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Abstract

The solute-solvent interface that separates biological molecules from their surrounding aqueous
solvent characterizes the conformation and dynamics of such molecules. In this work, we
construct a solvent fluid dielectric boundary model for the solvation of charged molecules and
apply it to study the stability of a model cylindrical solute-solvent interface. The motion of the
solute-solvent interface is defined to be the same as that of solvent fluid at the interface. The
solvent fluid is assumed to be incompressible and is described by the Stokes equation. The solute
is modeled simply by the ideal-gas law. All the viscous force, hydrostatic pressure, solute-solvent
van der Waals interaction, surface tension, and electrostatic force are balanced at the solute-
solvent interface. We model the electrostatics by Poisson’s equation in which the solute-solvent
interface is treated as a dielectric boundary that separates the low-dielectric solute from the high-
dielectric solvent. For a cylindrical geometry, we find multiple cylindrically shaped equilibrium
interfaces that describe polymodal (e.g., dry and wet) states of hydration of an underlying
molecular system. These steady-state solutions exhibit bifurcation behavior with respect to the
charge density. For their linearized systems, we use the projection method to solve the fluid
equation and find the dispersion relation. Our asymptotic analysis shows that, for large
wavenumbers, the decay rate is proportional to wavenumber with the proportionality half of the
ratio of surface tension to solvent viscosity, indicating that the solvent viscosity does affect the
stability of a solute-solvent interface. Consequences of our analysis in the context of biomolecular
interactions are discussed.
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1. Introduction

The stability of a solute-solvent interface that separates biomolecules from its surrounding
aqueous solvent is crucial to the conformation, dynamics, and function of an underlying
biomolecular system. Such a solute-solvent interface is often treated as a dielectric boundary
as the dielectric coefficient of a biomolecular region can be as low as 1 — 4 while that of
water can be as high as 80 under normal conditions [25]. This boundary is the key quantity
in a large class of implicit or continuum solvent models [17,21,22,31,40] that describe
efficiently the effect of aqueous solvent to biomolecular processes, such as protein folding
and molecular recognition [21, 27].

The geometry of a solute-solvent interface is set largely by the van der Waals (vdW) short-
ranged repulsion between solute particles and solvent molecules, describing the effect of
excluded volume of solute particles. But the interfacial surface energy, which measures the
energetic cost of a solute breaking the surrounding network of water molecules, plays an
important role in the hydrophobic interaction [5, 9, 30]. Due to the large jump of dielectric
coefficient across the dielectric boundary, the electrostatic interaction between biomolecular
charges, polarized solvent, and mobile ions generate a strong effective force on the dielectric
boundary. It should be noted that electrostatic interactions in biomolecular systems can be
efficiently modeled by Poisson’s or the Poisson—-Boltzmann equation [3, 6, 10, 18, 28, 35,
36]. Experimental and theoretical studies have also indicated that the solvent shear motion
can induce protein conformational changes and the solvent viscosity can affect the kinetics
of such changes [1, 24, 26, 32, 33, 37-39, 41].

In this work, we study how these vdW interactions, interfacial surface energy, electrostatics,
and solvent fluid motion contribute to the stability of a model cylindrical solute-solvent
interface, cf. Figure 1. Such an interface resembles that of a long a-helix, RNA, or DNA.
Our model is adapted from that proposed in our previous work [43] (cf. also [44]), and
consists of the following main elements;

1. The motion of the dielectric boundary T'(t) (t denotes time) is defined by
Va=u-n, (11
where Vp, is the normal velocity, u is the velocity field of solvent fluid, and n is the

unit normal at the boundary T'(t) pointing from the solute region Q, to the solvent
region Q.

2. The solvent fluid is assumed to be incompressible, and is described by the Stokes
equation

V-u=0 and pyAu—Vp,=0, (1.2
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where p,, and pyy, are the dynamic viscosity and pressure of the solvent fluid. The
pressure pm = pm(t) of solute molecules is assumed to be spatially constant and
described simply by the ideal-gas law:

P () Vol(Qm (¢))=Chm;  (1.3)

where Vol (Qn(t)) is the volume of solute region, and Cp, is a constant independent
of spatial and temporal variables but dependent on the temperature and amount of
gas which are assumed to be constant.

3. The electrostatic potential ¢ solves a boundary-value problem of Poisson’s
equation

V-erVo=—p (14)

defined in the entire region R3. Here, pis a given, fixed charge density, and & is
the dielectric coefficient defined by

(1.5)

e emzs;neo in Qu (%),
ew=€yue0 InQy(t),

where g is the vacuum permittivity, and g;n and g;v are the dielectric coefficients
(i.e., relative permittivities) of the solute and solvent, respectively. These are

positive constants and satisfy in general g;n<g;v. The electrostatic potential
determines the normal component of effective dielectric boundary force [7, 8, 14,
29]
1/1 1 1
o=y (o= ) lr Vo nP g en—a) - @ Vo, oo

W €IIl

where | is the 3 x 3 identity matrix. Note that the electrostatic force always points
in the direction from the high-dielectric solvent to low-dielectric solute.

4. Atthe solute-solvent interface T'(t), all the viscous force, hydrostatic pressure,
surface tension, solute-solvent vdW interaction force, and electrostatic force are
balanced:

2IU’WD(u)n+ (pm_pw_2’70H+anvdw +fele) 1120, a.7)

where D(u) = (Vu + (Vu)T )/2 is the strain rate tensor, j is the constant surface
tension, H is the mean curvature, n,, is the constant number density of solvent
molecules, and U,q is a solute-solvent vdW interaction potential. Typical values
of the parameters, such as p, Ny, and j, are given in Section 4. The magnitude of
these forces (per unit area) can be of the order 0.1 ~ 10 kgT/A with kg the
Boltzmann constant and T absolute temperature.
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We find multiple cylindrically shaped equilibrium interfaces that describe polymodal (e.g.,
dry and wet) states of hydration of an underlying molecular system [5, 9, 30]. For instance, a
larger equilibrium cylinder is relatively drier as water molecules are excluded further away
from the center line of the cylinder. These steady states exhibit bifurcation behavior with
respect to the charge density. We linearize our system around such equilibrium interfaces,
and solve the resulting linearized system by a fluid projection method together with special
functions for the electrostatic potential. We seek the solutions to the linearized system in the
form Ae®*ikz where for any given mode k, Ay is a constant, and a negative @ = (k)
implies the decay of the initial perturbation Ae'kZ, indicating the linear stability. Let us
denote by R the radius of an underlying cylindrically shaped equilibrium interface. Our
calculations lead to the dispersion relation

w(k)= Wair (k) Fwsurt (k) +w_ gy (k) twele (k)

