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ON A TWO SPECIES CHEMOTAXIS MODEL WITH SLOW
CHEMICAL DIFFUSION*

MIHAELA NEGREANU'! AND J. IGNACIO TELLO?

Abstract. In this paper we consider a system of three parabolic equations modeling the behavior
of two biological species moving attracted by a chemical factor. The chemical substance verifies a
parabolic equation with slow diffusion. The system contains second order terms in the first two
equations modeling the chemotactic effects. We apply an iterative method to obtain the global
existence of solutions using that the total mass of the biological species is conserved. The stability of
the homogeneous steady states is studied by using an energy method. A final example is presented
to illustrate the theoretical results.
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1. Introduction. Chemotazis is the capacity of organisms to move along a
chemical gradient. Such movement, maybe towards or away from a higher concentra-
tion of the chemical substance, has been investigated by different authors, not only
from a biological point of view but also from mathematical, physical, or chemical
perspectives, among others. In particular, in the early 1970s, Keller and Segel, pro-
posed a mathematical model of two parabolic equations to describe the aggregation of
Dictyostelium discoideum, a soil-living amoeba. Chemotactic abilities are crucial in
many biological phenomena, such as immune system response, embryo development,
tumor growth, etc. Recent studies also describe macroscopic processes in terms of
chemotaxis, such as population dynamics or gravitational collapse, among others.

After the pioneering works of Keller and Segel, mathematical models of chemo-
taxis have been used to model the mentioned phenomena where one or several species
respond to chemical stimuli. Among the mathematical challenges that the problem
presents, the blowing up and the global existence of solutions, have attracted the at-
tention of the mathematical community. The system describing the evolution of one
biological species where the chemical is modeled by a second order elliptic equation
has been largely studied, as the fully parabolic system; see, for instance, the review
by Horstmann [12] and reference therein.

Motivated by empirical biological data, multispecies chemotaxis systems have
been proposed over the last 30 years; see, for instance, Alt [1], Fasano, Mancini, and
Primicerio [10], Wolansky [26], or Horstmann [13].

Parabolic-parabolic-elliptic systems, where the evolution of two biological species
is described by parabolic equations and an elliptic equation models the behavior of
the chemoattractant substance, have been recently analyzed by several authors. In
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Tello and Winkler [22] and Stinner, Tello, and Winkler [20] global asymptotic stability
of homogeneous steady states is studied under the effects of competition between the
species. The blow-up phenomenon in a bounded domain, when the interaction be-
tween the biological species is reduced to the chemical production, has been considered
in Espejo, Stevens, and Veldzquez [7] and [8] for simultaneous and nonsimultaneous
blow-up in R2. See also Biler, Espejo, and Guerra [3], Biler and Guerra [4] for bounded
domains and Conca and Espejo [5], and Conca, Espejo, and Vilches [6] for the two-
dimensional case in the whole space (see also Espejo and Wolanski [9] for more details
and cases).

The one species fully parabolic system with signal-dependent chemotactic sensi-
tivities has been already researched in the literature. In Biler [2], the two-dimensional
case was studied, the author proving global existence of solutions for x(w) = 1/w with
initial data satisfying Vug € [L?(w)]?. In Winkler [24] and [25], the global existence
is obtained for arbitrary dimension n > 2 for x(w) = xo/w with a positive constant
X0 < v/2/n. In [21], Stinner and Winkler investigated the existence of week solutions
for arbitrary large chemotactic sensitivity xo.

Signal dependent chemotactic sensitivities appear in many other PDE systems,
such as the parabolic-elliptic case, systems coupled with Stokes or Navier—Stokes
equations modeling different biological phenomena (see, for instance, [14] and [15]).

The parabolic-parabolic-ODE problem, has been recently studied in Negreanu
and Tello [18], where the rectangles method used in Friedman and Tello [11] (see also
[17]) for the parabolic-ODE problem cannot be applied due to the second component
of the species. In Negreanu and Tello [16], the logistic growth term drives the solution
to the unique positive constant stationary state under some structural restrictions in
the chemical stimuli.

In this paper we focus on the fully parabolic problem, where the diffusion coeffi-
cient of the chemical substance is strictly less than 1. The system has been previously
considered by Horstmann [13] where the linear stability is studied for a range of
parameters with constant chemoattractant sensitivity and linear chemical production.

We denote the densities of the species by u(x,t) and v(x,t), the concentration of
the chemoattractant by w(z,t),  is a bounded and regular domain of R™ for n > 1.
The fully parabolic system is given by the following system of equations:

uy = Au — (ux1(w)Vw), x e, t>0,
(vx2(w)Vw), re, t>0,
wy = eAw + h(u, v, w), e, t>0,

Vu-v=Vv-v=Vw- -v=0, eI, t>0

V-
vy =Av—V-

(1.1)

for € > 0, and initial data
(1.2) u(z,0) = up(x), v(x,0)=uvp(x), w(0,x)=w(x), x e Q.

