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Abstract

In this paper ISS small-gain theorems for discrete-time systems are stated, which do
not require input-to-state stability (ISS) of each subsystem. This approach weakens con-
servatism in ISS small-gain theory, and for the class of exponentially ISS systems we are
able to prove that the proposed relaxed small-gain theorems are non-conservative in a
sense to be made precise. The proofs of the small-gain theorems rely on the construction
of a dissipative finite-step ISS Lyapunov function which is introduced in this work. Fur-
thermore, dissipative finite-step ISS Lyapunov functions, as relaxations of ISS Lyapunov
functions, are shown to be sufficient and necessary to conclude ISS of the overall system.

Keywords: input-to-state stability, Lyapunov methods, small-gain conditions, discrete-time non-
linear systems, large-scale interconnections

1 Introduction

Large-scale systems form an important class of systems with various applications such as
formation control, logistics, consensus dynamics, networked control systems to name a few.
While stability conditions for such large-scale systems have already been studied in the 1970s
and early 1980s cf. [30, 33 B6] based on linear gains and Lyapunov techniques, nonlinear
approaches are more recent. An efficient tool in the analysis of large-scale nonlinear control
systems is the concept of input-to-state stability (ISS) as introduced in [34], and the intro-
duction of ISS Lyapunov functions in [34], B5]. The concept of ISS was originally formulated
for continuous-time systems, but has also been established for discrete-time control systems
(22, 20]) of the form z(k + 1) = G(x(k),u(k)), as considered in this work.

As ISS Lyapunov functions are assumed to decrease at each step (while neglecting the
input) the search for ISS Lyapunov functions is a hard task, in general. To relax this as-
sumption we introduce the concept of dissipative finite-step 1SS Lyapunov functions, where
the function is assumed to decrease after a finite time, rather than at each time step. This
approach originates from [I] and was recently used in [28], [0} [§] for the stability analysis of
discrete-time systems without inputs.

We provide, in a first step, an equivalent characterization of input-to-state stability in
terms of the existence of a dissipative finite-step ISS Lyapunov function. The sufficiency
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part follows the lines of |20, Lemma 3.5], which shows that the existence of a continuous
(dissipative) ISS Lyapunov function implies ISS of the system. Necessity is shown using a
converse ISS Lyapunov theorem [20] 26]. Moreover, for the case of exponential ISS systems,
we show that any norm is a dissipative finite-step ISS Lyapunov function.

In this paper, we follow the nomenclature of [33] and say that a large-scale system is
defined through the interconnection of a number of smaller components. For such systems
there exist small-gain type conditions guaranteeing the ISS property for the interconnected
system. Whereas small-gain theorems have a long history, the first ISS versions in a trajectory-
based formulation and in a Lyapunov-based formulation are given in [19] and [I8], respectively.
In both cases the results are stated for systems consisting of two subsystems. These results
have been extended to large-scale interconnections in [5] and [6].

The first ISS small-gain theorems for discrete-time systems were presented in [20], which
parallel the results of [19] and [I8] for continuous-time systems. For interconnections con-
sisting of more than two subsystems, small-gain theorems are presented in [17] and in [5],
whereas in [I7] ISS was defined in a maximum formulation and in [5] the results are given in
a summation formulation. Further extensions to the formulation via maximization or sum-
mation are ISS formulations via monotone aggregation functions. In this formulation, the
ISS small-gain results are shown to hold in a more general form, see [31]. In [6] the authors
present an ISS small-gain theorem in a Lyapunov-based formulation that allows to construct
an overall ISS Lyapunov function. This paper also discusses various examples showing that
depending on the system class different formulations of the ISS property are natural. In [29]
a discrete-time version in a maximum formulation is shown and ISS Lyapunov functions for
the overall system are constructed.

The classical idea of ISS small-gain theory is that the interconnection of ISS subsystems
is ISS if the influence of the subsystems on each other is small enough. This is a sufficient
criterion, but the requirement of all systems being ISS is not necessary, even for linear systems
as we recall in Section Bl Hence, classical small-gain theorems come with a certain conser-
vatism. The main purpose of this work to reduce conservatism in ISS small-gain theory.
This is achieved in the sense that we will not require each subsystem to be ISS. Indeed, each
subsystem may be unstable when decoupled from the other subsystems. This is a crucial
difference to classical ISS small-gain results, where it is implicitly assumed that the other
subsystems act as perturbations. Here the subsystems may have a stabilizing effect on each
other.

The requirement imposed is that Lyapunov-type functions for the subsystems have to
decrease after a finite time. This relaxation also includes previous ISS small-gain theorems
and applies to a larger class of interconnected systems. Furthermore, if the overall system is
explSS, i.e., solutions of the unperturbed system are decaying exponentially, the ISS small-
gain theorems are indeed non-conservative, i.e., they are also necessary.

