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Abstract

We present new, and mostly sharp, bounds on the maximum length of certain generalizations
of Davenport-Schinzel sequences. Among the results are sharp bounds on order-s double DS
sequences, for all s, sharp bounds on sequences avoiding catenated permutations (aka formation
free sequences), and new lower bounds on sequences avoiding zig-zagging patterns.

1 Introduction

A generalized Davenport-Schinzel (DS) sequence is one over a finite alphabet, say [n] = {1,...,n},
none of whose subsequences are isomorphic to a fixed forbidden sequence o or a set of such sequences.
(A sparsity criterion is also included in order to prohibit degenerate infinite sequences such as
aaaaa---.) When o is the alternating sequence abab - - - with length s + 2 this definition reverts to
that of standard order-s DS sequences. Whereas standard DS sequences have countless applications
in discrete and computational geometry, generalized DS sequences have found fewer applications [29]
241,16, 20, [17,3]. Whereas bounding the length of DS sequences is now essentially a closed problem [2,
16l 22], the most basic questions about generalized DS sequences are open, or have received only
partial answers.

We are mainly interested in answering two questions about forbidden sequences. A purely
quantitative question is to determine the maximum length Ex(o,n) of a o-free sequence over an
n-letter alphabet, for specific o or large classes of 0. An equally interesting question, particularly
when Ex(o,n) is superlinear in n, is to characterize the structure of o-free sequences. There are
infinitely many forbidden sequences one could study, but some classes of subsequences are more
interesting than others, either because of their applications, or their intrinsic structure, or for
historical reasons. In this report we focus on forbidden sequences that generalize, in various ways,
the idea of an alternating sequence. In order to properly explain our results, in Section [T.4] we
need to introduce some notation and terminology and to review the history of DS sequences and
their generalizations, in Sections [1.1 For the moment we can take a high-level tour of the
results. Following convention, let A\s(n) = Ex(abab--- ,n) be the extremal function for order-s DS
sequences, where the alternating pattern has length s + 2.
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a grant from the US-Israel Binational Science Foundation.



Double DS sequences. The most modest way to generalize an alternating sequence abab - - - is
simply to double each letter, transforming it to abbaabb- - - E] Double DS sequences were the first
generalized DS sequences to be studied [5, [I, 14]. Let A2 be the extremal function of order-s
double DS sequences. Davenport and Schinzel [5] noted that A{"(n) is linear (see [13, p. 13]) and
Adamec, Klazar, and Valtr [I] proved that A$"'(n) is also linear, matching A\; and Ay up to constant
factors. (The forbidden sequences here are abba and abbaab.) Klazar and Valtr [14] claimed without
proof that A3 (n) = ©(na(n)), which would match A3 asymptotically [9]. However, this claim was
later retracted [I3]. Here o(n) is the inverse-Ackermann function. We prove that A§"'(n) is, in fact,
©(na(n)), and more generally, that A" and \; are asymptotically equivalent for every order s.

Perm-free Sequences. Take any s + 1 permutations over {a,b}. Regardless of one’s choice,
the concatenation of these permutations necessarily contains an alternating subsequence of length
s+2: the first permutation contributes two symbols and every subsequent permutation at least one.
Define Perm, ;11 to be the set of all sequences obtained by concatenating s+1 permutations over an
r-letter alphabet, and let A, ¢ be the extremal function of Perm, 44 1-free sequencesE] The argument
above shows that order-s DS sequences are Permy ¢4 1-free, which implies that As(n) < Ag4(n).
Klazar [10] introduced Perm,. ¢4 1-free sequences as a “universal” method for finding upper bounds
on Ex(o,n). If there exist r, s (and there always do) such that o is contained in every member of
Perm, 11, then Ex(o,n) = O(A, 4(n)).

It is straightforward to show that A\s;(n) and Ass(n) are asymptotically equivalent. A natural
hypothesis, given [16], 22], is that A\s and A, s are asymptotically equivalent, for all r. We prove
that this hypothesis is false, which is quite surprising. One upshot of [2], 16, 22] is that when
s = 7 1is odd, A\s(n) and As_i(n) are essentially indistinguishable, and that As(n) and A4(n) are
asymptotically distinguishable, but very similar. In contrast, we prove that, in general, A, s(n)
behaves very differently at odd and even s. The extremal functions A\s; and A, s are asymptotically
equivalent only when s < 3, or s > 4 is even, or r = 2.

Just as DS sequences can be generalized to double DS sequences, Perm, 51 can be transformed
into a set Perm;% ; by “doubling” it. Let A;%(n) be the extremal function of Permj'; -free
sequences. The function Aj% was studied in a different, but essentially equivalent form by Cibulka

and Kyncl [3]. We prove that A% is asymptotically equivalent to A, s for all r,s. This fact is not

T8
surprising, but what is surprising is how many new techniques are needed to prove it when s = 3.

Zig-zagging Patterns. One way to view the alternating sequence abab--- with length s + 2
is as a zig-zagging pattern with s + 1 zigs and zags. Generalized to larger alphabets, we obtain
the N-shaped sequences, of the form ab---zy---ab---z, when s = 2, the M-shaped sequences
ab---zy---ab---zy---a, when s = 3, the NV-shaped sequences ab---zy---ab---zb---ab--- z,
when s = 4, and so on. Klazar and Valtr [14] (see also [20]) proved that the extremal function of
each N-shaped forbidden sequence is linear, matching A2(n). See Valtr [29] for an application of
N-shaped sequences to bounding the size of geometric graphs and Pettie [20] for an application of
M-shaped sequences to bounding the complexity of the union of fat triangles.

Given [14, 20], one is tempted to guess that the extremal function for a zig-zagging forbidden
sequence is, if not asymptotically equivalent to the corresponding order-s DS sequence, at least

Tt is straightforward to show that repeating letters more than twice, or repeating the first and last at all, can
affect the extremal function by at most a constant factor. See [I].
2These were called (r, s + 1)-formation-free sequences by Nivasch [T6].



close to it. We give lower bounds showing that for each ¢, there is an M-shaped forbidden sequence
with extremal function Q(na!(n)) and an NV-shaped forbidden sequence with extremal function
Q(n- 2(1+o(L))a’ (n)/ “). Put a different way, in terms of their extremal functions M-shaped sequences
may be similar to ababa but NV-shaped sequences bear no resemblance to ababab.

Our results on zig-zagging patterns are the least conclusive, and therefore offer the most oppor-
tunities for future research. They are based on a general, parameterized method for constructing
non-linear sequences.

1.1 Sequence Notation and Terminology

Let |o| be the length of a sequence o = (0:)1<i<|s| and let [|o| be the size of its alphabet (o) = {0}
Two equal length sequences are isomorphic if they are the same up to a renaming of their alphabets.
We say o is a subsequence of o’ if o can be obtained by deleting symbols from ¢’. The predicate
o < o asserts that o is isomorphic to a subsequence of o’. If 0 € ¢’ we say o’ is o-free. If P is a
set of sequences, o < P holds if o < ¢’ for every ¢/ € P and P 4 o holds if ¢/ ¥ o for every o’ € P.
The assertion that o appears in or occurs in or is contained in ¢’ means o < ¢’. The projection of
a sequence o onto G < X(o) is obtained by deleting all non-G symbols from o. A sequence o is
k-sparse if whenever o; = o and i # j, then |i — j| = k. A block is a sequence of distinct symbols.
If o is understood to be partitioned into a sequence of blocks, [o] is the number of blocks. The
predicate [o] = m asserts that o can be partitioned into at most m blocks. The extremal functions
for generalized Davenport-Schinzel sequences are defined to be

Ex(o,n,m) =max{|S| : 0 S, |S|| =n, and [S] < m}
Ex(o,n) = max{|S| : 0 €S, ||S|| =n, and S is ||o|-sparse}

where o may be a single sequence or a set of sequences. The conditions “[S] < m” and “S is |o|-
sparse” guarantee that the extremal functions are finite. Note that Ex(o,n,m) has no sparseness
criterion. The extremal functions for order-s DS sequences are defined to be

length s + 2 length s + 2
—— —
As(n) = Ex( abab--- ,n) and As(n,m) = Ex( abab--- ,n,m).
Since |abab- - | = 2, the sparseness criterion forbids only immediate repetitions.

1.2 Davenport, Schinzel, Ackermann, Tarjan

Davenport and Schinzel [4] observed that A;(n) = n and A2(n) = 2n — 1. It took several decades
for all the other orders to be understood. The following theorem synthesizes results of Hart and
Sharir [9], Agarwal, Sharir, and Shor [2], Klazar [12], Nivasch [16], and Pettie [22].

Theorem 1.1. Let \s(n) be the maximum length of a repetition-free sequence over an n-letter



alphabet avoiding subsequences isomorphic to abab--- (length s +2). Then A satisfies:

n s=1
2n —1 §=2
2na(n) + O(n) §=3
As(n) = < O(n24M) s=4
O(na(n)22) *=0
n - 20 (n)/th+0(a~1(n)) §=6,t= [%J

Y

Here a(n) is the functional inverse of Ackermann’s function discovered by Tarjan [28], defined
as follows.

a1 = 27 ] =1
a;1 =2 1= 2
Qi j = W+ Gi—1 1,5 =2

where w = a; ;1

One may check that in the table (a; ;), the first column is constant and the second column merely
exponential: a;1 = 2 and a;2 = 2'. Ackermann-type growth only appears at the third column,
motivating the following definition of the inverse functions.

a(n,m) = min{i | a;; = m, where j = max{[n/m]|, 3}}

a(n) = a(n,n)

There are numerous variants of Ackermann’s function in the literature, all of which are equivalent
inasmuch as their inverses differ by at most a constant. Observe that Theorem is robust to
perturbations of a(n) by O(1), so it does not depend on any particular definition of Ackermann’s
function or its inverse

1.3 Generalizations of DS Sequences

Certain classes of forbidden sequences have received significant attention. We review three systems
for generalizing (standard) DS sequences, then mention some miscellaneous results in the area.

Double DS Sequences. Let dbl(o) be obtained from o by doubling each letter except for the
first and last, for example, dbl(abcabc) = abbccaabbe. The extremal functions for order-s double
DS sequences are A2"'(n) = Ex(dbl(abab- - -),n) and A\i*(n, m) = Ex(dbl(abab- - -),n,m), where the
alternating sequence has length s+2. It is known that A{*'(n) and A\3”'(n) are linear, matching A; and
A2 asymptotically. See Davenport and Schinzel [5], Adamec, Klazar, and Valtr [I], and Klazar [11],
13, p. 13]. Pettie [19, 20] proved that A\i"(n) = O(na?(n)) and Ex({abbaabba,ababab},n) =
©(na(n)), and that for s > 4, A%'(n) matched what were the best upper bounds on As(n) at the
time [16], namely A2 (n) < n-22 (W/11+ 0@ n) for even s, and A2 (n) < n-2¢" (W)(og(a(n)+OD))/t!
for odd s.

3See Pettie [22] p. 4] for a discussion of this notion of “Ackermann-invariance.”



Catenated Permutations. Recall that Perm, ;11 is defined to be the set of sequences obtained
by concatenating s + 1 permutations over an r-letter alphabet. For example, abcd cbad badc €
Permy 3. Let A, ¢(n) = Ex(Perm, 441,n) to be the extremal function for Perm, ;. i-free sequences,
with A, s(n,m) defined analogouslyﬁ It is straightforward to show that if ¢ is contained in every
member of Perm, ;11 then

Ex(o,n,m) < Ay s1(n,m) and Ex(o,n) = O(Ays+1(n)).

Nivasch [16] proved that any o is contained in every member of Perm,| s—|o|4+1- Very recently
Geneson, Prasad, and Tidor [§] showed that it suffices to consider a subset Bin, ¢4 < Perm, ¢4
consisting of binary patterns, where each of the s + 1 permutations is either 12---(r — 1)r or
r(r —1)---21. By repeated application of the Erdés-Szekeres theorem, they showed that every
member of Perm, ;1 contains a member of Bin, 441, where ' = (r — 1) + 1. Consequently, if o
is contained in every member of Bin, ¢41 then Ex(o,n) = O(A, 5(n)).

Nivasch [I6], improving [10], gave the following upper bounds on A, s, for any r > 2,s > 1,

s—2

where t = [*5%|. The lower bounds follow from previous [9, 2] and subsequent [22] constructions

of order-s DS sequences.

([ O(n) s<2

O(na(n)) s=3

O(n2¢M) s=4

Ars() =37 Q(na(n)20™) and O (n2e@)ogam+0(1) s=5
n - 20t (n)/t1+0(a*"1(n)) even s > 6
Q(n . zat(n>/ﬂ+o<at-l<n>>> and o(n . QCVt(”)(lOga(”)‘f‘O(l))/ﬂ) odd s> 7

\

Note that A, ¢ matches the behavior of Ay when s < 3 or s is even.

Cibulka and Kynél [3] studied a problem on 0-1 matrices that is essentially equivalent to the
following generalization of Perm-free sequences. Define Perm;" ; to be the set of all sequences
over [r] = {1,...,r} that can be written o; ... 0541, where o1 and 0411 are permutations of [r] and
02,...,05 are sequences containing two copies of each symbol in [r]. Define Ay (n) and Ag%(n, m)
to be the extremal functions of Perm;’, ;-free sequences. Cibulka and Kynél only considered
Ag%(n,m). For consistency we state the bounds on Ay%(n) they would have obtained using the

4The “s 4 1” here is chosen to highlight the parallels with order-s DS sequences. Recall that every o € Perma o1
contains an alternating sequence abab - -- with length s + 2, hence As(n) < Az s(n).



available reductions from r-sparse to blocked sequences [16]E| Foranyr>2,s>1,and t = [%J,

O(n) s=1

Q(n) and O(na(n)) 5=2

Q(na(n)) and O(na?(n)) s=3
AP () = Q(n2°™) and O(na?(n)2%™) s=4

Q(na(n)2%) and O (n2¢moga(m)+0(1)) s=5

n - 20" )/t +0(a' "1 (n)) even s = 6

Q(n . Qat(n)/t!+0(o¢t*1(n))> and O(n . 2at(n)(10g a(n)+0(1))/t!> odd s > 7

The definition of Perm;’,; may at first seem unnatural. Surely dbl(Perm, ;1) = {dbl(o)|c €
Perm, s;1} would be a more useful way to “double” the set Perm, ,1;. For example, it is known
that abcacbc < Permy 4, and therefore that dbl(abcacbe) < dbl(Permy 4), but we cannot immediately
conclude, as we would like, that Ex(dbl(abcacbe),n) < Ag%(n). It turns out that the maximum
length of Perm?}}l 41-free sequences and dbl(Perm,. 41 1)-free sequences are the same asymptotically.
The proof of Lemma appears in the appendix.

Lemma 1.2. The following bounds hold for any r = 2,s > 1.

Ex(dbl(Perm,. s41),n,m) < r- Aj%(n,m) + 2rn
Ex(dbl(Perm,. sy1),n) = O(Ay%(n)).

Zig-zagging Patterns. Klazar and Valtr [I4] introduced the N-shaped zig-zagging patterns
{ Ny}, where

o (k+1) o (B+1).

Ny=12 Moo

Note that Ni-free sequences generalize order-2 DS sequences since N1 = abab. (The vertical
placement of the symbols in Ny carries no meaning. It is only intended to improve readability.) It
was shown [14, 20] that Ex(dbl(Ng),n) = O(n), which matches A2(n) asymptotically. Pettie [20]
proved that Ex({Mjy,ababab},n) = O(na(n)), matching A3(n), where M} is the kth M-shaped
sequence,

.(k-i—l)k. .(k-i—l)k,

M,=12 " 127 RN

See [29] 24, [6, 20] for applications of N- and M-shaped sequences.

A different way to view even-length alternating patterns abab--- with length s + 2 is as a
sequence of (s + 2)/2 zigs, without corresponding zags. When generalized to an r-letter alpha-
bet we get the sequence (12-~~7“)(S+2)/ 2 which is contained in every member of Bin, 541 since

at least [551] of the constituent permutations must be identical. It follows from [8, 2, [16] that

Ex((1---7)5%2/2 n) = O(Ap 4(n)) = n - 20+ M/ where ¢/ = (r —1)% + 1 and ¢ = |552].

®The only notable case here is s = 4. Cibulka and Kynél proved that A% (n,m) = O(n+m), Ass(n,m) = O((n +
m)a(n,m)) and A% (n,m) = O((n + m)a(n,m)2*™™) which imply, by [I6, Lem. 5.7], that A%3(n) = O(na(n))
and A% (n) = O(na?(n)2%™).



Other Forbidden Patterns. Much of the research on generalized DS sequences [I], 14}, 13|, 20,
211, 191, 18] has focussed on delineating linear and non-linear forbidden sequences. A o is linear if
Ex(o,n) = O(n). It is known that ababa and abcacbc are the only 2-sparse minimally non-linear
sequences over three letters [14) [19] 20]. There are only a few varieties of sequences known to be
linear. We have already seen that doubled N-shaped sequences (dbl(Ny)) are in this category.
Pettie |20} [I8] proved that abcbbecac is linear, and showed that if 71, w9 are two permutations on
the same alphabet, then m dbl(ms) is linear. For example, Ex(abcde aacceebbd,n) = O(n). More
linear sequences can be generated via Klazar and Valtr’s [14] splicing operation. If o = ojaace and
o’ are linear, where X(0) n X(¢’) = ¢, then g1ac’acs is also linear.

