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Abstract. In this paper we study a class of perturbed constrained nonconvex variational prob-
lems depending on either time/state or time/state’s derivative variables. Its (optimal) value function
is proved to be convex and then several related properties are obtained. Existence, strong duality
results, and necessary/sufficient optimality conditions are established. Moreover, via a necessary
optimality condition in terms of Mordukhovich’s normal cone, it is shown that local minima are
global. Such results are given in terms of the Hamiltonian function. Finally various examples are
exhibited showing the wide applicability of our main results.
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1. Introduction and formulation of the problem. We consider, given a €
R™, the following class of minimization problems (P(a)):

(1.1) inf {/01 Folt, 2())dt : = € K(a)} ,

where
(1.2) K(a) = { z€ LY0,1],R") : z € Z, /1 go(t, z(t))dt € =W + a}.
0

Here, W C R™ is nonempty, closed, and convex; Z is the set of functions z €
LY([0,1], R™) satisfying 2(t) € Z(t) for a.e. t € [0,1], with Z : [0,1] = R" a measurable
set-valued mapping with nonempty and closed values; fp : [0,1] x R" — R U {+o0},
go : [0,1] x R™ — R™, and fy(t,) is lower semicontinuous (Isc) and go(t, ) is conti-
nuous for a.e. t € [0,1]; fo is a Borel function and go(-, z) is measurable (with respect
to Lebesgue measure) for all z € R™ such that go(-, 2(+)) € L*([0,1],R™) for all z € Z.
We consider the functions f : L1([0,1],R") — RU {+o00} and g : L'([0,1],R") — R™
defined by

1 1

(13) 1) = [ s o) = [ ootz
0 0

Furthermore, we impose the following assumptions on fj:
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e there exists zg € Z such that

(1.4) /O Folt, 20(8))dt < +oo:

e there exist o € R™ and 8 € L!([0, 1], R) satisfying
(1.5) fo(t,z) > (a,z) + B(t) for a.e. t €]0,1] for all z € R™.

Under the latter assumption, f(z) > —oo for all z € L*([0, 1], R™).
Problems like (1.1) subsume an important class of variational problems, namely,

1
(1.6) inf{/o fo(t,&(t)dt : € WH([0,1],R™) : z(0) = a, x(1) :b},

where W11(]0, 1], R™) denotes the space of absolutely continuous functions from [0, 1]
to R™, and a, b are given vectors in R™.

Several standard models in mathematical economics can be written in the form
of (1.1) with W = R ; see [1] for instance. One of the economic interpretations deals
with the investigation of markets with a continuum of traders in an economy with
production, in which case, z;(t) means the amount of the commodity j to be bought
(produced) by the trader ¢. Thus, the integral in (1.1) gives the total expenditure
(cost) of the overall coalition under the commodity assignment z. The integral ap-
pearing in (1.2) has obvious meaning. A model related to a continuous-time allocation
process for a continuum of traders with unilateral constraints may be found in [7].

The classical existence result due to Tonelli requires the convexity and superlin-
ear growth assumptions on fy(¢,-), which imply the weak lower semicontinuity of the
integral functional and the weak compactness of its sublevel sets (see, for instance,
Theorem 16.2 in [5]). Our goal is to avoid such assumptions by analyzing carefully
the value function associated with (1.1) depending on a, which allows us to consider
integrands with slow growth. Important existence results, including the nonoccur-
rence of the Lavrentiev phenomenon, recently obtained for nonconvex optimal control
and variational problems, but using different approaches, can be found in [17]. In
particular, generic results, in the sense of Baire category, were also presented.

The particular case go(t,2) = z and W = {0} was considered in [6], and under
convexity of fo(t,-) in [9].

One of the main goals of the present paper, after a careful analysis of the value
function, is to provide a necessary and sufficient optimality condition of zero order
for a feasible solution to problem (P(0)) to be optimal (Corollary 3.7), along with
sufficient and/or necessary conditions for the same problem via the Hamiltonian.

The structure of the paper is as follows. Section 2 deals with some basic nota-
tion, definitions, and preliminaries; in particular, a variant of the Lyapunov convexity
theorem (Theorem 2.1), suitable for our purpose, is recalled. Section 3 describes the
most important properties of the value function (including convexity) to be used in
subsequent sections. In section 4, we establish necessary optimality conditions via
the subdifferential of the optimal value function. Some of the results of the preceding
section are applied in section 5 to prove that local minimality implies global mini-
mality for the problem (1.1). In connection with assumption (5.1), section 6 provides
several equivalent conditions implying the previous assumption. Finally section 7 es-
tablishes some formulas for computing the value function via the Hamiltonian, and
some existence results as well.
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2. Basic notation and preliminaries. Given two vectors a,b in R™, (a,b)
denotes their inner or scalar product. A set P C R™ is said to be a cone if tP C P
for all t > 0. For a given A C R™ A, co(A), int A, bd A, stand for the closure of
A, the convex hull of A (the smallest convex set containing A), topological interior
of A, boundary of A, respectively. Furthermore cone(A) denotes the smallest cone
containing A, that is,

cone(A) = U tA,

t>0

whereas cone(A) denotes the smallest closed cone containing A: obviously cone(A4) =
cone(A).

Moreover, z € A is said to be a relative interior point of A if come(4A — z) is a
vector space (see, for instance, [2]). The set of relative interior points of A is denoted
by ri A. It is well known that in the case A is convex, x € ri A if and only if z is
an interior point with respect to the affine hull of A or, equivalently, if N(A;z) is a
vector space, where N(A;z) ={{ € R": ({,a—xz) <0, Vae€ A}, is the (outward)
normal cone to A at x € A.

The positive polar of the convex cone P C R" is defined by

P ={y"€R": (y",2) >0, V€ P}.

We now recall an extension of the Lyapunov theorem proved in [13]. This plays an
important role in the existence theory for optimal control problems without convexity
assumptions; see, for instance, [6] and references therein.

Given a set K C L([0,1],R¥), define the set

1
I(K) = {/ ¢(t)dt:¢eK}.
0
K is said to be decomposable if, for every measurable set B C [0, 1] and all u,v € K,

u-xB+v- Xxpo1\B € K,

where yp is the characteristic function of the set B, i.e., xp(z) = 1 if z € B, and
x5(z) = 0 elsewhere.