The proof of the ISS small-gain theorems presented give further insight in the systems be-
havior. For the sufficiency part a dissipative finite-step ISS Lyapunov function is constructed
from the Lyapunov-type functions and the gain functions involved. On the other hand, for
explSS systems suitable Lyapunov-type and gain functions are derived. This in particular
implies a constructive methodology for applications. However, if the overall system is ISS but
not explSS the application of the results is challenging to implement.

To illustrate this methodology we consider a nonlinear discrete-time system consisting of
two subsystems that are not both ISS. To the best of the authors’ knowledge previous ISS
small-gain theorems do not apply in this situation. Following the proposed methodology we



derive a dissipative finite-step ISS Lyapunov function to show ISS of the overall system.

The outline of this work is as follows. The preliminaries are given in Section 2] followed
by the problem statement including the definition of a dissipative finite-step ISS Lyapunov
function, in Section Bl The sufficiency of the existence of dissipative finite-step ISS Lyapunov
functions to conclude ISS is stated in Section Ml In this section we also state a particular
converse finite-step ISS Lyapunov theorem that shows that for any explSS system any norm
is a dissipative finite-step I[SS Lyapunov function. Section [l contains the main results. First,
in Section [B.I1ISS small-gain theorems are presented that do not require each system to admit
an ISS Lyapunov function. In Section (.21 we show the non-conservativeness of the relaxed
ISS small-gain theorems for the class of expISS systems, by stating a converse of the presented
ISS small-gain theorems. We close the paper in Section [l with an illustrative example.

2 Preliminaries

2.1 Notation and conventions

By N we denote the natural numbers and we assume 0 € N. Let R denote the field of real
numbers, R, the set of nonnegative real numbers and R™ the vector space of real column
vectors of length n; further R := (R4)™ denotes the positive orthant. For any vector v € R"
we denote by [v]; its ith component. Then R"™ induces a partial order for vectors v,w € R"
as follows: We define v > w : <= [v]; > [w]; and v > w : <= [v]; > [w];, each for all
i €{l,...,n}. Further; v 2 w: <= there exists an index ¢ € {1,...,n} such that [v]; < [w];.

By |- | we denote an arbitrary fixed monotonic norm on R", i.e., if v,w € R} with w > v
then |w| > |v|. For »; € R%, i € {1,...,N} let (z1,...,2n) = (x],...,z8)". For a
sequence {u(k)}reny with u(k) € R™, we define [Ju||, := suppen{|u(k)|} € Ry U {oo}. If u(-)
is bounded, i.e., [Ju|, < oo, then u(-) € I**(R™).

We will make use of the following consequence of the equivalence of norms in R™: For any
norm | - | on R™ there exists a constant x > 1 such that for all z = (zy,...,2n) € R” with
r; € R™ and n = Zfil n;, it holds

|| <k max |z, (1)
ie{1,..,
where |z;| := [(0,...,0,2;,0...,0)|. In particular, if | - | is a p-norm then x = N7 is the
smallest constant satisfying ().

2.2 Comparison functions and induced monotone maps

It has become standard to use comparison functions to state stability properties of nonlinear
systems. Here we use functions of class IC, Koo, L, L. For a definition see [23].
A Koo-function « is called sub-additive, if for any s1, s9 € Ry it holds

a(s1 + s2) < afs1) + as2).

In the following lemma we collect some facts about K..-functions, which are useful not
only in the particular proofs of this work. Note that the symbol o denotes the composition
of two functions.

Lemma 2.1 (i) [10, Prop. 3] The pair (Ko, 0) is a non-commutative group. In particular,
for a, a1, 00 € Koo the inverse o™ ! € Koo exists, and oq 0 as € Koo.



(ii) For oy, as, a3 € Ko we have
ap(max{ag, az}) = max{ag o ag, a1 o ag}.

For any two functions oy, ag : Ry — Ry we write ag < ag (resp. a1 < ag) if ai(s) < aa(s)
(resp. ai(s) < as(s)) for all s > 0. A continuous function 7 : Ry — Ry is called positive
definite, if n(0) = 0 and 7(s) > 0 for all s > 0. By id we denote the identity function id(s) = s
for all s € Ry, and by 0: Ry — 0 we denote the zero function.

Given 7,5 € Koo U {0} for i,5 € {1,...,n}, we define the map I'g, : R} — R"} by

max {711([s]1), - -, Yin([s]n)}
olo) = z - @
max {7n1([3]1)7 s 77”71([8]”)}

For the kth iteration of this map we write I’} . Note that I's, is monotone, i.e., Ig(s') < Ig(s?)
for all s',s* € R" with s! < s?, also I'g;(0) = 0.

