(Xtﬁ,ihB "~ ’Y;ThflvB i~ ), t>m7.

This, together with 7, < o768 imply 67685 = ¢7:60.8%5% > 1 Since (B2,8%) € o (11,&1),
we have

(X85 YmD) = (e Y et cosu Ay

o™1:€1,82,827 7 [7ry,¢1,B2,52

2.3. Main result.

Theorem 2.1. The value function v is the unique (continuous) viscosity solution to the HJB
equation (2.4) satisfying the boundary condition ([2.1).

The proof of Theorem 2.1]is deferred to the end of Section

3. STOCHASTIC SUPERSOLUTION

Definition 3.1. A bounded u.s.c. function v on S is called a stochastic supersolution of (2.4,
@3) if

(SP1) v>1 on Sy, v >0 on OSc/r;
(SP2) for any random initial condition (7,§), there exists (B,S) € <7 (1,§) such that

Elu(X;955 Y 859G ] < u(€)

T7§7B7S]

for all G-stopping time p € 1,0 , where v is understood to be its extension to SU{A}.

Denote the set of stochastic supersolutions by V.

Remark 3.1. V* # () since the constant 1 € V. There is a more useful stochastic supersolution:
the upper bound function 1) defined in (Z6), which satisfies (SP1) with equality. (See Lemma[31.)
The existence of such a stochastic supersolution automatically guarantees the the upper stochastic
envelope (which will be introduced shortly) satisfies the boundary condition (Z3]).

Remark 3.2. Any stochastic supersolution v dominates the value function » on S. To see this,
first note that v > 1 on S by (SP1). Then for any (x,y) € S, take 7 = 0 and { = (x,y). Let
(B,S) € o (x,y) be given by (SP2) for v. Let p = c®¥%B5. To simplify notation, we write 1, for

7B and vy for 7EVPS = inf{t > 0. (XPVPS yreBd) ¢ Sc/r}. We have

v(z,y) > E [U(X;C’y’B’S, pr’y’B’S)] >E [1 P, < 1qg A Ts).

{(xpv B8 ypvBSeas,y | —

where the first inequality holds by (SP2) and the second inequality holds by (SP1). Now, let

(B£7 52) = (Bt7 St)l{t<'rs} + ((X%%Bﬁ - C/T)+ + B7'57 (YT?y’B’S)—i_ + STs)l{tZTS}'
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That is, (B',S’) follows (B,S) before hitting the safe region, and at the moment when the safe
region is hit (by diffusion), immediately liquidate all stock position and do no more transaction
afterwards. This ensures that once the safe region is reached, death will definitely happen before
ruin. It is easy to check (B',S") € oy and P(1p, < 7q N 7s) = P(Tlf’y’Bl’Sl < 1q). We therefore have

o(w,y) > PV < ) > y(a,y).

Lemma 3.1. ¢ € V7.

Proof. We only show (SP2). Let (7,§) be any random initial condition. Define

1\ —
(8150 = 1my (S5 67).

Intuitively, what (B,S) does is to immediately liquidate the stock position at time 7 and do no
more transaction afterwards. It can be checked that (X;f;%’i , Y(}_T;i’gg) € {(b,0),(¢/r,0), A}, thus
(B, S) € o/(r,€). We have (X75P5 y70P%) = 10 (L(€),0)+1 -, A and Y;75P = 0 for all
t € [1,74). Let p € [1,0755B5] be any G-stopping time. Let f(z) := ¥(z,0) € C[b,¢/r]NC2[b, c/7).
With slight abuse of notation, we also write X, SBS = A when t = 74, and set f(A) = 0. Apply
Ito’s formula to f(X7¢B9), we get

FOGES) = p0ee8) = [7 e exp s — o+ [ (£(8) = FXEE)) an
= /p [f'(@)(re —c) — Bf ()] |x:XZ—,§,B,Sdt + /p _f(ng’B’S)d(Nt — Bt)

p
= [ s, - g,
where we used the explicit formula of f to kill the drift. Taking conditional expectation yields
E[f(X75P9)(G,] = F(XTSP2).

It follows that

B[ (X3¢55, Y7 409)(G,] = B[Lpery 0(Xp 5, 0)10:] = B[l per,) f(X7459)|Gr]
= B[f(X74P9)[G:) = F(XTEP) = 1 ary F(L(E))
= LrerpO(L(€),0) = Lipery ¥ (€) = 9(8).
In the second last equality, we used ¥ (z,y) = ¥(L(x,y),0) for (z,y) € S. O

Lemma 3.2. Let vi,v9 € V. Then vy Avg € V1.

Proof. The minimum of bounded u.s.c. functions is still bounded and u.s.c.. (SP1) is clearly
satisfied. For (SP2), let (B?,S") € &/(7,£),i = 1,2 be the admissible control corresponding to v;
and the random initial condition (7,£). Put A := {v1(§) < v2(£)} € G;. The control

(Bt, St) == 1ysny [(Bf = Bf_, S} — S} ) 1a+ (B} — B2_, 5} — 52_) 14¢]
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serves the purpose. (7,&)-admissible follows from Lemma [22li, and the remaining proof is very
similar to that of [I2, Lemma 1] except that the process Z is replaced by v(X,Y") and the direction
of inequalities are reversed. So we omit the details. O

Proposition 3.1. The upper stochastic envelope

vila,y) = inf v(a,y)

is a viscosity subsolution of [R.A) satisfying vy <1 on S, and vy <0 on IS,

Proof. The boundary inequalities are satisfied because vy < 1) by Lemma B]]E To show interior
viscosity subsolution property, let (zg,10) € S and ¢ € C?(S) be a test function such that v, — ¢
attains a strict local maximum of zero at (xg,yo). We need to show

max {Lo, —(1 — p)@z + @y, e — (1 = XNy} (20, %0) < 0.