“hyd (1.8)
=—g=k+O0(1) ask — oo,

where @gir(K), osurf (K), avgw(K), @ere(K), and anyg are individual contributions from the
solute air pressure (i.e., the term py,), surface energy, vdW interaction, electrostatics, and
hydrodynamics, respectively. They are given by

wair(k):_g_gg_X{k:O}(k)v
wsurf(k):’VO <RL3_I‘A'2) )
k)=nU __ (Ro),

vdVV( 9 v 9
wdc(k)zm[éﬁiﬁb%p(s)ds} k+0(1),

ewem (Ew+em)

wrya(K) =21, k+O(1),

w

as k — oo, where ya denotes the characteristic function of a set A and the symbol f denotes
an averaged integral (e.g., an integral over [a, b] divided by b — a in one-dimension).

Except the viscous force, all the static pressure, surface energy, vdW interaction, and
electrostatics that are present in the force balance on the dielectric boundary (cf. (1.7)) are
the main components in the recently developed variational implicit-solvent models (VISM)
that have successfully predicted solvation free energies and different conformations of
charged molecules. See [13, 15, 16, 19, 20, 23, 34, 42, 47, 48] and [4, 11, 12]. VISM centers
around a solvation free-energy functional of all possible solute-solvent interfaces or
dielectric boundaries T" that separate the solvent region €, from solute region p,. A simple
form of this functional is given by

G(T')=AP Vol (Qm)—l—’yoArea(F)—{—anQw U, w dV+Gee[T).

Here AP is the difference between solvent and solute pressures on the boundary T". The term
Gele[I'] is the electrostatic free energy, defined to be the integral of p@/2 over the entire
system region with p being the charge density and ¢ the electrostatic potential that solves
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Poisson’s equation (1.4). The negative first variation —&-G[I'] of the solvation free energy
G[I'] with respect to the location change of boundary T" defines the normal component of
effective forceon I':

Fn:_5FG(F):_AP_270H+nWUVd\\v+folc;

where fgje = —9rGele[I'] is given in (1.6). Therefore, the force balance (1.7) is exactly
2pwD(u)n+6rG[Tn=0

on the interface with AP = py, — pm. Note that we have implicitly assumed that the tangential
components of the VISM force arising from the free energy G[I'] is negligible.

In our previous work [14], we studied the linear stability of a cylindrical dielectric boundary
in the relaxation of surface energy and electrostatic energy. We found the dispersion relation
a(k) = —ypk? for k > 1. Our current work shows that the viscous effect of solvent fluid

changes this dispersion relation to wlk)=—70k for k > 1; cf. (1.8). This suggests that
viscosity slows down the decay of interface perturbation for large modes k.

The rest of the paper is organized as follows: In Section 2, we describe in detail the
governing equations of our solvent fluid dielectric boundary model. In Section 3, we obtain
the steady-state solutions and their linearized equations for a cylindrical solute-solvent
interface. Then we solve the linearized equations to obtain the dispersion relations. The
details of derivation of the linearized system are presented in Appendix A. Some definitions
and formulas for the modified Bessel functions are collected in Appendix B. In Section 4,
we present numerical examples to show the contribution of each component to the stability.
Finally, in Section 5, we draw our conclusions and discuss several possible directions of
future work.

2. Governing Equations

We describe the cylindrical solute-solvent interface at time t by a smooth function r = R(z, t)

- e - — 2 2 .
and assume it is L-periodic in z for some constant L > 0, where as usual "= V<" 1¥", with
the cylindrical coordinates (r, 6, z), we define the solute-solvent interface I'(t), the solute
region Qm(t), and the solvent region Q(t) by

L'(t)={(r,0,z) € R®r=R(z,1)},
Qm()={(r,0,2) € R®0 < r<R(z,t)},
w(t)={(r,0,2) € R®:r>R(z,t)},

respectively, cf. Figure 1. Our governing equations are given by (1.1)-(1.4) and (1.7). We
use the following boundary conditions (x denotes (x, y, z)): all R(z, t), u(x, t), pw(X, t), and
(X, t) are L-periodic in z; and u = 0, pyy = Poo, aNd ¢ =0at r = oo and for all z € R.
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The viscosity p, of solvent fluid, the number density of solvent molecules ny,, the pressure
of solvent fluid p, > 0 at infinity, and the surface tension j; > 0 of the solute-solvent
interface are all known constants. In the ideal-gas law, Cy, is a positive constant independent
of time t and spatial points. The dielectric coefficient &r is defined in (1.5), where the

relative permittivities g;n for the solute and g;v for the solvent are known constants, satisfying

0<€;u<£;v. We assume that the solute-solvent vdW interaction potential Uygyw = Uygw(r) is
a given smooth function that depends only on r and that satisfies

UvdW(O):OO and UvdVV(OO):O‘ (2.1)

We also assume that the charge density p = p(r) : © — R in Poisson’s equation is a known,
continuous function that depends only on r. It is compactly supported: there exists R; > 0
such that p(r) = 0 if r > R.. Moreover, it satisfies the condition of charge neutrality:

fOR“rp(r) dr=0. (22

We now rewrite all the governing equations using the cylindrical coordinates. Let us first
denote as usual by i, j, and k the cartesian coordinate vectors. For any pointx =xi+yj+z

k with cylindrical coordinates (r, 6, z), where "= V 2%+Y% and 0= arctan y/x, the local
cylindrical basis (or coordinate) vectors are e, = cos @i+sin €], eg=-sin @i + cos 0], and ¢,
= k. Note that x = re, + ze,. We assume that the velocity u, pressure py,, and electrostatic
potential ¢ at x are given by

u(x, t)=u(r, z,t) e,+w(r, z,t) €;, pPw=pw(r,z,t), and ¢=¢(r, z,t), (2.3)

respectively. These, together with r = R(z, t), are all the unknown functions in our equations.
Note that the pressure pp(t) is eliminated as it can be readily expressed in terms of R(z, t).

