STABILISATION OF HIGH ASPECT RATIO MIXED FINITE
ELEMENTS FOR INCOMPRESSIBLE FLOW
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ABSTRACT. Anisotropically refined mixed finite elements are beneficial for the
resolution of local features such as boundary layers. Unfortunately, the stabil-
ity of the resulting scheme is highly sensitive to the aspect ratio of the elements.
Previous analysis revealed that the degeneration arises from a relatively small
number of spurious (piecewise constant) pressure modes. The present article
is concerned with resolving the problem of how to suppress the spurious pres-
sure modes in order to restore stability yet at the same time not incurring any
deterioration in the approximation properties of the reduced pressure space.

Two results are presented. The first gives the minimal constraints on the
pressure space needed to restore stability with respect to aspect ratio and
shows that the approximation properties of the constrained pressure space
and the unconstrained pressure space are essentially identical. Alternatively,
one can impose the constraint weakly through the use of a stabilised finite ele-
ment scheme. A second result shows that the stabilised finite element scheme
is robust with respect to the aspect ratio of the elements and produces an ap-
proximation that satisfies an error bound of the same type to the mixed finite
element scheme using the constrained space.

1. INTRODUCTION AND MAIN RESULT

Consider Stokes equations on a polygonal domain Q C R?
—Au+gradp=f, diveu=0inQ (1)

subject to w = 0 on 9Q and (p)g = 0, where (p), denotes the mean value of p
over w C ), and f € L?(Q) is a given source term. Throughout, we use standard
notations for Sobolev spaces [1].

The variational form of (1) consists of seeking w € V. = H}(Q) and p € M =
L3(£2) such that

B(uap;va(I) = (.f,'U)Q for all (’U,q) EV XXM (2)
where

B(uapa v, Q) = (grad u, gra‘dv)Q - (le vap)ﬂ - (diV’LL, q)Q (3)
The well-posedness of problem (2) is a consequence of the inf-sup condition [9, pp.

58-61]:
inf sup _dive, 9o
q€EM yev |’U|H1(Q)||CI||Q
This result is established, for example, in [8, Lemma III.3.1].

= B > 0. (4)
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(a) Edge patch (b) Corner patch

FIGURE 1. A typical example of an anisotropically refined mesh
of the type considered in the present work.

Let P be a conforming partition of 2 into the union of closed parallelograms such
that the non-empty intersection of distinct elements K and K’ is either a single
common point or a single common edge of both elements. For k > 1, a mixed finite
element approximation of the Stokes problem is sought using the spaces

Vp={veV:voFgeQi,, VKEec?} (5)

and
MTZ{QEMZqOFKEPk_l VKET} (6)

where Fi : [0,1]2 — K € P is an invertible affine transformation.

The pair Vp x My is known [5, 14] to satisfy a discrete version of (4) with a
positive constant Sp. As a consequence, there exists a unique mixed finite element
approximation up € Vo and pp € My such that

B(up,pp;v,q) = (f,v)q for all (v,q) € Vp x M. (7)

In addition to the requirement that the partition be conforming, it is customary
to impose a shape reqularity condition on the elements K € P whereby the ratio of
the diameter of the element to the diameter of the largest ball that may be inscribed
in K remains uniformly bounded over all elements in all partitions. However, it
is desirable to allow partitions P in which the elements are highly stretched, or
anisotropic, such as shown in Figure 1. With this in mind, we suppose that an
initial shape reqular conforming partition Py is given and let ¢ € € be a collection
of vertices in Py. An anisotropically refined partition P is permitted whereby the
elements K in the initial partition Py containing a vertex ¢ € C are replaced by
corner patches as shown in Figure 1 in which the conformity of the refined partition
P has been maintained by inserting edge patches as appropriate. For ¢ € C let Q.
denote the subdomain defined by Q. = U{K € Py : ¢ € K} and let w, = U{K €
P:ce K}.
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FIGURE 2. Typical anisotropically refined corner patches 2. with
the corresponding subsets w. shown shaded. On the left: a single
corner patch.