Assume on the contrary that

max { Lo, —(1 — p)@z + @y, 0z — (1 = XN)py} (0, %0) > 0.

There are three cases to consider: (i) Lo(zo,y0) > 0, (ii) —(1 — )@z (z0,y0) + @y(x0,y0) > 0, and
(ill) ¢z(xo,y0) — (1 — N)py(z0,90) > 0. We will show that each case leads to a contradiction.

Case (i). Lo(z0,y0) > 0. We can find, by continuity, a small closed ball B(zg,y9) C S such
that
Lo >0 on Be(zo,yo)-

Since vy — ¢ is w.s.c. and Be(z0,%0)\Be/2(70, y0) is compact, there exists a 6 > 0 such that

vy —@9 <=6 on  Be(zo,y0)\Be/2(20; yo)-

By [I, Proposition 4.1] and Lemma [3:2] v; can be approximated from above by a non-increasing
sequence of stochastic supersolutions v,. By [3| Lemma 2.4], there exists a large enough N such
that v := vy satisfies
) -
V- < _5 on Be($07y0)\BE/2($07y0)'
Choose n € (0,9/2) small so that ¢ := ¢ — n satisfies

L" >0 on Be(xo,yo). (3.1)
We also have 5
vSp—g5 <¢—n=¢" on B(zo.y0)\Bej2(20, 40); (3.2)
and
¢"(20,Y0) = (w0, Y0) — 1 = v4(0,Y0) — N < v+(Z0, Yo)- (3.3)
Define
g )N @ on Be(zo,Y0),

v on Be($07y0)c‘

2In fact, equalities hold for v4 on the boundary; the reverse inequalities come from the simple fact that (SP1) is
preserved under pointwise infimum.
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If we can show v € VT, then (3] will lead to a contradiction to the (pointwise) minimality of v .
Clearly, v" is u.s.c. since the minimum of u.s.c. functions is u.s.c. and v" = v outside B, »(0,¥y0)-
Boundedness is also easy. (SP1) is satisfied because v" = v on dS. The remaining proof of case (i)

is devoted to the verification of (SP2), i.e. the supermartingale property.

Let (7,€) be any random initial condition and (B, S°) be the (7, ¢)-admissible control in (SP2)
for the stochastic supersolution v. Let

A= {€ € Bepa(xo, yo)} N {p"(§) < v(€)} € Gr

Define a new control

(Bf,St) = Lacnpzry(B) — BY_, Sy — S7_).
(B!, SY) follows (BY,SY) starting from time 7 when the position ¢ satisfies v"7(¢) = v(€), i.e. when
it is optimal to use the control corresponding to v. By Lemma 22, (B!, S') € &/ (1,€). Let

. 1 gl ~eBlgl - Leplgl
i = inf{t € [r,o™$ES ] (XPSPS Y0P ¢ B, (0, 10)}
be the exit time of the ball B, /3(wo,y0) and
1 ql 1 ql
61 = ( X;—{£7B S 7Y7'7;£7B S ) c ng

be the exit position. Since X785 and Y™6B"5" are RCLL, we have & ¢ B€/2(xo,yo)E By
Lemma Z2ii, (11,£&;) is a valid random initial condition. Let (B2,5%) be the (71, &1)-admissible
control in (SP2) for v. Set

(Btast) = (Btlvstl)l{t<7'1} + (Bt2 — B? + B71'17St2 - 572'1— + 571'1)1{t271}’

T1—

T1? A‘5(72'1 )
Lemma 2.2]ii also implies (B, S) € &7(7,§). We now check the supermatingale property (SP2) for
v with control (B, .S).

ASL), then by (AB2

71

Note that we allow “double transactions” at time 7y, first by (ABL

Let p be any G-stopping time taking values in [7,0™%5]. In the event A, (B',S') = 0 so that
(XvavBl’Sl, YvavBlel) exits B./o(o,yo) either by diffusion or by death, giving §; € 9B, /3(wo, yo) U
{A}. The control (B, S) is inactive before time 71 and equals (AB2, AS2) at 7. By Itd’s formula,

71
we have in the event A
T7£7B7S 7—757B7S T? 7B7S T? 7B7S
Qpn(Xp/\Tl 7Yp/\7'1 ) - (1077 (XT ¢ 7YT ¢ )
PATL

PATL
— / _E(‘Dn(XZ—7£7B7S7 }/;Tvngvs)dt _|_ / ((pn)/(XtT?g?B?S’ }/I;TvngvS)O.}/I;vavadet

PATL
+ / [@"(A) — (XS th_,g,B,s)} d(N = Bt) + 1ip>ry [07(61 + AE) — ()],

where

A= (—1,1=NAB2 + (1 —p,—1)ASZ.

3If£ ¢ Be/2(x0,%0), it is possible for the process to immediately jump back to B, 2(%o,yo0) at time 7. In this case,
1 1 1 1

although we start outside the ball, 71 # 7T because (XtT’f’B 5 7Y;T’§’B S ) gives the post-jump position at time ¢

which is inside the ball at ¢ = 7, and will stay inside the ball for some positive amount of time by the right continuity

of its paths.
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Since (X758 v7¢B5) ¢ Bea(x0,y0) for 7 <t < 7 on A, and L" > 0 in B (o, y0) by
B, the dt-integral is non-positive. The integrals with respect to the Brownian motion and the

compensated Poisson process vanish by taking G,-conditional expectation. We therefore obtain

E[Lag" (X550 Y 80%) = Langpeny (07(6 + A8) — ¢7(61))]G-]
< 1A90n(X'7r—7£7B7S7 YTTé’B’S) = 1Aﬁ{7’<7'd}90n(§) + 1Aﬂ{T:Td}(an(A)
= 14¢"(§) < 1407(8).