2.3 Small-gain conditions

Consider the map I'y from @), let §; € Koo, D; = (id+9;), i € {1,...,n}, and define the
diagonal operator D : R} — R’ by

D(s) :== (Di([s1),- - Du([s]n) " - (3)
Definition 2.2 The map g, from () satisfies the small-gain condition if
Ig(s) 25 forall s € RT\{0}. (4)

The map g satisfies the strong small-gain condition if there exists a diagonal operator D as
in @B) such that

(DoTg)(s) 25  forall s € RY\{0}. (5)
The condition T'g(s) # s for all s € R \{0}, or for short I', 7 id, means that for any
s > 0 the the image I'g/(s) is decreasing in at least one component * € {1,...,n}, ie.,

Ca(s)]ix < [s]i. Furthermore, we can assume that all functions ¢; € Ko of the diagonal
operator D are identical, by setting 0(s) := min; 6;(s). We will then write D = diag(id +9).
For any factorization D = Dy o Dy with diagonal operators Dy, Drr : Rt — Rl as defined
above, it holds that D o'y 2 id <= Djol'g o D;; # id, and, in particular, D o I'g, 2
id < T'goD #id.

As shown in [6, Theorem 5.2] the (strong) small-gain condition (@) (resp. (&) implies the
existence of a so-called Q-path & with respect to I'g (resp. D oI'g) (J6, Definition 5.1]). The
essential property of Q-paths used in this work is that ¢ = (61,...,6,) € K%, and satisfies
Ig(a(r)) < a(r) (resp. (Dolg)(a(r)) < a(r)) for all » > 0. The numerical construction of
(-paths can be performed using the algorithm proposed in [II]. A simple calculation shows
that if ¢ is an Q-path with respect to D o'y if and only if DI_I1 o is an 2-path with respect
to Dy ol'g o Dyy, where D = Dyy o Dy is split as above.



Remark 2.3 Condition (@) originates from [5] and is in fact equivalent to the equilibrium
s* =0 of the system s(k+1) = Ig(s(k)) being globally asymptotically stable (GASEI), see [32,
Theorem 6.4]. The idea comes from the linear case with T' € RY*™, where the following is
equivalent (see [32, Lemma 1.1] and [5, Section 4.5]):

(i) for the spectral radius it holds p(I") < 1;
(i1) I's 2 s for all s € R} \{0};
(i4i) T* — 0 for k — oo;
(iv) the origin of the system s(k + 1) =T'(s(k)) is GAS.

For the map I'g defined in ([2]) we have the following equivalent condition, which gives the
possibility to check the small-gain condition (see [32, Theorem 6.4]).

Proposition 2.4 The map I'g : Ry — R defined in @) satisfies the small-gain condition
M) if and only if all cycles in the corresponding graph of I'g are weakly contracting, i.e.,

Vioir © Yiriz © - -+ © Vigio < id for k € N, i; # 1 for j # L.

Note that it is sufficient that all minimal cycles of the graph of I'g are weakly contracting,
which means that i; # ¢; for all j,1 € {0,...,k}. Thus, k < n.

3 Problem statement
We consider discrete-time systems of the form
x(k+1)=G(x(k),u(k)), ke N. (6)

Here u(k) € R™ denotes the input at time k& € N. Note that an input is a function u : N — R™.
By z(k,&,u(-)) € R™ we denote the solution of (@) at time k € N, starting in z(0) = £ € R”
with input wu(-).

Throughout this work the map G : R" x R™ — R" satisfies the following standing as-
sumption.

Assumption 3.1 The function G in () is globally KC-bounded, i.e., there exist functions
wi,ws € I such that for all & € R™ and p € R™ we have

G (& W < wi([€]) +walp)- (7)

Assumption B implies continuity of G in (0,0), but it does not require the map G to be
continuous elsewhere (as assumed e.g. in [20} 21} 29]) or (locally) Lipschitz (as assumed e.g.
in [2| [I]). For further remarks on Assumption Bl see Remark B3] and Appendix [A.2]

Definition 3.2 We call system (@) input-to-state stable if there exist 5 € KL and v € K
such that for all initial states & € R™, all inputs u(-) € I*°(R™) and all k € N

(K, & u()] < BUELF) +v([ull)- (8)

lsee Remark for a definition




If the KL-function B in ) can be chosen as
B(r.t) = Cx'r (9)

with C > 1 and K € [0,1), then system (Q) is called exponentially input-to-state stable (ex-
pISS).

An alternative definition of ISS replaces the sum in () by the maximum. Indeed, both
definitions are equivalent, and the equivalence even holds for more general definitions of ISS
using monotone aggregation functions, see [12] Proposition 2.5].