Other research has focussed on identifying cofinal sets of forbidden sequences, with respect to
the total order on extremal functionsﬁ Klazar’s general upper bounds [10] imply that standard DS
sequences {(ab)*} are cofinal. Pettie [19], answering a question of Klazar [I3], proved that the set of
ababa-free forbidden sequences is also cofinal. This fact is witnessed by the two-sided comb-shaped
sequences { Dy}, which generalize D1 = abacacbc. Here Dy, is defined to be

(k+2) (kE+2) (k+2)3(k+2)4(k:+2) .,.(k+1)(k+2)'

1.4 New Results

In prior work [22] we showed that As behaves very similarly at the odd and even orders. In this
paper we prove, quite unexpectedly, that A, s matches Ay only when s < 3, or s > 4 is even, or
r =2. When s > 5 is odd and r > 3, A, s and A, diverge. Moreover, we prove that g and A" are

essentially equivalent, and that A, ;s and Aﬂf;l are essentially equivalent.

Theorem 1.3. (Omnibus Bounds) For all s > 1 and r = 2, A5, A, Ay s, and A;Y are asymptoti-
cally equivalent, namely,

( O(n) s <2
O(na(n)) s=3
As(n), A (n), Ao s(n), Agh(n) = { ©(n220Y) s=14
O(na(n)2°™) s=5
n - 2at(n)/t!+0(atfl(n)) s> 6, where t — [%J

However, the behavior of Ay s and A% changes when r > 3. In particular,

(6(n) 52
O(na(n)) §=3
Ars(), Ah) = | ©(022) .
n - 20 (n)(log a(n)+0(1))/t! odd s =5
n . 204 (n)/t1+0(a' ! (n)) even s = 6.

S

SA set A is cofinal if, for any o, there is a ¢’ € A such that Ex(o,n) = o(Ex(c’,n)).



The new parts of Theorem not covered by previous work [9, 2, [16] [3, 22] are

(i) upper bounds on A", for s > 4, which also cover Ag”,

(iii) a linear upper bound on Ag%,

dbl
7,4

dbl
3’

)

(ii) lower bounds on A, s for r > 3 and odd s > 5,
)
)

(iv) an O(n2%™) upper bound on and

(v) an O(na(n)) upper bound on which also covers Ag”.

For task (i) we generalize (and simplify) the recent analysis of [22] to work for double DS sequences.
This analysis only achieves tight bounds for s > 4. For task (ii) we give a construction of sequences
that are Permg s 1-free (but necessarily not Perms ;-free) with length n - 9at(n)(log a(n)+0(1)) /¢!
Task (iii) requires no proof. It follows from the linearity of dbl(Ny)-free sequences. For task (iv)
we give a single analysis of Ay’ that is tight for all » > 3,5 > 4, but not s = 3. Task (v) is far and
away the most difficult to prove. It requires the development of techniques new to the analysis of
generalized DS sequences.

Zig-zagging Patterns. Recall that the N- and M-shaped sequences { N, My} generalize abab =
N1 and ababa = M;. Define Zj, to be the corresponding generalization of ababab = Z, that is,

~Wk+Uk,”12.~(k+Uk_“ - (B+1).

Zp =12 12
We give a flexible new way to construct (and succinctly encode) nonlinear sequences that subsumes
nearly all prior constructions [9, 2, 15, 16 21, 19, 22]. Using the new constructions we are able
to show that for any ¢, there exists a k such that Ex(My,n) = Q(nat(n)) and an [ such that
Ex(Z;,n) = Q(n- 9(1+o(1))a’ (”)/“). The bounds on Mj-free sequences are perhaps not too surprising,
but they demonstrate that the extremal function for a set of forbidden sequences can be different
than any member. (Recall that Ex({ M}, ababab}, n) = ©(na(n)) for any k [20].) The new bounds on
Z; show definitively that, in general, zig-zagging sequences are not closely tied to the corresponding
DS sequences. In fact, the set {Z;} is cofinal among all forbidden sequences, the other known cofinal
sets being {(ab)*} and two-sided combs {Dy}. Our new sequence constructions also let us show

that the one-sided combs {C}%} behave differently than Cy = abcacbe, where
“(k+m (k+2) (E+2) (k+2)
Cr=123 1 2 3
We prove Ex(C,n) = Q(na*(n)).

k1) B2

1.5 Organization

In Section [2| we present sharp lower bounds on Perm, . i-free sequences. In Section [3| we review a
number of standard sequence transformations and review the linear upper bounds on Ag, AS™, A, ¢,
and Ag% when s € {1,2}. In Section 4] we establish sharp upper bounds on Aj"-free sequences,
for all s = 4. Section 5| reviews the derivation tree structure introduced in [22], which is used in
Sections |§| and m In Section |§| we present sharp upper bounds on A7y (and A$"™) and in Section
we give sharp upper bounds on A" for all s > 4. Section [§ is devoted to a new, generalized
construction of nonlinear sequences. We prove that, under appropriate parameterization, they are

Mj-free, Zy-free, and Cy-free. Some open problems are discussed in Section [9}



2 Lower Bounds on Perm-Free Sequences

2.1 Composition and Shuffling

We consider sequences made up of blocks, each of which is designated live or dead. To distinguish
the two we use parentheses to indicate live blocks and angular brackets for dead blocks. The number
of live blocks in T" is (7') and the number of both types is [T]. Our sequences are constructed
through composition and two types of shuffling operations. These operations were implicit in all
constructions since Hart and Sharir [9] but were usually presented in an ad hoc manner.

Composition A sequence T over the alphabet {1,...,||T|} is in canonical form if symbols are
ordered according to their first appearance in T'. All sequences encountered in our construction are
assumed to be in canonical form. To substitute T for a block B = (a1, ... , a|7|) means to replace B
with a copy of T'(B) under the alphabet mapping k — ay. If Tiniq is a sequence with |Ti,q] = j and
Tiop a sequence in which live blocks have length j, Ty, = Tiop © Tiiq is obtained by substituting for
each live block B in Tiop a copy Tmia(B). The live/dead status of a block in Ty, is inherited from
its status in Tiop Or Tnid, hence (Tsup ) = (Ttop ) - (Tmid ) and [Tsun] = [Trop] + ( Trop ) ([Tmia] — 1)-
If all symbols appear in p,, live blocks and v,,, dead blocks in Tiop, and p,.q live blocks and v,
dead blocks in T}y;q, then the corresponding multiplicities in Tgy1, are fiop * fhmia @0d Viop + Hiop * Vinia-

Shuffling Let Tyt = (L1) (D1) (L2) (D2) --- (L;) (D;) be a sequence with [ live blocks Ly, ..., L;
and Ty, = (L}) (D}) (Lb) (Dh)--- (L)) (D}) be a sequence whose live blocks L,..., L}, have
length precisely | = (Tt ). The Ds here represents zero or more dead blocks appearing between
live blocks. The postshuffle Ty, = Ty © Thoy is obtained by first forming the concatenation

Ty, of I copies of Thet, each over an alphabet disjoint from the other copies. A copy of Tgyp

is shuffled into T}, as follows. Let L:] = (ajag---a;) be the gth live block of Ty, and Tégz =

<L§‘Z)) <D§q)> e (Ll(q)) <DI(Q)> be the gth copy of Ti,o in Ty ,. We substitute the following for
T2 for all g, yielding Ty

() (o17) (%) o120

In other words, we insert a, at the end of the pth live block in Tégz and insert all the dead blocks

D; following Lfl in Ty, immediately after Tégl. See Figure The preshuffle Ty, = Toup © Thot is

formed in exactly the same way except that we insert a, at the beginning of the block, that is, we

substitute for Tégz the sequence (angq)) <D§q)> e (alLl(q)> <Dl(q) Df1>. In this section we consider

only postshuffling whereas both pre- and postshuffling are used in Section

2.2 Construction of the Sequences

Our Perm, ;1 1-free sequences are constructed inductively, beginning with Perm, 4-free sequences
{T,(i,7)}i=1,j20,p=2. Bach T,(i,j) consists of a mixture of live and dead blocks. The parameters 4
and j control the multiplicity of symbols and the length of live blocks, respectively. The length of
dead blocks are guaranteed to be a multiple of p. This construction is essentially the same as [19],
and, ignoring the role of p, essentially the same as [9], [15] [30] 21].
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L(I
Tsub"" ‘ l \al,ag,ag,...,

To - GIEE GEE @EE-- [ aEmm.

Lg‘]) D§‘1) Ll(q) Dl(q)

T(Q)

bot

Figure 1: Here L} = (a1 ---a;) is the gth live block of Ty, and Téfi)d is the gth copy of Tiniq in T .
The sequence Tyup, © Tiiq is obtained by shuffling L into the live blocks of Téfi)d and inserting Dy
after 79

mid*

ViH)=@0--3) -1 one live block, one dead
T,(1,5) = V()

T,(3,0) = ()° p = 2 empty live blocks, for i > 2
T, (Z ]) Tsub S Tbot = (Ttop OTmid) e Tbot

where Ti,o = T, (1,7 — 1)
Tmid = ((] Thot D)
ﬂop = T (]Tbot D)

Lemma identifies some simple properties of T),(7, j) that let us analyze its length and for-
bidden substructures.

Lemma 2.1. Let T = T,(i,j) for some p = 2.

1. Live blocks of T consist solely of first occurrences and all first occurrences appear in live
blocks.

Live blocks of T' have length j.
All symbols appear i + 1 times in T.

When i@ = 2, the number of live blocks and the length of dead blocks are both multiples of p.

S

As a consequence of Parts[IH3, |T| = (i + 1)|T| = (i + 1)j(T).

Proof. All the claims trivially hold in the base cases, when ¢ = 1 or j = 0. Assume the claim holds
inductively for pairs lexicographically smaller than (4,j). Note that Part [I| holds for Thniq = V(+).
If it holds for Tiop and Ti,iq it clearly holds for Tg,p, and if it holds for Ti,. as well then it also
holds for T),(z,7) = Tsub © Thot-

Part [2| follows since, by the inductive hypothesis, live blocks in Tyor = T),(i,j — 1) have length
j — 1 and exactly one symbol gets shuffled into each live block when forming 7,(4, j) = Tsub © Thot-

10



Part |§| follows since the multiplicity of symbols in T, is 4, by the induction hypothesis, and the
multiplicity in V() is 2, so the multiplicity of symbols in Ty, is ¢ + 1. The multiplicity of symbols
in Tyt is already ¢ + 1, by the induction hypothesis, so all symbols occur in 7" with multiplicity
1+ 1.

Turning at last to Part |4} the claim is vacuous when ¢ = 1 and clearly holds when ¢ > 2, j = 0.
In general, if (Thot) = (7,(4,7 — 1)) is a multiple of p then (7,(4,7)) is also a multiple of p.
All dead blocks in T,(i,j) are either (i) inherited from Ty, or (ii) inherited from Tiep, or (iii)
are first introduced in Ty, as the second block in a copy of Tiig = V((Thot])). The inductive
hypothesis implies that the length of category (i) blocks are multiples of p. When i > 3 the
inductive hypothesis also implies the length of category (ii) blocks are multiples of p. When i = 2
we have Tiop = T)(1, (Thot ) = V((Thot ). By virtue of (Tio ) being a multiple of p, the length
of the lone dead block in Tip is a multiple of p. Category (iii) blocks satisfy the property for the
same reason, since Tiiq = V((Thot])) and (Thot)) is a multiple of p. d

Lemma 2.2. T,(i,7) is an order-3 DS sequence, and hence Perm, 4-free for all r > 2.

Proof. The claim clearly holds in all base cases, so we can assume 7" = T),(i,j) was formed from
Tiops Tmid, and Tior. Any occurrence of ababa could not have arisen from a shuffling event. If
a € X(Tiop) and b € X(T7,), the projection of T' onto {a,b} is |b*ab*|a*, where the bars mark
the boundary of b’s copy of Tpot. (The live block of Ty, shuffled into b’s Ty contains the first
occurrence of a. All other as in Ty, are inserted after this copy of Thet.) We could also not
create an occurrence of ababa during a composition event, where a and b shared a live block in
Tiop- The projections of Tiop and Ty, onto {a,b} would be, respectively, of the form (ab)a*b* and
(ab) (ba) a*b*, the latter being ababa-free. O

The U,(1, j) sequences defined below have the property that all blocks are live and have length
exactly j and all symbols occur ps; times, where the p-values are defined below. This contrasts
with T),(4,j), where there is a mixture of live and dead blocks having non-uniform lengths. We
define Us(i,j) to be identical to Tj(i,j) as a sequence, but we interpret it as a sequence of live
blocks of length exactly j. This is possible since, in Tj(, ), the length of live blocks is j and the
length of all dead blocks a multiple of j. Since all blocks in Uy are live we can use the identities
[Us(i, 5)] = (Us(i, 7)) and |Us(i,j)| = ps,i|Us(i,7)| = j[Us(3,4)]. Sequences essentially the same
as {Us} were used in [19] to prove lower bounds on Ex(Dy,n), where {Dy} are the two-sided combs

defined in Section [.3l

Ua(i,j)=1Q---5)(j---1) two blocks, for all 4
Us(i,1) = (1)Hs fs,; identical blocks, for ¢ > 1,5 > 3
Us(0,7) = (1---7) one block, for s > 3
Us(i,j) = Tj(i,j) (reinterpreted) fori>1, where p=j>2
Us(i,5) = Usub © Upot = (Utop © Umid) S Ubot

where Upot = Us(i,7 — 1)
Umid = US—Q(i7 [[Ubot]])
Utop = Us(i -1, HUmidH)

11



The multiplicities {ys;} are defined as follows.

p2; = 2 for all ¢
p3; =1+ 1 for all ¢
Mso =1 for all s >4
Msi = Msi—1fbs—2,i fors>4andi>1

Lemma 2.3. Let U = Us(i,j), where s > 2,i> 1,5 > 1.
1. All symbols appear in U with multiplicity precisely ps ;.
2. All blocks in U have length precisely j.

3. If a and b share a common block and a < b according to the canonical ordering of U, then the
projection of U onto {a,b} has the form either a*b*(ba)b*a* or a*(ab)a*b*. Moreover, unless
s = 2, every pair of symbols appear in at most one common block.

Proof. Parts|l]and [2| hold in the base cases and follow easily by induction on s, 4, and j. For Part
if b precedes a in their common block then, in some shuffling event, a € ¥(Ug,,) was postshuffled
into b’s copy of Uy, and all other copies of a were placed before or after this copy of Uyet, hence
U’s projection onto {a, b} is a*b*(ba)b*a*. If a precedes b in their common block then this must be
the first occurrence of b in U (otherwise b < a in the canonical ordering). By the same reasoning
as above the projection of U onto {a,b} must be of the form a*(ab)a*b*. O]

In Lemma [2.4] we analyze the subsequences avoided by Us and in Lemma we lower bound
the length of Us.

Lemma 2.4. When s = 3 or s > 2 is even, Us is an order-s DS sequence and hence Permy ¢ 1-free.
When s =5 is odd and r > 3, Us is Perm, s11-free.

Proof. The claim is clearly true for s = 2 and Lemma [2.2] takes care of s = 3. Observe that ababab
can never be introduced by a shuffling event. If a € ¥(Usyp) and b € (U}, ), only one copy of a can
appear between two bs; all others precede or follow b’s copy of Uyq in Uy .. Thus any alternating
subsequence ab - - - ab of length s 4+ 2 > 6 must be introduced in Ugy, = Utop © Umiqa by composition.
The projection of Ui, onto {a,b} is of the form a*b*(ba)b*a*. Since Upig = Us—2(+,-) has order
s — 2 and b precedes a in the canonical ordering of U,g, its longest alternating subsequence is
bab - - - ab (length s — 1), hence the longest alternating subsequence in Ugyy, has length s + 1.

We now consider U = Us(i, j), where s = 5 is odd. Recall that U is regarded as a sequence over
the alphabet {1,...,|U]} in canonical form. Generalizing our previous terminology, we will say U
is o-free, where (o) = {1,..., o]}, if U contains no subsequences order-isomorphic to o, that is,
that are both isomorphic to o and preserve the relative order of symbols in UE| Define P,.1 to be

"For example, 56785678 contains several subsequences isomorphic to 2121, but none are order-isomorphic. It
contains many subsequences order-isomorphic to 1212 such as 6868. We should point out that the concepts of
canonical form and order-isomorphic were introduced by none other than Davenport and Schinzel [4, p. 691], who
noted that order-s DS sequences in canonical form are (3(12)%/?)-free, for even s, and (31(21)~1/2)-free, for odd s.
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the set of o € {1,2,3}* such that dbl(c) contains a subsequence oj03--- 0541, where o1 and o541
are permutations of {2,3} and o09,...,0, are permutations of {1, 2, 3}E|

We will prove that Us(i,7) (in canonical form) is Psyj-free by induction, which implies that
Us(i,7) is Perm, ¢y 1-free for all r > 3. The claim holds at s = 3 since all members of P; contain
ababa as a subsequence, on the alphabet {2,3}. For s > 5, P,;; could not have arisen from a
shuffling event since every member of Ps,q contains a sequence isomorphic to ababab. It also could
not have arisen from a composition even in which some strict subset of {1, 2, 3} appears in one block.
Whether this subset is {1,2} or {2,3} or {1, 3}, the 1s can only be involved in two permutations
whereas they must be involved in at least four, namely o9, ..., 0.