Our governing equations and boundary conditions for these unknown functions in the
cylindrical coordinates are the following:

»  Equations for interface motion;

(2.4)

OtR(z,t)=u(R(z,t), z,t)—w(R(z,t), z,t)0,R(z,t) Vz R,
R(z,t)is L- periodicin z.

»  Equations for solvent fluid:

L (é?rzru—i—%@Tu—r%u—i—@zzu) —0,pw=0 ifr>R(z,t),
7. (ﬁf,w—i—%arw—i—agzw) —0,pw=0 1ifr>R(zt),
8ru+%u—|—8,zw:0 ifr>R(z,t), 253)
u(r, z,t), w(r,z,t), and py(r, z,t) are L- periodicin z,
u(o0, z,t)=w(00, z,t)=0 and py (0o, z,t)=ps, Vz €R.
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» Poisson’s equation for electrostatics:

€m (83r¢+%87"¢+8§z¢> =—pP in Qm(t)’
Ew <8r2r¢+%ar¢+a§z¢> =—p in QW(t)’
H(R(z,t) ", z,t)=p(R(2,t)T,2,t) Vz€R,
em [8:0(R(2,t) 7, 2,t)—8.R(2,1)0.0(R(2,t) ", 2,1)] (2.6)
—c [0:0(R(2,1) ", 2,6)=0.R(2,1)0.¢(R(2,1) ", 2,t)]  Vz €R,
¢=¢(r, 2z,t) is L- periodicin z,
P00, 2z,t)=0 Vz €R,

where for a function h = h(x), h(x) = limy_,x—q h(y) and h(x*) = limy_,,.0 h(y) are
the left and right limits, respectively.

»  Equations of force balance:

2[5 14—, R(d,u+,w)+(. R)*d,w]+ < [fLR(s t)zds} -
1+(3;R)2 T z z T z z e 0 ’
1 2R
P % U ..(R
Pw0 {R[H(@R)“‘]“ [1+(azR>213/2}+nW aw (R)
41 ( 11 ) lerqy) (Orp—0:RO-¢)]* @.7)
2 \ew €m 1+2((9;R)2
—|—%(5m—5w)(asz£;3)z@) =0 Vz€eR,
3. R (8, u—0,w)+1[1—(8,R)*] (d,u+dw)=0 Vz R,

We now derive (2.4)—(2.7) from (1.1)—(1.7). If x = x(t) € T'(t) has the cylindrical coordinates
(R(z, 1), 6, 2), then

e,—0.Re, . O;Re te,
I n =—7,————,
14+(9. R)? V1+(9:R)?

are orthonormal with n(x) the unit normal to T'(t). Since x(t) = R(z, t) e, +z ;, the normal

and ey 29)

velocity at x is V,,(x)= x -n(x)=8,R/ \/ 1+ (8. R)?, where a dot denotes the time
derivative. This, together with (1.1) and (2.3), leads to the first equation in (2.4).

By (2.3) and a series of calculations, we obtain for x € Q,(t) the expression of Au(x, t) and
Vpw(X, t) as linear combinations of e, and e,. They lead to the Stokes equation, the first two
equations, in (2.5). Similar calculations lead to the third equation in (2.5) for the
incompressibility equation.

The gradient of o= ¢, z, t) at x =re; + ze, is VX, t) = drper + 0,0 €. If x = x(t) € T'(t)
has the cylindrical coordinates (R(z, t), 6, z), then by (2.8) the normal derivatives of ¢ are
given by

00 6(x, )=V (x, 1) -n(x)= XAEE L2 t)l:s[)fz(:(’zt )2; el e
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where s = — or +. Consequently, by these and the expression of Laplacian in cylindrical
coordinates, we can rewrite the boundary-value problem of Poisson’s equation (1.4) for the
electrostatic potential ¢ = ¢(r, z, t) as the elliptic interface problem (2.6) [14, 28]. Note that
the third and fourth equations in (2.6) are the continuities of the electrostatic potential ¢ and
the normal component of electric displacement &) dn¢, respectively, across the dielectric
boundary r = R(z, t).

To finally derive (2.7), we note that the volume Vol (Qn,(t)) of the cylindrical region Qp,(t)
means that for one period 0 < z < L. Since the cylindrical surface is represented by r = R(z,
t), the equation (1.3) for the ideal-gas law for the solute region is

CIll
() [ER(2,t)2dz=—2. (2.10)
s

If X = x(t) € T'(t) has the cylindrical coordinates (R(z, t), 6, z), then direct calculations lead to

D(u(x))n(x)= 0150 RO.u+0,w) ) et (5O, -0. RO ) ).

1+(8. R)” K

2H () 2R 1
= © (212
n+@.R7" Ri+@e.R?
By (2.8), (2.9), and (1.6), we have
‘ (x)zl (i_i> [er@) (9-0—0.RO.9)1° 1 .. )(BZR8T¢+6,Z¢)2. 213
T \ew  Em 1+(8.R)? 27" Y 14(6.R)? '

These, together with (2.11) and (2.10), allow us to rewrite the equation of force balance
(1.7) on the boundary T'(t) into those in (2.7) by dotting (1.7) with n and n-, respectively.
Note that each term in (2.7) is orthogonal to eg The correspondence between terms in (1.7)
and (2.7) is through the parameters [y, 9, Nw, etc.