Remark 3.3 Since we are interested in checking the ISS property of system (@), it is clear
that the existence of functions wi,wq € K satisfying ([@) in Assumption [31] is no restriction,
since every ISS system necessarily satisfies [@). In particular, by @), we have

|G(& )| = [=(1,& )] < B(ELT) + (|l

and we may choose w1(-) = B(-,1) and wa(-) = () to obtain ([{). Moreover, for explSS
systems we can take wi(s) = Cks where C > 1 and k € [0,1) stem from (). In other words,
any explSS system is globally IC-bounded with a linear function wy, € K.

The following lemma shows that by a suitable change of coordinates, i.e., a homeomor-
phism 7" : R” — R"™ with 7'(0) = 0 (see e.g. [24]), we can always assume that wy € K in (1)
is linear.

Lemma 3.4 Consider system (@) and let Assumption [31] hold. Then there exists a change
of coordinates T such that for z(k) := T(x(k)) the system

2(k+1) = G(2(k),u(k)), VkeN (10)

satisfies ([T) with linear wy € K.

Proof. Consider a change of coordinates 7' : R™ — R", and define z(k) := T'(z(k)),
where x(k) comes from (@). Then z satisfies (I0]) with

é(z,u) =T(G(T7(2),u)).

Note that G(0,0) = 0 since T and its inverse fix the origin. Furthermore, let wi,wy € K
satisfy (7)) for the map G. Without loss of generality, we assume that (2w; —id) € Koo, else
increase wy. Take any A > 1. By [25] Lemma 19] there exists a Ko-function ¢ satisfying

©(2w1(s)) = Ap(s) Vs > 0. (11)
Define T'(x) := cp(\m])‘—;‘ for z # 0, and T'(0) = 0. Clearly, T is continuous for z # 0. On
the other hand, |T'(z)| = ¢(]z|), so continuity of T in zero is implied by continuity of ¢ and

©(0) = 0. With z = T'(x) a direct computation, using again that |z| = ¢(|z|) and that z and
z are on the same ray, yields 771(2) := ¢~ (|z|) & for z # 0 and T~(0) = 0. By the same

||



arguments as above also 77! is continuous. Hence, T is a homeomorphism. Moreover, we
obtain the following estimate

It
8

GEM = ¢ (16 (¢ 1D 5 A) 1) < ¢ (wile™ (€)) +wa(liil))

< ¢ (2017 0E)) + ¢ (2ua(1) T A&+ (22(1)).

|

So, G satisfies (Z) with the linear function wy(s) = As, s € R, which concludes the proof. [

Remark 3.5 We further note that 1SS implies global asymptotic stability of the origin with
0 input (0-GAS), i.e., the existence of a class-ICL function 8 such that for all £ € R™ and all
keN,

(K, &, 0)| < B(I¢], ).

In [3] the author shows that for discrete-time systems (6l with continuous dynamics integral
input-to-state stability (iISS) is equivalent to 0-GAS. Note that this is not true in continuous
time.

To prove ISS of system (@) the concept of ISS Lyapunov functions is widely used (see e.g.
[20]). Note that in the following definition we do not require continuity of the ISS Lyapunov
function. To shorten notation, we call a function W : R™ — R proper and positive definite
if there exist a1, as € Ky such that for all £ € R™

ar([¢]) < W(E) < a([€]).

Definition 3.6 A proper and positive definite function W : R™ — R is called a dissipative
ISS Lyapunov function for system () if there exist o € K and a positive definite function p
with (id —p) € K such that for any £ € R™, p € R™

W(G(E, 1) < p(W(E)) + o(|p))- (12)

Remark 3.7 (i) In many prior works (e.g. [20, [29]) the definition of a dissipative 1SS
Lyapunov function requires the existence of a function as € Koo and a function o € K such
that

WI(G(E, 1) = W (&) < —as([¢]) + o(|u]) (13)

holds for all £ € R™, u € R™. Let us briefly explain, that this requirement is equivalent to
Definition [3.0. First, from [I3) and the positive definiteness of W we get 0 < W(G(&, 1)) <
W(&) = az(|€]) + o(lul) < (id—az 0 azY(W(E)) + a(|lul) = p(W(€)) + olul) with p =
(id —az o ay ') positive definite, and (id —p) = az o ay' € Koo. So ([@3) implies [[2). To
show the other implication, note that since 0 < W(G(&, p)) < (e — a3)(|€]) + o(|p]) holds it
follows that as(s) > as(s) for all s € Ry by taking p = 0. Let [I2)) hold with positive definite
function p satisfying (id —p) € Ko, then we get W(G(E, u)) — W(E) < —ag([€]) + o(|u]) for
ag = (id—p) ooy € Ko, which is ([I3).