In the last equality, we used £ = A if 7 = 73. Notice that

LA (X525 YTEBS) 140 sy (9761 + AE) — "(61))

= Lan{pen @ (X85 VIOBS) 41 0o 106+ AE) — Langpeny (07(E1 + AE) — ©"(61))

7§7B,S’ YPT,E,B,S) + 1Am{p2ﬂ}(pn(&)‘

= 1An{p<n}90n(X;
So
E[Langper @ (X752, YT0P5) £ 1o 30" (6)]1G7) < 1av"(€).
We have argued that {1 € 9B, /2(wo,y0) U{A} on A. By (8.2) and the definition of v", we know
v < " in Be(xo,y0). This allows us to replace ¢ by v in the above inequality and get

E[Lanper v (X 58P YTIEOB5) £ 100050 107(60)1G-] < 1a07(€). (3.4)

By “optimality” of (BY,S°) (and thus (B!, S!) on A°) for v with random initial condition (7, ¢),

we have
E[Laev(X57 Y8516, < 1aco(©):

Since v < v everywhere, we can replace v by v on the left hand side in the above inequality.
On A, either £ ¢ B, /2(z0,%0), or £ € Beja(wo,y0) and v(§) < ¢"(&). In both cases, v(§) = v"(§)
since v = v outside the ball B, /3(70,%0). So we can also replace v by v" on the right hand side.
Splitting the set A° on the left hand side according to the relation between p and 71, and using the
definition of (B, S), we have

E[1acn{per 10" (X85 VIOPS) 41 e por07(€1)1G7] < 1aev"(€). (3.5)
Combining ([34]) and [B3]) gives us
E[1Lpern 0" (XS5 Y002 4 1 y0"(€0)1G5] < 07(6). (3.6)

By “optimality” of (B2, S5?) for v with random initial condition (71,&;), we have (by applying
the supermartingale property to the stopping time p V 71)

2 ¢2 2 o2
E[l{pzﬁ}v(X;hﬁhB S ’YPT1,€17B S )|g7_1] < 1{p2ﬁ}”(£1)-

Same as before, we can replace all v’s by v” in the above inequality because v < v everywhere,

v = v" outside B./2(70,%0) and {1, being the exit position, is outside B, /s(z0,0). So

T T T 282 1 2,52
E[l{pZTl}’Un(Xp’E’B’Sva 7£7B75)|g7'1] = E[l{pZTl}’Un(Xpl’EhB o 7Yp1’51’B o )|g7'1] < 1{p271}vn(£1)'
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Taking G, -condition expectation and using tower property yields
E[l{pZn}Un(X;’E’B’S7YpT@’B’S) - 1{p27’1}vn(£1)|gT] <0 (37)

Finally, we add (3:6]) and [B71) to get
E[" (X765, Y 459)|G,) < o"(¢).
This completes the proof of (SP2) and hence of case (i).
Case (ii). —(1 — )20, y0) + @y(x0,y0) > 0. The proof is in most part similar to that of case

(i). So we shall be brief on the similar parts. Same as in case (i), we can find €, > 0 and v € V*
such that ¢" := ¢ — n satisfies

— (1= ped+e) >0 on Be(ro,y0), (3.8)

v < QOT] on BE(‘T07y0)\Be/2(‘T07yO)7
(pn($07y0) < U+(3§‘0,y0)-

Define
'U/\gpn on Be(x()uy())a
o'l = .
v on Be($07y0) :
It suffices to show v € V. And the only nontrivial part is to check v satisfies (SP2).
Let (7,€) be any random initial condition and (B°, S%) be a (7,¢)-admissible control in (SP2)
for the stochastic supersolution v. Let

A :={¢ € Beja(wo, yo)} N{e"(€) <w(§)} € Gr.

Observe that ([3.8) implies for any (z,y) € Be(xo,yo) and h > 0 small such that (z+(1—p)h,y—h) €
Be(x()vy())v we have

P+ (L= wh,y = h) = ¢"(x,y) = h[(1 = p)el — eyl + (1 = p)h',y = ') <0 (3.9)
for some h’ € (0,h) by Mean Value Theorem. This suggests selling stocks is optimal on the set A.
Given a point (z,y) € Bs(z0,y0), denote by s(z,y) = (s°(z,y),s' (z,y)) the intersection of the
ray {(z + (1 — p)h,y — h) : b > 0} and 9B, /3(z0,%0), i-e. the unique point on 9B, /5(z0,y0) that
can be reached by a sell. Define a new control

(Bf,S1) = Langzry (0,61 —5'(€)) + Laengezry (B — BY_, S — S7_).

(B!, S1) says starting at time 7, if we are in A, we immediately jump to OB, 2(0,Y0) by a sell and
do nothing afterwards; if we are in A¢, we follow (B, S°). A slight variation of Lemma Z2li shows
(B!, SY) is (1,¢)-admissible. Let

T 1 ql T 1 ql
m1 = inf{t € [r,078PS)  (X7OFS VTSP ¢ By (o, o) )
be the exit time of the ball B, 5(w0,y0) and

’ 7B1751 ’ 7B1751
& 1= (XTOFS Yo i) e g,
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be the exit position. As in case (i), {1 ¢ Be/2(z0,%0) and (71,&1) is a valid random initial condition.
Also notice that on A, 7 = 7 and &; = s(€) if 7 < 7. Let (B2,52) be a (71, & )-admissible control
in (SP2) for v. Set

(BtvSt) = (Btlastl)l{t<7'1} + (Bt2 - B2 + Bl

T1— T1?

S2 82 _+ Sil)l{tzﬁ}.