We may (by performing one or more uniform subdivisions of the initial partition-
ing Py prior to inserting corner patches) assume that the regions . are disjoint,
simply connected subregions of the type indicated in Figure 1. The set of elements
K € Q.NPy is shape regular and quasi-uniform of size O(H,.). Furthermore, the set
of elements K € w.NP is also shape regular and quasi-uniform of size h.. However,
the refined mesh contains anisotropic elements of aspect ratio 9. = he/He < 1 in
each patch Q.. With each node ¢ € €, we arbitrarily select a single inter-element
edge Ve € 0(Qe\we) N Owe. The foregoing assumptions mean that the edge v, is
shared by a shape regular element k. € P of size h. and an anisotropic element
K. € P of aspect ratio g, as illustrated in Figure 2.

The inclusion of stretched elements is beneficial for the resolution of local fea-
tures such as boundary layers. Unfortunately, as numerical observations show, the
discrete inf-sup constant is sensitive to the aspect ratio of the elements in the mesh,
and the order k of the underlying finite elements. A detailed analysis [3] reveals
that

inf sup M = Bp > Ck—1/2 min{l,k\/é} (8)

9EMy vevy || llalle
where ¢ = min{o. : ¢ € C}. Here, and throughout the remainder of this article,
the letter C' will be used to represent a generic constant that is independent of any
mesh size, aspect ratio or polynomial degree, and whose value need not be the same
in any two differing instances.

The stability constant in the estimate (8) exhibits a relatively mild degeneration
in the inf-sup constant as the order k£ is increased which, however, can be alleviated
by augmenting the space Vi as described in [3]. Altogether more insidious is
the dependence on the aspect ratio ¢ which, for fixed order k, degenerates as ,/p.
Figure 3 shows the variation of the actual value of the inf-sup constant as the
aspect ratio of the elements is varied for fixed polynomial order k, and confirms the
behaviour with respect to g in the estimate (8).

The analysis [3] leading to (8) revealed that the degeneration of the inf-sup
constant at high aspect ratio results from a relatively small number of spurious
(piecewise constant) pressure modes identified with the sets w. associated with
corner patch refinements. This observation suggests that the degeneration might be
alleviated through suppressing the spurious modes present in the discrete pressure
space. Naturally, removing more pressure modes than is absolutely necessary to



4 MARK AINSWORTH, GABRIEL R. BARRENECHEA, AND ANDREAS WACHTEL

100 prer———

1071 F

1072 F

10-5 10~4 103 10—2 10-1

FIGURE 3. Behaviour of the inf-sup constants Sp and By with
respect to the aspect ratio and polynomial degree k = 4 on the
T-mesh shown in Figure 1.

restore stability risks compromising the approximation properties of the pressure
space.

The present article is concerned with resolving the problem of how to suppress
the spurious pressure modes in order to restore stability yet at the same time not
incurring any deterioration in the approximation properties of the reduced pressure
space. Our first result gives the minimal reduction of the pressure space needed to
restore stability with respect to aspect ratio:

Theorem 1. Let M(p C Mgy denote the subspace defined by

My = {q € My : [gl ds =0 for c € C} (9)
’YC
where [[q] is the jump in the pressure ¢ € My across the edge .. Then, there exists
a positive constant C, independent of the mesh size, aspect ratio and polynomial
degree, such that
(le v, q)Q

inf sup > CPpy >0, (10)
g€y veVy [Vlm @l
where
k=12, if O(k=1) < /o,
Bp =k /8, ifO(2) < a<O(k) (11)
k—3/2, if \/o < O(k™2),
and

[ — gl @) + [lp — pollo < CB3? < inf [lu—vpllgr + inf |p- (in>||9> :
vpEVy Gy €My
(12)
Moreover, if p € H'(Q), then there exists a positive constant C such that

(lp = aplle + %2> el* 100 — ap)/Onell? o)
ceC

inf —gpll2 < C inf
%emllp arlG < o

(13)
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FIGURE 4. Variation of the square of the inf-sup constant with
the aspect ratio and polynomial degree k on the T-mesh shown in
Figure 1 for (a) the mixed finite element scheme V'p x My and (b)

the new mixed finite element scheme Vp X Mep.

where ||| s UKk, indicates the norm evaluated elementwise over ke and K.