We can therefore assume that any Ps11 sequence over the alphabet {a,b, ¢} arises from a com-
position event, where a, b, ¢ share a common block B in Uyep. (For reasons that will become clear
shortly, it is better to use symbols a, b, ¢ rather than integers 1,2, 3.) To obtain Ug,, we substitute
for B a copy Umia(B) of Unia = Us—2(-,-). Without loss of generality a < b < ¢ according to
the canonical ordering of Uip. According to Lemma the projection of Uiop onto {a,b,c},
ignoring immediate repetitions, is either

(i) abc(cba)cba, or
(ii) ab(bca)bea, or
(iii) ab(bac)bac, or
(iv) a(abc)abe.

That is, in cases (ii)—(iv) B contains the first ¢ in Uyop and in case (iv) B also contains the first b
in Uiop. In case (i) ¢ < b < a according to the canonical ordering of Upiq(B). In order for Ug, to
contain a Ps;1 sequence we would need Upyiq(B) to contain
5—3
/_/%
{ab} {abc} - --{abc} {ab},
where the curly brackets indicate arbitrary permutations of the enclosed sequences. (The {ab}
permutations on either end can be extended to permutations on {abc} by borrowing the cs adjacent

to B in Uyep.) In cases (ii) and (iii), b < a, ¢ according to the canonical ordering of Upiq(B), so for
Usub to contain a Psyq sequence, Upiq(B) must contain

5—2
{c} {abe}---{abc} {ac}.

Once again, the permutations on {c} and {ac} on either end can be extended to {bc} and {abc} by
borrowing the bs on either side of B. In case (iv) we have a < b < ¢ according to the canonical
ordering of Up;q(B), which, by the same reasoning, would need to contain

s—2
{bc} {abc} - - - {abc} {bc}

None of cases (i)—(iv) is possible since Upiq = Us—_2 is Ps_1-free, by the induction hypothesis. [

8For example, 2321 23 2 € P, since doubling the first and second 3 and the first 1 yields a sequence of the desired
form.
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Remark 2.5. Notice that in the proof of Lemma[2.4] “P,_;-freeness” is defined with respect to the
canonical ordering on {a, b, ¢} in Up,;q, which is identical to their ordering in B. Althougha < b < ¢
with respect to Usep, identifying a, b, and ¢ with 1,2, and 3 would be confusing as their canonical
ordering is typically different in Up,;q.

We have established that Uy is Perm, s, 1-free and now need to lower bound its length.

Lemma 2.6. Fiz s and let t = |(s — 2)/2].

1. For even s, jis; = o("") = gt/ O

2. For odd s, pis; = [[1_o(i +1— (T = gitegi)/+ 06,
Proof. Consider the even case first. When i = 0 we have p,0 =1 = 2(0+§_1) and when s =2,t =0
we have po; = 2(" ) = 9. The claim holds for all even s > 4 since, by Pascal’s identity,
fsi = st prs—zi = 20T THTEYTY) oMY Clearty 270 > 211,

For odd s the base case ¢ = 0 is trivial. When s = 5,¢ = 1 we have pus5; = pu3i13,i—1--- 3,0 =

. I+t—1

(i 4+ 1)!, which can be expressed as [ [;_q(i + 1 — l)( 1) since ¢t = 1 and (ZJ{)O) =1 for all [. For
odd s = 7 the bound follows by induction.

Hsi = Hsi—1 " HUs—2

[T =D +1=pGE) TG+ 1 =050
1=0 s
=0 o

=16+ 1- G510 = [T+ -0
=0 1-0

When s is odd, it is simpler to obtain asymptotic bounds on log, (/s ;) directly, without analyzing
the closed-form expression above. Assuming inductively that logy(ps—2;) = i~ (logi)/(t — 1)! +
O(i'~?), where the constant hidden in the second term depends on s — 2, we have

[
108y (f1s,i) = 1085 (fts—2.6) +108s (ptsi-1) = D 1ogy(pts—2.0)

x=1

Lorattl log

= |

S o)
it log i _

= +0(z1).

Note that the sum is faithfully approximated by the integral SS ' (logz)/(t — 1) + O(z*72)dx =
i'(logi)/t! + O(i*=1) as the two differ by O(i'~1). O

It is a tedious exercise to show that for n = |Us(i,j)| and m = [Us(i,5)], ¢ = a(n,m) + O(1)
and ¢ = a(n) + O(1) when j = O(1). (See [16, 19] for several examples of such calculations.)
Lemmas and establish all the lower bounds of Theorem with the exception of
As(n) = Q(na(n)2%™), which is proved in [22].
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Remark 2.7. It should be possible to improve the lower bounds on As, for odd s > 5, by

substituting Nivasch’s construction of order-3 DS sequences [16, §6] for T;(,j) in the definition of
Us(i,7). Nivasch’s sequences are roughly twice as long as T} (4, j), which would lead to a Q(H?(l))

factor improvement in fi,;, for odd s > 5. The only technical issue is to deal with non-uniform
block lengths. In the [I6] construction there is no straightforward way to force dead blocks to have
lengths that are multiples of some p. As a consequence, the block lengths in Us(i, j) would also be
non-uniform, but upper bounded by j.

3 Sequence Transformations and Decompositions

This section reviews some basic results and notation that is used throughout the article, sometimes
without direct reference.

3.1 Sparse Versus Blocked Sequences

An m-block sequence can easily be converted to an r-sparse one by removing up to r — 1 symbols
in each block, except the first. This shows, for example, that As(n,m) < As(n) + m — 1 and
Aghi(n,m) < A (n) + (r — 1)(m — 1). However, converting an r-sparse sequence into one with
O(n) blocks is, in general, not known to be possible without suffering some asymptotic loss. The
following lemma generalizes reductions of Sharir [23] and Pettie [22] to A", A, 5, and A5 In the
interest of completeness we include a proof in Appendix [A]

Lemma 3.1. (Cf. Sharir [23], Fiiredi and Hajnal [7], and Pettie [22].) Define vs,7s™, Vr,s, Yoz
N — N to be non-decreasing functions bounding the leading factors of As(n), A\i"(n), Ay s(n), and
Aghi(n), e.g., A < 4% (n) - n. The following bounds hold.

o(n) < o) - As(n, 2n) X(n) < (2%(n) + 4) - A (n, 2n)
A(n) < 7e—2(7s(0) - Au, 3n) X (1) < (33 (329 (m) + 4) - A (m, 3)
Ars(n) < Yre—2(n) - Arg(n, 20) + 20 AI(n) < (38 (n) + O(1) - A (n, 2n)
(1) < Ans2 (s (m) - Ars(m30) 420 ABI(n) < (3B, (1 (n)) + O(1)) - A2 (n, 3n)),

where the O(1) term in the last two inequalities depends on r and s.

3.2 Reductions Between Perm-Free Sequences and DS Sequences

It is not immediate from the definitions that As(n) = ©(Azs(n)) and A" (n) = ©(A5%(n)). These
functions are, in fact, asymptotically equivalent. Refer to Appendix [A] for proof of Lemma

Lemma 3.2. The extremal functions for order-s (double) Davenport-Schinzel sequences and Permy 4 1-
free (Permgf’; 41-free ) sequences are equivalent up to constant factors. In particular,

Ags( ) <3-)\s(n)+2n
Aps(n,m) <2-Xs(n,m)+n

A(n) < 5-APH(n) +4n
Agf’sl( ,m) < 3-AP(n,m)+ 2n

INCINCIN N

N N

>

@ e

S
3333

Given these equivalences, we will only prove upper bounds on A{™ and not discuss A5

15



3.3 Linearity at Orders 1 and 2

We bound the length of sequences inductively through the use of recurrences. The induction
bottoms out when s € {1, 2}, so we need to handle these two orders directly. Lemma summarizes
known linear bounds on As, A$™, A5, and A7y when s < 2. A proof of Lemma appears in
Appendix [A]

Lemma 3.3. At orders s = 1 and s = 2, the extremal functions A5, \s™, A s, and AyY obey the
following.

A(n)=n Ai(n,m)=n+m—1

A2(n) =2n—1 Xo(n,m) =2n +m — 2 (Davenport-Schinzel [{))

*(n) =3n—2 AP (n,m) =2n+m — 2 (Dav.-Sch. [5],Klazar [15])
AP (n) < 8n AP (n,m) < Bn+m (Klazar [11], Fiiredi-Hajnal [7])
Ari(n) = A (n) <rn Ari(n,m) = A (n,m) <n+ (r—1)m (Klazar [10])
Ay o(n) < 2rn Aro(n,m) <2n+ (r—1)m (Klazar [10])
Agh(n) <6"rn A% (n,m) <2-6""(n +m/3) (Pettie [20], cf. [T])])

The linear bound on A% is a consequence of bounds on dbl(N;_;)-free sequences [14, 201,
though this connection was not noted earlier [3 [3].

3.4 Sequence Decomposition

We adopt and extend the sequence decomposition notation from [22]. This style of decomposition
goes back to Hart and Sharir [9] and Agarwal, Sharir, and Shor [2], and has been used many times
since then [10} 16, 19, B]. This notation is used liberally throughout Sections

Let S be a sequence over an n = |S| letter alphabet consisting of m = [S] blocks. (It may be
that S avoids some forbidden sequences, but this has no bearing on the decomposition.) A partition
of S into m intervals Sy --- Sy, is called uniform if mqy = --- = my;_1 are equal powers of two and
my, may be smaller, where my = [S,] is the number of blocks in the ¢th interval. A symbol is
global if it appears in multiple intervals and local otherwise. Let S = Sl S and S =8-Sy,
be the projections of S onto local and global symbols, so |S| = S| + |S|. Define 7 = || S| to be the
size of the global alphabet and n, = HS | and 7, = |9, to be number of global and local symbols
in 3(S;),son=n+ Zlgqsm Tg-

A global symbol a € E(S’q) is classified as first, last, or middle if no as appear before S;, no
as appear after Sy, or as appear both before and after S’qﬂ Let Sq, Sq, S, < Sq be the projections
of S, onto symbols classified as first, last, and middle in Sg; let 74,74, and fy be the sizes of the
alphabets $(S,), (S,), and £(S,). Define S, S, and S to be subsequences of first, last, and middle

occurrences, namely
S = Sl 52 DY Smfl
S= S Spy

Note that S 1= 5’1 consists solely of first occurrences and S’m = Sm consists solely of last occurrences,
so S is empty if m = 2. These notational conventions will be applied to sequences and other objects

9Note that if a € E(gq) is classified as first, all of the possibly many occurrences of a in S, are “first” occurrences.
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defined later. For example, the diacritical marks ~, °, *, *, and ~ will be applied to objects pertaining
to local, global, first, last, and middle symbols, respectlvely Moreover, whenever we define a new
subsequence of Sy, say Sq, quantities and objects pertaining to S will be indicated with the same
diacritical mark, such as 7, = |.S,].

The global contracted sequence S’ = By --- By, is obtained by contracting each interval Sq to a
single block B, consisting of some permutation of E(gq). Unless specified otherwise, the symbols
in By are ordered according to their first occurrence in S'q. It follows that S’ < S, so S’ inherits
any forbidden sequences of S.

dbl

4 Upper Bounds on Perm;’;-free Sequences

In this section we give recurrences for the extremal functions of Perm, ;i i-free sequences and
Perm;‘};l ,1-free sequences. Lemmas and give closed-form upper bounds on the length of such

sequences in terms of Ackermann’s function. These bounds on A, and A" are sharp, except for
b

As s and A", when s > 5 is odd, and AS%, for any » > 2. These exceptions are addressed in
Sections [0 and [

4.1 A Recurrence for A,

In reading the proofs of Recurrences[4.1]and [4.3| one should keep in mind that all extremal functions
are superadditive. For example,

Ar,s(nla ml) + Ar,s(n27 mQ) < Ar,s(nl + ng,m1 + m2)
Recurrence 4.1. Define n and m to be the alphabet size and block count parameters. For any
m = 2, any block partition {mq}i<q<m, and any alphabet partition {1} U {fg}1<q<m, Ars 0beys the
following recurrences, for any fixed r = 2,s = 3.

When m = 2,

Ars(nym) < Y Ars(iig,mg) + Ay so1(202,m)
qe{1,2}

and when m > 2,
m
Z rs(gsmg) + 2+ Aps—1(R,m) + Ay s_o(Ays(R,m) — 20, m).

Proof. We adopt the sequence decomposition notation from Section The contribution of local
symbols is >} |Sg| < 25, Ar,s(72q, mg). As each symbol in Sy appears at least once after Sy, each S
is a Perm, ,-free sequence, it follows that

m—1 m— m m—
Z ’ Z r,s—1 nqamq 'rs 1(2 Z ) = rs—l(ﬁym_mﬁ”)-
g=1 q=1 =1 g=1
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A symmetric statement is true for each Sq, hence the contribution of last occurrences is Zq |S’q] <
Ay s—1(n,m —my). If m = 2 then we have accounted for all symbols, and by superadditivity
AT75_1(ﬁ,m1) + Ans_l(fl,mz) < Ar75_1(2ﬁ, m). -

If v > 2 then we must also count middle symbols. Each symbol in S, appears at least once
before 5’,1 and at least once afterward. This implies that S*q is Perm, ;_i-free, hence

Z |Sq] < Z Ars—2(7ig, mq)
q q

< Ars2 (Z Ng, Z mq> superadditivity
q q

= Aps2(|S'] = 27, m — my — myp,) (1)

< Aps—2(Ars(N, 1) — 20, m) S" is Perm, s41-free

Equality follows since ) 4 g counts the number of middle occurrences of symbols in S’ , that is,

the length of S less 27 for first and last occurrences. O

4.2 A Recurrence for A7

Recall that A7%(n, m) was defined to be the extremal function for Perm;; ;-free, m-block sequences

over an n-letter alphabet. Here Perm;"; | is the set of sequences over the alphabet [r] = {1,...,7} of
the form oy - - - 0541, where o1 and 041 contain one occurrence of each symbol in [r] and o9, ..., 0
contain exactly two occurrences of each symbol in [r].

Remark 4.2. The definition of A’ has one annoying property. Suppose S is a sequence and S’ a
contracted version of it in which each occurrence of a symbol represents two or more occurrences in
S. We would like to say that if S is Perm;";, ;-free then " is Perm,. s 1-free, but this is not strictly
true. For example, suppose S’ contained the Perms 4 sequence ab ‘ b(a ‘ b)a ‘ ab, where the bars
separate the four constituent permutations over {a, b} and the parentheses mark the boundaries of
one block B in S’. If we substitute aa and bb for all as and bs outside B, and substitute abab for
B, we find that S may only contain aabb bb (abab) aa aabb, which contains no Permj’ sequence.
On the other hand, if occurrences in S’ represent at least three occurrences in S, and symbols in
the blocks of S’ are sorted according to the 2nd occurrence in the corresponding subsequence of S,
then S’ is Perm, 541 free if S is Permi}’;H—free.

We can easily “force” blocks in S’ to represent at least three corresponding occurrences in the
original sequence. Suppose we are given an initial Perlfn;izl 4 1-free sequence S*. Obtain S from S* by
retaining every other occurrence of each symbol, so S is also Perm;;, 1-free and |S| > [S*|/2. When
bounding |S| inductively we may construct a contracted version S’ whose occurrences represent at
least two occurrences in S, and hence at least three occurrences in S*. (One subtlety here is that S’
will be a subsequence of S*, not necessarily .S, since we order symbols in the blocks of S’ according
to their position in S*.)

In Recurrence (and Recurrences and later on) we use the inference [S is dbl(o)-
free] — [’ is o-free], knowing that the bounds we obtain on the given extremal function may be
off by a factor of two.
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Recurrence 4.3. Define n and m to be the alphabet size and block count parameters. For any
m = 2, block partition {mq}1<q<m, and alphabet partition {n} U {fig}1<q<m, Ars obeys the following
recurrences, for any fired r = 2,s = 3.