T1—

(B,S) € &(7,£) by Lemma 2.2lii. It remains to check (SP2) for v with control (B, .S).

Let p be any G-stopping time taking values in [r,c7¢55]. In the event A (recall that 7 = 7),

when 7 < 74, B9) implies ¢7(&1) = ¢"(s(£)) < ¢"(§); when 7 = 74, ©7(&1) = ¢"(§) = ¥"(A) = 0.
So

Lav(&1) < 1ap"(&1) < 1ag"(§) = 1av"(€). (3.10)
In the event A, we use that (B, S°) is “optimal” for v to obtain
1 ql 1 ql
E[lAcﬂ{p<7’1}’U7](X;7§7B o 7YpT7£7B o ) + 1A¢ﬂ{p27’1}vn(£1)|g7']
T,6,B1,S1 T,6,B1,S1 ,6,B1 81 T,6,B1,81
= E[lAcvn(Xp/\gn ) Yp/\grl )‘gT] < E[lAc’U(Xp/\Eﬁ ) Yp/\g'l )‘QT] (311)
T 0 q0 T 0 <0
= E[lacv(Xp5 " Y7 7)IG:] < Laew(€) = Laco"(€).
Combining (3I0) and BI1)), and using that (B, S) equals (B, S') on [r, 1), we get
E[l{p<'rl}vn(X;7€’B’Sv YpT7£7B7S) + 1{p2‘r1}vn(£1)|gT] < ’UU(E)‘ (312)
By “optimality” of (B2, S?) for v with random initial condition (71,£;), we have
T. T T 2 2 T 2 2
E[l{p27'1}vn(Xp7£7B7S7Yp ’g’B7S)‘gn] - E[l{pZH}Un(Xphfl’B o 7Yp17£17B o )‘gn]
< Ellysryo(XJ0E0B5S" ynénBhsty g
< 1pemyv(€n) = Lpsr 0" (61).
Taking G,-condition expectation yields
E[Lgps o (Xp955, YIEE) — 1000 307(€1)(G:] < 0. (3.13)
Finally, we add 312) and I3) to get
7,§,B,S 7,6,B,S
E[o"(X;5P5 v e85 G ] <u(¢).

This completes the proof of case (ii).

Case (iii). ¢.(20,y0) — (1 — A)@y(x0,yo) > 0. This case is symmetric to case (ii). Buying stock
is optimal in a neighborhood of (xg,yp). We define the set A and the “optimal” (7, £)-admissible
control in the same way as in case (ii) except one modification: in the definition of (B!, S?!),
(0,&' — s1(€)) is replaced by (€2 — 6°(€),0), where for (z,y) € Bejs(z,y), b(z,y) is defined to be
the intersection of the ray {z —h,y + (1 —A)h : h > 0} and 9B, /5(70, o), i-e. the unique point on
OB /o (z0,v0) that can be reached by a buy. The rest of the argument is almost the same. O
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4. STOCHASTIC SUBSOLUTION

Definition 4.1. A bounded l.s.c. function v on S is called a stochastic subsolution of (2.4]), 23]
if
(SB1) v <1 on 0S8y, v <0 on 9S,),;
(SB2) for any random initial condition (7,€), control pair (B,S) € &/ (1,§) and G-stopping time
p € [r,0™6B5)
E[p(X5 5, Y052 (G,] > u(9),

where v is understood to be its extension to S U {A}.

Denote the set of stochastic subsolutions by V™.

Remark 4.1. V= # () since the constant 0 € V~. Similar to the stochastic supersolution case, there
is also a member of V™ which satisfies (SB1) with equalities, namely, the lower bound function

defined in ([2.9). (See Lemmal[{.2)

Remark 4.2. Any stochastic subsolution v is dominated by the value function 1 on S. Indeed,
on 08, we clearly have v < v by (SP1). For (z,y) € S, take 7 = 0, £ = (z,y), (B,S) be any
(z,y)-admissible control, and p = o®¥BS5. We have by (SB2) and (SB1) that

v(x,y) < E[U(Xﬁ’y’B’S,Ypm’y’B’S)] <E |:1{p:7_bz,y,B,S}i|

= ]P’(Tgc’y’B’S < Tg N\ Tsw’y’B’S) < ]P’(Tgc’y’B’S < Tq).

Since this holds for any (B, S) € o/ (x,y), taking infimum yields

v(z,y) < inf P(r7¥BS < 7)) = z,Y).
(z,y) S s e (7 a) =(x,y)

Lemma 4.1. Let vi,vo € V~. Then vi Vuvy € V.

Proof. The maximum of bounded l.s.c. functions is still bounded and l.s.c.. (SB1) is clearly stable
under maximum. For (SB2), simply notice that

E[(v1 V u2) (X555 YIEB5) |G ] > Eloy (X555 YT489)G,] > v(€), i =1,2.
So
E[(v1 V v2) (X755 VOB G ) > (01 V) (€).
]

Remark 4.3. The above proof can be easily generalized to the countable case. In particular, the
supremum of a countable family of stochastic subsolutions is bounded from above because every sto-
chastic subsolution is dominated by the value function. In fact, it also generalizes to the uncountable
case by [I, Proposition 4.1] which says the supremum of an uncountable family of l.s.c. functions

equals the supremum over some countable subfamily.