Clearly ,B:p > (B since ]\7? C Myp. However, more interestingly, Theorem 1 shows
that the mixed finite element pair Vp x M(p is relatively insensitive to the aspect
ratio of the elements in the sense that if ¢ — 0, for fixed polynomial order k, then
Bp remains uniformly bounded away from zero. An alternative interpretation of the
result would be that if a fixed mesh is employed, containing anisotropic elements for
which ¢ < 1, and convergence is sought by raising the order k, then the stability of
the resulting method will degenerate as Bp = O(k~3/2). This compares favourably
with the behaviour Bp = Ck~/?min{1, k,/o} for the standard scheme given by (8).

The approximation properties of the constrained pressure space My compared
with those of the unconstrained space My are presented in estimate (13). The
only difference arises from a term involving the derivative of the pressure which
generally gives rise to a lower rate of convergence but in this case is outweighed by
the presence of the multiplicative factor |y.|/k. This means that the approximation
properties of Mg: and My are essentially identical.

Figure 3 also shows the value of the discrete inf-sup constant for the constrained
pressure space as the aspect ratio is varied for a fixed polynomial degree k = 4.
Remarkably, the simple expedient of adding a single constraint in each corner patch
completely removes the degeneration of the inf-sup constant with the aspect ratio.
The behaviour of the ﬁ% and B% as both the aspect ratio and the polynomial degree
are varied on the mesh shown in Figure 1 is given in Figure 4. In particular, the
case results shown in Figure 3 correspond to the case k = 4 in Figure 4. It is
observed that for fixed polynomial degree k, the value of 53% degrades as ¢ — 0
whilst the value of B% remains insensitive to the value of g. It is also seen that for
0 < 1, Bp increases with k as predicted by estimate (8) whilst B remains relatively
insensitive.
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Theorem 1 shows that one can seek a mixed finite element approximation from
the space Vp X My instead of Vp x Myp. Alternatively, one can impose the con-
straint weakly through the use of a stabilised finite element scheme as follows. Let

By(u,p;v,q) = B(u,p;v,q) — S(p; q) (14)

where the stabilisation term is given by

Swia) =5 > [ s [ lads (15)

ceC” le e

The stabilised finite element approzimation consists of seeking (u$,p%) € Vo x My
such that

B;s(u3, p3;v,q) = (f,v)q for all (v,q) € Vp x M. (16)

The second main result of the present work shows that the stabilised finite element
scheme is robust with respect to the aspect ratio of the elements and produces an
approximation that satisfies an error bound of the same type to the mixed finite
element scheme using the constrained space Mp:

Theorem 2. For all (w,r) € Vp X My, there holds

By (w,r;v,q)
sup = > up |||(w,r)||| ) (17)
wa)evexrs (vl

where pp = CB2 and ||(v,q)|* = |’U|§11(Q) + llqll3. Moreover, if p € HY(Q2), then
there exists a positive constant C, independent of the mesh size, aspect ratio and
polynomial degree, such that

I(w —us,p—p5)| < (14 CHz?)

inf {Il(u — 3,0 —go)| + AT QY e 1o — q?)/ancllicum)m} :
1

p,pp)EVp X Msyp
(vep,pp)EV Y ? e

The a priori error bound (18) for the stabilised scheme is consistent with the

8)

corresponding bound for the mixed finite element scheme using the pair Vo X pr
resulting from combining estimates (12) and (13).

Figure 5 shows the inf-sup constant pup of estimate (17) in Theorem 2. Com-
parison with the results shown in Figure 4(b) confirms that the constant in (17)
indeed varies as 3.

The practical implementation of the constraint in (9) is readily accomplished by
using a local basis for the pressure in which the average value of the pressure on
the edge 7. is a degree of freedom. One would then simply assign the same global
degree of freedom number to the corresponding local degrees of freedom in adjacent
elements.