In (1.1), h(u,v,w) denotes the balance between the production and degradation of
the chemical which depends explicitly on the living organisms. The chemotactic
sensitivity coefficients y; and x» are assumed to be positive and regular, i.e.,

(1.3) Xi € WEP(R)NCHRy), xi >0 fori=1,2.
For technical reasons we also assume that

1
(1.4) x;+1—gxfgo for i = 1,2.
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We consider that the balance between production and degradation of a chemical is a
regular function

(1.5) h e Whe(RY) N CHRY),
monotone increasing in u and v and monotone decreasing in w, i.e.,
h h
(1.6) %26u>0 and %26U>0,
oh
1.7 — < —€, <0
(1.7) ow = ¢

for some positive constants €,, €,, and €.
We denote by v* and v* the positive constants defined as

Sl v

u* = — [ wo(x)de = — | u(x,t)dr,
0 Jo O g Jy 1Y

v*'—i/v(x)dx—i/v(xt)dx

Tl o Jo T

Thanks to assumption (1.7) and the implicit function theorem we may deduce the
existence of a unique constant w* satisfying

(1.9) h(u®,v*,w*) = 0.

(1.8)

In section 2 we study the global existence of solutions to (1.1)—(1.2) and obtain

global uniform boundedness of the solutions under the following constrains in h and
xi (for i =1,2):

There exist two constants w and w verifying

(1.10) 0<w<wy<w, w < w" < W.

There exist some positive constants k; and ks such that

ki ‘
(1.11) —h(0,0,w) < fori=1,2 and w<w<w.
Xi(w)

- There exist kg1 and kg2 positive constants such that

(1.12) 0 < koi < xi(w)elu Xi()ds fori=1,2and w>w.

- We also assume

(1.13)  h(u,v,w) >0, hu,v,W) <0 for 0<u<m, 0<v<T,
where

(L14) = froo(@) max {kr (eukor (1= €)™ ol ooy }

and

(1.15) T = fone () max {kg (eokioa(1 — €)™, ||v0|\Lm(Q)}

for fiso and foo, defined by

(1.16) fico(W) = exp{l ie /mxi(s)ds} fori=1,2.
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Under assumptions (1.11)—(1.16) we have the uniform boundedness of the solutions,
more precisely, we obtain the bounds

0<u(z,t)<m, 0<wv(z,t)<v, and w<w(zt)<w fort>0, zecl.

That result, together with the existence of solutions is enclosed in Theorem 3.1. To
achieve the uniform bounds we implement an iterative method based on the LP-norm
of the solutions inspired by the Moser—Alikakos iteration.

In section 3 without loss of generality we analyze the stability of the system for
a linear profile h defined by

h(u,v,w) =au+v —2pw  for a,u > 0.

By using an energy method, in Theorem 4.1 we prove the asymptotic stability of
the homogeneous steady state (u*, v*,w*) defined by (1.8), (1.9) under the additional
restrictions

(1.17) uxl(w)%—i—vxg(w)%—l—% <0, 0<u<m 0<Lv<T,

&
IN
g
IN
E

and
C(Q) max { (x1 (w)7)?, (x2(w)7)*} max{1,a%} < 2pe,

where C(Q) is the smallest positive constant satisfying

/u2dx§C(Q)/ |Vu|>dx
Q Q

for any u € H'(Q), such that [, u(z)dz = 0.

In the last section we illustrate the results obtained in the previous sections with
a particular example, where the chemosensitivity functions are x; = a;/(8; + w) for
some positive values «;, §; (i = 1,2).

A simple case of the above example is given for the parameters

a=p=1, =g, am=m=g  Ai=fh=q
ie.,
h(u,v,w) =u+v — 2w, Xl(w):)@:L
16w +1
with
1
w =0, w < 3
Hypothesis (1.11) is verified taking
ky =ky =1,
and (1.12) is reduced to
2

kop = kog = ———.
T 0 1em)
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The rest of the assumptions are simple computations. Then, for any initial data
(w0, 0, wo) satisfying

[voll Lo (@) < Nwoll ooy <@

o]l 2@y < S
0 Lx(Q) = = (L—FE)%

-1 1>
(15 + )3

the solution is uniformly bounded in (0, c0) and

tli}m/|u—u|da: = hm/|v—v|dx = hm/|w w*|2dx = 0,

where the stationary solution of system (1.1) is

(u*,v*,w") == (/Q udx)d;v,/ﬂvdx)dx,/ﬂ%).

For the sake of simplicity we assume thorough the article that |Q2] = 1 and denote
by Qr =Q x (0,7T), Qs = Q x (0, 00).