The next theorem is taken from [13] and provides a simple existence result for
problem (1.1) as a consequence of Corollary 3.3, as Remark 3.4 shows.

THEOREM 2.1 (see [13, Theorem 4]). If K C L'([0, 1], R*) is decomposable, then
I(K) is convex and I(K) = I(co K). If, in addition, K is (strong) closed and the
closure of I(K) contains neither a line nor an extremal half-line, then I(K) is closed.

In what follows, we recall some main facts about envelopes of functions. Given
h :R™ — RU {#oc}, h, @ h stand for the greatest lsc function not larger than h
and for the greatest convex and lsc function not larger than h, respectively. To be
coherent with our previous notation we need the following definition of epigraph of a
function:

epi h = {(t,x) e Rx R": h(z) <t}
and

epi’ h = {(t,2) eR xR™: h(x) < t}.
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In the case h is convex, we have (see [16, Lemma 7.3])
(2.1) ri(epi h) = {(t,z) e R x R" : z € ri(dom h), h(z) < t}.
It is known that

epi h = epi h; co(epi h) = epi o h.

Moreover, if @ h(xz) > —oo for all x € R™, then €6 h(z) = h**(z) for all z € R™, where
h** = (h*)* is the bipolar or biconjugate of h, that is, the conjugate of h*. There are
examples showing the assumption €6 h(z) > —oo for all x € R™ is necessary to get
the previous equality. In general we have h** <¢co h < h.

For any nonempty set W C R™, and a,b € R™, we write a <y b (or equivalently,
b>wa)ifb—aecW.

The indicator function tg of the set S is defined by tg(z) = 0 if z € S and o0
otherwise.

The space of absolutely continuous functions from [0, 1] into R* is denoted by
WH1([0,1],R¥), and it is equipped with the norm

1
lzlr = [2O)] + / ik (t) .

It is well known that W11([0,1],R¥) is a Banach space. Set W,"" = Wb1([0, 1], R¥)
and L' = L'([0,1],R™). As usual, the norm on the product space Wkl’1 x L1 is the
sum of the norms of W' and L', and it will be denoted by || - |-

Set Ry = [0,4o00[, R4+ = ]0,400], R_._ = —R .

In what follows we use the convention +o0o — (400) = +00.

3. The convexity of the optimal value function and related properties.
We associate with problem (1.1) the optimal value function ¢ : R™ — R U {fo0}
defined as follows:

1
b(a) = mf{/o fo(t,z(t))dt - g(z) € =W +a, zEZ} if K(a)#0,
+

00 otherwise.

Consider the Lagrangian L(),2) = f(2) + (A, g(2)), A € W*, z € L*([0,1],R"), and
define the dual of problem (P(0)) (¢ =0 in (1.1)) by
3.1 vp = sup inf L(\, z).
( ) b AEVI[?* zZEZ ( )

We consider a classic result (see, e.g., [15, Theorem 7]), although proved under
convexity conditions, which relates the optimal value vp of (3.1) with the biconjugate
of the value function .

THEOREM 3.1. Assume that f, g are defined as in (1.3), with W being additionally
a cone, and K(0) # 0. Then vp = ¢**(0).

Proof. Define F : Z x R™ — R U {+o0}:

F(za) = f(z) if g(z) € =W +a,
" ]+ otherwise.
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Then the Lagrangian function can be written as

f(2)+ A g(2)) i AeWr,
(32) L\ z2)= iergn{F(z,a) + (N a) f =1 —oc0 if AZW* f(z) < +oo,
‘ oo if NEW*, f(2) = +oo,

and the value function as

P(a) = ZiggF(z,a).

Therefore

zirelgL()\, z) = inf {inf F(z,a) 4+ (\ a) } =—sup {{(—\,a) —¢¥(a)} = =" (=N).

a€R™ | z€Z a€R™
Then,
sup inf L(A z) = sup inf L(\ z) = sup [-*(=N)] = ¢ (0). 0
AeW* 2€EZ AER™ 2€EZ AER™

Set Cp =dom fNZ={z€ Z: f(z) < +oc} and
(3.3) Ko= {(u,v) e LY([0,1,R"™) : 3z € Z,u(t) > folt, 2(1)),

u(t) =w golt, 2(t)), for ae. t € [0, 1]}.

We get the following result which is important by itself.
THEOREM 3.2. Let F(z) = (f(2),9(2)) with f,g defined as in (1.3) and W C R™
being any nonempty closed and convex set. The following assertions hold:
(a) The set Ko is decomposable, I(Kg) is convex, and I(Ky) = F(Coy) +
(Ry x W) Cepi 2.
(b) (r,a) €epi ¢ <> (r++,a) € F(Co) + (Ry x W) VkeN.
Consequently, the function ¢ : R™ — RU {+oo} is convez, and

(3.4) I(Ko) C epitp C I(Ko).
(¢) We have
(r,a) € ri(epi ) <= a € ri(dom )

1
and 3 ko € N, <7‘—E,a>€epiw V k> k.

As a consequence, if A C 1i (dom 1)) then,

(3.5) (ri epi ¥) N (R x A) = epi® ¥ N (R x A),
(3.6) epi N (R x A) =epi ¢ N (R x A).
Proof.

(a) We observe first that Ky is a decomposable set. Indeed, let (u;,v;) € Ko,
i=1,2,and B C [0, 1] a measurable set. Then, for some z; € L', i = 1,2, we
have

ui(t) > folt,zi(t), vi(t) >w go(t, zi(t)), zi(t) € Z(t) for a.e. t € [0,1].
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Clearly z; € Cp for ¢ = 1,2. Setting Z = 21 - xp + 22 - X[o,)\B € L', we have
for a.e. t € [0,1]: 2(t) € Z(t) and

u1(t) - x5(t) +ua(t) - xj0n\8(t) > fo(t, 2(t)),
v1(t) - xB(t) +v2(t) - x01\B() = waolt, 2(t)),

ie., (u1,v1)-xB+ (u2,v2) - Xj0,1)\B € Ko, proving the decomposability of Ko.
Thus the convexity of I(Kj) follows from Theorem 2.1.