(ii) For systems with external inputs u there are usually two forms of 1SS Lyapunov functions.
The first one is the dissipative form of Definition [38. The other type are frequently called



implication-form ISS Lyapunov functions. These are proper and positive definite function
W R™ — Ry satisfying

€= x(u) = WI(GE, p) < p(W(E)). (14)

for all € € R, € R™, and some positive definite function p <id and x € K.

If the function G in (@) is continuous then conditions (I2) and ([I4]) are equivalent, see [20],
Remark 3.3] and [14), Proposition 3.3 and 3.6]. So the existence of a dissipative or implication-
form ISS Lyapunov function implies ISS of the system if the dynamics are continuous.

If G is discontinuous then the equivalence between the existence of dissipative and implication-
form ISS Lyapunov functions is no longer satisfied. Indeed, any dissipative 1SS Lyapunov
function is an implication-form ISS Lyapunov function, but the converse does not hold in gen-
eral, see [T])]. In particular, for discontinuous dynamics, an implication-form ISS Lyapunov
function is not sufficient to conclude ISS, see also [27, Remark 2.1] and [1]], Example 3.7].

(i1i) To prove ISS of system (@), the authors in [1j], Proposition 2.4] have shown that the
assumption (id —p) € Ko in Definition[3.8 can be weakened to the condition (id —p) € K and
sup(id —p) > supo. Moreover, for any ISS system (@) there exists a dissipative ISS Lyapunov
function W with linear decrease function p, see [1{), Theorem 2.6].

We relax the condition (I2]) in Definition by replacing the solution after one time step
G(& p) = x(1,&, 1) by the solution after a finite number of time steps. This relaxation was
recently introduced in [28] [0 [§] for systems without inputs. In the context of ISS, i.e., for
systems with inputs, this concept appears to be new.

Definition 3.8 A proper and positive definite function V : R™ — R4 is called a dissipative
finite-step ISS Lyapunov function for system (0l) if there exist an M € N, o € K, a positive
definite function p with (id —p) € Ko such that for any £ € R™, u(-) € [*°(R™)

V(@(M, & u(-)) < p(V(€) +o(llull)- (15)

At first glance the task of finding an ISS Lyapunov function appears to have become
easier, as we are only required to satisfy a condition after a finite number of steps. We
will show later that there is some truth to this point of view, in that it is possible to show
that a simple class of functions always yields a dissipative finite-step ISS Lyapunov function.
Unfortunately, there is now a new general question: It is not sufficient to know a dissipative
finite-step ISS Lyapunov function, but we also require to know the constant M, which may
be hard to characterize.

In the next section we study properties of dissipative finite-step ISS Lyapunov functions.

4 Dissipative Finite-Step ISS Lyapunov Theorems

We start this section by proving that the existence of a dissipative finite-step ISS Lyapunov
function is sufficient to conclude ISS of system (@). As any dissipative ISS Lyapunov function
is a particular dissipative finite-step ISS Lyapunov function, this result is closely related to [20,
Lemma 3.5]. Furthermore, the class of dissipative ISS Lyapunov functions is a strict subset of
the class of dissipative finite-step ISS Lyapunov functions. Hence, this result is more general
than showing that the existence of a dissipative ISS Lyapunov function implies ISS of the
underlying system. The proof requires a comparison lemma and an additional lemma, which
are given in the appendix.



Theorem 4.1 If there exists a dissipative finite-step 1SS Lyapunov function for system ([6l)
then system () is 1SS.

The proof follows the lines of [20, Lemma 3.5], which establishes that for continuous
dynamics the existence of a continuous dissipative ISS Lyapunov function implies ISS of the
system. Note that in this work we consider global K-boundedness of the system dynamics
instead of continuity such as in [20].

Proof. Let V be a dissipative finite-step ISS Lyapunov function satisfying Definition [3.8]
for system ([6l) with suitable a1, s € Koo, M € N, 0 € K, and a positive definite function p
with (id —p) € K. Let £ € R™ and fix any input u(-) € [*°(R™). We abbreviate the state
z(k) == x(k, & u(-)). Let v € K be such that id —v € Ko and consider the set

A= {¢eR": V() <é:=(d—p) " ovtoo(ull,)} -

We will now show that for any k € N with z(k) € A we have z(k +IM) € A for all | € N.
Using ([I3]), a direct computation yields

Vi(e(k + M) < p(V(z(k))) + o([lull) < p(d) + o([Jull)
= —(ld—v) o (id —p)(0) + 6 — v o (id —p)(9) + o([[u])
= —({id—v)o (id —p)(d) + 6 < 0.