2. Steady states. The steady states of problem (1.1) satisfy the system
0=Au— V- (ux1(w)Vw), reQ, t>0,
0=Av—V - (vx2(w)Vw), r€eN, t>0,

0 =ceAw + h(u,v,w), reQ, t>0,
Vu-v=Vv-v=YVw- -v=0, x € 08

(2.1)

The biological meaningful solutions should be positive, hence we only consider non-
negative bounded steady states.

LEMMA 2.1. Under assumptions (1.3), (1.5)—(1.17), for every e > 0, any non-
negative bounded solutions of (2.1) are constant.

Proof. We introduce the change of variables @ and ¥ defined by

(2.2) u:ﬂexp{/ww xl(s)ds}, U:@exp{/ww xg(s)ds}.

Since

Vu = (1 (w)iVw + Vi) exp { / ’ x1(s)ds}

w

Au=V <X1(w)qu +exp { /w ’ x1(s)ds} va) ,

the first equation in (2.1) becomes

v (ew{ [u@agvi) <o aco,

and the boundary condition

and

Vau-v=20

implies that @ is a constant. In the same way we obtain that v is also a constant.
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Since € > 0, we have that w satisfies

(2.3) —eAw=h (u exp {/: Xl(s)ds} Bexp {/: Xz(s)ds} w) ,

where @ and ¢ are constant. Thanks to assumption (1.17), we obtain that

L af w), 8 fow),w) = uxa (w)hy + vxa(w)hy + oy <0

dw
which proves the existence of, at most one solution of (2.3). By the implicit function
theorem, there exists a constant w* satisfying h(u*,v*,w*) = 0, which ends the
proof. O

3. Global existence. In this section we study the global existence of solutions
and we obtain global uniform bounds in L*°(£2). The result is enclosed in the following
Theorem.

THEOREM 3.1. Under (1.3)—(1.17), (1.11)—(1.16) for any initial data (ug, vy, wp)
€ (CY(Q))? satisfying Neumann boundary conditions and ug > 0, vg > 0, there exists
a unique solution to (1.1)—(1.2)

w,v,w € [LP(0,T : WP(Q)) N WP (0,T : LP(Q))]?
for p > n such that
[ullLoe (@) + [Vl oo () + (W] () < C < 0.

We divide the proof of the theorem into several steps. To obtain some a priori
bounds, we need some technical lemmas.
LEMMA 3.2. Under assumption (1.5), any solution to (1.1)—(1.2) satisfies

/uda::/uodx, /vda:z/voda:,

Q Q Q Q

/wdxg C(||h||W1,m(R3),ew,/ uodx,/ Uod;v,/ wodx, w*)'
Q + Q Q Q

Proof. We integrate the first two equation in (1.1) to obtain the mass conservation
of the species, i.e.,

d
T Quda:—O, T dex—()

which prove [, udz = [, uodz and [, vdx = [, vodz. Integrating the third equation
of (1.1) we obtain

d

7 dea::/gh(u,v,w)da:;

by the mean value theorem, we have that

@
ou

h(u, v, w) =

u=¢&1
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and thanks to (1.6) and (1.7)

/ h(u, v, w)dz < [|h|lyroms ) / (u+v+w)de — ew/ wdx
Q " Ja Q
and then

d
E/dex—i—ew/ﬂwdxg ||hHW1,°°(Ri)/Q(U‘f'v-l-w*)d%

Applying the maximum principle we achieve the results. O

LEMMA 3.3. Given (ug,vo,wo) € [C1(Q)]? positive initial data, under assump-
tions (1.3)-(1.5) for e > 0, there exists T > 0 small enough and a unique solution
(u,v,w) to (1.1) in Qr satisfying

u,v,w € [LP(0,T : W*P(Q) N WP(0,T : LP(R))]?

for p > n. Moreover we have

Proof. We introduce the following functions:
(3.1) Froo(w) = eme S X gy () = erte T xa(de,
and the new variables u and v given by
(3.2) U= f1oo(w)i, V= faoo(w)0.
Operating, we have

U = f1oo (W)Wt + froo(w) iy, v = [0 (W)w0 + fooo (W) 0y,
Vu = fio(w)aVw + firoo(w)Via, Vo = fi (w)oVw + fooo(w)Vo,
Au = fL a|Vw|? + f1o (W) ViVw + f o (0)aAw + V - (freo (w) Vi),
Av = L 3|Vw|? + fooo (W) VEVW + fhoo (0)5AW + V - ( faoe (W) VD),
V- (uxa (w) V) = @ froe (w)x1 (w) Aw + @( f1 o0 (w)x1 (0) + froo(w)x} (w))[ Ve
+ fioo(w)x1 (w)VaVw,
V- (0x2 (W) Vw) = fao (w) X2 (W) Aw + 0 fyoe (w) X2 (W) + faoe (w) x5 (w))[Vew]?
+ fooo(w)x2(w)VoVuw,

where

o) = T i), Fle(w) = H O w) + (L= 2w, i= 12

Considering the following operators

1+4+¢

Ly (w)t =u — Au — . EXl (w)VwVi,
1
Lo(w)s = b — A% — 7 i zxg(w)vu;va,
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system (1.1) becomes

Ly (w)it = g (@, b, w) + iie 2L (G (w) + (1= e)x} (w))| V|,
(3.3) Lo(w)it = Dga(ii, 5, w) + ve 2% (x3(w) + (1 — &)xh(w))[Vul?,
wi = eAW + A fro0 (W), fooo (W), w), xeQ, t>0.