Lemma 4.2. ¢ € V™.
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Proof. Recall that ¢ can be written as the supremum of all +’s with k € (1 — p, ﬁ) N Q where
Yy is defined in ([2.7)). To show ¢ € V7, it suffices to show 13, € V™ for k € (1 — p, ﬁ) by Lemma
[4.1] and the remark after it. To see (SB2) holds for 1y, let (7,&) be any random initial condition,

vavas] be any G-stopping time. For brevity,

(B, S) be any (7,&)-admissible control and p € [1,0
we shall omit the superscripts (7,&, B, S) in all controlled processes and relevant stopping times in
the rest of this proof. For functions defined on [b, 00), we extend them to [b,00) U{A} by assigning

zero to the function value at A. Define a new process

X+ kY;, t <1y,
A, t > 74

Zt =

Observe that Z; € [b,00) U{A} for all t € [r, p]. We also have
dZ; = (rZy + (o — m)kY; — ¢)dt + kY dWy + [k(1 — X) — 1]dBy + (1 — p — k)dS;, t < 74.

Since 1 —pu < k < ﬁ, the dB and dS terms are non-positive. So for t > 7, Z; is bounded above
by the process Z; defined by

dZ, = (TZ + (o — r)kY; — ¢)dt + okYidWy, 7, = €0 4+ ket for t < 7y,
and Z = A fort > 7. Z is the wealth process if the amount invested in the (frictionless) stock

market is kY;. Let f(z) := ¢p(x,0) € CY[b,c/r] N C?[b,c/r). We have ¢y (z,y) = f(x + ky). Since
f is decreasing in [b, o), we deduce

E[T/’k(va Yp)’g'r] - E[l{p<rd}f(Zp)‘gT] > E[l{p<‘rd}f(2p)’g‘r] = E[f(gp)’g'r] (4-1)

In the event A := {Z, € [c/r,00) U{A}} € G., we have f(Z,) > 0 = f(Z;). In the event
A¢ = {Z, € [b,c/r)}, we let v = inf{t > 0 : Zp € [¢/r,00)}, and use f is non-negative in [b, 00)
and zero in [¢/r, 00) to get f(Zp) > f(ZpA,,). We therefore have

E[f(Z,)|G] = ELaf(Z:) + Lac f(Zpr)|Gr). (4.2)

In the event A€, we use It6’s formula to obtain

pAV ~  ~ 1 ~ ~
F(Zon) = F(Z:) + / {f’(Zt)[th + (o —7)kY; — ] + §f”(Zt)02(l<;Yt)2 — ﬁf(Zt)} dt

pAV _ pPAV ~
77 Zyorviaw, + / F(A) = F(Z)d(N, - Be).

T T

Notice that f is the frictionless value function which satisfies the HJB equation
1
87(0) = {3107 + @ = 1) @) + (0 ) (0) |

in [b,¢/r). It follows that the drift term is non-negative. For ¢ € [r, p Av], the process Z; € [b, ¢/r].
So Z; € [b,c/r] and the process (X;,Y;) stays inside the bounded set {(z,y) € S: x + ky < ¢/r}.
Here it is crucial that k£ € (1 — p, ﬁ) for Y; to be bounded. The integrals with respect to the

martingales W; and N; — St then vanish upon taking G,-conditional expectation. This leads to

E[lACf(ZpN/NgT] > E[lAcf(ZTNgT]- (4-3)
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Putting (@1]), [@2]) and (@3] together, we get
E[¢k(Xp7Yp)|gT] > f(ZT) = 1{T<Td}f(£0 + kfl) = 1{T<Td}7pk(£) = Tz[)k(g)
which is the desired submartingale property. O

Proposition 4.1. The lower stochastic envelope

v_(z,y) == sup v(z,y)
veEV

is a viscosity supersolution of [.4l) satisfying v— > 1 on S, and v— >0 on 9S,,.

Proof. The boundary inequalities are satisfied because v_ > ¢ by Lemma E:ZIE To show interior
viscosity supersolution property, let (zg,y0) € S and p € C?(S) be a test function such that v_ — ¢

attains a strict minimum of zero at (z¢,yp). We need to show

max {Lo, —(1 — p)@z + @y, 0o — (1 = XN)py} (20, 50) > 0.

Assume on the contrary that

max {Lp, —(1 — pu)pz + ¢y, o — (L = Ay} (20, 50) < 0.
Similar to the proof of Proposition B we can find 0 < ¢ < 1, n > 0 and v € YV~ such that
o' := ¢ + 1 satisfies
max { Lo, —(1 — p)e) + ¢, @1 — (1= Ny} <0 on  Be(zo,yo), (4.4)
" <wv on  Be(wo,y0)\Be/2(0,%0) (4.5)
and
" (z0,y0) > v—(0, Yo)-

The technique for constructing the lifting function ¢" is classical and similar to the stochastic

supersolution case. So we skip the details. Define

U\/(p" on Be(x()uy())a
v’ = .

v on Be($07y0) :
It suffices to show v € V™. And the only nontrivial part is to check v" satisfies (SB2).

Let (7,£) be any random initial condition, (B,S) be any (7,&)-admissible control and p €

[7,07585] be any G-stopping time. Let
A= {£ € Be (w0, y0)} N{¢"(§) > v(§)} € G-
Let
7 o= nf{t € [r, 0™ B S| (XTEPS YT955) ¢ B o, o))
and

61 = (X77'-17£7B7S7 YT71—7£7B7S) c ng

n fact, equalities hold for v— on the boundary; the reverse inequalities holds because (SB1) is preserved under
pointwise maximum.
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In the event A, because of a possible jump transaction at time 71, {; may not be on 9B, /5(o, yo) U
{A}. This will bring some problem since ([€4]) is only valid locally. To overcome this issue, we define
an intermediate position &] as follows: let &_ = (X;’g_B S,YTZ’EB ). We have &,_ € B, j5(0,Y0)
on A. Define

&1 = lan{r<ra} <1{ABT1 S0yb(&1-) + 1{ASTl>O}5(51—)) + 1 geugr =361 € Gry,

where b, s are the functions introduced in cases (ii) and (iii) of the proof of Proposition Bl On
An{m < 74}, & is the intersection of 0B, /5(x0,y0) and the line segment connecting &;— and &;.
Also define (B!, S%) by