To prove the equality I(Ky) = F(Cp) + (R x W), first notice that I(Ky) C
F(Cy) + (R4 x W) is straightforward by the convexity and closedness of .
For the reverse inclusion it is enough to observe that if (u,v) € F(Cp) +
(Ry x W), then, for some z € Cy and (h,p) € (Ry x W),

><

(u,0) = ( | e =0y + e, [ oot (0) +p]dt) € I(Ky),

proving the equality in (a). This also shows that F(Cy)+ (R x W) C epi .

(b) By taking into account the inclusion in (a), the “only if” part is easily ob-
tained. Let v(a) < r < +oo. Then K(a) # 0, and for all £ € N there exists
zr, € Cp such that f(zg) <r+ % and g(zr) <w a. Thus

(7 30) = Ul (r+ § — Ja)a = o)) € FIC+Re xW)

which completes the proof of the equivalence.
The convexity of ¢ follows from (a) which asserts the convexity of I(Ky) =
F(OO) + (R+ X W)
Combining (a) and the last equivalence, we get (3.4).

(c) Let (r,a) € ri(epi ¢). By (2.1), a € ri(dom %) and ¥(a) < r. For ky € N
sufficiently large, we have (a) < r — % < r for all k > kg. Thus, for such
k € N, one obtains

<r = % a) € ri(epi ¥) = 1i I(Kp) = i I(Ky).

Moreover, by convexity again, ri(epi ¢) = ri(epi 1) = ri(epi 1)), proving one
implication of the equivalence. The other is trivial.
One inclusion in (3.5) follows from the previous equivalence and the other is
straightforward.
For (3.6) we need to check the inclusion “C.” Let us take any (r,a) € epi ¢ with
a € A. Then, we have two possibilities: 1)(a) < 7 or ¥)(a) = r. In the first case, we get
(r,a) € ri(epi ¢) and so (r,a) € epi ¢. In the second case, since ¥(a) =r < r+ £, we
obtain (r+ ¢, a) € ri(epi 1). By (3.5), ¢¥(a) < r+ 4 for all k € N, and the conclusion
follows. O
It is not difficult to check that

(3.7) dom ¢ = ¢g(Cp) + W.

Thus, since F(Cp) + (R4 x W) is convex, we obtain immediately the convexity of
9(Co) + W, ie., dom ®¢ is convex, which is also a consequence of the convexity of
1. This along with other results, which follow from (3.6), are summarized in the
following corollary.
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COROLLARY 3.3. Under the above assumptions, the following hold:
(a) ri(dom v) = ri(dom v), dom ¢ = dom 1, and 1)(a) = 1(a) YV a € ri(dom ¥)).
Consequently,

(3.8) ri(epi ¥) = ri(epi ¥) = {(r,a) € R x ri(dom ) : ¥ (a) < r}.
(b) For a € ri(dom ) with 1(a) € R, one has

Y(a) =min{r e R: (r,a) € I(Ko)} =inf{r e R: (r,a) € I(Ky)}
=min{r e R: (r,a) € epi ¢}.

Proof.
(a) Let a € ri(dom %) and take any r € R satisfying ¢(a) < r < 4+00. Then

(r,a) € ri(epi ¥), and by (3.5), ¢(a) < r, implying a € dom ¢. This proves
that ri(dom 1) C dom ¢, showing the desired result. This also proves that
(a) = (a) for all a € ri(dom 7).

Let us check the second equality. Since dom 1 C dom v, we obtain

dom ¢ C dom % = ri(dom %) = ri(dom ¢) = dom 1,

and the conclusion follows.
The last part is a consequence of (a) and (3.6).
(b) For a € ri(dom 1), one obtains

Y(a) =(a) = min{r € R: (r,a) € epi ¥} = min{r € R: (r,a) € I(Ky)}
<inf{r e R: (r,a) €epi ¥} <inf{r e R: (r,a) € I(Koy)} = ro.

Assume that 1(a) < ro. There exists 7 | ©(a) such that (ry,a) € epi 9.
By (a) of the previous proposition, we get (r; + +,a) € I(Ky) for all k € N.
This means that ro < ry + %, which implies o < #(a), which is impossible,
proving that ¥ (a) = r¢, and the conclusion follows. d
Remark 3.4. From (b) of Corollary 3.3, we obtain an existence result to problem
(P(a)) (see (1.1)), namely, if a € ri(g(Co) + W), 9(a) > —oo, and I(Kj) is closed,
then (P(a)) admits at least a solution.
Conditions implying the closedness of I(Ky) are given in Theorem 2.1; whereas
the nonemptiness of H yields 1(a) > —oo, as Theorem 7.1 shows.
Theorems 3.1 and 3.2 lead to the following characterization of lower semicontinu-
ity of ¢ at 0. Certainly, by Corollary 3.3, 1 is Isc in ri(dom ).
PROPOSITION 3.5. Assume that ¥(0) < +oo and that the assumptions of Theo-
rem 3.2 hold. Then,

(a) if $(0) > —oo0,

(3.9 9(0) = 9(0) <= [I(Ko) — ¥ (0)(1,0)] N (~Ryp x {0}) =0
= [cone(I(Ko) = ¢(0)(1,0)] N (=R x {0}) = 0.

(b) ¥(0) = —o0 if and only if
(3.10) [1(Ko) — p(1,0)] N =(Ry4 x {0}) #0 V peR.

Proof. _
(a) The proof follows by noticing that I(Ky) = epi 1.
(b) To prove this, simply consider the definition of 1(0). O
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We now characterize the zero duality gap for our problem (P(0)) in terms of the
lower semicontinuity of ¢ at 0. In particular, if 0 € ri(g(Cp) + W), then there is no
duality gap.

THEOREM 3.6. Assume that W is additionally a cone, and ¢(0) < +oo; then

(a) vp = B(0);

(b) the duality gap between (P(0)) and (3.1) is zero, i.e., ¥(0) = vp if and only
if ¥(0) = ¥(0).

Proof.

(a) In view of Theorem 3.1, we need to check that ¢**(0) = (0). If ¥(0) =
—o0 then ¥**(0) = —o0 since ¥** < 1. If ¥(0) € R, due to the lower
semicontinuity and convexity of 1, we conclude that 1)(= T 1) never takes
the value —oo, and therefore (G5 ¢ =) = ¥**.

(b) The proof follows from (a). a

We will see next that the condition 0 € ri(g(Cy) + W) not only implies zero
duality gap but also the existence of a solution for the dual problem provided v(0)
is finite. This is due to the important result derived from the convexity of 1) (see
Corollary 3.3): the nonemptiness of 0 (a) whenever a € ri(dom ) = ri(g(Co) + W).