When m = 2,

A (nm) <) AR (Agmg) + AL (20,m) + 20
qe{1,2}

and when m > 2,

r,s—1

Adb] (n,m) Z A‘“”1 (g, mq) + Aiﬂ(ﬁ,m) + 2- A" (A, m)

+ AP (A s(Ry ) — 200,m) + 2+ Ay (R, 1)

r,s—2

Proof. We consider the case when 7 > 2 first. Let S be a Perm;"; , ;-free sequence. The contribution

of local symbols is },, 1S,| < 2 Ar (g, mq) If a global symbol appears exactly once in some S,

that occurrence is called a singleton. Let S be the subsequence of S consisting of singletons. Clearly
S can be partitioned into 7 blocks, hence |S| < Ay (7, ). Remove all singleton occurrences from

S and let S be what remains. Classify occurrences in S as first, middle, and last according to
whether they do not occur before, do not occur after, or occur both before and after interval ¢ in
S (not in S.) Let S,5,5 < S be the subsequences of first, last, and middle occurrences. Obtain
S’; (and Sq ) from S, (and S,) by removing the last (and first) occurrence of each symbol, and
obtain S, from .S, by removing both the first and last occurrence of each symbol. It follows that

both Sq_ and Sq_ are Perm;"}-free, and that S, is Perm?" ;-free. The contribution of first and last

non-singleton occurrences in S is therefore at most

Z[ Sbsl 1(Tg, mq) + g + (rlbs 1(hqumq)+nq] < 2'[ gbsl (7, )+n]
q

Form S’ from S by contracting each interval into a single block. Since S is Permy®; 1-free, S’ must

be Perm, 541. (See Remark ) Therefore, the contribution of middle non-singleton occurrences
is at most

Z[ ro—2(7g: M) +2ﬁq] <A 2(2%72%) +2-) 7,
! q
= Adb! (|S/| _ 2n’m) + 2(|S/| . Qﬁ)

r,5—2

< AD S (Ay (i, ) — 20,m) + 2+ Ay o (2, 1) — 4.

r,s—2

When 1 = 2 there are no middle occurrences and, in the worst case, no singletons. The total
number of first and last occurrences is (A7%_; (7, m1) +7) + (A7 (7, ma) +1) < AZ%_1 (27, m) +27.

This concludes the proof of the recurrence. O

dbl

Lemma gives explicit upper bounds on A; s and A7 in terms of inductively defined coeffi-
cients {7 ;, dbl} and the ith row-inverse of Ackermann’s function. One should keep in mind, when
reading this lemma and similar lemmas, that we will ultimately substitute a(n,m) + O(1) for i,
and that this choice makes the dependence on the block count m negligible.
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Lemma 4.4. Fiz parametersi > 1, r > 2, s> 3, and c > s —2. Let n,m be the alphabet size and

block count and let j be minimal such that m < (a;;)¢. Then A, and A;“DS' are bounded as follows.

Ars(n,m) < ms; (n + O((cj)s_2m))
A (n,m) < wd (n+ O((cf)**m)),

where the asymptotic notation hides a constant depending only on r. The coefficients {ms;, mo"
are defined as follows.

dbl
mio= T =1
Mo = 2

Ts,1 = 27"'5—1,1 =251

)

Tsi — 2775—17i + 71'5_277;(77'5,7;—1 o 2) (2)

my =2-6"""
T =2m  + 1< (67 +1)2°

Mo = Taq1 + 20+ (g + 2)ms i (3)

The proof is by induction over tuples (s, 4, j), where ¢ and r are regarded as fixed. (The base
cases when s € {1,2} follow from Lemma [3.3]) At the base case i = 1 we let j be minimal such
that m < a1 ;. By invoking Recurrence with m = 2 is it easy to show that A, (n,m) <
ms1(n + O( 7°72m)), where the constant hidden by the asymptotic notation does not depend on s
or c¢. This also implies that A, s(n,m) < 7s1(n + O((cj)*2m)) when j is defined to be minimal
such that m < af j» since af ; = ai,¢j = 2 <j. In the general case, when i > 1, we apply Recurrence
using a uniform block partition with width w® = af -1 8

= [m/w] < (ai3)°/(aij-1)" = (ai-10)"

We invoke the inductive hypothesis with parameters i, 7 — 1 on sequences with w® blocks (namely
{S,}). On sequences with m blocks (such as S, S) we invoke the inductive hypothesis with i, j and
on sequences with m blocks we invoke it with ¢ — 1,w. The induction goes through smoothly so
long as the coefficients {ms;, 75/} are defined as in Lemma Eqns. (243). See [22, Appendices B

and C] for several examples of such proofs in this style

Lemma 4.5. (Closed Form Bounds) The ensemble {ms;, 75" }s>3i>1 satisfies the following,

OFor an alternative approach see Nivasch [16] §3]. It differs in two respects. First, it refers to the slowly growing
row-inverses of Ackermann’s function rather than using the ‘j’ parameter of Ackermann’s function. Second, there is
no equivalent to our ‘c’ parameter in [16], which leads to a system of two recurrences, one for the leading factor of
the n term, and one for the leadmg factor of the j°~2m term. For yet another style of analysis, which leads to the
same recurrences for 7s,; and 75, see Nivasch [I6] §4], Cibulka and Kynél [3| §2], or Sundar [25].
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where t = | 552].
T35 = 21 + 2
s = O(i%)

(
T4, ﬂ'ibil = @(Qi)
(

5.4, Fg’bil <21+ O(l))'
i+0(1)

Tsiy Mgy < o("5) for even s > 4
i+0o(1) .

Tsis Teq < (") log(2(i+1)/e) for odd s > 5

Proof. First consider the case when s € {3,4}. Eqn. simplifies to

T35 = 2+ T3,4-1
T4 = 23 + 2(my -1 — 2)

One proves by induction that m3; = 2i + 2 and m4; = 10 - 20 — 4(i + 2). Using these identities,
Eqn. can be simplified to

T = i + 2 (206771 + (1 +2)(2 - 2)
T < T+ 2w 4 (2671 +2)(10- 27 — 4(i + 1)).

A short proof by induction shows m§% < 6(i;1) +4-6""1(i + 1) and that T < 20(6"! +2)2%. In
the general case we have, for s > 5,

i < 2Mg_ 14 + Ms—92,iMsi—1

=21+ Ts—2,i(2Ms—1,i—1 + To—2,i—1(2Ms—1,i—2 + Ts—24—2( -+ + Ts—227s1) -+ ))
i—2 -1 i—2

= Z 2Ms 141 - H Te—2,i—k + Ts1- H TMo—2,i—k (4)
1=0 k=0 k=0

When s = 5 we have ms_1; = ©(2%) and 75_2,; = 2(i + 1), so can be written

i—2
DO 20+ 1)2 200 +2—1) + me1 20+ 1)202( — 1) - 2(3)
l

=0
@(2’L . (Z + 1)') — 2(i+0(1))10g(2(i+1)/€)
We prove that there are constants {Cs} such that m,; < 2("") when s is even and Tsi <

2(i+tcs)1°g(2(i+1)/e) when s is odd. The analysis above shows that Cy and Cs exist. When s > 4 is
even, is bounded by

i-2 ' =1 o =2 o
< ZQ( L esii-rnfe) TT 9N o M.Hg( 52 (5)
=0 k=0 k=0
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By Pascal’s identity > _, (i_kttqs‘z) = (”HtCS‘Q) - (i_“tCS‘Q), SO 1) is bounded by

o o(Hre2) <Z2 (TG log(2(i—ta1y/e) = (T O2) 7r5,1> (6)
i Cs
< (Y ), for some sufficiently large Cs.

The sum in @ clearly converges as i — 0, though for some constant values of i — I (depending on
Cs—1 and Cs_9), (Z_l:fisfl) log(2(i — [ 4+ 1)/e) may be significantly larger than (Z_ZHZrCS*Q). When
s > 5 is odd the calculations are similar. By the inductive hypothesis, is bounded by

i-2 -1 i—-2
< z(l%fs’l) _ 1—[ 2(“"::6;872)log(2(i—k+1)/e) - H 2(“’6;015*2)log(2(i—k+1)/6) (7)
1=0 k=0 k=0
_ i-2 _
< o) los2(i4 1)) (2 () (T o2 og(a(i+ 1)) 775,1>
1=0

2" ) log(2(i+1)/e) " for some sufficiently large Cs.

S

dbl

Turning to 75>, we have
k)

dbl __ dbl dbl dbl
Tei = TMsi—1 T 27Ts 1+ (Tl +2)ms i1

= + Z [272) oy + (T2 + 21 (8)

It is straightforward to show that when s > 4, the bounds on 7, ; also hold for del with respect to
different constants {D,}. When s = 5, Eqn. (8)) becomes

i = 2 (2-027) + (OG- 1) +2)- 0@ (- 1))
=0
— O(29(i + 2)!) < 20+DPs)1e(+1)/e) - for g sufficiently large Ds.

When s > 4 is even, Eqn. implies, by the inductive hypothesis, that

S0

< Z [ (T et o) +2)2(“Z*CS)}

(i+l+Ds

¢ ), for a sufficiently large Ds.

~

When s > 5 is odd,
<+ Z [ (TP (I s z)z(ilf*cﬂlog@(z‘—l)/e)]

< 2(i+tDs> log(Q(”l)/e), for a sufficiently large D;.
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Given that Lemma [£.5] holds for all i, one chooses ¢ to be minimum such that the ‘m’ term
does not dominate, that is, the minimum 7 for which j < 3 or (¢5)*~2 < n/m. It is straightforward
to show that ¢ = a(n,m) 4+ O(1) is optimal, which immediately gives bounds on A, s(n,m) and
A7 (n,m) analogous to those claimed for A, 5(n) and A7%(n) in Theorem excluding the case
s = 3, which is dealt with in Section @ In order to obtain bounds on A, s(n) and Ay%(n) we invoke
Lemma [3.1] For example, it states that A s(n) = yrs—2(7rs(n)) - Aps(n,3n)) + 2n, where v, (n) is
a non-decreasing upper bound on A, 4(n)/n. The v, s—2(7rs(n)) factor may not be constant, but it
does not affect the error tolerance already in the bounds of Theorem [L.3|/'']

Remark 4.6. Our lower and upper bounds on A, 4(n) are tight (when r > 3) inasmuch as they are
both of the form n - 2 M/ +0" (1) when s > 4 is even and n - 20" (MWega(n) + O/ when s > 5
is odd. However, it is only when s is even that these bounds are sharp in the Ackermann-invariant
sense of [22, Remark 1.1], that is, invariant under +O(1) perturbations in the definition of a(n).
For example, our lower and upper bounds on A,.5(n) are n-(a(n)+O(1))! and n-2°) (a(n) +O(1))!.
The 2% factor gap could probably be closed by substituting Nivasch’s construction of order-3 DS
sequences [16], §6] for Us(i, j) in Section which would lead to sharp, Ackermann-invariant bounds
of Ar5(n) = n-2°M(a + O(1))!. With a more careful analysis of the recurrence for 7 ; it should
be possible to obtain sharp, Ackermann-invariant bounds on A, 4(n) for all odd s.

5 Derivation Trees

Derivation trees were introduced in [22] to model hierarchical decompositions of sequences. They are
instrumental in our analysis of Permﬁ}i—free sequences, in Section @ and of double DS sequences,
in Section [7] Throughout this section we use the sequence decomposition notation defined in
Section [3.4]

A recursive decomposition of a sequence S can be represented as a rooted derivation tree T =
T (S). Nodes of T are identified with blocks. The leaves of T correspond to the blocks of S whereas
internal nodes correspond to blocks of derived sequences. Let B(v) be the block of v € T, which

may be treated as a set of symbols if we are indifferent to their permutation in B(v).

Base Case. Suppose S = BjBs is a two block sequence, where each block contains the whole
alphabet 3(S). The tree T(S) consists of three nodes u,u;, and uy, where wu is the parent of wu;
and ug, B(u1) = Bi, B(u2) = Ba, and B(u) does not exist. For every a € 3(S) call u its crown and
uy and wug its left and right heads, respectively. These nodes are denoted cr|,, lh|4, and rhy,.

Inductive Case. If S contains m > 2 blocks, choose a uniform block partition {mg}i<q<m, that
is, one where my1, ..., myp_1 are equal powers of two and my, may be smaller. This block partition
induces local sequences {S’q}lgqgm and an m-block contracted global sequence S Inductively
construct derivation trees 7 = T(S") and {7;}1<q<s, Where T, = T(S,). To obtain 7(S), identify
the root of 7; (which has no block) with the gth leaf of 7’, then place the blocks of S at the leaves
of 7. This last step is necessary since only local symbols appear in the blocks of {’7:{} whereas the

2a2(n)/2+o(a(n)))

"For example, when s = 6, v s—2(7s(n)) = O 2(1( = 0(2**()y is non-constant. Nonetheless

02 A, (n,3n) = O22@(M) .y . 927 (/24 O(an) _ . 9a®(m)/2+0(a(m),
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Figure 2: The derivation tree 7(S) is the composition of 7 = T(S') and {7;}1<q<m, Where T, =
T(S,). A global symbol a € E(S) appears in blocks at the leaf level of T, at the leaf level of T,
and possibly at higher levels of T.

leaves of 7 must be identified with the blocks of S. The crown and heads of each symbol a € ¥(5)
are inherited from 7, if a is global, or some 7, if a is local to S;. See Figure [2|for a schematic.

5.1 Special Derivation Trees

It is useful to constrain 7 to use a uniform block partition. Every derivation tree generated in this
fashion can be embedded in a full rooted binary tree with height [logm]|, though the composition
of blocks depends on how block partitions are chosen. We will generate two varieties of derivation
trees. At one extreme is the canonical derivation tree, where block partitions are chosen in the
least aggressive way possible. At the other extreme is one where block partitions are guided by
Ackermann’s function.

Canonical Derivation Trees. The canonical derivation tree 7*(5) of a sequence S is obtained
by choosing the uniform block partition with m = [m/2]. We form 7*(S) by constructing 7*(5")

recursively and composing it with the trivial three-node base case trees {7 (5)},-

Derivation Trees via Ackermann’s Function. Given a parameter ¢ > 1, define 5 > 1 to be
minimal such that m < a;;. If j = 1 then m = a;1 = 2, meaning 7(S) must be the three-node
base case tree. When j > 1 we choose a uniform block partition with width w = a; j—1 (which is
a power of 2), so 7 = [m/w]| < a;;/a;j_1 = a;_1,. The global tree T is constructed recursively

with parametei — 1 and each local tree 7, is constructed recursively with parameter 1.

2Note that when i = 1 it does not matter that s — 1 = 0 is an invalid parameter. In this case w = a1 = alyj/Z
and 7 = 2, so T is forced to be a three-node base case tree.
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Figure 3: In this example v is a hawk leaf in 7}, since it is a descendant of rhy,. Its wing node
wijq(v), quill qui,(v), and feather fe|,(v) are indicated.

5.2

Projections of the Derivation Tree

The projection of T onto a € %(S), written 7}, is the tree rooted at cr|, on the node set {cr|,}u{v €
T | a € B(v)}. The edges of 7|, represent paths in 7 passing through blocks that do not contain a.

Definition 5.1. (Anatomy of a projection tree)

The leftmost and rightmost leaves of 7|, are wingtips, denoted 1t|, and rt|,.

The left and right wings are those paths in 7}, extending from lhy, to 1t, and from rh, to
rt|a.

Descendants of 1h, and rhy, in 7, are called doves and hawks, respectively.
A child of a wing node that is not itself on the wing is called a quill.

A leaf is called a feather if it is the rightmost descendant of a dove quill or leftmost descendant
of a hawk quill.

Suppose v is a node in 7|,. Let wij,(v) be the nearest wing node ancestor of v, qui,(v) the
quill ancestral to v, and fej,(v) the feather descending from qui,(v). See Figure |3 for an
illustration.

If 7(S) is specified, the terms feather and wingtip can also be applied to individual occurrences in
S. For example, an occurrence of a in block B(v) of S is a feather if v is a feather in 7},.

When T (5) is constructed according to Ackermann’s function, a short proof by induction shows
that the height of each projection tree 7|, (distance from cr|, to a leaf) is at most i + 1.
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6 Upper Bounds on Perm;’;-free Sequences

Since order-3 DS sequences are necessarily Permy 4-free, we have Aj'3(n) > A, 3(n) = A3(n) =
©(na(n)). In this Section we prove tight upper bounds of Aj%3(n) = O(na(n)). These bounds
imply A5"'(n) is also O(na(n)), resolving one of Klazar’s open problems [13].

Our analysis is different in character from all previous analyses of (generalized) Davenport-
Schinzel sequences. There are two new techniques used in the proof which are worth highlighting.
Previous analyses partition the symbols in a block based on some attributes (first, middle, last,
etc.), but do not assign any attributes to the blocks themselves. In our analysis we must treat
blocks differently based on their context within the larger sequence, that is, according to properties
that are independent of the contents of the block. (See the definition of roosts in Section [6.2])
The second ingredient is an accounting scheme for bounding the proliferation of symbols. Rather
than count the number of occurrences of a symbol, say b, we - assign each occurrence of b a potential
based on its context. If one b in S’ begets multiple bs in S, the number of bs increases, but the
aggregate potential of the bs in S may, in fact, be at most the potential of the originating b in S
That is, sometimes proliferating symbols “pay for themselves.” We only need to track changes in
sequence potential, not sequence length. Amortizing the analysis in this way lets us account for
the proliferation of symbols across many levels of the derivation tree, not just between S and S.

6.1 A Potential-Based Recurrence

Fix a Perm;’-free sequence Z and i* > 1. Define j* to be minimal such that its block count

1Z] < air j* and let T = T(Z) be constructed as in Section [5.1| with parameter i*. In this section
we analyze a sequence S encountered in the recursive decomposition of Z, that is, S is either Z
itself or a sequence encountered when recursively decomposing Z' and {Zq}. Since S < Z, it too
must be Permﬁz—free but we can often say something stronger. If each occurrence of a symbol in
S represents at least two occurrences in Z then S must be Permr74—freeﬁ Call an occurrence in S
terminal if it represents exactly one occurrence in Z and non-terminal otherwise. In terms of the
derivation tree, an occurrence of a in S is terminal iff it has exactly one leaf descendant in 7.
Each occurrence of a symbol in S carries a nonnegative integer potential based on its context
within S and even within 7(Z). Since the length of S is no more than its aggregate potential, it
suffices to upper bound the potential. Define Y(n,m) to be the maximum potential of an m-block
sequence over an n-letter alphabet encountered in decomposing Z. The way potentials are assigned
will be discussed shortly. For the time being it suffices to know that the maximum potential is
¢ = O(1), all terminals carry unit potential, and all non-terminals carry potential at least three.
Our goal is to prove that T obeys the following recurrence.