Hence, z(k + M) € A and by induction we get z(k +IM) € A for all [ € N.
Let jo € NU {oo} satisfy jo := min{k € N : z(k),...,z(k+ M — 1) € A}. By definition
of jo and by the above consideration, we see that x(k) € A for all k£ > jy. Thus, we have

V(z(k) < (id —p) "o v oo (flullg) = A(llull). (16)

For k < jg, we have to consider two cases.

First, if 2(k) € A then by definition of A we have V(z(k)) < F(||ull). Secondly, if
x(k) ¢ Alet ] € N and kg € {0,...,M — 1} satisfy k& = IM + kg. Since z(ky) € A
implies z(IM + ko) € A, we conclude z(kg) ¢ A. Hence, by definition of A, V(z(kg)) >
(id—p)~tov=too(||ull,), or, equivalently, o(|ull, ) < v o (id —p) o V(x(kg)), which implies

V(z(ko + M)) < p(V(z(ko))) + o([|ull«)
< p(V(2(ko))) + v o (id —p) o V(x(ko))
= (p+vo(id—p))oV(z(k)).

Note that the function x := (p + v o (id —p)) satisfies x = id —(id —v) o (id —p) < id. Let
L:=sup{l e N : V(z(IM + ko)) ¢ A}. Then we have for all [ € {0,...,L}

V(z((I+1)M + ko)) < x(V(z(IM + ko))).

Note that the function x = p + v o (id —p) is continuous, positive definite and unbounded as
v, (id —p) € Koo, and it satisfies x(0) = 0. Hence, we can without loss of generality assume
that y € Koo, else pick ¥ € K satisfying x < x < id. Applying Lemma [A.T] there exists a
K L-function fy, satisfying

V(z(IM + ko)) < Bro (V(z(ko)), (M + ko)



for all I € {0,...,L}. Moreover, for all [ > L, we have V(z(IM + ko)) € A implying
V(x(IM + ko)) < A(||u|lo)- Thus, for all I € N, we have

V(@(IM + ko)) < max { S, (V(x(ko)), IM + ko) , 7([lullo0)} - (17)

It is important to note that both 4 and x are independent on the choice of ¢& € R™ and
u(-) € I°°(R™). In addition, by the proof of Lemma [A] also Sk, € KL does not depend on
¢ € R" and u(-) € [°°(R™). Hence, (I7) holds for all solutions z(k).

Define the L-function

P ey a7

and Vir* (&, u(+)) == maxjeqo.. apr—13 V(2(4,§,u(-))). Then for all £ € N, all £ € R" and all
u(-) € I°°(R™) we have

V((k)) < max { B u()), 1), 7 (el )}

Consider ¥;,¢; € K from Lemma [A3] and define 9 := max;eqo,. . m—1} @2(29;) and ¢ =
max;eqo,... m—1} @2(2¢;). Then for all £ € R” and u(-) € I*°(R™) we get

it (G ul) s | | max | as(lz(j)]) < D€ + Cllull)-

So all in all we have for all k£ € N, all £ € R™ and all u(-) € I,
V(a(k) < max { BO(ED + (lull o). ). 3(ull)
< max { 3(20(€)), k) + B2 (l[ull.), 0), 3(lull)
Bi(e. k) + (Aelllule). 0) +7(lully))

IN

Hence, we get (@) by defining [(s,r) = a7 '(28(20(s),7))  and
v(s) :=ayt (2(5(2§(||u||00), 0) + i(HuHOO))) Note that for fixed r > 0, 5(-,7) is a K-function

as the composition of K-functions, and for fixed s > 0, (s, ) € L, since the composition of K-
and E-functions is of class L (see [15, Section 24], [23] Section 2]), so really § € KL. Further
note that the summation of class-K functions yields a class-KC function, so v € K. O

Remark 4.2 To clarify the concept of dissipative finite-step ISS Lyapunov functions we now
discuss the connection to higher order iterates of system ([).

Let G : R" x R™ — R"™ from (Bl) be given. Then, for any i € N with i > 1, we define the
ith iterate of G, denoted by G* : R™ x (R™)" — R"™, as follows:

E€R", w; =u; €R™ = GHEwy) = G(Ewy),
f S Rn, w; = (ul,. .. ,’LLZ') € (Rm)Z — Gl(f,wl) = G(Gi_l(E,wi_l),ui)

with i € N, i > 2. Now fix any M € N, and consider the system

(k4 1) = GM(z(k), wr (k) (18)
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with state T € R™ and input function wyr(-) = (u1(-),...,up(-)) taking values in (R™)M.
Firstly, for any k € N there exist unique l € N and i € {1,..., M} such that k =M +i. For
u: N — R™ define u;, i € {1,.., M}, by

w;i(l) == u(IM + 1), leN,

we call ([A8)) the M -iteration corresponding to system [@l). Note that ||war|| o := max{|lu1| o ,--
llull - It is not difficult to see that for all j € N and all £ € R™ we have