Thus, on combining the previous theorem and Corollary 3.3, we establish the
following result on strong duality for (P(0)) without any coercivity or convexity as-
sumption.

COROLLARY 3.7. Assume that ¢¥(0) € R, with W being additionally a cone,
K(0)# 0, and 0 € ri(g(Co) + W). Then, there exists \og € W* such that

(3.11) int / folt.=0)at = int, [ (fo(t. () + (.ot =)l

zeK(0)

For such Ao, we have

12 f
(3 ) 2612 0)/ .fO t Z (Xo» 9(2) / .fO t Z

Hence,

<)\0, ; go(t t))dt> =0,
fo fo(t, z(t))dt = 1nf fo [fo(t, 2(1)) + (Mo, go(t, 2(1)))]dt.

Z solves (P(0)) <=

Proof. By the previous theorem and Corollary 3.3, we get the zero duality gap.
Moreover, since 1(0) is finite and 0 € ri(dom ) = ri(g(Co)+ W), a simple application
of a convex separation theorem, allows us to conclude that 9 (0) # (). Let A* € 9¢(0).
Then, ¢(a) — (0) > (A\*,a) for all @ € R™. Since W is a convex cone, we get
K(0) C K(a) for all w € W; this along with the previous inequality implies that
(A\,a) <0 for all a € W, yielding —A\* € W*. We need only to check that —A* is a
solution to problem (3.1).

Let us take any z € Z. For a = fol go(t, z(t))dt € R™, we obtain

1 1
| fotestenae— o [ ottt = va) = 3. > 0(0) Vze 2,

which proves one inequality in (3.11) for Ay = —\*; the other is trivial.
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Equality (3.12) and the remaining equivalence are not difficult to check. O

In case go(t,2) = z and Z = L([0,1],R"), we obtain g(L'([0,1],R™)) = R™.
Thus, 0 € ri(g(Co) + W) trivially holds whatever W is.

Related strong duality results were established in [3, 14].

Remark 3.8. Example 7.7 shows that the single condition a € ri(dom %) does
not imply, in general, existence of solutions even when the optimal value is finite.

4. The subdifferential of the value function and necessary optimality
conditions. Our aim in this section is to exploit the convexity property of the value
function ¢ in order to compute its subdifferential; we know that dv(a) is nonempty,
convex, and compact whenever a € ri(dom ).

To that purpose, with the same assumptions on fy, gg, W, and Z, let us consider
problem (P(0)), i.e., (1.1) with @ = 0, and its associated Hamiltonian function H :
[0,1] x R™ — RU {£o0} defined by

(4.1) H(t,p) = sup {(p,g0(t,8)) — fo(t. &)}

§EZ()

Obviously H(t,-) is convex and lsc for all ¢ € [0, 1], and because of (1.4), we have for
allp e R™

(42) H(tap) Z <pag0(t7 ZO(t))> - fO(tv Z()(t)) a.e. t € [07 1]
Set
U= {(a:, 2) e WhY x LY 2 i(t) = go(t, 2(t)), 2(t) € Z(t), ae. t €[0,1], 2(0) = 0}.

The next theorem does not require that W be a cone as in Corollary 3.7.
THEOREM 4.1. Let z € K(0). Then the following assertions are equivalent:
(a) p € 0¥(0) and z solves (P(0));

(b) p e N(W;— [y go(t, 2(1))dt) and

(4.3) H(t,p) = (p,90(t, 2(t))) — fo(t,Z(t)) a.e. t €]0,1].
Proof. (a) = (b): Let p € 0¢(0) or, equivalently
(4.4) (p,a) <4(a) —9(0) VaecR™

For any fixed w € W, set a = fol go(t, zZ(t))dt + w. Then, we have fol go(t, z(t))dt €
—W + a. Replacing a in (4.4) and taking into account that Z is a solution to (P(0)),

we get
1
<p,w+ | e z(t))dt> <o,
0

proving the first result in (b).
To establish (4.3), pick any 2z € L, with 2(t) € Z(t) a.e. t € [0,1]. Then

1
/ go(t, z(t))dt € =W +a,
0
where a = [ go(t, 2(t))dt — [ go(t, 2(t))dt. Using (4.4), we obtain

<p, / ot 2(8))dt — / ot z(t))dt> </ " folt2(8))dt — (0).
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Thus, since Z is a solution of the problem (P(0)) we have (0) = fol fo(t, Z(t))dt and
hence Z solves the problem

(4.5) min{/olfo(t,z(t))dt— (p,/olgo(t,z(t))dt> L zez }

or, equivalently, (Z,Zz), where Z(t) = f(f go(s,2(s))ds, is a solution of the following
problem

min / folt, 2(t))dt — (p, z(1)).

(z,z)eU
The maximum principle (Theorem 6.1 in [10]) yields ¢ € W' such that

(t) =0 ae. t €[0,1], —q(1) € d(=p,)(x(1)) = {-p},

and

H(t,p) = <p7 gO(tv é(t)» - fO(tv é(t)) a.e. 1€ [07 1]7

proving (4.3).
(b) = (a): From (4.3), we obtain for all z € Z,

(P, 90(t, 2(1))) — fo(t, 2(1)) < (p go(t, 2(1))) — fo(t, 2()) ae. t € [0,1]

and, hence,
(4.6) <p, / "ot z(t))dt> - / ' folt,20)dt

1 1
< (v [ mtt.zonat) - [ e, spae.
0 0
Now let z € K(0). Then fol go(t, z(t))dt € =W, and by the first part in (D),
1 1
(n= [ sttostnie+ [ anie.stopae) <o.
0 0
This along with (4.6) implies that for all z € K(0),
1 1
| fattzoyie = [ gt ztena,
0 0

ensuring that Z is a solution to (P(0)).
We now prove p € 9¢(0). Take any a € R™ satisfying K(a) # (. Then for all

z € K(a), we have z € Z and fol go(t, z(t))dt —a € —W. On the one hand, the first
part of (b) ensures that

<p, - /01 go(t, z(t))dt + a + /01 gol(t, z(t))dt> <0.