(ABL, ASL) :==1anr <1y (1{AB,1>0}(5?_ —6°(61-),0) + 1{as,, >0 (0, &1 —51(51—))>
+ ]‘ACU{leTd}(ABTl s ASﬁ)

and

(B}, S}) = 11ery (B, St) + Lysmy [(Br—, Sn—) + (ABL,AS])]
That is, (B!, S') agrees with (B, S) before time 71, but at time 71, the corresponding controlled
process only jumps to & instead of &. We have (B!, S') € o and (XZ’E’Bl’Sl,XQT’g’Bl’Sl) €
B ja(wo,y0) U{A} for all t € [7,71] on A. Apply generalized It6’s formula to the RCLL semimartin-
gale gp”(XvavBl’Sl,YvavBlel) on A, we get

7A\
PO YIS — e st yressty o f T L (xpEES yr B gy
1 ? 1 s
i
PATL - 1 ql - 1 @l - 1 ol
+/ (@) (X]SF 5y PP gy B gy,
T

[~ (1= N8 yre B S ape

o
pm 7.6,B,81 .6 B!S!
L R I R L
1 ¢l 1 ¢l
+ [7 ) - S Y S - gt

+ Z ngB St YrgB Sl) n(XZ-f,Bl,Sljy;ig,Bl,Sl)

T<I<pATL
t<1q

where B¢, S¢ denote the continuous part of B,S. By (£4]), the dt, dB¢ and dS° integrals are non-
negative. The dW integral and the integral with respect to the compensated Poisson process vanish
if we take G, -conditional expectation. We now analyze the last term which represents contribution
from jump transactions. Similar to case (ii) of the proof of Proposition Bl (see (3.9])), we can use
([#4) and Mean Value Theorem to deduce

(1077(33 - h7y + (1 - )‘)h) > (107]($7y)7
and
('1077(3j + (1 - lu)hlvy - h/) > (1017($7y)
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for all (z,y) € Be(xo,yo) and h, b’ > 0 such that (x—h, y+(1=M\)h), (x+(1—p)h',y—h') € Be(xo,y0)-
It follows that on the set A and for ¢ € [r, 71|\ {74}, if AB} > 0, then

(’Dn(XtT7§7B17sl’Y;T7§7B1751) — SDU(X;—;57B1751 _ AB,}, Yj;:nglvsl + (1 _ A)AB})

9 7Bl7sl b 731751
> (XS Yy e Bs)

If AS} >0, then
1 gl 1 gl 1 gl 1 gl
PIUXTETS YT ESTy = o (XIS (1= ) ASLYSPT - A
T’ ’Bl’Sl T’ ’Bl’Sl
> ¢ (Xt—s aY;t—s )-
Since AB} and AS} are not positive at the same time (see the definition of .#%), each summand

in the last term is non-negative. Putting everything together, we obtain by taking G, -conditional

expectation of the expression given by 1to’s formula that

T, ’31751 T, 7B17sl 1 ¢l 1 gl
E[Lae"(Xp% 7 Yo" 7)1G,] = 1ag (X785 YT Bhsh,

Again, we use that ¢" is non-decreasing if we move northwest along the vector (—1,1 — A) and
southeast along the vector (1 — u, —1) inside the ball B.(xg, o) to bound the right hand side from
below by

Lantr<rg3®" (&) + Langr=r 3@ (A) = 149"(§) = 140"(§).
For the left hand side, we use v > ¢ in Be(wo, o) and that (B!, S) = (B, S) before 71 to obtain

1A(‘D77(XT7£7317S1 YTvnglvsl) S 1A'U"7(XT7§7B1’S1 YvavBlvsl)

PATL y Y pary PATL y Y pary
= Lan{per W (XPOP5 Y TOB5) 11 400 0(€)).
Hence
E[Lanper " (X 4P Y0P 5) 4 1an om0 (€1)1Gr] = 140" (€). (4.6)
Define

(Bt27 St2) = 1{t2T1}[(BTl7STl) - (Bl S'%l )]

T
Starting with the random initial condition (71,&}), (B2, S?) immediately brings the state process
from &) back to & and stays inactive afterwards. It is easy to see that (X”vfi’BQ’Sz, Yﬁvfi’BQvSQ)
either exit S at time 7 with exit position &1, or at a later time when the control is inactive so that
the exit is caused by diffusion or death. In both cases, the exit position belongs to S U {A}. So
(B?,5%) € o/(71,€;). Using the submartingale property of v(X™ £1,8%,5% 'y ’SQ’BZ’SZ), we have

1, ,,B2752 T1, ,,B2752
V() = v(6) = BTy g > u(g) = o(&)).
where the first and the last equalities hold because £1,&] ¢ Be/a(zo,y0). @) then implies

E[Lanper v (X P2 YIOB5) £ 1005 107(€0)1G] > 1407(€). (4.7)

On the set A°, we use the submartingale property (SB2) of v(X 7655 Y7659 to get

S S S S
E[Laev"(X;50% Y5 %)(0:) = E[laco(X550 % V8P 5)1G0) > 1aev(€) = 1407 (8),
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or
E[lAcﬂ{p<T1}Un(X;7§7B7S7 YpT’E’B’S) + 1A¢r“|{p27’1}vn(£1)|gﬂ'] > 1Acvn(£)' (48)
Adding (@) and (LJ) yields
E[Lgper o (X785 Y0P 4 1o 1 0"(6)1GF] > 07(€). (4.9)
Let

(Btgv S?) = (Bt7 St) - 1{t27'1}(ABT17 A57'1)
be the same control as (B, S), but with any jump transaction at time 71 removed. We have