Considering a fixed point argument in [LP(0, 7" : W2P(Q)NWLP(0,T : LP(£2))]? (for
p > n), we take w € C(0,T : C*(Q)) satisfying w € (w,w) and |Vw| < C and define
u, v as the unique solution to

(for more details see Quittner and Souplet [19, Remark 48.3]). Nonnegativity of @
and v is a consequence of the multiplicative terms u and © on the right-hand side part
of (3.3). Notice also that @ and ¢ are regular functions satisfying

IN

g1 (a, v, w), Lo(w)v < 0ga(t, v, w).
Thanks to (3.4) we may construct supersolutions @ and 7 such that

0<u<mw, 0<v<w fort<T,

for T small enough. We apply Theorem 2.1 of Negreanu and Tello [18] to obtain a
solution in (0,7). For w we solve the parabolic equation

w = eAW + h( froo (W)U, fooo(w)D, w).

Applying the Schauder fixed point theorem, thanks to the parabolic regularity and the
compact embeddings, we get the local existence of the solutions. Standard technics
used in parabolic equations assert uniqueness of solutions.

To see that w > w we consider the equation

wy — eAw = h(u,v,w) > h(0,0,w),
where h satisfies (1.7) and (1.13) which implies

oh
> —_— < —€yy-
h(0,0,w) >0 and 0 < —€y

u=v=0,w=w

Thanks to the maximum principle and (1.10) we obtain that w > w and the proof
ends. O
The solution is extended to the interval (0, Tinax), where Tiax has the property

(3.5) limsup [[ul| (o) + |v]|Le () + [|w]|l Lo (@) +t = 00

t—Tmax

To finish the proof, we need to introduce new notation fi, and fa,,

ot Ju xa(s)ds

(3.6) fip=e " T , fop(w) =€’

L [ xa(s)ds
p
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with

d 1 d 1

awr = e and gt = e )

LEMMA 3.4. Let p > 1 and fi, (for i = 1,2) defined in (3.6). Then, under
assumptions (1.3)—(1.16), the following hold:

1 d 1 1 .
3.7 _ PPl < ——— P Py d
(37) p—1dt Jo" fip Tdr < = /QU x1(w) fr, “h(u, v, w)dz
and
(3.8) L4 WP fy Pl < —¥/ vPxa(w) fop Ph(u, v, w)dx
’ p_]_dt Q 2p - 1_51);1 o X2 2p » Uy .

Proof. For p > 1

d _
pr /Q upfllp Pdx
= p/ u”flutfll;pdx + / up[ff;p]'(aAw + h(u,v,w))dx
Q Q
_ _ 1—p _
(3.9) = p/ﬂu” 1utf11p Py + @ /Q upfllp Px1(w)(eAw + h(u,v,w))dz

1_
_ A VT V) + —— L Aw|d
p [t A=V ne) + -2 naw)sdu) do

1- _
+ 17131/ uPx1 (w)fllp Ph(u, v, w)dz.
—el g

Taking into account that
ux1(w)Aw = V - (ux1 (w) Vw) — x1(w) VaVw — uxy| Vaw|?
it gives
p—elp—1)

(1-p)e
p—elp—1)

1_
—|—p/ up—lfllp—P {_p(ip)a(xl(w)Vqu + uX’1|Vw|2)} dx.
Q

p/ﬂu”ilfllpfp [Au — V- (ux1(w)Vw) + Mum(w)Aw} dx

[l [8u= T ) V) + Viwa(w)vu)|

—e(p—1)
Since
(ux1(w)Vw _(-pe ux1(w)Vw) = v
Au= - wa(w)Va) + —0 T 0)90) = (7,95 )



3770 MIHAELA NEGREANU AND J. IGNACIO TELLO

we have

I::/up1
Q
=
_Qf

1—
pAu — pV - (ux1(w)Vw) + 71( 3251 ux1(w)Aw| dz
—el=
P

Kﬁ

1—pe
pAu — px1 VuVw — pux’y (w )|Vw|2 + <% —p) ux1(w)Aw | dx

p

p—1 _
- p/Q ;fp { <f1p P p) - Z%a(m(w)Vqu + UXQIVwP)] dz
_ /wwl{ <f )___L:ﬁ_f((wWWVw+ulwwm]M
-7 fop WY Jip p—ep—1) X1 X1

T i ue (X1 (0) VuVw + uxi | Vw]?)
= p(p 1)/9 ffp_Q l flp flp flp(p - E(p - ]‘))

We denote by I7, Iz, and I3 the terms on the right-hand side of the previous equation,
ie.,

dx.