3. Steady-State Solutions and Their Linear Stabilities

Steady-state solutions with cylindrical solute-solvent interfaces r = Ry with constant radii Rg
> 0, together with their corresponding fluid velocity fields ug, wg, and pressures pyo, and the
electrostatic potentials ¢y are given by

SIAM J Appl Math. Author manuscript; available in PMC 2016 February 12.
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r=Ry, Vzé€eR,
up=wo=0 forr>Ry,
Pw0=Poo TOr >Ry,
%(r)_{ *Lf:%ffsgafgffﬂ(a) dods+Cy if0<r<Ry, 3.1)
o) 5y 3) 5, 0P(0) dods+Cslogr+Cy ifr> Ry,

L, +R 2
F(Ro):= St —poo— 41U, gy (Ro)+3 (£ -2 ) [l sp(s) ds| =0,

where

CQ—C3logR0—C4:€Lf(1}° %fgcrp(a) do ds,
CZS:_%fo ’sp(s)ds,

Cy=lim [ L7 1[% op(o)dods—Cslogr] .

oo L Ew

All Rg, ug, Wo, pwo, and ¢y satisfy the governing equations for the interface motion, fluid
velocity and pressure, and electrostatics, and the corresponding boundary conditions. Eq.
(3.1) is the force balance equation. The existence of Ry > 0 such that f(Rg) = 0 follows from
(2.1) together with the fact that p,, > 0 and 0 < &;, < &,. Note that if we consider the
ordinary differential equation £ = f(R) for R = R(t), then the sign of f'(Rq) determines the
stability of Rg. The constants C,, Cs, and C4 are determined by the interface jump conditions
and the boundary condition for the electrostatic potential ¢y (cf. the third, fourth, and last
equations in (2.6)). Note that the limit C4 exists by the fact that the charge density p = p(r) is
compactly supported and by the charge neutrality (2.2).

We now linearize our system around a steady-state solution r = Rg, Ug =Wy =0, Pwo = Poo
and ¢p = ¢p(r) defined above. We assume

R(z,t)=Rp+0R1(z,t) forz € R,
u(r, z,t)=8uy (r, 2, t)+0(5%) forr>R(z,t),
w(r, z,t)=6w (7, 2,t)+O(5?) forr>R(z,t), (3.2)

P (T, 2, ) =Poo+0pw1 (7, 2,8)+O (%) forr>R(z,t),
B(r, 2, t)=o(r)+0¢1 (7, 2,£)+0(6?) forr >0,z € R,

where § € R is such that | << 1. All functions are L-periodic in z. Note that the expansion
of velocity field is u(x, t) = duy(X, t)+O(#) = S[us(r, z, t) er + wy(r, z, t) e,]+ O(), where
er, eg and e, are the local basis vectors at x that has cylindrical coordinates (r, 6, z).

The linearized equations and boundary conditions for Ry, Uy, Wy, pw1, and ¢ are
summarized below, and their derivations are detailed in Appendix A:

O R (z,t)=ui(Ro,2z,t) Vz€eR, (33)

SIAM J Appl Math. Author manuscript; available in PMC 2016 February 12.
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U (872,7“71,1—}-%87«11,1—7%2&1—{—85271,1) —O0rppw1=0 forr>Ry, z €R,
Hw <8T2Tw1+%8rw1+8fzw1) _8sz1:0 fOI"l">R0, z e R,
8Tu1+717u1+32w1=0 forr>Ry, z € R,
u1(00, z,t)=w1 (00, z,t)=py1(c0, 2,t)=0 Vz € R,

3.4

83r¢1+%87¢1+822¢1:0 ifT<ROa
agr¢1+%ar¢l+8zz¢1:0 ifr>R0a
$1(R3,2,0)=¢1(Ry , 2, t)=—Ru(2,1)[¢9(RS)—¢y(Ry)] V2 €R, (35)
EmOr @1 (367 Z»t)zgwarqbl(R(J)r’ Z, t) Vz € R,
¢1(OO,Z,t):0 Vz € R,

Azl
2pwOrur (R, 2, t)— %}%aﬁlo Ri(s,t) ds—pwi1(Ro, 2, t)
+(E-2) 20(B) [Ra(z )0 (R )+0,01(B ,2,1)]
+70 (OZR1+ 1) +ny U (Ro)R1=0  Vz € R,
BTwl(Ro,z, t)+aZU1(R0,Z,t)=O Vz € R.

(3.6)

We now seek solutions to the linearized system (3.3)—(3.6) of the form

Ry (z,t)=e“te?*?,
(ul (Ta 2, t)a w1 (ra Z, t)apwl (’I‘, Z, t)a ¢1 (Ta 2, t)):ewteikz(ﬁl (T)a wl (T)7ﬁw1 (T)v ¢1 (7‘)),

where k = 27k//L and k’ is a nonnegative integer and all the functions 1 = 04(r), wq = wa(r),
Pwi = Pwi(r), and ¢ = gol(r) are to be determined. The sign of the growth rate w = (k)
determines the linear stability of an underlying steady state. The system (3.3)—(3.6) reduces
to

w=1;(Ry), (3.7)

e [a/{+%a;— (&+#2) al] —piy=0 forr>Ro,
Ly (m’1’+%m’1—k2w1) —ikpg=0 forr> Ry,
@y +Lay +ikin=0 forr>Ry,
iy (00) =11 (00) =Py (00)=0,

(3.8)

¢1+ ¢1 —k2¢,=0 forr<Ry,
. ¢1+ ¢1 —k%¢;=0  forr>Ry,
o1 (R)— ¢1(R )__[¢O(R+) ¢o(Ry)l, B9

Em¢1( 0)= EW¢1(R )s
¢>1( )=0
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2#Wﬂ1(R0)_7r2LCESX{k —0} —Pw1(Ro)+70 R%z)—k )+nw " w (Ro)
+(E-2) SRy |6 R+ ()
’wl(Ro)—l—’lk"ul(Ro)

s=—or +, (3.10)

=

We shall use the modified Bessel functions of order n of the first and second kind I,,(x) and
Kn(x). The definition and basic properties of these functions are recalled in Appendix B.