Recurrence 6.1.

Y(n,m) Z T (g, mg) + 2- [(;5 Ara(n,m) + A (7, )—I—ﬁ] + YT (R, 1)
1<g<m
+ (r=1¢ -m + 2[(r—1)(i* — 2)]?
Decomposing S as usual, it follows that the maximum potential of local sequences {Sq}q is
Y (g, mg), giving the first term of Recurrence [6.1L The sequence S of global first occurrences
q q q

13This is not quite true, but we can make this inference when bounding A% asymptotically. See Remark for a
discussion of this issue.
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Figure 4: Here v is an internal node of 7j,. Between quj,(v) and v, a has molted twice: at v’s
parent it molted one a to the right and at v’s grandparent it molted two as to the left.

can be partitioned into terminals S* and non-terminals S™. After removing the last occurrence of

each symbol in S*, the resulting sequence is Perm;3-free, so its length (and potential) is 18] <

ma(f,m) + n. We endow each non-terminal in S“t an initial potential at most ¢. (Note that

oceurrences of a in S correspond to quills in Ta-) Being Perm,. 3-free, the potential of Snt is therefore

at most ¢- A, 2(72, m). A symmetric analysis is applied to S, the sequences of last occurrences, which
gives the second term of Recurrence

The global contracted sequence S’ begets S.S, and S, the first two of which we have just
accounted for. In general |S| may be significantly larger than |S’|. We account for this proliferation
in symbols by showing that the aggregate potential of S is nonetheless at most that of S’ plus
(r—=1)¢-m+2[(r—1)(@* — 1)]%- 7, which explains the last three terms of Recurrence [6.1] E Consider
the sequence S begat by the middle symbols of block By in S’. We decompose S as follows.

1. Tag any symbol occurring exactly once in S;. (Its potential in S, will be at most its potential
in §.)

2. Tag the first non-terminal occurrence of each symbol in Sq.
3. Tag the first, second, and last terminal occurrence of each symbol in S’q.
4. Tag the first r — 1 untagged occurrences (terminal and non-terminal) in each block of S'q.

Symbols that are tagged in both of Steps [2] and [3| have molted; all others are unmolted. We will
say that the non-terminal a tagged in Step |2 has molted those terminal as tagged in Step |3} See
Figure [4 for a schematic.

We claim S’q has been completely tagged after Step If this were not so, there must be r
symbols ai,...,a, in some block B in S,. If a; is terminal in B it must be preceded by two
terminal aps and followed by one terminal ay in S'q; if a; is non-terminal in B it must be preceded
by a non-terminal ag. Dividing S, at the left boundary of B, we see two occurrences of each of
ai,...,a, on both the left and right side of the boundary, which may take the form of one non-
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terminal or two terminals. Since ai,...,a; are categorized as global middle in S, each appears
both before and after S, yielding an 1nstance of Permy!} in Z, a contradiction.

The aggregate potential of those symbols tagged in Step |4] is at most (r — 1)¢ - m, which are
covered by the second-to-last term of Recurrence Suppose that a € B, is non-terminal in S’
but it begets only terminal as in Sq, that is, no as are tagged in Step I This proliferation of as
causes no net increase in potential since the a € B, carries potential at least 3, which covers the
potential of the three terminal as tagged in Step [3| In general, for each molted symbol a, we will
tag one non-terminal and up to three terminals in Steps[2|and [3] This will cause no net increase in
potential provided that the a in B, carries at least the potential of the non-terminal a in 5’q plus 3.
In order to avoid cumbersome statements, we will treat the non-terminal a tagged in Step [2] as the
“same” a € By. For example, if B is a block in S'q and a € B is non-terminal, to say the a € B has
molted four times means that, in 7),, B has four ancestors, possibly including itself, and all strict
descendants of qu‘a(B), which each have at least one sibling in 7},. This sibling corresponds to an
a removed in Step [3] at some stage in the decomposition of S.

In the remainder of this section we explain why it suffices to endow each new non-terminal
quill with a constant potential ¢. The analysis above shows that 3 - (¢* — 1) suffices, which is not
constant@

6.2 Roosts, Eggs, and Fertility

Our analysis considers properties of blocks (and of occurrences of symbols) that depend on their
context within a larger sequence.

Definition 6.2. (Roosts and Eggs) Let S be a sequence encountered in the decomposition of Z.

1. An interval I of zero or more blocks in S is a k-roost if there are k distinct symbols aq, ..., ag
such that the sequence contains

2 2 2 2.2 2
a1ag---ar Gpag_q---6; I ajay---ay apag—1---ay,

where b? refers to two terminal bs or one non-terminal b. The occurrences of a; just to the
left and right of I are called k-left mature and k-right mature. A k-mature occurrence of a
symbol whose block is a k-roost is infertile. A k-left mature occurrence that is not infertile
is k-left fertile; k-right fertile is defined analogously. (For any [ < k, k-roosts are clearly also
l-roosts, and k-mature occurrences also [-mature.)

2. An occurrence of a1 in block B of S is a k-egg if the sequence contains
ayas---ap arai_y---as B a3al---a} apap_i---aq
Note that any middle occurrence of a symbol is a 1-egg.

One may already discern from Definition[6.2]the shape of the rest of the proof. A k-roost can only
exist if the sequence contains a Permi‘j}l sequence, so there cannot be r-roosts. If the proliferation
of symbols necessarily leads to k-roosts for ever larger k, we have a cap on the proliferation of
symbols. Lemma lists some straightforward consequences of Defintion

" Observe that for any a € 3(Z), the height of Tla is i* 4+ 1 and all quills of 7}, are at distance at least 2 from cr,.
Every non-terminal quill can therefore molt up to ¢* — 1 times, generating up to three terminals per molting, each of
which carries unit potential.
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Bq
B

Figure 5: A k-egg is formed when a middle a; € By is dropped into a (k — 1)-roost in Sq.

) By Bq+1
g7 .
k: mfertlle
k: fertlle ”,f"‘
S [ ] \CL \ \a \
Sq

Figure 6: The shaded blocks are k-roosts. A k-left fertile occurrence of a € B, in S’ begets at most
one k-left fertile occurrence in Sy, and, in this example, one k-infertile occurrence. Since Bg41 is
a k-roost in S’, all blocks in S;41 are k-roosts in S whether or not they were already k-roosts in
Surn.

Lemma 6.3. (Properties of Roosts and Eggs) Let S be an m-block sequence encountered in the
recursive decomposition of a Perm;’)-free sequence Z. Define {Sy, Sus S, ¢ 1<g<m and S’ =By By
as usual.

1. No block in S is an r-roost. All r-eggs represent at most 8 occurrences in Z.
2. If By is a k-roost in S, every block of Sq 15 a k-roost in S.

3. Let B be a block in S, containing a global symbol a. If B is a (k — 1)-roost in S’Q and the
a € By is a middle occurrence in S’ then a € B is a k-egg in S. See Figure

4. Let B be a block in Sq containing a global symbol a. Suppose the a € By is k-left fertile in
S" and the a € B is k-left fertile in S. All blocks following B in S, are k-roosts in S. A
symmetric statement is true of k-right fertile occurrences. See Figure [0

6.3 Molting and the Evolution of Potentials

Consider the status of a non-terminal symbol a as it descends, in 7},, from qu .(v) to some leaf v.
Since a € B(quy,(v)) is a middle symbol at that level (it is not on either wing of 7},), this a begins as
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a 1-egg and may become 1-fertile (left or right), then l-infertile, then a 2-egg, 2-fertile, 2-infertile,
and so on. It cannot become r-mature (fertile or infertile) for this would mean that Perm;’ < Z,
so there are at most 3(r — 1) transitions. Multiple transitions may occur simultaneously. When a
non-terminal first becomes a k-egg, or k-fertile, or k-infertile, its potential becomes ¢;*, qbff, or ikn,
where
¢ =1 > o > o' > > g > g > gl > g =3

If we can show that each symbol molts O(1) times between status transitions, it suffices to set the
initial potential at ¢ = O(r) = O(1). This is clearly true of k-egg — k-mature transitions. Any
k-egg a that molts three as must have molted two of them to the same side, left or right, making
it k-mature. Since a non-terminal can molt up to 3 terminals in the molting event that makes it
k-mature, it suffices to set gzﬁzg — ff = 5. (If this a transitions directly from a k-egg to k-infertile, all
the better, for gbikn < qbff) We now analyze the k-fertile — k-infertile and k-infertile — (k + 1)-egg
transitions.

Lemma 6.4. Fiz a block index q < [[S"]] and let F' < B, be those symbols newly k-left fertile,
that is, they were not k-left fertile at any ancestor of By in their respective derivation trees. The
total number of terminals molted by F-symbols before they become k-infertile is at most 2|F| + (r—
D"y

Proof. Lemma implies that so long as symbols in F' remain k-fertile, as they travel from B,
to a block in S, to blocks at lower levels of the derivation tree, they will always be contained in a
single block at that level of the tree. In other words, there is a sequence of nodes (By = v, v, ..., v;)
in 7 lying on a path from B, = v1 (in §’), to vy (in S), to a descendant leaf v; (where I < i*) such
that any symbol a € F is k-left fertile in some prefiz of the list B(v1), B(v2), ..., B(v). See Figure[7]
Call a symbol a € F' type (f,g) if a molted a terminal to the right at both B(vy) and B(vg), for
l<f<g< ZE That is, in 7),, B(vy) and B(v,) have right siblings. Note that during the time in
which this a is k-left fertile it can molt at most once to the left: molting two as to the left would
make it k-infertile.

By the pigeonhole principle, if (r — 1) (2*2_ 1) + 1 symbols in F' molted twice to the right then a
subset F' < F of r of them have the same type, say (f,g). However, this would imply that Z is
not Permi}}i—free. Since k-fertile symbols are middle symbols, every symbol in F’ appears at least
once before and after B,. The occurrences of F'-symbols in B(vy) are non-terminal, so they each
represent at least two occurrences in Z. Finally, the F'-symbols appear twice at descendants of By
but to the right of B(vy). See Figure

To sum up, we let each F-symbol molt once to the left and once to the right while k-left fertile.
Some subset can molt more than once to the right, but the total number of such terminals molted
by these symbols is at most (r — 1)(i*;1). O

A nearly symmetric analysis can be applied to right fertile symbols. The asymmetry comes
from the fact that non-terminals can molt two terminals to the left but only one to the right.

Lemma 6.5. Fiz a block inder q < [[5”’]] and let ' < By be those symbols newly k-right fertile,
that is, they were not k-left fertile at any ancestor of By in their respective derivation trees. The
total number of terminals molted by F-symbols before they become k-infertile is at most 2|F| + (r —

D73 +i* =),

15Note that a symbol that molts exactly twice to the right has one type. In general, a symbol that molts h times
to the right is of (g) distinct types.
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Figure 7: A newly k-left-fertile symbol a € B, = B(v) in S’. As a progresses down 7o it continues
to be k-left fertile at B(vz), ..., B(vs). Since it molts to the right at blocks B(vs) and B(vs) it has
type (3,5). It also molts to the left at B(vs). Were it to molt twice to the left at B(vs), B(vs)
would then become a k-roost and the a € B(vs) k-infertile.

Proof. The argument is the same as above, except that we allow types (f, f) if a symbol molts
twice to the left at B(vy). There are now at most ((* 1) +i* — 1) possible types, and we cannot
see r symbols of the same type. O

According to Lemmas and it suffices to set qbff = }Cn + 2. The total number of molted
terminals unaccounted for, over all ¢, all £k < r, counting both k-left fertile and k-right fertile
symbols in By, is 1 - (r — 1)2(2(i*2_1) +i* —1) < - [(r — 1)(#* — 1)]?, which are covered by the
last term of Recurrence [6.1]

The remaining task is to analyze the k-infertile — (k + 1)-egg transition.

Lemma 6.6. Let u,v,w be distinct nodes such that a,b € B(u),a € B(v),b € B(w), where v is the
parent of u in T, and w is the parent of w in T,. If a,b were k-infertile in blocks B(v) and B(w)
then at least one of a,b became a (k + 1)-egg when it was inserted into B(u).

Proof. This is a consequence of Lemma . Without loss of generality w is a strict ancestor
of v, so a was inserted into B(u) before b was inserted into B(u). Since the a € B(v) was k-infertile,
B(v) was a k-roost, by definition. By Lemma [6.3|2)), B(u) became a k-roost after a was inserted
there. By Lemma [6.3|(3)), when b was inserted in B(u) it became a (k + 1)-egg. O

A

Lemma 6.7. Let I < X(S;) be those non-terminals that were k-infertile, non-(k+1)-eggs in B, but
became (k+1)-eggs in Sq. The number of terminals molted by I symbols while they were k-infertile,
non-(k + 1)-eggs is at most 2|I| + (r — 1)(2(’*2_2) +i* —2).

Proof. Lemma implies that on a path from B, to the root of 7 we encounter nodes v; =
By, v, ..., v, not necessarily adjacent, such that, for each symbol a € I, the set of blocks in which
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a is k-infertile and not a quill is some prefiz of B(vy),...,B(v;), where [ < ¢* —2. Call an a € I
type (—, f,g) if it molted a terminal to the right in both B(vy) and B(vg), where 1 < f < g <.
Call it type («, f,g), where 1 < f < g </, if it molted a terminal to the left in both B(vs) and
B(vg), or two terminals to the left if f = g. There are 2(1) + [ distinct types. There cannot be r
symbols of one type, for this would imply that Z is not Permdbl—free (The argument is the same
as in the proof of Lemma ) Since every symbol that molts more than two terminals is of at
least one type, the total number of terminals molted by I while being k-infertile, non-(k + 1)-eggs
is 2I| + (r — 1)(2(" ;%) +4* —2). O

We set d)m qﬁk 71 = 2, so the total number of terminals unaccounted for, over all ¢ < 7 and
k < r, is at most 1 - [(r — 1)(i* — 2)]?, which is covered by the last term of Recurrence Given
the constraints we have established on potentials it suffices to set ¢ = ¢{® = 7(r — 1) + 1, since
|63° = il = 5. — o = |0} — ¢4, | = 2, and 67
Remark 6.8. Observe the asymmetry in the arguments of Lemmas and Lemma In
Lemmas and we are tracking moltings that will happen “in the future” (below the level of

S in T) whereas in Lemma we are accounting for moltings that have already occurred at and
above the level of S’ in 7.

6.4 Wrapping Up the Analysis
Since Ar2(,-) and Aj(+,-) are both linear and m < m, we can simplify Recurrence [6.1] to

Y(n,m) < 2 Y (i2g, mg) + YT (72, 10) + C[ + (i*)*m],

1<g<m

for some constant C depending only on r. A straightforward proof by induction shows that for any
i < i* and j minimal such that m < a;j, Y(n,m) < Ci(n + (i*)?jm). Putting it all together we
have, for |Z| = n* and [Z] =

1Z] < AfB(n*,m*) < Y(n*,m*) < Ci*n* + C(i*)*j*m*. 9)

Eqn. @[) leads to an upper bound of Af3(n, m) = O(na(n, m) +ma®(n, m)), which, by Lemma
implies an upper bound of Afj(n) = O(na®(n)). Theorem [6.9 reduces this to O(na(n)), which is
asymptotically tight since Aﬁ’bg( n) = Q(A3(n)).

Theorem 6.9. For any r > 2, Ay%3(n) = O(na(n)) and Ay3(n,m) = O(na(n, m) +m).

Proof. Let S be a Perm;’-free sequence. To bound |S| asymptotically we can assume, using
Lemmas 3.1} H and [3.3] . that S consists of m < 2n blocks. (If there are m > 2n blocks, remove
up to r — 1 symbols at block boundaries to make it r-sparse. If the sequence is r-sparse, we can
discard a constant fraction of occurrences to partition the sequence into 2n blocks.) Choose i to
be minimal such that m < a”, where j = max{3, [n/m]|}. Partition S = Sy --- Sy, into m = [m/i?
intervals, each consisting of 72 blocks. Define S S’ Sq, etc. as usual. Applymg Eqn @ with
i* = i, we have |§'| < C(in + 3jm) < C(i(A + jm)) = O(in). Since each S,,S,, and S, is
Perm;3-free and Aj%(ng,my) = O(ng + my) is linear, it follows that S| = O(in + m) = O(in).
We now apply Eqn. @ to local symbols with i* = 1, that is, for each index ¢ < m, j is chosen
to be minimal such that m, < a1;. Since a1; = 27, j = [logm,] < [logi?]. It follows that
|S| = 2 1S,| < 2., Clig + mglogmg) = O + mlog(i?)) = O(nlogi). Since i = a(n,m) + O(1),
1S| = 8] + |S] = O(na(n,m)) = O(na(n)). O
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[a Tabl b]

Figure 8: An example of a canonical derivation tree for S. Dashed boxes isolate the base case trees

that assign a,b € X(.S) their crowns and heads.