2

I := —p(p—l)/up*2f3 PIv 2| de
Q

fip
-1
Iy := 7p(p )El) / Up_1f1lp_pX1(w)Vquda:
Q

p—elp—
and
—1)e _ _
I3 := pip_(pg(p_)l) /Qu” 1f11p Pux |Vw|? de.

We consider now I. Since

u = flpV— + flp

—uVw =
flp flp flp

1
—_— uVw
flp ppl Xl( )

it gives

/ up_lfllp_p)a (w)VuVwdx
Q

— [ @t
Q

which implies

fipV Vwdzx

flp

1
ﬁ){l( w)uVw
P

_ _p=Dpe [ 12 w
= I [ )Y £
(p—1)p’e U2 () Vo
ey TP
2 2 -
<op=1) [ wplyr |95+ R [ vulas

(p_]-)p2€ 1p2 w .
g T e v

(p—
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For I we have the following bound:

_ _ u
I Sp(p—l)/ﬂup 2f IV —?

1p
e?p(p—1) (p—1)p’e
- [(p—e@— )2 -1

Recalling, I := I} + Is 4+ I3, with I, Is, and I3 defined above, it satisfies

} / P FL 3 ()| VP
Q

p(p—1)e / 1— 2 { / E+p 2]
3.10 I<——— [ WPfP|Vw + — dx.
( ) p_E(p_].) o flp | | X1 p_E(p_].)Xl

Due to the function

. E+Dp

being monotone increasing in p for p > 1, we have that

e+p - 1
p—e(p—1) ~ 1—¢

forp>1

and thanks to (1.4)
1 <0 for any p > 1.

As a consequence of (3.9) we prove the first inequality (3.7). In the same way we
obtain (3.8) and the proof in done. O

In order to prove the global boundedness of the solution, we proceed in several
steps: First, we see that, as far as ||[w(z,t)| =) < W we have that v and v are
uniformly bounded by @ and T, respectively (Lemma 3.6). To that purpose we consider
T* defined by

Toax  if w <7 in (0, Tonax),
(3.11) T* =

T, if Hw”Loo(QTmax) > w,
where Ty < Tiax satisfies that [[w|p~(q,,) < W and [Jw|[p~(y, ., > @ for any
6> 0, if |wllpe @, > W

Notice that since w € C(0, Thax : C1(Q)) and thanks to (1.10) we have that
T > 0.

LEMMA 3.5. We assume (1.3)—(1.16) and consider p > 1 and fiy (fori=1,2)
as in (3.6). Then, for any t < T*, the solutions to the problem satisfy

1 d 1-p +1p—p ko 1=p
STid Qupflp da:S—éuk(n/QUp Jip d$+1_8/ﬂupf1p dx
and
1 d 1—p +1 r—p k2 1_p
pTl% vafzp dx < —6u/€02/QUp fop dx + 1_¢ /Q UprZD dx

for ki, ko, €4, and €, given by (1.11), (1.12), and (1.6).
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Proof. We split h into several terms in the following way:
h(u,v,w) = h(u,v,w) — h(0,v,w) + h(0,v,w) — h(0,0,w) + h(0,0,w),

and thanks to (1.3), the mean value theorem, and assumptions (1.6), (1.7), and (1.11)
it gives

k1

x1(w)

Then, the term containing h in Lemma 3.4 is bounded in the following sense:

—h(u,v,w) < —eu — €,v — h(0,0,w) < —eu+

- / WP (w) F P h(u, v, w)da
Q
(3.12) <o [ whaly e b [ o flras
< —Gukol / uerlf;ppdﬁ'Fkl / Upfllgjpdx
Q Q

Notice that in the previous inequality we have used the fact that

For < xa(w)eap { Ia m(s)ds} < xi(w) fip ()

w

We replace (3.12) in Lemma 3.4 and due to

1 1
1< <
*1—5’%1 “1l-¢

)

we achieve

1 d 1-p 5uk501 +1 p—p kl 1-p
p_lEA pflp dmg—il_ngTl/Qup flpd$+71_€i7—l/§zupflp dx

_ kq -
< —e ko1 /Q up+1f1ppda: + T2 /Qupflp P,

Repeating the process for v, the proof ends. |
LEMMA 3.6. Under assumptions (1.3)—(1.16), the solutions to (1.1)-(1.2) satisfy

€ Jw

I _
lull Lo () < exp { T / xl(s)ds} max {kl (eukor(1 —¢)) 1 : ||U,0||L00(Q)} ,

/w xg(s)ds} max {kg (eokioa(1— )", ||v0|\Loo(Q)}

w

v oo ex
L>(Q) > p 1 B

for any t <T*.
Proof. The proof of the lemma is based on an iterative method for the function