The first three equations in (3.8) together with the boundary conditions (3.7), the fourth
equation in (3.8), and the second equation in (3.10) have a unique solution Gy = Q4(r), wq =

w1(r), Pw1 = Pwa(r), given by

For k=0: (r)=222 @(r)=0, and Py (r)=0,
( wk7K0(k:r)_|_ 1_kRoK()(kR(])i| u}Kl(kT’)
'Klé(l(clf%) kR, Kjillc(ll%cﬁo) i 121]((191(%]2))’
For k>0: 01 (r) =Tk oy {1+ kR | Ri(ERo)
N _ 2wpwkKo(kr
Dot (") =""R\kr0)

1
ﬂl 7‘)_

Proof—The case k = 0 can be proved by direct verifications. For the case k > 0, we use a
projection method to find the solution in three steps.

Step 1: Let a, b € R. Consider the equations for the velocity components & = & (r) and wy~
= wq(r):

wl—l— wl k2w1—0 for r>Ry,
ﬂl(RO) a, wl(Ro) b ﬂl(oo)zﬁ)l(oo)ZO

By (B.5), the solution is given by

Kl (kr)

B B Ko(kr)
B (6B and @y (r)=b—

U1 (r)=a —Ko (kRo)'

(3.12)

Step 2: Find the general solution p; = p1(r) to the equation

N 1 v - ! 1 ~ . ~
pw1+;pwl—k2pwlzul+;u1+lkw1 (3.12)

and py1(c0) = 0. By (3.11) and (B.2), we can simplify the right-hand side of (3.12) as
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B ak n ikb
K1(kRy)  Ko(kRo)

Ko(k‘T).

Since Kg(kr) and lg(kr) are two linearly independent solutions to the homogeneous equation
associated with (3.12) and their Wronskian is 1/r by (B.3) (the factor k does not appear), the
general solution to (3.12) is then given by

~ _ A Ko(kr) A Ig(kr) ak ikb
P (N=C1r iy TC2 1oty + [_ Ki(kRo) Ko(kRo)]

[ =Ko(kr) [T, sIo(ks)Ko(ks) ds+Io(kr) [T, s(Ko(ks))*ds]

R

_ A _Ko(kr) A To(kr) _ ak ikb
_ClKo(kRo)+CQIo(kRo)+[ Kl(kRo)+Ko(kRo)]

‘ {_%‘F%[Io(kRo)Ko(kRo)"f'Il(kRo)Kl(kRo)] Ko(kr)

[ (o (kR0))?~ (K (kRo)) To(kr) }

where C; and G, are constants and where in the last step we used the formulas

2

JsIo(s)Ko(s) ds=%5[Io(s)Ko(s)+11(s)K1(s)],

[sE3(s) ds=% [ K3 (s)~K3(s)],

together with (B.2) and (B.3). These formulas can be directly verified by taking the
derivatives of the right-hand sides and using (B.2) and (B.3).

It now follows from (B.5) and py,1(c0) = O that

A 5 a i 2 2
Crm PR [t ] k0= ()
Hence,
~ A K()(k‘?“) a b .
Pnl0) Oy | w659
where

~ .~ R2K,(kR k ikb
C1=C1+ 0 0( 0) |:- a + :
2 Ki(kRy)  Ko(kRy)

] [ Io(kRo)Ko(kRo)+I (kRo) K1 (kRo)]

is a constant.

Step 3: Define
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1 ()= (r) B (7),
1 ()= () =ik (7).
B (N)=—fiw | B (") 2B (1) =2y (1)

It is easy to verify that (11, wy, and p,y; satisfy the first three equations in (3.8). By (B.2) and
(B.5), we can also verify that (1(co), w1(c0), and pyi(oo) all equal 0. If we set 77 =
—-akKq(kRg)/K1(kRg) + ikband »=b - ikClj then we can verify by (3.11)—(3.13), together
with (B.2), that

N _ 2Ky (kr)+rkKo(kr) | - Ki(kr)
1 (r)=—71 2kKOEkR0) T 1k Roy
@ (T)_T irKy (kr) 47 Ko(kr)
W= 19K(kRo) " "2 Ko(kRo)®
A _ Ko(kr
Pw1 (T)__,UWTI Ko(kRo)"

By (3.7) and the second equation in (3.10), we have

Ki(kRo) | R iK1 (kRo) _
[kKIO(M%%+TO]KT(1k;T§ KotkRo) = %>
R v (v

To=1wW.

Solving these two equations, we get

Ko(kRy)

. 2
T=—2kv———= and my=wi [KO(kRO) kR (Ko(kRo)

)
Ki(kRo)  (Ki(kRo))?|

K1 (kRy)

Plugging 77 and %, into (4, wq, and p,y1 above, we obtain the desired solution expressions
for the case k > 0.

The solution golA: (p{(l’) to the system of equations and boundary conditions (3.9) for the
electrostatic potential is given by

0. 2 o= | d0(BE)—0(Ry)  if 0<r<Ro,
For k=0: ¢1(r)= 0 1f Ro<r<oo.
ew [¢o(Ri) —o(Ry )] Ki(kRo) .
Fork>0: &, (r)= smKo(kRoo),hE)kRO)(jr,swofo(kRo)Kl(kRo)IO(]W) if 0<r<Ry,

_ em [¢o(RE)—¢y(Ry)] 1 (kRo)
em Ko (kRU)Il (kRo)-}—Eon(kRo)Kl (kRo

)Ko(kr) 1f Ry<r<oo.
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Proof—Direct verifications prove the result for the case k = 0. Fix k > 0. The solution golA(I’)
in each of the regions r < Rg and r > Rq is a linear combination of 1g(kr) and Kq(kr). By the
last equation in (3.9) and by the asymptotic properties (B.4) and (B.5), we then have

by(r)= C1Iy(kr) if0 < r<Ry,
= 62K0(]€7’) if Ry<r<oo,

where Cl_and Cz_are two constants. They are determined by the third and fourth equations in
(3.9):

62K0(I€_R0)_6110(kR0_):_[¢6(R8—)_¢6(R5)]:
Cieny (/CRo)—f—CgEWKl (kRo):O

where we used (B.2) in deriving the second equation. Solving for Cl_and Czj we have the
desired solution.