Theorem [6.9] and Lemma [I.2] immediately give us asymptotically sharp bounds on the extremal

functions for certain doubled forbidden sequences.

Corollary 6.10. (See Nivasch [16, Rem. 5.1], Pettie [20)], Geneson, Prasad, and Tidor [8], and

Klazar [13, p. 13].)
A3"(n) = ©(A53(n)) = ©(na(n)),
Ex(dbl(abcacbe), n) = ©(Af3(n)) = ©(na(n)),
Ex(dbl(abcabea),n) = O( g%(n)) = O(na(n)),

and, more generally,
Ex(dbl(1---k1---k1),n) = O(A;3(n)) = O(na(n)),

where r = (k —1)3 + 1.

7 Double Davenport-Schinzel Sequences

Recall from Section that the canonical derivation tree 7*(S) is obtained by decomposing S
in the least aggressive way possible, choosing 7 = [[S]/2] whenever [S] > 2. Figure [§] gives an

example of such a tree.

The structure of the canonical derivation tree is, in many respects, simpler than general deriva-
tion trees. For example, all wing nodes in any projection tree 7|,, where a € Y(S), have either
one or two children. Those with two children (branching nodes) are associated with precisely one
quill and therefore one featherm so counting the number of feathers is tantamount to counting

branching wing nodes.

16Recall that a feather of Tla is the rightmost descendant of a dove quill or leftmost descendant of a hawk quill.
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Nesting was a concept introduced in [22] to analyze odd-order DS sequences. Here we generalize
it to deal with double DS sequences.

Definition 7.1. (Nesting) Let B be a block of S containing a,b € X(S). If S contains either
abbBbba or baa Baab

then a and b are called double-nested in B.

Lemmacan be thought of as a generalization of [22, Lem. 4.3] to deal with double-nestedness.
Whereas [22, Lem. 4.3] assumed any derivation tree, Lemma refers to the canonical derivation
tree T*(S’) as this makes the proof slightly simpler. This assumption is actually without much
loss of generality since any derivation tree obtained with uniform block partitions is “contained”
in the canonical derivation tree, that is, its blocks are subsequences of the corresponding blocks in
the canonical tree.

Lemma 7.2. Consider a sequence S’, its canonical derivation tree T*(S"), and a leaf v for which
a,b € B(v). Let S be obtained from S’ by substituting, for each leaf u # v, a sequence S(u)
containing at least two copies of each symbol in B(u). (The block B(v) appears verbatim in S.) If
v 18 neither a wingtip nor feather in both ’7"; and 7Tg then, in S, a and b are double-nested in B(v).

Proof. Without loss of generality we can assume that v is a dove in 7"; and crp, is ancestral to
cr,. Because v is neither a wingtip nor feather in ﬁ;, it must be distinct from the leftmost and
rightmost leaf descendants of wi,(v), namely lIt|, and fe|,(v). Moreover, since v is a dove in ﬁ; it
descends from the right child of wij,(v), namely quj,(v). Partition S into four intervals

I : everything preceding B(lt),).

I, : everything from I; to the beginning of B(v).

I3 : everything from the end of B(v) to the end of B(fe|,(v)).
14 : everything following I5.

If b appeared in both I; and I then a,b € B(v) would clearly be double-nested in S. Therefore it
suffices to consider two cases, (1) I contains no bs, and (2) I contains no bs. Figures [J] and
illustrate the two cases.

Case 1. The wingtip 1t;, must be in interval I3, though it may be identical to lt},. Since Wi|a(1}>
is ancestral to both 1, and v, and is a strict descendant of cry, it follows that v is a dove in 7";;
and that wij,(v) is a descendant of wij,(v). The rightmost descendant of wij,(v) in T, is fey,(v),
which is distinct from v. Since wij,(v) is a descendant of lh|,, any descendant of rhy,, such as rt,,
lies to the right of fe,(v), in interval I;. By the same reasoning, rty, lies in Iy.

Regardless of whether 1t|, and 1t are identical or distinct, B(v) is preceded, in S, by either
abb or baa. In the first case lt|q, Itpy, v, fep(v),1t), certify that a,b are double-nested in B(v); see
Figure @ In the latter case lt, = It|,, v, fej,(v), rtp, certify that a,b are double-nested in B(v).
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lt‘a 1t|b v fe‘a(v)
Lal [b] [ab] a
"W_/

I P I3 1y

fe|b(v)

I't|a

Figure 9: In Case 1 interval I; contains no bs. Contrary to the depiction, lt|, and lt;, are not
necessarily distinct, nor are wij,(v) and wi(v) or cr|, and crp. In this depiction quy,(v), the right
child of wij,(v), happens to be identical to wij;(v).

Figure 10: In Case 2 interval I contains no bs. Contrary to the depiction, rty, and fej,(v) are not
necessarily distinct.
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Case 2. The wingtip rtp, must lie in I3, so v and rtp, are both descendants of qu,(v), the right
child of wij,(v). It follows that v is a hawk in 7, and that no descendants of wi,(v) are in interval
I. Since fe(v) is the leftmost descendant of wi(v) in 7y, and fej,(v) # v, the distinct nodes
It|q, fey, (v), v, 1t)y, 18|, certify that a,b are double-nested in B(v). See Figure O

Recurrence gives a significantly simpler method for bounding the number of feathers, com-
pared to [22, Recs. 5.1 and 7.6]. Whereas [22] considered feathers in an arbitrary derivation tree,
Recurrence only considers the canonical derivation tree.

Recurrence 7.3. Let S be an m-block, order-s DS sequence over an n-letter alphabet and T =
T*(S) be its canonical derivation tree. Define ®s(n,m) to be the maximum number of feathers of
one type (dove or hawk) in such a sequence, where feather is with respect to T. For any s = 2,

®,(n,2) =0
dy(n,m) <m

and for any uniform block partition {mg}i1<q<m and alphabet partition {n} U {Ng}1<q<m,

m
Oy(n,m) < Y. By(iig,mg) + By, ) + Dy (R, m) + R
g=1

Proof. Suppose we only wish to bound dove feathers. If there are only two blocks then all oc-
currences are wingtips and feathers are not wingtips. This gives the first equality. In the most
extreme case every non-wingtip is a dove feather, so @, (n m) < As(n,m) — 2n. In particular,
®o(n,m) < A2(n,m) — 2n < m. Decompose S into 8,8, 8,,5,, 5, in the usual way with respect
to the given uniform block partition. Let 7 = ’T*(S’ ) be the canonical derivation tree of the con-
tracted global sequence S'. Tt follows that S, is an order-(s — 1) DS sequence. Define T, = T*(S,)
to be its canonical derivation tree. The branching nodes on the left wing of 7,, where a € Z(S’q),
consist of (i) the branching nodes on the left wing of 7"@, (ii) the branching nodes on the left wing
of (’7’;)|a, and (iii) the crown cr), of (7’;)‘(1, which is on the left wing of 7|, but not (7’;)‘a. Each
branching node is identified with one feather in 7),. The total number of branching nodes/feathers
covered by (i), summed over all a € X(S5), is at most ®,(7, 7). The total number covered by (ii),
summed over all ¢ < 7 and a € %(S,), is 22q Ps—1(rig, mg) < @5-1(R, m). The number covered by
(iii) is clearly n, which gives the last inequality. O

Recurrence generalizes [16, Rec. 3.1] and [22] Recs. 3.3, 5.2, and 7.7], from DS sequences to
double DS sequences. When s = 3 or s > 4 is even, Recurrence [7.4] is substantively no different
than Recurrence [4.3| for Perm;®; ;-free sequences.

Recurrence 7.4. Let s,n, and m be the order, alphabet size, and block count parameters. Let
{mq}1<q<m be a uniform block partition, where 1 = 2, and {n} U{ng}1<q<m be an alphabet partition.
When m = 2, for any s = 3,

AP (nym) < 30 A (g, myg) + AN (20,m) + 20,
qe{l 2}
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S: (T Ta]

Tt

Figure 11: Counting dove feathers in T, is tantamount to counting branching nodes on the left
wing of 7.

When m > 2 and either s = 3 or s = 4 is even,

A (nym) < A (g, mg) + AP (R i) + 2 AP (R, m) + A (As (2, 170), m) + 2 A (@,
q

3>
>

),

and when s = 5 is odd,

)\gbl(n’m) < Z Agbl(ﬁmmq) + /\gbl( ) + 2. db] (ﬁ ’I?’L) dbl (2 @ (ﬁ¢m)7m) + 4. (I)s(ﬁ7m)
q=1
+ AL (As (R, 1), m) + 2+ As(R, 1)

Proof. First consider the case when s > 5 is odd. Let S be an order-s double DS sequence,
decomposed into S and {Sg} as usual. The contribution of local symbols is >}, As™ (g, mg). If

a global symbol occurs exactly once in an S this occurrence is a singleton. Let S < S be the
subsequence of singletons and S < S be the subsequence of non-singletons. By definition S is
partitioned into 7 blocks, so |S] < A"(7, 7). Symbols in Z(S ) are classified as first, last, and
middle if they appear, in S, after S but not before, before S; but not after, and both before and
after Sq, respectively. In the worst case these three criteria are exhaustive. However, it may be
that all non-singleton occurrences of a symbol appear ezclusively in Z(S ). In this case we call the
symbol first if it appears after interval ¢ in S and last if it is not first and appears before interval
q in S. Define Sq, Sq, S < S to be the subsequences of first, last, and middle occurrences in S
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If we remove the last occurrence of each letter from S’q, or the first occurrence of each letter
from S;, the resulting sequence is an order-(s — 1) double DS sequence. The contribution of first
and last non-singletons is therefore at most

Z [ 21 (g, mg) + 12g + A2 (Mg, mg) + hq] < 2(Ag% (R, m) + ).
q

Obtain 9’ = i from S by contracting each interval Sq into a single block B,. Since
occurrences in S’ each represent at least two occurrences in S, we can conclud that ]S’ | <
As(7, ).

Let 7 = T*(S') be the canonical derivation tree of S’. Define S to be the subsequence of S’
consisting of feathers with respect to T (both dove and hawk) and let S be the subsequence of S
begat by symbols in S’. It follows that |S’| < 2- ®,(7, 1) since ®, only counts feathers of one type
(dove or hawk) Define S’ < S’ to be the subsequence of non-feather, non-wingtips with respect to
T, and define S < S analogously. Since S consists solely of middle symbols, removing the first and
last occurrence of each letter in S leaves an order-(s — 2) double DS sequence, hence

|§| = Z |§q’ < Z (As2o (g, mg) + 272g)
q q

() 25
< AL (18], m) +2(18)
< AL (2 Dy (R, ), m) + 4 - Dy(h, )

We have accounted for every part of S except for S. Fix an interval q and a,b € E(S ). Since
a,b € B, are neither feathers nor wingtips in T, Lemma 7 implies that S contains abbS bba.
Suppose we remove the first and last occurrence of each letter in S (These letters are underhned
below.) The resulting sequence must be an order-(s — 3) double DS sequence, for if it contained a
doubled alternating sequence with length s — 1, which is even, we would see either

s—1 alternations

abb| aabb ---aabb | bba

or

s—1 alternations
A

abb ébaa --+bbaa | bba,

'"This is not quite true. As discussed in Remark we can make this inference when bounding A\i™' asymptotically.
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contradicting the fact that S is an order-s double DS sequence. We can therefore bound ]S | by

Z 15l < Z g (1hg, mg) + 21g)
q q

sz (Sm) #2550
q

< ABL (|87, m) + 2|9

< Agﬂg(ys'\ — 27, m) + 2(]5] — 27)

< APL(As(Ry ) — 20, m) + 2(As(R, 10) — 27)

This establishes the recurrence for odd s = 5. When s = 3 or s > 4 is even, we ignore the distinction
between feathers and non-feathers and bound |S| by A%, (As(R, ™) — 27, m) + 2(As(R, 1) — 27).
When S = 5152 consists of m = 2 intervals, no symbols are classified as middle, so it suffices
to account for first, last, and local occurrences only. After discarding the last occurrence of each
symbol from S; and the first from S5, what remains are order-(s — 1) double DS sequences, so
|S\ 2n 4+ AP (n,ma) + A (R, me) < 200+ A (20, m). O

Recurrence is similar to [22, Rec. 5.2] but presented in the style of Recurrence The
proof is essentially the same as that of Recurrence [7.4] except that we do not need to distinguish
singletons from non-singletons, nor do we need to remove symbols from S’q, Sq, Sq, S‘q’ or S, in order
to make them double DS sequences with order s — 1 or s — 2 or s — 3, as the case may be.

Recurrence 7.5. Let s,n, and m be the order, alphabet size, and block count parameters. Let
{mq}1<q<m be a uniform block partition, where 1 = 2, and {n} U{ng}1<q<m be an alphabet partition.
When m = 2, for any s = 3,
As(n,m) Z As(fg, mg) + Xs—1(20, m).
qe{l 2}
When m > 2 and either s = 3 or s = 4 s even,

As(n,m) < 3 Aslfig, mg) + 2+ Asm1(f2,m) + Ag_a(As(R2, 1h2) — 261, m)
q

and when s = 5 is odd,

As(n,m) < 3 Aliig,mg) + 2+ Aso1 (o, m) + Ag—2(2 - Dy, 1), m) + As_s(As(Ry 1), m)
qg=1

Lemma states some bounds on @4, As, and A{™ in terms of coefficients {¢s i, 05, 5;“;'} and

the ith row-inverse of Ackermann’s function, for any i > 1. Refer to [22, Appendices B and C] for
proofs of similar lemmas, and to the discussion following Lemma [£.4]

Lemma 7.6. Fixz parametersi > 1, s > 3, and ¢ = s —2 and let n,m be the alphabet size and block
count. Let j be minimal such that m < (a;;)¢. Then ®4, s, and A" are bounded by

®y(n,m) < ¢s;i(n+ O((cf)* *m))
As(n,m) < 55,7;(11 +O((eg)®~ 2m))
A (n,m) < 5;1}}1 (n + O((cj)sqm))
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where {gf)&i,és,i,@?} are defined as follows.

¢2,: =10 all i
Ps1 = Ps—11+ 1 5>=3
Gsi = Gsi—1+ Ps—14+ 1 §>3,i>2
01, =1 all i
0o, = 2 all i
il:ail _9 all i
657 =5 all i
G50 = 20511 =251 s>3
o =200, + 1) =2 - 257 2 s>3
5 205-1,i + 05-2,i(ds,i—1 — 2) s=3 orevens=>4
> 2051, +205-2i¢si—1 + 0s-3,i0s,i1 odd s =5
dbl _ 01 205 ; + (85295 + 2)0si1 s=3orevens =4
> 0o + 2057 ; +2(05% ; + 2)¢si—1 + (0523 ; + 2)s,i—1 odd s =5

When applying Lemma the tightest bounds are obtained by setting i = a(n,m) + O(1),
which is a(n) + O(1) whenever j = O(1). Lemma [7.7| gives closed form bounds on the coefficients
{050,055, ¢}, which immediately yield sharp bounds on the extremal functions As(n,m) and
A% (n, m) for DS and double DS sequences partitioned into blocks.

Lemma 7.7. (Closed Form Bounds) For all s > 3,i > 1, we have

t+s—2
¢s,i:< s—9 >_1

35 =2i +2
05 = ©(i%)
04,617 = ©(2)
85,5, 05 = ©(i2")

5,020 < 2(7Y)

ERE

where t = |£52].

Proof. The expression for ¢, ; holds in the base cases, when s = 2 or i = 1. By Pascal’s identity it
holds in general since

Boi = Gait + boorit 1= 1+s—3 n 1+s5—3 1= 1+s5s—2 1
’ ’ ’ §—2 s—3 §—2

When s € {3,4}, d5; and &g are identical to 7,; and w5, and therefore satisfy the same bounds

from Lemma Define Cy4 such that d4; < 2i+C4 - Assuming inductively that for some sufficiently
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large Cs, d5,—1 < (1 — 1)2(i_1)+c5, we have

05, < 2045 + 203,51 + 02,i05,—1
< 2O 4927+ 2) - (1) + 2. (i — 1)277 1
< i2its,

We claim that there are constants {C} such that, for all s > 5, 65; < 2 (Z+C ). When s > 4 is even,

050 < 2051, + 05-2,i0s,i—1
<o L o(TE)o ()
i+Cs
< 2( ¢ ), for some Cy > Cs_1 > Cs_o.

i+Cg_
When s > 5 is odd, whether s —2 =5 or not, d,_2; < i2( %) by the inductive hypothesis, so

55,1’ < 255—1,1' + 255—2,i¢s,i—1 + 53—3 i(;s ji—1

i+Cg_o

< 2(i+cts,1)+1 n i2( e )+1 (z+s 3) " 2(1+t6;51*3>2(7;712»cs)
<ol (TR (03) 4 g (@ () (10)
o). 1D

Inequality (10| . ) follows since ¢ — 1 > 1 and Inequality follows since, for Cy sufficiently large,
i+CS,1)+

i % Cs,
2("7*) dominates both poly (i) - 2 2("21%) and 207G

i+Dg
bounds hold on 45%, for s > 4, with respect to different constants {D,}. That is, &5 < 2(""7*)
when s # 5 and 05} < 12’+D5 O

L It is straightforward to show the same

Choosing i = a(n,m) + O(1), Lemmas and imply that

Az(n,m) = O((n + m)a(n,m))
A5 (n,m) = O((n +m)a®(n,m))
M(n,m), AP (n,m) = O((n + m)2¢m™)
As (1, m), A& (n,m) = O((n + m)a(n, m)22m)
As(n,m), AP (n,m) = O((n + m)2e rm/it+ O nm))

When m = O(n) these bounds are all sharp, with the exception of A§*', which was already handled
in Section [6] Using the best transformations from 2-sparse to blocked sequences from Lemma
we obtain all the bounds on As; and A" claimed in Theorem except at s = 5, where we only
get A5(n) = O(a(a(n))) - As(n,3n) and As"'(n) = O(a(a(n))) - Ag*'(n, 3n). Refer to [22, §7.3] for an
ad hoc method to eliminate this a(a(n)) factor.