Xp:/upfllgp
Q
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with f1, as in (3.6). Taking a positive constant s > 0 and splitting X, into two
different integrals depending on s, it holds that

1— 1—
/upflppdx:/ upf pdx—i—/ uf i, Pdx
Q fip<euwkoisu fip>e€ukorsu

< seu kot / up“fl_ppdx + (eukms)l*p/ udzx.
flpgeukol su flp >euwkorsu

Since

/ up+1f1_ppda: < / up+1f1_ppdx and / udxr < / udzx,
fip<eukoisu Q fip>eukorsu Q

we have

(3.13) —eukm/uP“f Pdx < __/ uP fiPd + s~ Pel Phgy p/udx.
Q $ Q
By Lemma 3.5 and thanks to (3.13), it gives
1 d o1 I /
3.14 ——=X, < -—-1X Pe Pl P dx.
(3.14) b 1di p(l—E 8) p TS V€, TRop Q“x

We take s~—! > % and apply the maximum principle to the ODE to obtain a global
bound for X,

X7 < max{kr (eakor (1 — )", X7 (0));

taking limits when p — co we have that fi, = fiso; as in (1.16),

(
f100(W) :exp{li }

1 1
lim X} < max{k; (e kor(1—¢))" ", X7 (0)}.

p—r o0

and then

Therefore, it gives

Jeall o) < froe (@) max {ky (eukor (1= )™ [l ey } -

The proof for v is done in the same way and we omit the details. O
To end the proof of the theorem, we introduce the auxiliary problem where the
function h in (1.1) is replaced by the truncation

h(u, v, w) ifw<w
(u, v, w) {

h(u,v,w) if w > w.

h

We introduce the unknowns «, v, and w defined as the solutions of the system
=Au—V - (axi(w)Vw), re, t>0,
=AD— V- (Ox2(w)Vw), re, t>0,
Wy = eAW + h(@, b,0), zeQ, t>0,
Vi-v=Vo-v=Vw- -v=0, eI, t>0

(3.15)
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for € > 0, and initial data
w(z,0) =uo(z), o(z,0) =wvo(x), w(0,z)=wo(x), x e

As in Lemmas 3.2-3.6 we have that the solution exists in an interval (O,Tmax) for

Timax defined in the same fashion as (3.5). Then

il (@) < Froo (@) max {ki (eukor (1 =)™ ol (e }

9] oo (2) < faoo (W) max {kz (eukoz(1— €))7, ||UOHL°°(Q)}

as far as @ < w. We define T** by analogy with 7% in (3.11), and prove that T* = Thax
by contradiction: Assume that

(3.16) T* < Thax
and apply the maximum principle to
Wy = eAD + h(ii, 0,9) < h(w,v,w)  (0,T7),

to obtain, thanks to (1.7) and (1.13), that @ < @. Which contradicts (3.16) and

proves T* = Tiax and then Th . = 00.
Notice that, since w < w we have that (@, v, w) is also a solution to (1.1) and we
have that

Tmax > Tmax = 0

which ends the proof of the theorem.

4. Asymptotic behavior. In this section we survey the asymptotic behavior
of the solutions of the dissipative system for 0 < ¢ < 1. We formulate a theorem and
simplify the system to the case where h is a linear function given by

(4.1) h(u,v,w) =au+v — 2uw  (u,a > 0).

Denoting by C(£2) the smallest positive constant such that

/u2dx§C(Q)/ |Vu|>dx
Q Q

for all functions u in H'(Q) satisfying [, u(2)dz = 0, we have that, C(Q) = C(Q)p?
it @ = pQy (o a fixed domain and 0 < p < 1).
To prove the main result of this section we add the following necessary conditions:

(4.2) C(2) max {(Xl (w)T)?, (x2 (Q)E)Z} max{1,a’} < 2ue.

THEOREM 4.1. For any initial data (uo(zx),vo(z),wo(z)) satisfying (4.2), the
unique global solution (u,v,w) of system (1.1) has the asymptotic behavior

/|u—u*|2da:—>0, /|v—v*|2da:—>0, /|w—w*|2dx—>0 as t— oo,
Q Q Q

where (u*,v*, w*) is defined in (1.8) and w* = (au™ +v*)/2pu.
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Proof. Integrating the last equation of (1.1) over Q we get

/wtda:—l—Z,u/wda::au*—Fv*.
Q Q

Using the notation W (t) := [, w(z,t)dx, we achieve that the solution W of the above
first order linear differential equation satisfies

(4.3) W) = DY emm <c0 = W(0) -

au* + v*
24 '

2p
Moreover, by (4.1) and (4.3), we have

/ h(u, v, w)wdx = / (au + v — 2uw)wdzx
Q Q

_ /Q[a(u C ) 4 (0 — 0" — 2w — W] (w — Wda
(4.4) + W(au" +v* —2uW)

= / [a(u —u™) 4+ (v —v")(w — W)dx
Q
- 2/ w(w — W)2dx + O(e™ ).
Q
Applying Schwarz’s inequality,

/Q[a(U—U*)ﬂL(v—v*)](w—W)dx < 2#/

—W)3dx S a*(u—u*)*+(v—2*)?dzx
[(w-w ot o= [ @

Q
and substituting it into (4.4), by Poincaré’s inequality we obtain

(4.5) /Qh(u,v,w)wdx < %;2) /Q[az | Yu |2 + | AV |2]dx + O(e—Z;Lt).