2. AUXILIARY LEMMAS

In this section, we collect various technical results used in the proofs of Theo-
rems 1 and 2:
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FIGURE 5. Behaviour of the inf-sup constant up appearing in (17)
of the stabilised mixed finite element scheme Vp x My on the
T-mesh shown in Figure 1.

Lemma 1. Let H, h > 0 and k € N. Then, there exists a univariate polynomial
lip—1 of degree k — 1 such that fy_1(1) =1 and

1 1
/ le_1(s)%ds = % = /_lﬁk_l(s)ds. (19)

~1
Moreover, for all ¢ € Pr_1((0, H) x (0, h))

%/Oh (0,y)%dy < — // q(z,y)?dady. (20)

Proof. Let £,y = 2k™2 Z;:o (j + 3)P;, where P; is the Legendre polynomial of
degree j. Standard properties of Legendre polynomials readily show that £;_;
satisfies the conditions claimed.

Moreover, let f be a univariate polynomial of degree k — 1, and write f =
Z;:é f;Pj. Again using standard properties of Legendre polynomials, we obtain

k—1 2 k—1 1 k—1 1 k2 1
jgofj < jgo(j +5) szou t) =T /_1 f(s)*ds

Let ¢ be as in the statement of the lemma and, for fixed y € [0, k], insert f(s) =
q((1 4+ s)H/2,y), s € (—1,1) into the above inequality. Integrating the resulting
inequality over y € [0, h] gives the second result. O

<.

For the next result, we recall that {g),, denotes the mean value of ¢ over w C €

Lemma 2. Let ¢ € C and suppose edge . separates elements k. and K.. Then,
there exists a constant C' such that for both choices K = ke and K = K. there
hold:

@)l < Chvel ™ llallx + 10/ Onellx for all ¢ € H'(K) (21)

where ne is the unit normal on v¢; and

{49 )re| < Cklyel"llgplix for all gp € My. (22)
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Proof. Let K be as in the statement. First suppose ¢ € H'(K). A scaled trace
inequality [2] gives

_ 1 di
el Hlgl3, < Cllallx {||¢J||K + 5’(1/3nc||K}

K] K]
where d = diam(K) < Cl|y.|7!|K| and 1/|K| < C|v.|~2. Hence,
(@3, < hrel7Mlall3, < Clvel ™ llallx {Ivel " llallx + 100/ 0nel x }

which implies the first assertion.

Turning to the second assertion, suppose gp € Mp. Without loss of generality, we
suppose that the edge 7. separates an element k. of size he X he from an anisotropic
element K. of size H. X he, with he < H.. Applying Lemma 1, we conclude that

_ k?
(ap)3, < el Hlall3, < mllfkp\l%
and the estimate now follows using 1/|K| < C|vy.| 2. O

Let ¢ € € and, without loss of generality, suppose that a local coordinate system
is chosen in which the ~. separates elements k. = (0,he) X (0,he) and K. =
(=Hc,0) x (0, he). Define x. € My by the rule

1
7&6,1(1 - 25[;/hc) in Ke
|f€c|1
Xe(T,y) = _mzk,l(n/}lc +1) in K. (23)
0 otherwise,

where £,_1 is the polynomial defined in Lemma 1. Simple computation and Lemma 1
reveals (xc)a =0,
1 1

eDre = + 24
<HX H>“/ |’fc| |Kc‘ ( )
and
9 1
Ixella = 73 (Ixel)re- (25)
Consequently, we may define a mapping ﬁga My — Mg) by the rule
~ (lal)~
Mpg=q— ) 0 Xe- (26)
2 Tl
The mapping is related to the choice of stabilisation term as follows:
Lemma 3. There exist positive constants Cy, Cy such that for all gp € My,
Cillgy — Tpgp |3 < S(gp.a7) < Callgp — Mpgo|3. (27)
Furthermore,
S(apras) < 0 4 19718 2 2 2 (28)
k ZCGC (Hp - qTHI{cUKC + vel?llo(p — q?)/anC”KCUKC)

for allp € HY(Q).
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Proof. Definition (26) gives

_ 1 2
—TIlpqy||3 = § — d
llgp — Mpge||5 <7- la»] 8>

celC ¢ e

where e = [7e|{[Xe])re /| Xello- Equation (25) then implies that 72 = k2|ve|*([xcl)e-
Equation (24) and the assumptions on the construction of the partition mean that
there exists positive constants ¢; and c¢s for which

‘2 |7c‘2

< he
kel

= kel

< |'YC|2<[[XC]]>"/C <2 < ca.