8 Generalized Constructions of Nonlinear Sequences

Recall from Section that the difference between postshuffling and preshuffling is in how blocks
of one sequence are merged with copies of another. In Ugyp © Upot symbols from Ugyy, are inserted
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at the end of blocks in copies of Upyt whereas in Ugyp © U they are inserted at the beginning
of blocks. It is not immediately clear why these two shuffling strategies should yield sequences
with different properties. Consider the projection of symbols R = {a,...,z} in a common block
B of Uiop, where all symbols in R are middle occurrences in B. If Ui,p, was constructed via a
series of composition and postshuffling operations, the projection of Uiy, onto R, ignoring repe-
titions, is ab---z(zy---a)zy- - - a, whereas if preshuffling were used the projection onto R would
be ab---z(ab---z)zy---a. In a subsequent composition event Ugy, = Usop © Umid, the canonical
ordering of R in Up,q(B) is identical to their ordering in Uep, in the case of preshuffling, or the
reversal of that ordering in the case of postshuffling.

In this section we explore the complexity of sequences avoiding “zig-zagging” patterns, which
can be viewed as one natural generalization of Davenport-Schinzel sequences. Recall the definitions
of Nk, Mk, and Zk.

Ne=12--(k+Dk---12--- (k+ 1)
My =12 (k+ Dk---12-- (k+ Dk---1
Zp =12+ (k+ Dk---12- - (k+ Dk---12--- (k + 1)

Note that N1 = abab, M1 = ababa, and Z; = ababab generalize order-2, -3, and -4 Davenport-
Schinzel sequences. Klazar and Valtr [I4] and Pettie [20] proved that Ex(Ng,n) = O(A2(n)) = ©(n)
and that for any k& > 1, Ex({ My, ababab},n) = O(A3(n)) = O(na(n)). (That is, avoiding both Mj,
and ababab are equivalent to just avoiding Mj.) One might guess that zig-zagging patterns, in
general, mimic the behavior of the corresponding order-s DS sequences.

We prove two results that, taken together, are rather surprising. Theorems [8.5| and state
the following in a more precise fashion.

(1) For all ¢, there exists a k such that Ex(My,n) = Q(nat(n)).

(2) For all t, there exists a k such that Ex(Z,n) = Q(n2(tte()e’ )/t

Overview. We define two classes of non-linear sequences. Class I sequences have lengths ©(nat(n))
and Class II sequences have length n2(1+"(1))at(”)/t!, for any t > 1. Both Class I and Class II se-

quences are parameterized by a binary pattern m = mymo - - x| € {/,\}*. The diagonals in 7 have

the following interpretation. Consider any set {ai,...,q;} of symbols in a sequence T} of type m. A

mazimally intertwined configuration is one in which each pair of symbols in {a1,...,q;} alternate

the maximum number of times. In 7} all maximally intertwined configurations will take the form

AT AT .. ATIxl where A7 = a1 ---a; and AN = a;---ay. Class I and II sequences are defined in

Sections and and their forbidden sequences analyzed in Section 8.3

8.1 Class I Sequences

The sequence Tr(i,j) consists of a mixture of live and dead blocks. It is parameterized by a pattern
m, which always begins with /. The base cases for Ty are given below. (Recall that live blocks are
indicated with parentheses and dead blocks with angular brackets.)

42



T, (i,7) =(12---7) (j---21) one live block, one dead, for any ¢

T, (i,j)=(12---7) (12---7) one live block, one dead, for any i
Tw(ljj):{ (12---7) (j---21) if mjr =\ and [x] > 2
(12---7) (12---4) if m|r = and |7| > 2

T.(i,0) = ()? two empty live blocks, any 7

Note that T (1, j) is identical to either T, (-,j) or T, (-, ), depending on the last character of
7. For the inductive case, when ¢ > 1,5 > 0, and |7| > 2,

Tsub © Thot = (Ttop © Tmid) © Thot if Mr| = AN
Tx (i, Jj) =
Tsub © Thot = (ﬂop © Tmid) O Thot if Mr| = /

where Tyoy = Tr(i,j — 1)
Tiia = T (4, (Thot ) T =T g1
T1top = Tﬂ'(Z - 17 HTmld”)

The following facts can easily be proved about 75 (7, ) by induction.

1. The first occurrence of every symbol appears in a live block and live blocks consist solely of
first occurrences.

2. All live blocks have length exactly j. The length of dead blocks varies, as does the number
of dead blocks between consecutive live blocks.

3. Each symbol occurs with the same multiplicity, v, ;, defined below. Hence |T'| = v ;||T| =
I/ﬂ—ﬂ‘ j . (]TD
The construction of 75 gives us an inductive expression for the multiplicity v ; of symbols in
T (i, 7)-

Vni =2 for |7| =2 and all ¢
Urp1 =2 for all m
Vri = Vrji—1+ Ve — 1 where 7~ =7 - - - x| —1

A short proof by induction shows that v ; has the closed form

Upi = it |r| -3 +1 foralli > 1,|n| =2
’ || — 2

It can be shown that i = a(n,m) + O(1), where n = |T(4,7)| and m = [T(i,5)]), from
which it follows that Ty (i, 7) has length ©(nal™=2(n,m)), and length ©(nal™=2(n)) if 5 = O(1).
Theorem summarizes two results from [21), 19, 9] using the T} notation.
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Theorem 8.1. ([9, (21, [19])
1. ababa, abcaccbe « T, .
2. abaaba, abcacbec « T, . .

As a consequence both Ex(ababa,n) and Ex(abcacbe,n) are Q(na(n)), which is asymptotically tight.

8.2 Class II Sequences

Class IT Sequences consist solely of live blocks. They are parameterized by binary patterns, which
are restricted to being even-length palindromes, starting with ~ and ending with \. If 7 =
1z, its flip flip(7) is obtained by flipping the direction of each diagonal and its truncation
7~ is obtained by trimming 7 and 7. For example, if 7 = NN/ N\, flip(77) = NN\
The base cases for U, are given below. The sequence U, (i, j) has the property that each block
has length j and each symbol has multiplicity pir ;, which will be defined below.

U, (i,j)=12---5)(j---21) two blocks, for any i
Us(1,7)=(12---5)(j---21) two blocks, for any 7
Ur(0,7) = (12---7) one block, for any 7

Ur(i,1) = (1)K fir,; identical blocks

For the inductive case, when ¢ > 1,5 > 0, and |r| > 2, we have

Unig) = { Usub © Upot = (Utop © Tiid) © Upbot  if mamjr—1 = /\
Usub © Ubot = (Utop © Timid) © Upot ~ if Tz = \/
where Upot = Ur(i,7 — 1)
Uz (3, [Thot]) if o r—1 = /\
e { Ustip(re) (i [Thot]) i Ty =\
Utop = Ur (i — 1, [ Trmiall)
The construction of U is a strict generalization of the Ug sequences defined in Section [2| for

even s. Note that when 7 = (\)¥2, only postshuffling is used, since flip(7~) = (/\)%27L.
The multiplicity pr; of symbols in Ux(4,j) is not affected by which shuffling operation is used,

i+t—1

so the analysis from Section [2f still holds: pr; = 2" > 2'/!" where t = (|| — 2)/2, and
i = a(|Ux (@, 9|, [Ux (i, 5)]) + O(1).

8.3 Analysis of T, and U,

Lemmas [8.2] and [8.3] isolate some properties of T} useful in the analysis of M-shaped sequences and
comb-shaped sequences.

Lemma 8.2. Let Ty, = Ty (i,j), where i and j are arbitrary. Let x = x| and X = T|x|—1 be the
last and second to last characters of m, and let Tiop, Timid, Tsub, and Ther be the sequences arising in
the formation of Ty .
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1. If abba < Ty, or baba < Ty, then it cannot be that b e X(Tyy,) while a € X(TY,).

2. If a < b share a live block in one of Tiop, Thot, or Tun, then this sequence’s projection onto
{a,b} has the form (ab)a*b* if x = / and (ab)b*a™ if x =\

3. If ay < -+ < a; share a live block in Tg,p, then its projection onto {ai,...,a;} has the form
(a1...a))AX AX where A7 = a}...a¥ and AN =af ---al.

Lemma 8.3. Whereas ababa « T ~_/, abaaba « Ty, for any w € {/ /", /\\,///}.

Proof. Lemma implies that ababa cannot be introduced by a shuffling event, but must first
appear in Ty, = Tiop © Tinig from a composition event. Moreover, abaaba could not arise in Ty,
from an occurrence of ababa in Ti,p since, in such an occurrence, the middle a would necessarily
be in a dead block and could therefore not beget multiple as in Tgy,. It must be that a and b share
a common live block in Tip, so its projection onto {a, b} is contained in (ab)a*b*, if m3 = , and
(ab)b*a™ if w3 = \.. Since Tyq is either T/ or T, the projection of Ty, onto {a,b} is one of

(ab) (ba) a*b* or (ab) (ba) b*a®™ or (ab) (ab) a*b* or (ab) (ab) b*a*.
The first is ababa-free while the remaining are abaaba-free. O

In Theorem we prove that Ex(Mox,n) = Q(na®T'(n)) by induction. Lemma handles
the base case for Ms.

Lemma 8.4. My = abcbabcba « Ty, for any of the length-4 patterns we /{/,\}2/.

Proof. Since My contains ababa, any instance of My must first arise in Tyy, = Ttop © Trig from a
composition event, not in Ty, = Tiup ©Tmiq from a shuffling event. Here T1,,iq is defined by any of the
four patterns 7~ € /{/,\}?. It must be that a, b, c share a live block in Tiop- If only b and ¢ shared
a live block then the projection of Tiop onto {a,b,c} would have the form a*(bc or ¢b)a*b*c*b*a*,
violating Lemma since neither (bc) and (cb) can be followed by beb. If only a and b shared a
live block the projection onto {a,b,c} would have the form a*b*c*(ba or ab)c*b*a*, which violates
the property that live blocks contain only first occurrences.

We have deduced that a, b, and ¢ share a live block B in Ti,p, but they do not necessarily appear
in that order. To form a copy of Ms, some prefix must arise from substituting the type 7~ sequence
Tmia(B) for B; the remaining suffix must follow a, b, and ¢’s live block in Tiop. The split between
prefix and suffix can be (i) abcbab | cba, or (ii) abcbabe | ba, or (iii) abcbabeb|a. In cases (i) and (ii),
b must precede a in B, meaning b < a in the canonical ordering of Ty,;q(B). As a consequence,
any occurrence of the prefix abcbab (or abcbabe) in Ty,iq implies an occurrence of babbab < Tiiq,
contradicting Lemma In case (iii) the prefix contains bebbeb, also contradicting Lemma O

Theorem 8.5. For any k > 1, Mox « Ty, where m € /{/,~\}2/*. As a consequence, Ex(Myi,n) =
Q(nar+1(n)).

Proof. The proof is by induction on k; the base case is covered by Lemma For succinctness
let K = 2*. As in the proof of Lemma we can restrict our attention to the case where Mg, say
over the alphabet a1, ...,ax 1, arises in Ty}, after a composition event. Moreover, we can assume
ai,...,ax+1 appear in a common live block B, so the projection of Tiop onto {a1,...,ax+1} is
(a1r---arxy1)af---aj,,. If substituting Tinq(B) for B creates an instance of My, some prefix
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must come from Tp,q(B) and the remaining suffix from the sequence aj ---aj, following B.
There are two cases: either the suffix contains a strict majority of the K + 1 symbols or a strict
minority. In the former case we have ag 5,1 < -+ < ax1 according to the canonical ordering of
Tmia(B), so any instance of the N-shaped pattern axiiax - -- AR j2410K /242" OK+14K =+ QK /211
in Tinia(B) implies that it also contains

.o OK+1 qp L Lo OK+1 qpe L

MK/Q = G’K/Q—i-l aK/2+2 . (IK/2+1 CLK/2+2 : CLK/2+1,

which contradicts the hypothesis that Ting is Mg jp-free. If, on the other hand, the suffix of Mg
following B contains a strict minority of {ai,...,ax+1}, then Tiy;q(B) must contain an instance of
M 5 on the alphabet ay,. .., ag 541, also contradicting the inductive hypothesis. O

We now turn to the analysis of the forbidden sequences of Uy.

Theorem 8.6. Foranyk > 0, Zsx « Uy, wherem = RN NFHL As a consequence, Ex(Zsk,n) >
n - 2(1+o(1))ak 1 (n)/(k+1)!

Proof. The proof is by induction on k. For succinctness we let K = 3. In the base case k = 0,
Zi = ababab, and U, = U ,__is ababab-free, by Lemma In the general case £k > 1 and
7=/ NFL 50 Ur = Usub © Ubot = (Utop © Unid) © U is formed by composing Usep with
Umid, a type ™~ sequence, then preshuffling it with Upo. We can assume that any occurrence of
Zx arises from the composition event Ugy, = Usop © Unia since ababab < Zg cannot be introduced
by shuffling. Write Zx as

.--aK-‘rlaK,'_ .-'G/K-‘rla,K__‘ o O 11

al a2 al a2 al CLQ

It is easy to verify that if Zx occurs in Uy, it must be that {a1,...,ax 1} share a single block
B in Usep. (Note, however, that their canonical orderings in Utop and Umid(B) are not necessarily
ap < -+ < ag41.) Some prefix of Zg appears before B in Usop, some suffix of Zg after B
in Uop, and the remaining middle portion appears in Upq(B). Suppose aj---q; is the prefix
and apapyq---agyq the suffix, for some indices [,I’. Tt follows that a; < ay < --- < a; and
ag+1 < agx < -+ < ap according to the canonical ordering of Uyiq(B), which implies [ < I’ E At
least one of the following must be true

(i) the prefix contains at least K /3+1 symbols and is disjoint from the suffix, that is, | > K/3+1
and [ <.

(ii) the suffix contains at least K /3 + 1 symbols and we are not in case (i), that is, I’ < 2K /3 + 1.

(iii) there are at least K /3 + 1 symbols in neither the prefix nor suffix, that is, [ < K/3 and
> 2K/3+ 2.

Case (iii) is the simplest. To form a copy of Zx in Uy, we would need Upyiq(B) to contain a copy

of Zk /3 on the alphabet {CLK/3+1, e ,CLQK/3+1}, contradicting the inductive hypothesis. In Case
(1), Umia(B) must contain ag 341 a1+ ag341 a1+ ag341, which, by the canonical ordering
ap < -++ < ag/341, implies Upia(B) also contains a copy of Zg /3, a contradiction. Case (ii) is
symmetric to Case (i). O

8Qince preshuffling is used, the canonical ordering of middle symbols in B is the same in Usop and Umia(B), though
the same is not true of symbols making their first appearance in B.
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8.4 Comb-shaped Sequences

The results of [9, 14}, 19, 20] show that ababa and abcacbe are the only minimally non-linear 2-sparse
forbidden sequences over a three-letter alphabet, both with extremal function ©(na(n)). Just as
ababa can be generalized to M-shaped sequences, C; = abcacbc can be generalized to the one-sided
comb-shaped sequences {C}r>1, where

(k+2) (k+2) (k+2) (k+2)

. )(k+2).
Cp=123 1 2 3

o (B+1

Our parameterized sequences let us obtain non-trivial lower bounds on comb-shaped sequences.
Theorem 8.7. For all k > 1, Cy « Ty, where 7 = / /\*. Consequently, Ex(Cy,n) = Q(na*(n)).

Proof. The proof is by induction on k. Theorem 8.1 (see [19]) takes care of the base case C; =
abcacbe. We will focus on Cy = abedadbded, then note why the argument works for any k. De-
fine Tiop, Tsubs Thot, and Tiq as usual, where T},;q is now a type .\ sequence. We first argue
that {a,b,c,d} < 3(Tiop). One may check that the only case that does not immediately violate
Lemma B.2|(1)) is that a € X(T3%,) while b, ¢,d € £(Tiop). This means that (bed)dbded < Ty, where
the live block (bed) was shuffled into a’s copy of Tioi. However, Lemma implies that the
projection of Ty, onto {b, ¢, d} has the form (bed)d*c*b*d*c*b*, which does not contain (bed)dbded.