Proposition 3.3

The growth rate @ = a(K) is given by

wair(k)+wsurf(k')+wvdw(k)+wele(k) o Yo k+0(1) 314
Whyd (k) 2# @19

w(k)=

where the asymptotics is with respect to k — oo and

wair(k):_%ﬁgX{k:O}a

Weurt(K)=10 (L—kz?)

vdw( ) de (RO) )
~ Ry

aalk)= (=) | p(Fo)arly” ol )ds— (a5 sp() ds) |
cw—Em . kI (kRo) K1 (kR

+ () e sm) {anI sp(s) ds] ZmKo(kRo) Illl(cRo()ergigo(lgz)%o)Kl(kRo)

2
:M[aﬂo sp(s )ds] E4+0O(1),

ewem (Ew+em)

Whya (k) =241y [Riﬁk?Ro—W} =2 k+O(1).

We remark that the zeroth-mode mode perturbation (k = 0) is only in the r-direction. In this
case, we have by taking the limit as k — 0 and using (B.4) that

. . 2
wae(0)= (22 ) [p<Ro>aﬁ1§°sp<s> ds— 7 (arify *sp(s) ds) ] ,
Whya(0)=F>

The growth rate is then exactly
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w(0)=L2 f (Ro)

:ﬁ—a{ TrLRdl{k 0+ 5 2—|-an (R0)+( —é) {p(Ro)éﬁioROsp( )ds——(anlo sp(s) ds) ]},

where f is defined in (3.1).

Proof of Proposition 3.3—By Lemma 3.1,

, 1 k2 Ro(Ko(kRo))?
2l (Ro) =Pt (Ro)=—2pww | —+k2Ro—
H 1( ) w1 (Fo) H Ro (Kl(kRo))2

For the steady-state electrostatic potential ¢y = ¢p(r), we have
I ’ — A 2 R
ewdo (R )=em¢o(Ry )=—anly ‘rp(r) dr
By Lemma 3.2,

emk [o(Bq)—¢o(Ro )] I (kRo) K1 (kRo)
8mK0(kR0)11 (kRo)-I—EW]O(kRo)K]_ (k‘Ro) )

1(RE)=

Plugging these and (A.2) into the first equation of (3.10) with s = +, we then obtain

1
2w [_+ 1(kRo))” L3 L{k=0}
+7% (-—k2> +nyU 0)

(-2 [ o) 10 ) )

2 Ry— szo(Ko kRo) 2} 2C,,
aw (B

Em
(ew—em)? [ iR0 kI (kRo) K1 (kR
T eem [anlo SP(S)dS} smKo(kRo)hb(cRo())zrsjvzo(sz)ao)Kl(kRO)

This leads to the expression of growth rate @ = a(k) as desired.

Notice that amnyq(k) > 0 for all k > 0, since 0 < Ko(x) < Ky(x) for any x > 0 [2]. By (B.5),

Ko(kRy) 1
Ki(kRy) ~ 2kRq

Iy(kR 1
o(kRo) =1+ +O(k*2) fork > 1.

O(k™2 d -
o) and e T R,

Thus,
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L-F]{,’ZR(J— k2RO<K0(kRO))2

wiya(k) =24 | - (K1 (kRy))?

} =2pwk+O(1).

Moreover,
kI (kRo)K:1(kRo)
emKo(kRo)I1 (kRo)+ewlo(kRo)K1(kRo)
__k w—Em —1
T emtew [1_2k1*§o(65+6m)] +O(k™7).
Therefore,

—e.)? . 2
wele(k)= (Ew=cm) )[éfﬂg{osp(s)ds} kE4+O(1) ask — oo.

EwEm (Ewtem

Combining all these, we obtain the desired asymptotics of (k).

4. Numerical Results

We use the following parameters that are typical values in molecular dynamics simulations:

T=298K, py=0.156k,T -ps/A3 n,=0.0331 A3 p,=2.46 x 107"k, T /A3,
%0=0.175k,T/A?  0=1.4372 x 10%e?/(k,T-A), em=co, ew=80e0,

where e is the elementary charge. We set the period L = 100 A and the constant C,, = 0.65
kgT. We define

vt (2)-(2)].

with x=5.0 kgT/A3 and o= 10.0 A. This potential is obtained by integrating a Lennard-
Jones (LJ) 12-6 potential along the z-axis. We use an artificial charge density of the form (in
the units e/A3)

R3(27)_RC> ( chL

r)=pp—————=%€Xp | ——————— r),
p(r) p087’4(7‘*RC)3 p 167‘2(T—RC)2> X{OST‘SRU}( )

where pyp (in the units e/A) and R, (in the units A) are two positive numbers to be chosen
later. One verifies that this charge density satisfies the charge neutrality condition (2.2),
since
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, Re
Jop(s)s ds=poexp <—W) Xirere (7)-

Note that the parameter oy sets the magnitude of the charge distribution and hence the
electrostatic force. The parameter R determines the spatial range of electrostatic force. If we
set R to be close to the LJ parameter o, then a small variation of the value of R can result in
a dramatical change of equilibrium radii.

We use Newton’s method to solve (3.1) for Rq (in the units A), the radius of a cylindrically
shaped equilibrium interface. For certain values of the parameter oy, we find multiple values
Ro with different initial guesses in Newton’s iteration. In Figure 2, we plot multiple branches
of solutions Rg vs. pp for (a) Rc = 10 A and (b) R, = 11.5 A, respectively. Solid and dotted
lines indicate stable and unstable branches of Ry, respectively, with respect to the zeroth-
mode (k = 0) perturbation. For R; = 10, there is a bifurcation at pp = 5.04 x 104, For R; =
11.5, there are two bifurcation points at pp = 2.34x10% and pp = 5.19x10%, respectively. All
these are saddle-node bifurcations.