C1

Hence c1k% < 72 < c2k?, and the first assertion follows using the definition of S(, -).
Using the estimate (22) we obtain
el *(laz])3, < 2bvel(aple.)y. + 2bvel(aplx.)3, < CR?lla IR ok
and hence

1
Slar,99) = 15 > el (lar])2, < Cliarlia
ceC

which proves the first part of (28). For the second part, since p € H'(Q) we have

(lae])2. = {[p — ar])2. < 2{(p — a9)|k.)2. +2{(p — a9)|x.)2,
and applying estimate (21) to both of the terms on the right hand side gives

(larD)5. < C (el ™llp = aoll k. + 10(p = a)/Onellz Uk, -

The result now follows on combining the above estimates. (I

3. PROOF OF THEOREM 1
We begin with a useful consequence of Theorem 4.7 in [3]:

Corollary 1. Let M3 = {q € My : (¢)u. =0, c € C}. Then, there is a positive
constant C, independent of any aspect ratio such that for all ¢ € M3, there exists
v* € Vo satisfying:

(divo®,q)a = llalfy and [v*|1(a) < CK2|dle, (29)
with v*|,, € H} (we), ¢ € C.

Proof. Let ¢ € Mg be given. For ¢ € €, let g. denote the restriction of ¢ to w.
and note that (gc),,. vanishes. The partition P, = {K € P : K C we} of we
is comprised of shape regular elements, and it follows that the local mixed finite
element space Vp, x My, is stable independently of the local aspect ratio; i.e. there
exists ve € Vp, N H} (w.) satisifying

(div e, ge)we = laellZ, and [velmi(we) < Cllgelle. (30)

with C' independent of the aspect ratio g.. The zero extension of v. to ) yields
another function (again denoted by v.) belonging to V» and satisfying the same
conditions.

The function g; = ¢—)_ ¢ gc is supported on the subdomain Q7 = Q\ (Ueecwe)
and (qr)q, vanishes (since ¢ € LZ(Q2)). Consequently, q; € Mp, where P; = {K €
P: K € Qy} is a partitioning of Q7. In particular, P; is devoid of corner patches and
therefore, thanks to Theorem 4.7 of [3], the mixed finite element discretisation of



10 MARK AINSWORTH, GABRIEL R. BARRENECHEA, AND ANDREAS WACHTEL

Q) is stable independently of any aspect ratio; i.e. there exists v; € Vi, N H}(Qr)
satisfying
(diver,qr)o, = larllg, and |vilmie,) < CEY?|larla, (31)
with C independent of any aspect ratio. As before, the zero extension of vy to
yields a function belonging to V' and satisfying the same conditions.
Let v* =vr+3) .ce Ve € Vp. Hence, thanks to (30)-(31) and disjoint supports,
we obtain

(dive*, q)o = (diver,a)o, + > _(divee, go)u, = larllg, + D lleel, = lalé

cel ceC
and
|”*|%11(Q) = |”I|§{1(Q,) + Zh’cﬁil(wc) <Ck (HQI”?zI + Z||QC||3JC> < Ckllqll%
ceC cel
and the result follows as claimed. O

Corollary 1 shows that the instability of high aspect ratio elements originates
from a single spurious pressure mode on each corner patch.
Let ¢ € My be given and let Ileq be the piecewise constant function defined by

the rule
Meq — (@), onQy
(@), onwe, cecC.