Thus, if system (@) is ISS, i.e., it satisfies ), then also the M-iteration ([I8) is ISS and
satisfies
. @, . . o
12(5, & wn ()] =" |z(GM, & u())] < BUELL M) +v(llulloo) =2 BUEL J) + v ([[wnloo)-
Moreover, a dissipative finite-step ISS Lyapunov function for system (@) with suitable M € N
is also a dissipative ISS Lyapunov function for the M -iteration (I8]).

Conversely, let system ([I8) be ISS then there exists a dissipative ISS Lyapunov function
V' for system ([R) (see e.g. [20, Theorem 1] for continuous GM or [T, Lemma 2.3] for

discontinuous GM ). From () we see that V is also a dissipative finite-step 1SS Lyapunov
function for system (@), and by Theorem [[-1] we conclude that system (Gl) is ISS.

Summarizing, we obtain the following corollary.

Corollary 4.3 System (@) is ISS if and only if the M -iteration (A8)) is ISS. In particular, a
function V : R™ — Ry is a dissipative Lyapunov function for system ([I8)) if and only if it is
a dissipative finite-step Lyapunov function for system ().

As finding a (dissipative) ISS Lyapunov function is a hard task, we will see in the remain-
der of this work that finding a dissipative finite-step ISS Lyapunov function (or, equivalently, a
dissipative Lyapunov function for a corresponding M-iteration) is sometimes easier. Further-
more, if we impose stronger conditions on the dissipative finite-step ISS Lyapunov function
and the dynamics, then we can conclude an exponential decay of the bound on the system’s
state.

Theorem 4.4 Let system (@) be globally K-bounded with linear wi € K. If there exists a
dissipative finite-step 1SS Lyapunov function V' for system (@) satisfying for any & € R™ and
u(-) € I*°(R™)
alg]* < V() < vlg,
V(M. & u(-))) < cV(§) +dlull

with b > a > 0,c € [0,1) and d,\ > 0, then system ([l is expISS.
Proof. The proof follows the lines of the proof of Theorem [£1l Hence, we will omit the
detailed proof, and only give a sketch.

Consider the linear global KC-bound wy € K4,. We assume that wy € K is a linear function,
too. This assumption is only for simplifying the proof, but does not change the result. First

11
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note that in the proof of Theorem 1] we can choose v(s) = hs with h € (0,1), and since p
and o are linear Ko-functions, we obtain that J(s) := (id —p)tov~too(s) = ni—gs s a

linear function. Furthermore, in the case that z(k) & A, we see that

Define % := (¢ + h(1 — ¢)) < 1. In this case using the comparison Lemma [A.2] we obtain the
estimate

(/)" max
Vi(z(k, & ul() < 5=V (& ul)),
where Vi** (&, u(-)) == maxjeqo,.. p—13 V(2(4, & u(r))). Let wi(s) := wis and wa(s) = was
for s € Ry and w1, wy > 0. Using Lemma[A.4] the estimate (39) is satisfied for J;(s) = wls
and ¢;(s) = ws Zg:_é wis. Thus,

A

j—1
V(x(j,&U(')))Sb(\fc(J}&U('))!)Aébévilf\wz > wi HUHOO> =b (1 [€]+ @ |[u] o)
i=0
with Wy := max;co,.. m—1} w{, and wy 1= max;ec(o,.. p—1} W2 Zg:_é w?, and hence,
geM [ = g
V(x(k ) < b i
(thu) < e S {wfle 02 3wl

b=k/M (- ~ A
< BRMM (@1lg] + o full ) -

This implies that for all £ € R™ and all u(-) € [*°(R™) we have

ok, € ()] < (a7 V(& u() ™ < () (el + 2 )

A A
bt/ bt/
< <?> KFE| + <# o {pe

A
_1/A
with & := &/* < 1. So, system (@) satisfies (8) with 8 as in (@), where C' = <bw1 ) and

ar
k < 1 as defined above. Hence, system (@) is expISS.

While Theorem [Tl shows the sufficiency of the existence of dissipative finite-step ISS Lya-
punov functions to conclude ISS of system ([@l), we are now interested in the necessity. At this
stage we can exploit the fact that any dissipative ISS Lyapunov function as defined in Defini-
tion is a particular dissipative finite-step ISS Lyapunov function satisfying Definition [3.8]
with M = 1.

Proposition 4.5 If system (@) is ISS then there exists a dissipative finite-step ISS Lyapunov
function for system ().