We plot in Figure 3 the dispersion relation w = w(k) given by (3.14) for R, = 11.5. Figure 3
(@), (b), and (c) correspond to the data points on the bottom, middle, and top curves in Figure
2 (b), respectively. Let us first examine the stability and instability for the zeroth mode k =
0. From Figure 3 (a) and (c), we observe the zeroth-mode linear stability for all the
parameter choices along the bottom or top curve in Figure 2 (b), and the instability for those
along the middle curve in Figure 2 (b). Consider the increase of gy from the left bifurcation
point from which the bottom and middle curves branch out in Figure 2 (b). We can see from
Figure 3 (a) and (b) that the value of »(0) along the bottom branch becomes more negative,
indicating that the corresponding equilibrium shape is more stable. Along the middle branch,
the value of »(0) begins with 0 at the bifurcation point but rapidly increases to a large
positive number and then gradually decreases to a small positive number near the right
bifurcation point in Figure 2 (b). Consider now the decrease of gy from the right bifurcation
point in Figure 2 (b) from which the top curve and middle curve branch out. We observe
from Figure 3 (c) and (b) that the value of »(0) becomes more negative along the top curve
and more positive along the middle curve.

Let us now examine the general, nonzero mode k. Consider first the data points on the
bottom curve in Figure 2 (b) from left to right as py increases. Figure 3 (a) indicates that
both the largest value of a(k) and the range of the small-wavenumber instability increase.
Consider now the data points on the middle branch in Figure 2 (b) from left to right as oy
increases. We find from Figure 3 (b) the small-wavenumber instability and the large-
wavenumber stability. As pg increases along the middle branch further to reach the right
bifurcation point meeting with the top branch, the small-wavenumber instability diminishes
and the interface switches its stability at the bifurcation. Finally, consider the top curve in
Figure 2. We observe from Figure 2 (c) the linear stability for all wavenumbers k and for
each data point on this curve. Moreover, for each k, a(k) is more negative further away from
the right bifurcation point. Note that the top branch terminates at the right bifurcation point
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with pg = 5.19 x 10% in Figure 2 (b). This indicates that for py larger than this value, and R¢
= 11.5, there is no equilibrium radius Rg that is linearly stable for all wavenumbers.

Figure 4 displays the dispersion relations and contributions from different components of
force corresponding to the three data points at pp = 2.5x10% on the three branches,
respectively, near but on the right of the left bifurcation point, in Figure 2 (b). Figure 4 (a)
and (b) are for 0 <k < 3 and 0 < k < 1500, respectively. We observe for large k the linear
decay of w(k), the quadratic decay of axgyf (K), and the linear growth of wnyq(k) and wee(k),
respectively, consistent with our asymptotic analysis summarized in Proposition 3.3. In the
range of small wavenumbers k, the growth rate a(k) increases with k for the top and bottom
branches, but decreases with k for the middle branch. It is readily seen from Figure 4 (a)
that, in the small k regime, the dispersion relation is dominated by ayqw(k) and @gje(k). The
part agf (K) is slightly positive for small k due to the cylindrical geometry but then drops
quadratically. The part wqje(k) grows almost linearly with k except for k ~ 0 where there is
some subtle nonlinearity. Hence ayqw(K)+meje(k) can be approximated as a linear function
with a positive slope due to wee(k). By diving aygw(K) + wele(k) by anyq(k), we find that the
dispersion relation (k) can be approximately described by an inverse power law (k) o (¢1
+ ¢co/k)/uyy, Where ¢1 and ¢, are constants depending on oy and Rc. This approximation is
valid for k away from zero. For k close to zero, anyg ~ 2j/Ro. The effect of air pressure
@sir(K) is only reflected at k = 0, and it causes a negligibly small discontinuity at k = 0.

5. Conclusions

We have constructed a solvent fluid dielectric boundary model to describe the effect of
solvent fluid to conformations of charged molecules in aqueous solution. In addition to the
Stokes equation for the incompressible solvent fluid, we use the ideal-gas law to model
solutes. Moreover, on the moving dielectric boundary, the viscous force balances the VISM
forces that include hydrostatic pressures, surface tension, solute-solvent vdW interactions,
and electrostatic force.

We have analyzed the linear stability of a steady-state cylindrical dielectric boundary. We
find multiple such steady states that correspond to polymodal states (e.g., dry and wet) of
hydration of charged molecules, as captured by our previous level-set variational implicit-
solvent modeling [15,16,34,42,47,48]. Such nonuniqueness results from the competition
between the surface tension, electrostatics, and solute-solvent vdW interactions. The
multiple steady states bifurcate with respect to the charge distributions. Our stability analysis
shows that the surface tension is the dominate effect in high-wavenumber stability. But the
solvent viscosity weakens such stabilization as it changes the quadratic tail for large
wavenumber to a linear one. The electrostatics always destablizes the system. The most
important stability parameter we find is y5/(2,), half of the ratio of the surface tension g to
the solvent fluid viscosity L.

The instability of a solute-solvent interface is in fact a generic property of a real
biomolecular system. For instance, the interface separating a protein from water molecules
that are trapped inside the protein is metastable, as such water molecules lose their hydrogen
bonding to the network of bulk water molecules [45, 46]. Our preliminary analysis only
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indicates qualitatively the stabilizing factors, but does not characterize various scales at
which the stability or instability occurs. It will be interesting to connect the small
wavenumber instability analyzed here with the experiment and computer simulations on the
metastable water molecules inside a protein.

The inclusion of solvent fluid flow is one step further to make an implicit-solvent approach
more accurate in describing the important solvent effect. The development of numerical
methods to solve our modeling system of equations is, however, nontrivial. One difficulty is
to impose proper boundary conditions to allow solutes to change their volumes as occurring
during the biomolecular conformational change. Usual boundary conditions, such as the
periodic boundary condition imposed on the boundary of a computational region, will
always keep the volume of solute region a constant because of the incompressibility of
solvent fluid. A different issue is that the description of solutes by the ideal-gas law is over
simplified. An improved approach is to include the solute molecular mechanical motion [16]
and the coupling of such mation with the solvent fluid motion. Finally, our proposed solvent
fluid model allows us to describe the solvent fluctuations through the Stokes equation with a
stochastic stress tensor [43]. Such fluctuations are important in conformational changes of
biomolecules. The mathematical description and numerical computation of such fluctuations
will be challenging tasks.
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Appendix A

In this appendix, we derive the linearized system (3.3)—(3.6). Equations (3.3) and (3.4) can
be obtained simply by plugging the expansions (3.2) into (2.4) and (2.5), and matching the
O(0) terms. The first, second, and fifth equations in (3.5) can be obtained similarly using the
corresponding equations in (2.6). At the interface I'(t) defined by r = R(r, t) with R(z, t)
given in (3.2), we have

¢(T7 2, t):¢ (R0+5R1 (Za t)? z, t)
:¢0 (R0+(SR1 (Z/, t))+5¢1 (R0—|—5R1 (Z, t), z, t)+0(52)
=00 (R3)+6 [ R1(z, 1) (Ry)+61 (B3, 2, )] +O(8%)  for s=— or+.