One can see that a, b, ¢, and d must share a live block B in Ti,p. If the first two as in Cy < Ty
arose from the composition that created Ty, then b, ¢, and d must have been in a’s live block. If
not then Cy would have already appeared in Tiop. Thus, some prefix of Cy arose from substituting
Tia(B) for B and the remaining suffix followed B in Ti,p. Lemma implies that the suffix
cannot be dcd for otherwise (cd)ed < Tiop or (dc)de < Tiop. This implies that abdadbd = C7 <
Twid(B) (a type .\ sequence), which contradicts Theorem

For k > 2 write Cy = aja2---agpy1baibagsh- - - bag,1b. The same argument from above shows
that {ai,...,ar+1,b} are contained in a single block B of Tip. For Cy to arise in Ty,p a prefix of it
must come from Tpiq(B) and a suffix from the part of T,y following B. By Lemma the suffix
cannot be bay1b, which means the prefix in Ty,;q(B) must contain aj - - - agbaibagb - - - barb = Cj_1,
contradicting the inductive hypothesis. O

9 Conclusions

In Theorem |1.3| we established sharp bounds on the functions A, s and A%, for all values of r and s,

and showed, perhaps surprisingly, that these extremal functions are essentially the same. Moreover,
they match As and A" only when s < 3, or s > 4 is even, or r = 2. However, Theorem is not
the last word on AjY. In Cibulka and Kyncl’s [3] application of A% (n,m), s is a fixed parameter
whereas r is variable and cannot be bounded as a function of s. Cibulka and Kyn¢l require upper
bounds on Ay%(n, m) that are linear in 7 whereas the leading constant in our bounds matches that
of A%(n,m), currently known to be at most O(6"). See Lemma In other words, we now
have two incomparable upper bounds on A;%(n,m) when r is not treated as a constant, namely
O((n 4+ rm)a(n,m)) [3], which is optimal as a function of r, and O(6"(n + m)), which is optimal
for fixed 7. Whether A% (n,m) = O(n + rm) or not is an intriguing open question.

We have shown that doubling various forbidden patterns (alternating sequences and catenated

permutations) has no significant effect on their extremal functions. It is an open problem whether
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Ex(dbl(c),n) is asymptotically equivalent to Ex(o,n) for every . We conjecture the answer is no
when o can be a set of forbidden sequences, though it seems plausible the answer is yes for any
single forbidden sequence.

Conjecture 9.1. In general, it is not true that Ex(dbl(o),n) = ©(Ex(o,n)). In particular, whereas
Ex(dbl({ababa, abcacbc}),n) = ©(na(n)), we conjecture Ex({ababa, abcacbc},n) = O(n).

The main open problem in the realm of generalized Davenport-Schinzel sequences is to charac-
terize linear forbidden sequences, or equivalently, to enumerate all minimally non-linear forbidden
sequences. The number of minimally non-linear sequences (with respect to the partial order <) is
almost certainly infinite [19], but whether there are infinitely many genuinely different non-linear
sequences is open. Refer to [19] for a discussion of how “genuinely” might be formally defined.

Conjecture 9.2. (Informal) Every nonlinear sequence o (having Ex(o,n) = w(n)) contains ababa,
abcacbe, or some sequence morally equivalent to abcache.

Our lower bounds on Ex(My, n) are weak, as a function of k, and we have provided no non-trivial
upper bounds. It may be possible to generalize the proof of Theorem to show Ex(My,n) =
O(npoly(a(n))), where the degree of the polynomial depends on k.
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A Proofs
A.1 Proof of Lemma 1.2

Recall that dbl(Perm; s41) = {dbl(c) | o € Perm, s, 1} whereas sequences in Perm; | are formed

by taking the concatenation of s + 1 sequences, the first and last being a permutation of {1,...,r}
and all the rest containing two occurrences of {1,...,r}. For example, abcabacchbea € Permgt’é

whereas abbcc ccbbaa bbeca € dbl(Permg 3). We restate Lemma

Lemma [1.2] The following bounds hold for any r > 2,s > 1.

Ex(dbl(Permy. s41),n,m) < r- A% (n,m) + 2rn
Ex(dbl(Perm,.sy1),n) = O(Ay5%(n)).

Proof. Let S be a dbl(Perm, s;1)-free sequence over an n-letter alphabet. Obtain S” from S by
discarding the first occurrence and last r occurrences of each letter, then retaining every rth oc-
currence of each letter, discarding the rest. Clearly S’ has the property that each b is preceded
and followed by at least r bs in S, and between two bs in S’ there are at least » — 1 bs in S. It

follows that [S’| > (|S| — 2rn)/r. Suppose |S’| contained some sequence o} ---07,; € Perm;" ;.

(Recall that o} and o), contain one copy of {1,...,r} whereas o5,...,0, contain two copies of
{1,...,7}.) This implies that S contains a sequence o7 - - - 0541 where each o, contains r + 1 copies
of {1,...,7}. We claim each o} contains a doubled permutation of {1,...,r}, which implies that

S is not dbl(Perm, ¢;1)-free, a contradiction. Find the symbol b in o whose second occurrence

is earliest, that is, we can write o, = 0}, bo} bo}/, where o}0) contains at most one copy of each

symbol. Since o}/ contains at least r copies of the r — 1 symbols in {1,...,7}\{b} we can continue
to find a doubled permutation of {1,...,r}\{b} by induction. If S is an m-block sequence then S’
is too, giving the first bound. When S is merely r-sparse we can only bound S" by Ag%(n) if it,
too, is r-sparse. This is done as follows.

Greedily partition S = 5155 .. .S, into maximal sequences {S;} over alphabets of size exactly
2r2, with | S,,| perhaps smaller. Since each S, has length at most Ex(dbl(Perm, s11),2r%) = O(1),
it follows that m = Q(|S]). Obtain T be replacing each S; with a block consisting of its alphabet
¥(S,). If |T| < 2rn there is nothing to prove since |S| = O(|T|) = O(n) = O(A75(n)), so assume
otherwise. Obtain 7" from T by discarding the first occurrence and last r occurrences of each letter,
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then retaining every rth occurrence of each letter. It follows that [T7| > (|T| — 2rn)/r > |T|=,
that is, the average length of blocks in 7”7 is 2(r — 1). Let T” be an r-sparse subsequence of 7"
obtained by scanning 7" from left to right, removing a symbol if it is identical to one of the preceding
r — 1 symbols. At most r — 1 letters from each block of 7" can be removed in this process. The
average block length of 7" is at least 2(r — 1) — (r — 1) = 1, hence |T”| = m = Q(|S]). Since 7" is
Perm;’; -free, we have |S| = O(A%(n)). O

A.2 Proof of Lemma [3.1]

There is no theorem to the effect that Ex(o,n) = O(Ex(o,n,0(n))). Lemma (3.1 restates the best
known reductions from r-sparse to blocked sequences. Some ad hoc reductions are known to be
superior, for example, those for order-5 DS sequences [22].

Lemma (Cf. Sharir [23], Fiiredi and Hagnal [7], and Pettie [22].) Define vs, 75", Yrss Vrs
N — N to be non-decreasing functions bounding the leading factors of As(n), As™(n), Ars(n), and
Ag(n), e.g., Ay < ;% (n) - n. The following bounds hold.

T8

As(n) < vs-2(n) - As(n, 2n) A7 (n) < (5 (n) +4) - A" (n, 2n)

As(n) < vs-2(75(n)) - As(n, 3n) A5 (n) < (% (757 () + 4) - A (n, 3n)
Ars(n) < yrs—2(n) - Ars(n, 2n) + 2n Aps(n) < (s—a(n) + O(1)) - A (n, 2n))
Ars(n) < rs—2(vrs(n)) - Ars(n, 3n) + 2n As(n) < (2 (s (n) + O(1)) - A (n, 3n))

where the O(1) term in the last two inequalities depends on r and s.

Proof. All the bounds are obtained from the following sequence manipulations, which were first
used by Hart and Sharir [9] and Sharir [23]. Let S be an r-sparse sequence avoiding some set o
of subsequences over an r-letter alphabet, so |S| < Ex(o,n). Greedily parse S into m intervals
5152 -+ Sm by choosing 57 to be the maximum-length prefix satisfying some property P, Sa to
be the maximum-length prefix of the remaining sequence satisfying P, and so on. Form S’ =
¥(S51)X(S2) - - - X(Sm) by replacing each interval S; with a single block ¥(.S;) containing its alphabet,
listed in order of first appearance. Since S’ is a subsequence of S, |S’| < Ex(o,n,m). To bound |S]|
we only need to determine upper bounds on m and the shrinkage factor |S|/|S’|.

Bounds on ;. If we parse S into maximal order-(s — 2) sequences then each S; must contain
either the first or last occurrence of some symbol, hence m < 2n. The shrinkage factor is [S;|/]Si|| <
Ys—2([Sil]) < vs—2(n), which gives the first inequality. Now consider parsing S into m maximal
sequences that are both order-(s — 2) DS sequences and have length at most vs(n). It follows that
m < 3n: at most n sequences were terminated because they reached length ~4(n) (by definition
of 75) and the remaining sequences number at most 2n since each must contain the first or last
occurrence of some letter.

Bounds on A"'. Let os42 be the alternating sequence with length s + 2. Order-s double DS
sequences are dbl(cs42)-free. Obtain o/, by doubling each letter of o4, including the first and
last. It is easy to show that Ex(o7 4, n) < A"(n) +4n so we can take 7" (n) + 4 to be the leading

S
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factor in this extremal function. Consider parsing an order-s double DS sequence S. If we parse S
into maximal o’-free sequences then each subsequence must contain the first or last occurrence of
some symbol, so m < 2n and the shrinkage factor is at most v, (n) + 4. If, further, we truncate

any subsequence in the parsing at length v¢*'(n), then m < 3n and the shrinkage factor is at most
Verp (5" (n)) + 4.

Bounds on A, and Aﬂfjsl. The argument is the same, except that during the parsing step, we
discard any symbol that triggers the termination of a subsequence. For example, if S is a Perm,. 4 1-
free sequence we parse it into S1a152a2 - - - @m—1Smam, where the {S;} are maximal Perm, ;_i-free
sequences and {a;} the single letters following them, where a,, might not be present. Since S;a;
contains some element of Perm,. s, S;a; must contain the first or last occurrence of some letter,
hence m < 2n. We form S’ by contracting each S; to a single block, discarding a;, so the shrinkage
factor is at most ¥, s—2(n). It follows that |S| < ys—2(n) - Ay 5(n,2n) + 2n. The procedure for Ay
is a straightforward combination of the procedures described above, for A, ; and Ag"". O

A.3 Proof of Lemma [3.2

We restate the lemma.

Lemma The extremal functions for order-s (double) Davenport-Schinzel sequences and Permg ¢ 1-
free (Permgf’; 41-free) sequences are equivalent up to constant factors. In particular,

Ag}s(n) < 3)\3(72) + 2n
Ags(n,m) <2-Xs(n,m)+n
5s(n <5- A% (n) +4n
gu(n,m) < 3-AP"(n,m) + 2n

>

m%“
3S333
NN NN

N

Proof. Order-s DS sequences are Perms 4 1-free, which gives the 1st and 3rd inequalities. Let S be
a 2-sparse Perms 4 1-free sequence. Form S’ < § by filtering S as follows.

(i) Discard the 1st occurrence of each letter.

(ii) Discard up to n additional occurrences to restore 2-sparseness.
(iii) Discard every even occurrence of each letter.
(iv) Discard additional occurrences to restore 2-sparseness.

We claim S’ has length at least (|S| —2n)/3. The number of letters removed in steps (i) and (ii) is
at most 2n. The number removed in step (iii) is at most (|.S| — 2n)/2 and the number removed in
step (iv) is at most 1/3 of that of step (iii). This is because between any two even occurrences of
some letter a, there must be another a and, due to 2-sparseness, at least two other letters. Thus,
each letter removed in step (iv) corresponds to at least three removed in step (iii). Suppose that S’
were not an order-s DS sequence, that it contained an alternating subsequence a---b---a---b---
with length s + 2. Together with the first occurrence of b and the missing odd occurrences of a
and b from S, we can form a Perms ;1 subsequence in S, a contradiction. This gives the 2nd
inequality. If S is composed of m blocks then we only need to form S’ using steps (i) and (iii). The
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4th inequality follows. The 5th and 7th inequalities follow since order-s double DS sequences are
A%f’sl 41-free. To obtain the 6th inequality, let S be a 2-sparse Agf;,} +1-free sequence and S be derived

as follows.
(i) Discard the first and last occurrence of each letter.

(ii) Discard up to 2n additional occurrences to restore 2-sparseness.

)
)
(iii) Retain every third occurrence of each letter; discard all others.
(iv) Discard additional occurrences to restore 2-sparseness.

By the same argument as above, the number of letters discarded in step (iii) is at most 2(|.S|—4n)/3
and the number discarded in step (iv) at most 1/5th that of step (iii), hence |S’| = (|S| — 4n)/5.
Suppose S’ contained a doubled alternating sequence abbaabb--- having s + 2 runs of as and bs.
This implies that S contains aabbbbaaaabbbb - - - , where the underlined letters appear in S but not
S’, and therefore that S contains an instance of Permy’ ;. The 6th inequality follows. The 8th
follows from the same argument, omitting steps (ii) and (iv) in the construction of S’. O

A.4 Proof of Lemma [3.3

Some of the results cited in Lemma refer to (or implicitly use) results on forbidden 0-1 matri-
ces. See Fiiredi and Hajnal [7] and Pettie [19] [I8] 20] for more details on the connection between
matrices and sequences.

Lemma At orders s = 1 and s = 2, the extremal functions \s, \$™, Avs, and AyY obey the
following.

Ai(n) =n Ai(n,m)=n+m—1

Xo(n) =2n—1 Ao(n,m) =2n+m —2 (Davenport-Schinzel []))

*(n) =3n—2 AP (n,m) =2n+m —2 (Dav.-Sch. [5],Klazar [15])

°'(n) < 8n ' (n,m) < bn+m (Klazar [11], Firedi-Hajnal [7])
Ara(n) = A (n) <rn Ari(n,m) = A (n,m) <n+ (r—1)m (Klazar [10])
Ay o(n) < 2rn Arp(n,m) <2n+ (r—1)m (Klazar [10])
A (n) < 6"rn A% (n,m) <2-6"" (n +m/3) (Pettie [20], cf. [T4)])

Proof. Davenport and Schinzel [4] noted the bounds on A (n) and A2(n); their extension to blocked
sequences is trivial. In an overlooked note Davenport and Schinzel [4] observed without proof that
A" (n) = 3n — 2, which was formally proved by Klazar [I3]. Its extension to blocked sequences is
also trivial. Adamec, Klazar, and Valtr [I] proved that A\3"'(n) = O(n) and Klazar [II] bounded
the leading constant between 7 and 8. A blocked sequence S can be represented as a 0-1 incidence
matrix Ag whose rows correspond to symbols and columns to blocks, where Ag(i,j) = 1 if and only
if symbol ¢ appears in block j. A forbidden sequence becomes a forbidden 0-1 pattern. The bound
on A" (n, m) follows from Fiiredi and Hajnal’s [7] analysis of a certain 0-1 pattern. The bounds on
A, 1 and A, 2 were noted by Klazar [10] and Nivasch [16]. They are straightforward to prove.
Since the N-shaped sequence 12---77(r —1)---112---r over r letters is contained in Perm,. 3,
the linear upper bound on Ex(dbl(12---rr(r —1)---112---7),n) due to Klazar and Valtr [14]
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(see also [20]) immediately extend to Ajy(n). With some care the leading constants of Aj'(n)

and Aj'(n,m) can be made reasonably small using the 0-1 matrix representation of (forbidden)
sequences from [20]. Consider an m-block, Perm;3-free sequence S. Without loss of generality
assume the alphabet X(S) = {1,...,n} is ordered according to their first appearance in S. Let Ag
be an n x m 0-1 matrix where Ag(i,j) = 1 if and only if symbol i appears in block j. By virtue of
being Permi%—free, Ag does not contain P as a submatrix,”| where P is defined below. Following

convention [27, [I§] we use bullets for 1s and blanks for Os.

The vertical bars are not part of the pattern; they mark the boundaries of the three components of

a Permyy sequence. The results of [20] imply A%(n, m) < Ex(P,n,m) < 2-6""'(n +m/3), where

Ex(P,n,m) is the maximum number of 1s in P-free n x m matrix. To get a bound on Ay (n) we will

show how to convert an r-sparse, Permﬁ%—free sequence S into a blocked one. Greedily partition
S = S1a152az - - - Sy, into maximal Perm, 3-free sequences St,. .., Sy, separated by single symbols
ai,...,am. That is, 57 is Perm, 3-free but Sia; is not; Sy is Perm, 3-free but Ssas is not, and so
on. Each interval S; must contain the last occurrence of some symbol, hence m < n. If this were

not the case then S necessarily contains a Perm, 4 pattern, each of which is also a Permij’é pattern,

contradicting the Perm;3-freeness of S. Obtain S’ by discarding a1, ..., a, and contracting each
Sk to a single block containing its alphabet X(Sg). Since |Sk| < Ap2(|[Skll) < 27| Skll, we have

S| < 2r[S’| + n. Being an n-block sequence, |S'| < Af%(n,n) < 2-6"1(4n/3), so |S| < 6"rn. O

1971 this context a submatrix is obtained by deleting rows and columns from Ag, and possibly flipping some 1s to
0Os.
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