Multiplying by w and by v the first two equations in (1.1) and integrating over Qr,
we have

(4.6) 1/u2|0de+// | Vu |? dxdt:// ux1(w)Vu - Vwdzdt,
2 Jo Qr Qr

(4.7) 1/ v2|gdx+// | Vo 2 dxdt:// vx2(w)Vo - Vwdzdt.
2 Ja Qr Qr

Taking the scalar product with w and integrating the last equation in (1.1) over Qr,
adding it to (4.6) and (4.7) after a multiplication by a positive constant A\, we have

i/ [u2—|—v2]‘§dx+/\// (| Vu > +| Vo [*) dedt
2 Ja Qr

1
(4.8) + 5/ w2|OT+E// | Vw |? dadt
Q Qr

= /\// (ux1(w)Vu +vx2 Vo) dexdt—i—// h(u, v, w)wdzdt.
QT QT
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The monotony of x; given by x}(w) < 0 implies ux; < Txi(w) := a and vxs <
vx2(w ) = ﬁ Applying Schwarz’s inequality to the first integral on the right-hand
side in ( , we get

2 2
(4.9) // ux1Vu - Vwdzdt < - // | Vw |2 dxdt+ // | Vu |? dadt
Qr Qr Qr

and

)\2 2
(4.10) )\// vx2Vu-Vwdzdt < = // | Vw |? dedt+ b // | Vo |2 dxdt.
Qr 2 Qr 2e Qr

Substituting (4.5), (4.9), and (4.10) into (4.8) we deduce the bounds

()\—)\2 <‘;—z) )//QT |Vul?dzdt < C,
(/\ A2<25) m )//QT|VU| dzdt < C.

We denote by v = max{«, 8} and we prove that there exists a positive constant A
such that

(4.11) ()\—)\2 ('27_3 - %?)maxu,az’}) /AT[|Vu|2+|Vv|Q]dmdt§C.

For this purpose, under condition (4.2), i.e.,
C(Q)y? max{1,a’} < 2pue,

we demonstrate that the quadratic equation in A has two positive roots, 0 < A; < Ag,
and by choosing any A € (A, A2) # 0, we obtain

2
(L)@ 2
A—A (2E> m max{1,a”} > 0,

hence, (4.11) is reduced to

// [[Vul® + |Vo||dzdt < C.
Qr

By (4.5) and (4.8) we derive the same bound in Vw, than

// [Vul da:dt+// [Vl da:dt+// |Vw|?dzdt < C.

To finish the proof, we follow the steps of Lemma 3.4 in [18] with u; = ps = 0.
Thereby we define

k(1) = / [(ua,t) — u*)? + (v(a, t) — v)?] da.
Q
Thanks to (4.14) and Poincare’s inequality,

(4.12) /OOO k(t)dt < / (IVul® + |Vv|?) dzdt < C.

oo
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In order to have the limit k(¢) — 0, as t — oo, we apply Lemma 5.1 (ii) of [11] and
we need to prove that

(4.13) |k(t+s) — k(t)| <e(t) for all s>0, wheree(t) =0 as t— .

Notice that
/ (e, t + 8) — )2 — (ula, t) — )] da
Q
= / [u?(x,t + s) + (u*)? = 2u*u(z, t + 5) — u(x,t) — (u*)? + 2u*u(z, t)|dx
Q
and

/Qu*u(x,t + s)dx = / wru(z,t)de = (u*)?

Q

and therefore
/[(u(x,t +5) —u*)? — (u(z,t) — u*)?]de = /[u2(x,t +5) — u?(x,t))dx.
Q Q
Since
t+s
(4.14) k(t+ 8) — k() = / K (r)dr
t
and
K(t) =2 / (u — u™)updx + 2/ (v —v")nde = 2/ uurdr + 2/ vopde,
Q Q Q Q
multiplying the first equation in (1.1) by u we have that
/ wugdr = / |Vul|*dx +/ x1(w)uVuVwdz.
Q Q Q
By the inequalities
/ x1(w)uVuVwdzr < ||ul| =0 )X1 (w)/ [[Vul® + |[Vw|?] dz,
Q Q
/ x2(w)vVoVwdr < ||v||Loo(Qoo)x2(w)/ [V + |Vw|?] d,

Q Q
we obtain
(4.15) (1)) < c/ [Vuf? + Vol + |Val?] d

Q
and therefore, thanks to (4.14) and (4.15), we get
t+s
[k(t+s) — k(t)] < C/ /(| Vu(z,7) >+ | Vo(z,7) |* + | Vw(z,7) |?)dzdr.
t Q

Therefore e(t) — 0 as t — co. We now apply Lemma 5.1 (ii) in [11] to obtain k(¢) — 0
as t — oo.
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For the limit
/Q|w—w*|2dx—>0 as t — 00,
consider W defined in (4.3) and define the function

alt) = | (wlant) = W(e)*da.