It follows from (4.6)

/fo(t,z(t))dtz/ Jo(t, z(1))dt + (p,a)
0 0

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/01/16 to 131.114.71.105. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

CONVEXITY OF THE VALUE FUNCTION IN CV 3683

and as ¥(0) = fol fo(t, 2(t))dt and z € K (a) is arbitrary, we get

P(a) = ¥(0) = (p,a)

or, equivalently, p € 91 (0). d

We recover Proposition 5.8 in [3].

COROLLARY 4.2. Assume that 0 € ri(g(Co) + W) and z € K(0). Then the
following assertions are equivalent:

(a) z is a solution to (P(0));

(b) there exists p € N(W; — fol go(t, Z(t))dt) such that

(4.7) H(t,p) = (p,g0(t, Z(¢))) — fo(t, Z(t)) a.e. t€0,1].

The set of p satisfying (b) is 91(0).
Proof. 1t suffices to see that our assumption 0 € ri(dom 1) ensures the existence
of p € 91(0) and then we apply Theorem 4.1. d

5. Local minima for the problem (1.1) are global. The aim of the section
is to show that the previous assumptions (except assumption (1.5)) together with the
following constraint qualification

(5.1) 0 € int[g(Cy) + W]
ensure that each local minimum for (P(0)) is in fact global. Here, we recall that
Co={z€Z: f(z) < +o0}.

THEOREM 5.1. Let fo and go satisfy the previous measurability, lower semicon-
tinuity, and continuity assumptions and let W be closed and convex. Then, under the
qualification condition (5.1), each local minimum for (P(0)) is global.

Before giving the proof of this theorem, we establish a result concerning the
necessary optimality conditions of (P(0)). These necessary conditions are expressed
in terms of the limiting Fréchet (or Mordukhovich [12]) normal cone that we begin by
recalling here.

Let C be a closed subset of R™ containing some point ¢. The Fréchet normal cone
to C at ¢ is the set

N(C;e) = {g ER": liminf 8T =9 5 o} .

zeC—c HiC — C”
The normal cone to C at ¢ is the set

N(C;¢) = limsup N(C; z).

rzcC—c
LEMMA 5.2. If Z is a local solution for (P(0)), then there exist p € R™ and
A € {0,1} with (p,A) # (0,0), such that p € N(W;— fol go(t, z(t))dt) and

(000l Z0) ~ Mo(tZ0) = max - [(pgo(t. 2) = Mo(t,2)] ae. t € 0.1]

Proof. We define the functions ¢ : R™ x R™ x R™ x R” — R U {400} and
L:[0,1] x R™ x R" x R™ x R" — RU {400} by
(51, 82,83, 54) = L0} (51) + L0y (s2) + 1w (s3),

| folt,v) ifve Z(t), u=go(t,v),
L(ta z,Y,u, U) - { —+00 otherwise.
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Let us note that, as L does not depend on (x,y), then for each element (x,y,u,v,r) €
epi L(t,-) we have

(5.2) (B,x™,y*,u*,v*) € N(epi L(t,-); (z,y,u,v,7)) = 2" =0, y" =0.

Put zZ(t) = fot g(,2(7))dr and y(t) = fot Z(t)dr. Since Z is a local solution of the
problem (P(0)), then (Z,7) is a local solution of the following Bolza problem

{ min / L(t, z(t), y(t), 2(t), y(t))dt + £(2(0), y(0), z(1), y(1))
(=,y) 0

eEWrtxwit

It is not difficult to show that all the assumptions of Theorem 4.1.1 in [4] are satisfied
and this theorem asserts the existence of an arc ¢ = (p,po) € W x W1 and
A € {0,1} such that

L. (qa /\) 7é 0;

2. —p(1) € N(=W;2(1)), po(1) = 0; o

3. q(t) € co{R : (=A\,R,q) € N(epiL(t,-); f(t,z(1), 2(t),y(t), z(1),y(1)))} a-e.
t € [0,1] and hence, due to (5.2), ¢ = 0;

4. for almost every t € [0, 1] and (u,v) € domL(t, Z(t), (t), -, ),

(q(t), (u,0)=(2(t),5(£)) < A[L(E,2(t), §(t), (u,v)) = L(t, Z(t), (), (1), Y(£))].

Assertions 2 and 3 assert that po = 0 and p(t) = p(1) for all ¢ € [0,1] (we will put
p(t) = p for all ¢ € [0, 1]), while assertion 4 implies the following:

(P, g0(t, 2(1))) = Mo(t, 2()) = [(p, 90(t, 2)) = Afo(t, 2)] ae. t € 0,1,

max
zeZ(t)Ndom f(t,-)
and the proof of the lemma is finished because —p € N(—W;z(1)) if and only if
p e NW;—z(1)). O

Now, we proceed to prove our theorem.

Proof. We will show that the multiplier A in Lemma 5.2 is equal to 1. Indeed,
suppose that A = 0. Then, in particular

(P90, 2(1))) = (p, go(t, 2(t))) Vz€Cy
and, hence, by integrating we get
(p,g(2) —g(2)) <0 V z € Co.
On the other hand, p € N(W; — fol g(t, z(t))dt) = N(W; —g(z)) or, equivalently,
p,w+g(2) <0 YweW.
Now adding the two last inequalities, we obtain that
P, 9(z2)+w)y <0V zelCyVweW.

Using our constraint qualification (5.1), we conclude that p = 0 and this contradicts
(p,A) # (0,0). So A =1 and hence the last equality in Lemma 5.2 can be written as

(P 908, 2(8))) — fo(t, (1)) = max [(p, g9o(t, 2)) = fo(t, )] ae. t € [0,1]
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We now apply Corollary 4.2 to conclude that z is a (global) solution to (P(0)), and
the proof is completed. d

Now, we can ask when the constraint qualification (5.1) is satisfied. In fact, it is
easy to see that the following implication holds true for some p > 0

K(a)#0 Yae B(0,p) = 0€int[g(Co) + W]

provided Z C dom f.
Several characterizations concerning the nonemptiness of K (a) around 0 will be
presented in the next section.

6. The behavior of the set-valued mapping K. The main intention of this
section is to give sufficient conditions ensuring the nonemptiness and the behavior of
the set-valued mapping K considered in the previous section.