Note that (Ileq)o = (g)q = 0, so that Ileq € My and q — Ileqg € M.
The next result complements Corollary 1:

Lemma 4. There exists a positive constant C, independent of any aspect ratio such
that
div v,
inf sup M > COk—3/2, (32)
geMypvevy [Vlm @)l
Proof. Let q € M(P be given, and decompose
q=q" +1leq

where ¢* = ¢ —Ileq € M. In view of Corollary 1, there exists a non-zero v* € Vp
such that

(dive*,q")e = [lg"[[{ and [v*] i) < CKV2 " [|o. (33)
Moreover, since v*|,,, € H}(w.), ¢ € €, we have
(divo*, Teq)o = (@)a, (dive™, Do, + (@), (dive*, 1), = 0. (34)
cel

Suppose for the moment that there exists a positive constant C for which
lalle < Ckllg*(|o- (35)

The claimed result would then follow at once since, in view of (33) and (34),
(dive*, q)e = (dive*,¢")a = llg"[{ = Ok lelldlle = Ok [v* 51 lalla.

It therefore suffices to demonstrate (35) holds. Thanks to ¢ € My and the definition
of Ilpq, we obtain

(@ = (Dw. = —([Med))re = {[g = Tedl)re = ([a"Dre, c€ € (36)
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and hence,

7Z‘wc| E; S > Z|WC|+Z|WC| [[q ]] wc (37)

cel cel cel
Alternatively, equations (36) along with the relations

1r{g)a, + Z lwe[(@)w. = 12[{TTeq)a =0
cel
and [Q7] + ) _cee lwe| = |9, give
cet
Consequently,

@3, < oy (Z |wc> o] 2 leel (T D3,

cel cet
and with the aid of estimate ( 7) and (28), we obtain

Meqlld, = 121 @), +)_ lwel(@)?, < C Y lwel(la])3, < CK*S(a",4") < CK?|ld" 1§

cel cel
Hence,
gl = Teqll + la"[I& < CRllg" 5,
which implies (35) holds. O

Theorem 1 is now proved as follows:

Proof. The expression for By is an immediate consequence of Lemma 4 and the
estimate (33) from [3]. The error bound (12) is proved in [9, Page 114].
It only remains to show the approximation theoretic properties of the space Myp.
Let p € HY(Q) and gp € M5 be given. Define §p = llpqp € My, then
1 _ ~
sl = la < llp = goll§ + lay — Mpap |-
By applying Lemma 3 twice, we obtain

Cillgr — pga |3,

< S(gr,q0) <CE>Y  (Ilp = 4o 2ok, + el 1000 — a2) /Onel2 k.
cel

and the result follows on collecting estimates. O

4. PROOF OF THEOREM 2
Lemma 5. Let 3y be as defined in (10), then
divwv, q)a S~ ~
(0.9 5 5 fingla — g — Togla. (39)
vEV |U|H1(Q)
Proof. Let ¢ € My, then thanks to Theorem 1 there exists a non-zero v € V9 such
that
B v 1 0y Tpglle < (dive, Tpq)e = (dive, ¢ — pq)e + (dive, g)o

< ol llg — pgllo + (dive, g)e,
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and hence (di )
VU,q)a A OTT T
sup —————— > Bp[|lpqlla — [lg — Hpqlla
vEVp |v|H1(Q)
as claimed. 0
Finally, we give the proof of Theorem 2:

Proof. Let (w,r) € Vp x My be given. The proof consists of selecting a suitable
pair v € Vp and g € My in terms of w and r. The equivalence (27) gives

By(w,r3w, —1) = [w|}1(q) + S(r,7) > [wlf ) + Callr = Tpr|g. (39)
By Lemma 5, there exists @ € V'p such that |w|g1 (o) =1 and
(div @, r)q > Bo||Ter|o — |Ir — Mer||o,
and hence,

Bs(w,r; —w,0) = —(grad w, grad w)q + (divw, r)q

Y

—|w| i1 () + Bo||Tpr|lo — [|Ir — Hpr|q.