To obtain ¢(t) — 0 as ¢ — oo, we recall again Lemma 5.1 (ii) in [11]. We have to
prove that

/ q(t)dt < oo and |q(t+s) —q(t)] <e(t) = 0ast — .
0

To obtain the first inequality we consider the equation
wy — Wy —eA(w —=W) 4+ 2p(w — W) =alu —u*) +v—0v".

Multiplying by w — W, integrating in time, and thanks to (4.12) we obtain

/ Tyt < C.
0

The second inequality is proven in the same way as u and v. Thereby, we infer that
/ lw(a, t) — W () 2dz — 0 as ¢ — oo,
Q

and thanks to (4.3) the proof ends. O
Remark 4.1. Since any stationary solution (u*, v*, w*) of (1.1), with w < w*(z) <
w, 0 < u*(x) <7, 0 <v*(z) < U satisfies the estimate

// |Vu|2da:dt—|—// |Vv|2da:dt—|—// |Vw|?dzdt < C,
Qoo Qoo Qoo

it follows that such solutions are necessarily constant.

5. Applications. In this section we apply the theoretical results obtained in the

previous section to the case where the chemotactic sensitivities of the species y; are
defined by

Xi = a;/(Bi +w) and h=au+v— 2uw,

with positive constants a, u, «;, and §; (for i = 1,2) such that

(5.1) a;<1-—c¢ fori=1,2,
(5.2) B; < aioj—l fori—1,2.

With «; as in (5.1), the chemotactic sensitivities y; satisfy (1.4) for every 0 < e < 1
with ¢ =1, 2.

In order to obtain the global existence of the solutions of (1.1) and to prove that
any solution is asymptotically stable, we have to verify that assumptions (1.6), (1.17),
(1.11)-(1.13), and (4.2) are fulfilled.
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1. We have hy, =a > 0, h, = 1, and h,, = —2u < 0, so assumptions (1.6) and
(1.7) are satisfied for ¢, = a, €, = 1, and €, = 2pu.
2. Relation (1.11) is equivalent to

w
Bi+w —
For

v
Bi+w’
(5.3) holds, where the upper bound @ is to be defined latter. Moreover,

observe that it is enough to consider k; = 2ua;, i = 1, 2.
3. Computing in (1.12), we take positive constants such that

ki = 2/14041'

a;
(B + @)~

4. Notice that ~(0,0,0) = 0 and

kOi = i:1,2.

h(w,7, W) = au + v — 2uW.
Looking upon the lower bound w = 0, for any upper bound w, by expressions
(1.14)—(1.16), the second inequality in (1.13) is equivalent to
are ot
(5.4) Br+w)l =€+ (B+w)l—c <1-—c.

For every w and f; verifying (5.4) with «; as in (5.1), we have h(w,v,w) < 0.
5. It remains to be studied what conditions are necessary to fulfill (1.17). Sim-
plifying and operating, we found that (1.17) is reduced to

Q1€ Qo€
— _ _ Q2

55 1—¢ 1—¢ <1-—c¢,
65)  Grrml-trto s (Geml o tw o<1
and looking back to (5.4), if we request
(5.6) < i1

(673
then (5.5) is verified.
For the stability, assumption (4.2) is reduced to

2051'6
(5.7) Q) <%) (B +w) 1 — € max{1,a®} < 2ue(1 —¢)>.

Therefore, for every w as in (5.5) and (5.6), for all initial data (ug,vo,wo) of (1.1)
satisfying

2uw
Br+w)?e(l—e)’

2uw
(B2 +w)*~(1—¢)’

l[uol|re= < af [lvo||Les < and 0 <wg <w

such that

up Z0 and wvg #Z 0,
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all the required hypotheses are verified and we can apply Theorems 3.1 and 4.1, i.e.,
the solution (u,v,w) of (1.1) is globally uniformly bounded and

1im/|u—u|dx = hm/|v—v |*de = hm/|w w*|?dz = 0,

t—o0

where the stationary solution of system (1.1) is

1]
2]
3]
[4]
[5]
[6]

[7]

(8]

[14]

[15]
[16]
[17]
[18]
[19]
[20]
21]

22]

(u*, v, w") = (/Q udx)dx,/gvdx)dx,/ﬂ%).
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