(XZ’&B’S, Y;T,E,B,S) _ (Xg1,£1,B3,S37 Y;Tl’&’Ba’S3) V> T (4.10)

The reason for introducing another control is because our random initial condition allows a jump
at initial time. Since &; already includes the possible jump transactions specified by (B, .S) at time
71, we want to avoid doing the same transaction again when using (71, &) as the new random initial
condition. That is, (B3, 53) is defined to make ([@I0) hold. To see (B3, S%) € &/ (m,&1), first notice
that o755 > 71 by the definition of ;. ([@I0) then implies o™ ELBYST — GTEBS | Thys,

(XT1,517BS,53 YT1,51,BS,53) — (XT7§7B7S YT,E,B,S) cdSU{A}

0_.,-1’51’33’337 0_.,-1’51’33’33 o7& B,S * 57,.6,B,S

by the (7, {)-admissibility of (B, S). The submartingale property (SB2) of v(X™ £1.B%.5% ymb ’33’53)
(applied to the stopping time p V 71) implies

T T T 3 3 T 3 3
E[l{pzn}Un(Xp’g’B’Spr ,E,B,S)‘gn] — E[l{pZTl}Un(Xp17§17B ) 7Yp1’§1’B S )‘gn]
3 g3 3 Q3
> E[l{pZTl}U(X;hgl’B S 7yp717§173 S )|Gr]

2 Lp>ryv(€r) = 1gp>ny0"(61)

Taking G,.-conditional expectation, we get
E[1{ysm 0 (X855 YT459) |G ] > B m30"(61)|G:]- (4.11)

Adding (£9) and ([EIT]), we get
E[" (X755, Y 659)|G,) > o (¢).

This completes the verification of (SB2) for v, and hence of the viscosity supersolution property
of v_. 0

5. COMPARISON PRINCIPLE

A comparison principle can be established following the idea of [10]. The key is to show the exis-
tence of a strict subsolution which is then added to the penalty term when applying the technique
of doubling of variables. We give a proof here for the sake of completeness.

Lemma 5.1. There exists a strict subsolution ¢ of [2.4) satisfying

(1) ¢ € C*(S) and ¢ < 0;
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(2) U(xz,y) = —o0 as ||(z,y)|| = oo in gﬁ

Proof. Let h(z) := —W with 0 < p < 1. We have h < 0, B’ < 0 and A" > 0 in (b — 1, 00).
Let 1 — p < k < 13 and define £(z,y) := h(z + ky). ¢ is well-defined since z + ky > b for all
(z,y) € S. Condition (1) is trivially satisfied. To see condition (2) holds, observe that for each
a>b, {(z,y) €S:x+ ky < a} is a bounded subset of R2. Therefore if ||(x,)| — oo in S, then
we must have x + ky — oo. It follows that ¢(z,y) = h(x + ky) — —oo. It remains to show £ is a
strict subsolution of (24]) under a suitable choice of p.

Let (z,y) € S. By our choice of k and that k' < 0, we readily obtain
—(1 = p)ly + by = [—(1 — p) + kW (x + ky) <0

and
by — (1= Ny =[1— k(1 = NI (xz + ky) < 0.

Let us now compute L{(z,y).

LU(z,y) = Bllx,y) — (re —c)ly(z,y) — ayly(z,y) — %JQyQKyy(a:,y)

1
= Bh(z + ky) — (roz — c+ aky)h'(z + ky) — 502y2k2h”($ + ky).
By definition of the solvency region S, we have

x4+ (1—p)y <— it y>0, and :E+L/\<— if y<0,

which implies

rlyl r
- < - (— = Oyl
re —c+aky < T + akly| T +ak | |y| == 0|y|
Using I/ (x + ky) < 0 and A" (z 4+ ky) > 0, we deduce
1
Ll(w,y) < Bh(z + ky) = Olylh (x + ky) = So™y* k0" (z + ky)

02 (0 (z + ky))?
a2k2h”(x + ky)

= —% [02y2k‘2h"(x + ky) + 20|y|h (z + ky) +

10%(W' (2 + ky))?
2 o?k2H (x + ky)

< (B4 3 rr (o k) ) bl + k)

+ Bh(z + ky) +

2 02k2 hh"

162 p
= (8- c2—=—-—L ) Wz + ky).
<ﬁ 20%21_1)) (x + ky)

02

Choose p small such that g > %

%. We then have by negativity of h that £¢(x,y) < 0. O

Proposition 5.1. Let u,v be u.s.c. viscosity subsolution and l.s.c. viscosity supersolution of (2.4)),

respectively. Suppose u,v are bounded and u < v on 9§, thenu < v in S.

5The function £ is referred to as a Lyapunov function in [I0].



21

Proof. Assume to the contrary that § := u(xo,y0) — v(xo,y0) > 0 for some (z9,yo) € S. Let £ be
the strict classical subsolution given by Lemma [5.Il Let € be a small positive constant satisfying
0 + 2el(x0,y0) > 0. For each 6 > 0, define

0
q)9($7y7$/7y/) IZU($,y) - U(ﬂj‘,,y,) - §(|$ - $l|2 + |y - y,|2) + Eg(ﬂj‘,y) + 6£($/7y,)‘

Since u(x,y) —v(2’,y’) is u.s.c. and bounded, and ¢(z,y) — —oc as ||(z,y)|| — oo in S, there exists

(z9,v0), (¥}, yp) lying in a compact subset of S such that

sup (I)G(x7y7x,7y,) = ¢6(x67y6,$/9,yé)-

(z.y),(=",y") €S
Compactness allows us to extract a sequence 6,, — oo such that (2, yn, 2}, y),) = (g, , Ve, g;én , yén)
— (Z,9,2',7") as n — oo. Clearly, we have
D, (Tns Yns Ty Yp) > sup_ Po(z,y,2,9) > + 2¢l(20,y0) > 0. (5.1)
(z,y)eS
It follows that
Or

5 (|20 = 22+ [y — ypl?) Sw(@n, yn) — v(@h, yh) + €l(n, yn) + €l(l,,yn) — sup Po(z,y,z,y).