We will consider the set-valued mapping K : R™ = Wb x L! defined by

K(a) = {(x,u) e Wht s LY. i(t) = go(t,u(t)), u(t) € Z(t), a.e. t €0,1],

2(0) = 0, z(1) € —W + a}.
THEOREM 6.1. Let Z € K(a) and put Z(t) = fot go(T, Z(7))dr for all t € [0,1].
U= {(az,u) e WU x LY: @(t) = go(t,u(t)), ult) € Z(t), ace. t € [0,1], z(0) = o}.

Suppose that go(t,-) is continuous for almost every t € [0,1] and W is a closed set in
R™. Let us consider the following assertions:
(i) There is no p € R™, with p # 0, satisfying

—p € N(=W;z(1) —a), (p,g0(t,2(t))) = Zgl%)@,go(t, z)) a.e. t €0,1].

(ii) There exist o> 0 and r > 0 such that

d((z,u), K(a)) < ad(z(1l),—W + a)

for all (x,u) € B((z,z),r) NU and a € B(a,r).
(iii) There exist « >0 and r > 0 such that

K(a)N B((z,%),r) C K(a') 4+ alla—d'||B(0,1)

for all a,a’ € B(a,r).
(iv) There exists v > 0 such that

Va € B(a,r), K(a)# 0.
Then (1) = (ii) = (iii) = (iv). If moreover W is convez, then (iv) = (i).
Proof. The implications (ii) = (iii) = (iv) = (i) are obvious. We establish only

the implication (i) = (ii): Suppose that (ii) does not hold. Then, there are sequences
(yk,vi) € U, with y,, — = and v — z, and ax — a such that for k large enough

(6.1) d((yr, vi), K(ar)) > kd(yr(1), =W + ay,).
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It follows that (y,vx) ¢ K(ax). Let us consider the function f, : Wh! x L' — R
defined by

fe(z,u) = d(z(l), =W + ag).

Put Ekp — fk(yk,vk) > 0 and )\k = min{ksz,sk}. Then Ek —r 0 and )\k — 0.
Obviously,

Filyesve) < inf  fuly,u) +ef.
(yw)eu

Our assumption on gy ensures that ¢/ is closed in W' x L'. Now, applying the
Ekeland variational principle one gets the existence of (zx,uy) € U such that

(6.2)  [[(xk, ur) = (Y, ve)ll < A,
(6.3) Fe(@r,ur) < fr(@,u) + sill(@,u) = (@g, we)|| Y(z,u) €U,

2
where s, = $&. Using the inequality (6.3), we obtain that (zy,uz) is a solution to the
following optimal control problem of Mayer type:

{ (ﬁi)lelu d((1) = ar, =W) + sl|2(0) — 21 (0)]]
+ i Jo Ulgo(t, u(t)) — golt un ()] + [lu(t) — ux(t)dt.

The maximum principle yields an arc p, € WH([0, 1], R™) such that
pe(t) =0 ae. t€[0,1], —pi(l) € 0d(- — ar, —W)(xk(1)),
and for a.e. t € [0, 1]

(Px(t), 9o (t, ur(t)))
(6.4) = urél%)@k(t), go(t,w)) — skll|u —ue ()| + llgo(t, u) — go(t, ur ()],

where 9d(-—ay, —W)(x,(1)) is the limiting subdifferential [12] of the distance function
to the set —W + aj. From (6.1) and (6.2) it follows that xx(1) ¢ —W + a, and this
implies that ||px(1)]] =1 (see [11]). Since Ay — 0, (6.2) together with vy — Z ensure
that ux, — z in L'([0, 1], R™) and hence there exists a subsequence (uyx)) of (ux) such
that

U (k) (t) = z(t) ae.te][0,1]

and extracting a subsequence, if necessary, we may also assume that p,)(1) — p
with p # 0. Because of the closedness of the limiting subdifferential [12], —p €

dd(-,—W)( [y golt. 2(t))dt — a) C N(~W:; [y go(t, 2(t))dt — a). Now, having in mind
that s, = max(ﬁ,ag,(k)), we get S,k — 0. On the other hand, relation (6.4)
and the continuity of go(¢,-) ensure that

(P, 9o(t, 2(t))) = urg%)@, go(t,u)) a.e. te€[0,1],

and this contradicts (i). O
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7. Computing the value function via the Hamiltonian and existence
of solutions. This section is devoted to provide conditions under which the value
function v is minorized by an affine linear function. As a consequence, we find a
formula for ¢* and so of ¢. To that end, let us define the function G : R — RU{+xoc}
by

(7.1) G(p) = /0 H(t,p)dt,

where, H is the Hamiltonian function defined as in (4.1). It follows that G is Isc and
convex. Using Theorem 2.2 in [8], we may rewrite the function G as follows:

1
(7.2) G(p) = sup / (. go(t, 2(8))) — folt, 2(t))]dt.

zZEZ

The next function that will be useful in the sequel is

G(p) it pe -W~,
G =
o) {—Foo if pg —W=.

Thus, Gy is Isc and convex. Set
(7.3) "= {pe—W*:H(-,p)eLl([O, 1],R)}.
Then, by (4.2), H is convex and

peEH <= pe—-W"and p € dom G <= p € dom Gy.

The next result generalizes and extends Theorem 3.2 in [6], where the case W = {0}
and go(t, z) = z is considered.
THEOREM 7.1. Assume that W is additionally a cone and H # (). The following
statements hold.
(a) ¥(a) > (p*,a) — G(p*) > —oco V a € R™ V p* € H; consequently, 1) =To 1) =
w**‘
(b) Assume that (1.4) and (1.5) are satisfied. Then ¥*(p) = Go(p) V p € R™,
and so ** =) = G}, which gives vp = G(0).
(¢) Y(a) = G§(a) for all a € ri(g(Co) + W).
Proof.
(a) Let p* € H. We have

G(p*)ﬁ/0 H(lt,p*)dtz/0 <p*,go(t,z(t))>dt—/0 folt,z(t))dt V ze Z.

Take any a € R™ such that K(a) # (). Then for z € K(a) there exists p € W
such that

1

1 1 1
/)fdt,z(t))dtZ/O <p*,g0(t,z(t))>dt—/0 H(t,p*)dtz/o (p*, a—p)dt—G(p*).