Comparing O(1)-terms, we obtain the already known continuity ¢, (R, )=¢o(Rq ). cf. the
third equation in (2.6) with ¢p and R replacing ¢ and R(z, t), respectively. Comparing O()-
terms, we obtain the third equation in (3.5), which is the first interface condition for ¢ =
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o(r, z, ). By (2.9), we have at either side s = — or + on the interface r = R(z, t) defined in
(3.2) that

an R £° ¢ :(‘%d)(R(z,t)s,z,t)—32R(z,t)82¢(R(z,t)5,z,t)
g (Z/’ )20 V1+[0:R(=z,0)]?
:¢0(R8+6R1 (Zv t))+587"¢1 (RS’ 2, t)+0(52) (A1)

=¢y(R§)+5 [R1(z, )¢ (R)+0r¢1(RS, 2,1)]+0(52).

Therefore, the O(1)-terms in the continuity of epdne at r = R(z, t) (cf. the fourth equation
in (2.6)) leads to the known continuity em%(Rg):swqbg(Rﬁ{). The O(5)-terms lead to

em [R1(2,6)00 (Ry )+0,01(Ry , 2, )| =ew [ Ra(2,1) 00 (RS +0, 61 (Ry , 2,1)].
From the expression of the steady-state electrostatic potential ¢, we have

7 _ ” 1 ~,+R
em@o (Ry )=ewdy (Ry )=, 2l “rp(r)dr—p(Ro). (A2)

These imply the fourth equation in (3.5) which is the second interface condition for ¢.

To linearize the force balance equations (2.7), we first have by (3.2) and (2.10) that

C I, 2 -1 C 2C o, L 2
pm(t):?m[ TE(Ry+6Ry (s,1)) ds} :WREL—éﬁ;ganIO Ri(s,t) ds+0O(62).

Now, at the interface r = R(z, t), where a point has the cylindrical coordinates (R(z, t), &, ),
we have by (3.2) and (2.12), and routine calculations, that

da(R(z,t), z,t)=60a1 (Ry, 2,t)+0(8%), 0=0, or 8, and a=u or w,
pw(R(2,t), 2,t)=poo+0pw1(Ro)+O(6?),
2H(R(2,1),0,2)=7—0 (02 R1+1) +0(5?),

’ 0
nwU, 4 (R(2,1))=nyU 4, (Ro)+6nw U (Ro)Ri(z,t)4+0(5?).

Similarly, we have by (3.2) and (2.13) that
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fclc(R(Za t)a Z)

1(1 ler (@r0—0:-RO:9))* | 1 (9: RO, $+0-6)°
+35 (;—; T O.R)? +3(Em—ew) HOR)?

L2 [err0(R(z, 1), 2, 8)]*+0(5?)

2[0(R(z, 1)) 460,61 (R(z.t) ", 2, 1) +0(5?)
0(Ri)+0R, (2, 1)y (R ) +60, 61 (R, 2,)] +0(6?)
=1 (2-2) [ewon(BD)

46 (=) 260(RE) [Ra(z 0006 (R )+0,61(R 2 O]+0(62).

By the continuity of ¢ at r = Rg, we can change &, and the sign + to &, and the sign —,
respectively. All these, together with (2.7), imply the first equation in (3.6). The second
equation in (3.6) can be obtained by straight forward calculations using (3.2).

Appendix B

We recall that the modified Bessel functions of order n of first and second kind, 1,(x) and
Kn(x), are linearly independent solutions to the second-order equation [2]

N+y, 1_'_712 -0
YT 2| (B1)
Here we only consider nonnegative integers n. These functions satisfy the following
properties [2]:

I\(z)=I(z), I)(z)=Iy(z)—1)

| ' T K@) (B2
Ko(z)=—K\(z), Ky(z)=—Ko(z)-5&) ®2)

WIo(a), Ko()|=h(@) Ko@)~ (@) Ko(2)=>, ©3

Io(s)atin,  Kals)="—f=2(n 2 1),
Ko(s)~—Ins, ass— 0T, (B.4)
[1_4n2 1 (%)},
Ko(s)= 21 140 ( ) e ®9
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Y Solvent

Fig. 1. A cylindrical solute-solvent interface
" separates the interior solute region 2, (m stands for molecules) from the exterior solvent

region Q,, (w stands for water). The unit normal n at I points from Q, to . The system is
L-periodic in the z-axis, the axis of cylinder.
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Fig. 2. Equilibrium radii Rq vs. the parameter pg in the charge density p and their stabilities for
the mode k

=0 with (a) R; = 10 and (b) R, = 11.5. Multiple values of Ry are found for oy in certain
ranges. Solid and dotted lines indicate the stable and unstable branches of R, respectively.
The small magenta solid circles correspond to the saddle-node bifurcation points. In (b), the
marker points in red, blue, and black from different branches correspond to the plots of
dispersion relations in Figures 3 and 4.
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Fig. 3. Plots of the dispersion relations for multiple solutions Rg with R
=11.5. The four curves in (a) correspond to the four data points on the bottom curve in

Figure 2 (b). The three curves in (b) correspond to the three data points on the middle curve
in Figure 2 (b). The four curves in (c) correspond to the four data points on the top curve in
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Figure 2 (b). Plots in each inset are for a large range of k.
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Fig. 4. The dispersion relations for multiple solutions of Rg at p
0 =2.5x10%and R, = 11.5 that correspond to the same marker points in Figure 2 (b). The

insets indicate different contributions to the growth rate w(k) : (a) Small range of k; (b)
Large range of k.
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