(x,y)ES

Since the right hand side is bounded from above and 6,, — oo, we must have |z, — 2/, |2+ |y, — v}, |* —

0, hence (%, 9) = (#',4'). This further implies by u.s.c. of u — v that

. 0 IR
0 < limsup En(\xn — azmz + |yn — y,’f) < @g(,9,2,9) — sup Po(z,y,z,y) <O0.
" (z,y)eS

So we conclude

1im O (|2 — 2 * + [yn — ypl*) = 0, (5.2)
and
hr?l q)ﬁn(xnv Yn, $;L7 y1/1) = q>0(j7 337 j) g) = Sllp_ q)O(x7 Yy, x, y) > 0. (53)
(zy)es

Now, since u < v on S and ¢ < 0, we have ®g(z,y,z,y) < 0 for (z,y) € S. In view of (B3,
we have (Z,9) € S. So (@, yn), (2),,y),) € S for n sufficiently large. By Crandall-Ishii’s lemma, we
can find matrices A,, B,, € So such that

(Hn(xn — 20,00 (yn — ), An) € J;’Jr (u(mn, Yn) + €l(zy, yn)), (5.4)

(On(@n = 23), 00y = y), Bu) € 5~ (v(@)y, yr) — el 9)), (5.5)

A, O <30, 1 —I‘
0 -B, -1 I

where j?g’Jr and jg’_ denote the closure of the second order superjet and subjet, respectively. By
Lemma 4.2.7 of [II], we have

(yn)2An,22 - (y;)2Bn,22 é 39n|yn - y;L|2 (56)

and
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Since £ is a C?(8S) functions, we can rewrite ([5.4) and (5.5) as
(P Xn) € Tg W@y yn)s (G, Vo) € T5 ™ 0(0,, 91,)
where
Pr = On(xy — 2y — yh) — €DL(xn, yn), Xn = Ap — eD?0(20, yn),
G = On(zn — 2 yn — yl) + DU, ), Yy := B, + eD*((2,,y]).

By the semijets definition of viscosity solution, we have

1
max {Bu(xny yn) - (Txn - C)pn,l — QYnPn,2 — 502y72LXn,227 _(1 - N)pn,l +pn727pn,l - (1 - )\)pn,2} < 0

and

1
max {571(% yn) — (1@, — )1 — QY dn2 — 502(%)2%,22, — (1= 1) qn1+qn,2, qn1 — (1—>\)qn,2} > 0.

We consider three cases.
Case 1. —(1 — p)gn,1 + qn,2 > 0 for infinitely many n’s. In this case,
0> —(1—wpp1 +pn2—[—(1 = 1)gn1 + qn2]
= —e[=(1 = )la(@n, yn) + ly(Tn, yn)] — €[=(1 = p)la (a7, yp) + Ly (2, y)]-
Letting n — oo yields
02> —2¢[—(1 — p)la(2, 9) + £y(2,9)],
or
—(1 = p)le(2,9) + £y(2,9) = 0.
This is a contradiction to the strict subsolution property of ¢ in the sell region.

Case 2. ¢n1 — (1 — A)gn,2 > 0 for infinitely many n’s. Similar to case 1, this leads to £,(%,7) —
1— XM, (z,9) > 0, contradicting the strict subsolution property of ¢ in the buy region.
y
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Case 3. For n sufficiently large, Sv(2),, y},) — (r@), — €)qn.1 — @¥hn2 — 302(y))*Yn 22 > 0. In this

case,

1
0< 5”(513%71/;) - (rm% - C)Qn,l - Oéy;LQng - 502(1/,/1)25/11,22
2

= =B [w(@n, yn) — v(@y,,y,)] + €(LE = BE)(@n, yn) + (LE — BO) (2, yp)

1
+ 00 (0 — 27,)% + b (yn — yy,)* + 502 [y An,22 = (y1,)" Bn,22)]

< =B [w(@n, yn) — v(2l, yh) + l(@n, yn) + el(z), yh)]

1
- |:BU($H, yn) - (Txn - C)pn,l — QYnPn,2 — _U2y721Xn,22

3
+ <r +o+ 502> On(|2n — 20| + |y — 95 [%)

3 B
= —BPy, (Tn, Yn, T1, Yy,) + (7“ +a+ 502 - §> On(|zn — 2 + |yn — Yo%)
3 2 ﬁ /12 /12
< —B(0 — 2el(xo,y0)) + | T+ + 205 On(|Tn — 23, 1° + [yn — ypl)-

In the third step, we used the subsolution property of ¢ and (5.6]). In the fourth step, we used the
definition of ®y. In the last step, we used (E.I). Letting n — oo and using (5.2)), we arrive at the
contradiction 0 < —f5(d — 2el(xg,y0)) < 0. The proof is complete. O

Proof of Theorem [2.1]l By RemarksB.21and [4.2] we have v_ < ¢ < v;. By Propositions B.Il and
41l we know vy is a viscosity subsolution and v_ is a viscosity supersolution of (2:4]). Moreover,
vy <wv_ on 9S. Tt is also clear that vy is u.s.c. and v_ is Ls.c.. Comparison principle (Proposition

B.I) then implies vy < v_. Therefore, v; = v_ = 9 is a continuous viscosity solution to the
Dirichlet problem (24]), [235]). Uniqueness also follows from the comparison principle. O
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