Since p* € —W* we have

1
bla) > / (" a)dt — G(p") = (", a) — G(p").
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(b) Let A € R™. Then,

¢*(A) = sup {(A\,a) —=¢(a)} =  sup  sup {(Aa) - f(2)}

acR™ {a: K(a)#0} zeK (a)
= sup {(Ag(2)) + (A p) — f(2)}
zeCo, peW
= sup {(A,9(2)) = f(2)} + sup (A, p)
z€Co peW
sup {(A, g(2)) — f(z)} if Ae-W7,
(74) = { ze(Cy
+ 00 if \g —W=.

By definition
H(t,A\) > (X go(t,z(t)) — fo(t,z(t)) for a.e. t € [0,1] V z € Z,

so that for all A € R™,

G = /0 (A 90(t, 2(1))) = folt, 2(8))]dt = (A, g(2)) — f(2) V z € 2.

Hence, G(A) > ¢*(A) for all A € —W* because of (7.4). Suppose that G(\) >
P*(A) for some A € —W*. Then there exists z € Z such that

1 1
/ (N, go(t, z(¢)))dt — / folt, z(t))dt > ™ (N).
0 0

But relation (1.5) together with the last inequality ensure that f(z) < oo
and, hence, z € C and this contradiction completes the proof of the equality
GN) = (V).

(c) It is a consequence of (b). O

Next corollary, which is important by itself, provides another formula for the
optimal value (0).

COROLLARY 7.2. Assume that W is additionally a cone, H # 0, 0 €
ri(g(Co) + W), (1.4) and (1.5) are satisfied. Then there exists p* € —W™* such that
(0) = ~G(p"). -

Proof. By assumption, it is known that there exists p* € 9¢(0) and ¥(0) = ¥(0)
by Corollary 3.3. Recall that by Theorem 3.2, the function v is convex and by (a) of
Theorem 7.1 if follows that it is proper. Applying Theorem 23.5 in [16], we get

pr€0Y(0) &  P(0)+yT(p7) =0.
Then
(7.5) ¥(0) = =¥ (p").

From Theorem 7.1 we also have that ¥*(p) = Go(p) for all p € R™ and ¥(0) = G§;(0).
Then, taking into account (7.5), we get

$(0) = Go(0) = =Go(p").

Moreover, from (7.5) it also follows that p* € dom ¥* = dom Gy = H; therefore,
p* € =W* and Go(p*) = G(p*). O
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The following existence theorem subsumes Corollary 3.1 in [6].

THEOREM 7.3. Assume that W is in addition a cone, H # (), and (1.4) along
with (1.5) hold. If Ko is closed and the set epi Gy contains no lines or extremal
half-lines, then for every a € R™ either ¢¥(a) = 400 or (P(a)) admits a solution, and
the duality gap between (P(0)) and (3.1) is zero, i.e., vp = (0).

Proof. By Theorem 2.1, I(Kj) is closed since I(Ky) = epi G§. Thus, I(Ky) =
F(Cy) + (Ry x W) is closed and convex. From (3.4) we obtain

epi ¢ = F(Co) + (R x W),

which implies that (P(a)) admits a solution for every a € R™ satisfying K (a) # 0,
and ¢ = 1. Hence vp = 1**(0) = ¢/(0) by Theorem 3.6(a). O

Unfortunately we were unable to check that Ky is closed in this general setting.
However if W = {0} and go(¢,z) = 2z, Ko is closed as one can check it directly. This
case was considered in [6].

Next result follows a reasoning similar to that applied in Proposition 3.1 in [6].

THEOREM 7.4. Assume that H is a nonempty open set, g(Co)+W is open, where
W is additionally a cone, Kq is closed, and (1.4) and (1.5) are satisfied. Then for
every a € R™ either(a) = 400 or (P(a)) admits a solution for every a € g(Co)+W.

Proof. We will show that the assumptions of Theorem 7.3 are fulfilled. To this
aim, it is enough to show that epi G§j contains no lines or extremal half-lines. Recall
that by Theorem 3.4, I(Ky) = epi 1, and by Theorem 7.1(b), epi G}, = I(Ky). We
first note that ¢(a) # —oo for every a € dom 1, otherwise 1)(a) = —oo for a given

a € dom v would imply ¥(a) = —oo for every a € dom ¢ 2O dom 1, and this
contradicts Theorem 7.1(a), recalling that 1 (a) = 1(a) for every a € ri(dom ). This
implies that I(K() cannot have any vertical line, i.e., a line of the form (¢,7), t € R,
where 7 € R™.

We next show that I(Kj) cannot have any extremal vertical half-line, i.e., half-line
of the form (¢,%), t >t € R.

Let us consider any point (i(a),a) € I(Kp) and let H be any supporting hy-
perplane to I(Ko) at (y(a),a). Let D = I(Ko) N H. We observe that D may
contain a vertical half-line but this cannot be extremal, since otherwise (v(a),a)
would be an extremal point of I(Kp), and by Theorem 3 in [13], it follows that
(¢(a),a) € I(Ky) C epip: this is a contradiction since, being that dom 1) = g(Cp)+W
is open, then 0v(a) is compact for every a € dom 1 so that epi ¢ cannot have any
vertical supporting hyperplane. This shows that epi G§ cannot have any vertical lines,
nor vertical extremal half-lines. Next, we prove that it cannot have any nonvertical
half-lines. Suppose that there exists a half-line s = {(«, &) +7(8, 2), n > 0} contained
in bd(epi G§), &,z € R™, 2 # 0, a, 5 € R, and let T'(§) = (¢,£) — 70, ¢ € R™, v € R
be a supporting hyperplane for epi Gfj containing the half-line s. Then G§(§) > I'(¢)
for all £ € R™, which implies G§*(¢) = Go(q) < T (q) = 70, yielding ¢ € H. Moreover,

Go(o+mz) =T( +nz) ¥Yn=>0

because s is contained in the graph of I'.
Let p € H; by the previous relations and recalling that Gy is an Isc convex
function, we get

Go*(p) = Go(p) = sup [(p,§) — G5(8)]

EERWL
(7.6) > (p,&o+nz) —Goléo+n2)=(p—q,é0+nz)+7% Yn >0
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Since Gy(p) < oo, it follows that
<p—q,2>§0 VPEHa

which is impossible because ¢ € H = int H and z # 0. Thus bd(epi Gf;) does not
contain any half-line, and since epi G is a proper closed convex set, this implies that
it cannot contain any line too, which completes the proof. a

Remark 7.5. By the previous proof it is possible to show that the assumption on
the opennes of H can be replaced by the following: “for every p € H, the subdifferential
of Gy is either bounded or empty.” Indeed, (7.6) yields

Go(p) — Gol(q) = Go(p) —v0 > (p—q, & +nz) YpeHVn>0,

ie., & +nz € 0Go(q) for all n > 0. By the previous assumption we get a contradiction
that completes the proof.