Multiplying through by a|Ilpr||q, where v > 0 will be chosen later, and using the
inequality ab < a?Bp/4 + b?/Bp, we obtain
=

~ N a -~ ~ a ~
By(w, 75 —a|[Tlyr|law, 0) > < Be[|Tpr(lg — B*|w|§{1(n) — = |r = Tpr[3.  (40)
P P

Summing (39) and (40) gives

By(w,r;w — a|[llpr|ow, —r)

> (1—a/fp)lwliq) + (C1 — o/ Bs)|lr - Ter|3 + %QB?HﬁTTH?}

> (min(1, C4) - o/ o)l + I ~ Torl) + Sabs [Tor .
Choosing o = min(1,C})/(Bp/2 4 1/Bp) > 0, we obtain

By(aw,73,0) 2 sofis I, )| (ol + I ~ ol + [Fpr|2)Y? (a1)
where v = w — a|[Ilpr||o@w and ¢ = —r. Moreover, since
Sl < ITprl + ir — Tiprl?

and

1 -
§|'U‘%11(Q) < |wli ) + 2| Tpr|[,

we deduce that
I(v,a)l < CQA+ ) |(w,r)]-

In view of (41) we deduce that Theorem 2 holds with stability constant a8y /C/(1+
a) > CR3.
The proof of the a priori error estimate is a variation of the usual argument. Let
(vp,qp) € Vp x My be given, then
I(w = u%,p = p5)l < [(w = vo,p — go)ll + |(uh —vo,p5 —qo)ll.  (42)
Let (wp,rp) € Vo x Myp be non-zero. Direct computation using (16) gives

Bs(uj — vp,pp — qp; wp,rp) = B(u — vp,p — qp;we,r9) + S(gp, r9).
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The first term is bounded by

B(u —vp,p - gp;wp,r9) < Cll(u—vp,p— gp)| [[(we, )|

whilst the second term is bounded using Cauchy-Schwarz and (28); and (28)2 to
obtain

1/2
S(qe,re) < Ck~ralla {Z (Ip = a2 1Z .ok, + el 0P — qov)/ancllicuxc)} :

cel

Hence, using condition (17) gives

B3 Il (uh — vo,ph —apll < Cll(u—vo,p —go)|

1/2
+Ck! {Z (Ilp = gz llx.ux. + el*llo( — q?)/ancﬁcum)} '
cel

The result now follows from (42). O

5. SUMMARY AND RELATED WORK

The current work tackles the problem of alleviating the degeneration of the sta-
bility (inf-sup) constant of mixed finite element spaces when anisotropically refined
elements are used. The stability of mixed finite element methods for incompressible
flow on meshes containing anisotropically refined elements has attracted consider-
able attention in both the mathematical and engineering literature. Early articles
addressing this question in the case of triangular elements include [6,11] whilst [7]
considers the stabilisation of mixed finite element schemes for the Navier-Stokes
equations for quadrilateral elements; related work is presented in [4,10]. In each
of the above mentioned articles, the starting point was a mixed finite element pair
that was not uniformly inf-sup stable, even for shape regular elements.

Our approach is based on the underlying mixed finite element scheme Q41 X
Pi_1, which was analysed for the case of isotropic (shape regular) meshes in [5,14]
and shown to be uniformly stable in both the mesh-size and the polynomial order k.
It was shown [12,13] that the element remains uniformly stable on meshes contain-
ing anisotropically refined edge patches, but numerical evidence showed that the
stability degenerated with the aspect ratio if anisotropically refined corner patches
are permitted. A detailed analysis [3] showed that the degeneration of the inf-sup
constant is governed by the estimate (8) and, more importantly, that the degener-
ation arises from the presence of a single spurious pressure mode associated with
each of the corner patches. Omitting the spurious pressure mode entirely would
degrade the ability of the remaining pressure modes to adequately capture singular
pressures in the neighbourhood of corners. The present work solves the delicate
problem of constraining the admissible pressure modes sufficiently in order that the
resulting mixed pair is uniformly stable with respect to aspect ratio whilst at the
same time retaining virtually all of the approximation properties of the original
pressure space. Remarkably, it transpires that this is not only possible, but can
be achieved by merely constraining the average value in the pressure jump across
a single edge in the neighbourhood of each corner patch. Moreover, it is shown
how this result can be utilised to modify the underlying variational formulation
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the discrete problem to obtain a scheme that is uniformly stable for the origi-
1 (unconstrained) mixed finite element scheme, again without compromising the
proximation properties of the resulting finite element approximation.
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