A particular situation where g(Co) + W is open occurs when g(Cp) + W = R™.
It is satisfied if go(t,2) = 2z and Cy = L', in which case m = n. Observe also that in
such a situation K is closed.

Next, three examples illustrate the validity of Theorem 7.3 showing that some
of the assumptions are essential; whereas the fourth one shows an instance where
Theorem 7.4 is applicable with g(Cy) 4+ W being an open set contained strictly in R™.

Ezxample 7.6. Let us consider the problem

Y(a) = inf {/01 —[z())%dt  s.t. /01 z(t)dt =a, z€ Z} ,

where Z(t) = [, +oo[ for t € (0,1]. Here W = {0}. Since z(t) >

7 for a.e. t € [0, 1],
then

L
Vit

1 1
1
a= ztdtz/ —dt=2 VzeZ.
o= [
Obviously a = 2 € bd(dom %) and

1
1
¢(2):/0 —dt = —oc.

We actually have 1(a) = —oo for all a > 2. Indeed, the function z(t) = 3 € K(a),
for all @ > 2, and

Note that
— +oo if a <2,
Fla) = v(a) = {_OO L
is convex; whereas ** = —oo, H = 0, and G = +o0.

Ezxample 7.7. Consider the problem

1 1
Y(a) = inf {/ e ®=0 g g, / [22(t) — 21 (t)]%dt < a, z€ Z} ,
0 0
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where Z(t) = (R4 x Ry) for t € [0,1]. Here W = R,.. Obviously K (a) = 0 for a < 0.
Setting z1(t) = Z2(t) = ¢ for all t € [0, 1], then for every a > 0, and for every ¢ > 0,
zZ € K(a). Obviously a = 0 € bd(dom ) and

1
0<¢(a) < / e~dt=e" Ve >0,
0

which implies
Y(a)=0 Va>D0.

Note that the infimum is never attained and

+oo if a <0,
w(“)_{ 0 if a>0

is convex with ¢ = . Here H = | — 00,0],

+oo if p>0,

G(p)=Go(p)={ 0 if p<o.

Thus ¢ = G as expected by Theorem 7.1. Moreover the assumptions of Theorems 2.1
(with Ko instead of K) or 7.3 are not fulfilled since an extremal half-line belongs to
I(Ky) = epi .

Ezxample 7.8. Consider the problem

1 1
t
inf / e Wl st / (1) dt <a, z€Z;,
0 o 1+2(t)

where Z(t) = [0, +oo for ¢ € [0,1]. Here W = R,. Obviously K (a) = 0 for a < 0.
Let a > 1. Setting zZ(t) = ¢ > 0V t € [0, 1], then for every a > 1, and for every
c>0,ze K(a).
Then,

1
0§1/)(a)§/ e “dt=e° V>0,
0

which implies ¢(a) = 0 for all @ > 1. Note that the infimum is never attained for
a>1.

Let 0 < a < 1. In such a case we have i(a) > 0. Indeed ¢(a) = 0 if and only if
there exists a sequence z* € K(a) such that

lim 2%(t) = +oo for a.e. t € [0, 1],

k—+oo

but this would imply

1 Lk
lim / SO
k—+o00 0 1+Zk(t)
which contradicts that 2% € K (a) with a < 1, for k sufficiently large. Therefore,

+ oo if a <0,
Y(a) =< ¥(a)>0if 0<a<l,
0 if a>1.
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Since ri(dom ) = 0, +oc[, then ¥(a) = ¥(a) for every a € ]0,+oc[. Observe that
(¢(a),a) = ((1),1) is an extreme point of epi 1 with a = 1 belonging to ri(dom )
and such that the infimum value of (P(1)) is not attained.

We note that the assumptions of Theorem 2.1, or Theorem 7.3, are not fulfilled
since an extremal half-line belongs to I(Kp) = epi .

The next instance exhibits a situation where dom ¢ is open without being the
whole space R™.

Example 7.9. Consider the problem

1 1
inf {/ fo(t,z)dt s.t. / go(t,z)dt =a, =z¢€ Z} ,
0 0

+o0o if z<0orz>1,

where

fO(tvz):fO(z): go(taz)zgo(Z)zz.

m if 0<z<1,
Z(t) =10,1] for a.e. t € [0,1]. Here W = {0}.

Clearly 1(0) = ¢(1) = +oo, and since K(a) = 0 for a < 0 and a > 1, we get
P(a) = +oo for a < 0 and a > 1; whereas ¢(a) < +oo for 0 < a < 1, since K(a) is
nonempty, and z(t) = a for a.e. t € [0, 1] is a feasible solution.

Hence, dom ¢ = g(Cy) + W = ]0,1[ is an open set.

Consider the Hamiltonian

H{t.p) = suwp {{p,g0(t,€)) = folt: O} = sup {pi—g(lil_g)}-

§eZ(t) <€<1

Note that the supremum is finite for every p € R, since

li ! li !
£0+ {pg - 5>} = {pf ¢ - s>} -
and the argument of the supremum is a continuous function on ]0,1[. Then, H = R
and, since ¢(t, z) = z, it follows that the set Ky is closed.

Therefore the assumptions of Theorem 7.4 are fulfilled and the problem admits
an optimal solution for every a € ]0,1].

Remark 7.10. We notice that the set I(Ky) is closed in the simplest case when
Ky is an affine set, i.e., Vz,y € Koy, Va € R, az + (1 — a)y € Ky. Then, recalling
that I : Ko — R™™ is linear, I(K) is an affine set in R™T! and therefore it is closed.
Clearly Ky is affine if fo(¢,-) and go(t,-) are linear, for a.e. ¢t € [0,1] and Cj is an
affine set in L'([0, 1], R™).

Theorems 7.1 and 7.3 extend Theorem 3.2 and Corollary 3.1 of [6], respectively.
A related existence result may be found in [1].
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