Proof. If the right-hand side G : R" x R™ — R" of system ({@]) is continuous, then [20,
Theorem 1] implies the existence of a smooth function V' : R” — Ry satisfying a;(|¢]) <
V(€) < a([€]) and V(G(E,p) = V(§) < —as([¢]) + o(|ul) for all & € R", p € R™, and

12



suitable a1, ag, a3 € Ky, 0 € K. Then with Remark B7l and M = 1 it is easy to see that V'
is a dissipative finite-step ISS Lyapunov function. This result also applies to discontinuous
dynamics, see [14, Lemma 2.3]. g

Obviously, Proposition .5 makes use of the converse ISS Lyapunov theorem in [20} [14] to
guarantee the existence of a dissipative (finite-step) ISS Lyapunov function.

For the case of explSS systems of the form (@), it turns out that norms are dissipative
finite-step ISS Lyapunov functions.

Theorem 4.6 If system (@) is expISS then the function V : R" =R, defined by

V() =g,  £eR" (20)

is a dissipative finite-step 1SS Lyapunov function for system (@).

Proof. System (@) is expISS if it satisfies (8) with (@) for constants C' > 1 and s € [0, 1).
Take M € N such that CkM < 1, and V as defined in (0). Clearly, V is proper and positive
definite with vy = a9 = id € K. On the other hand, for any ¢ € R"™, we have

V(z(M,&u() = [2(M, € u(-))] < CkMIE]+([lull)
= Cr"V (&) +7(lull ) = p(V(€)) + o (llull.)

where p(s) := CxMs < s for all s > 0, since Ck™ < 1. Note that (id —p)(s) = (1 — CkM)s €
Kso and o := v € Ko, which shows (I&]). So V' defined in (20) is a dissipative finite-step ISS
Lyapunov function for system ({). O

We emphasize that the hard task in Theorem is finding a sufficiently large M € N.
However, Theorem suggests to take the norm as a candidate for a dissipative finite-step
ISS Lyapunov function. Verification for this candidate function to be a dissipative finite-step
ISS Lyapunov function can be done as outlined in the following procedure.

Procedure 4.7 Consider system (@) and assume that Assumption[31] holds.
[1] Set k = 1.

[2] Check
(K, &, u(-)] < clé] + o(lulpr)

for all § € R™, u(-) € I°°(R™) with suitable ¢ € [0,1) and 0 € K. If the inequality
holds set M = k; else set k =k + 1 and repeat.

If this procedure is successful, then V(&) = |£| is a dissipative finite-step 1SS Lyapunov
function for system (©l). By Theorem [].4] system (@) is expISS.

At this point we should mention that the procedure just described is far from being an
algorithm. The question how to really perform item [2], which should result in global bounds,
would depend on the existence of suitable analytic or numerical bounds which may or may
not exist depending on the system class at hand. For easy examples this can surely be done
by hand. How to address this question systematically would depend on specific situations
and we will not discuss this issue here. It is clear that in general this is a very hard task.
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5 Relaxed ISS Small-Gain Theorems

In this section we consider system (@) split into N subsystems of the form

with z;(0) € R™ and g¢; : R™ x ... x R"™ x R™ — R"™ for ¢ € {1,...,N}. We further let
n = Zf\il ni, © = (r1,...,2y) € R", then with G = (g1,...,9n5) we call (@) the overall
system of the subsystems (2I). In this sense (2I]) is what we call a large-scale system.

A typical assumption of classical (Lyapunov-based) small-gain theorems is the requirement
that each subsystem (21]) has to admit an ISS Lyapunov function (see e.g. [16] [0, 29]). This
assumption comes from the fact that in small-gain theory the influence of the other subsystems
is considered as disturbance. This is quite conservative as can be seen from the following linear

System

2k +1) = ( 1_2 _11 >:p(k), keN.

As the spectral radius of the matrix is equal to v/2/2 the origin is GAS. But the first decoupled
subsystem x1(k + 1) = 1.5z1(k) is unstable. So classical small-gain theorems cannot be
applied.

The aim of this section is to derive an ISS small-gain theorem which relaxes the assumption
of classical (Lyapunov-based) ISS small-gain theorems. We assume that each system has to
admit a Lyapunov-type function that decreases after a finite number of time steps rather than
at each time step. Here it is important to note that these decrease conditions are formulated
for the interconnected system, not for the decoupled system. The latter is a standard feature
of the classical approach. So the Lyapunov-type functions proposed here do not require 0-GAS
of the origin of the subsystems.

The results in this section are based on the small-gain theorems presented in [13] O]
for systems without inputs, and the construction of (finite-step) ISS Lyapunov functions
presented in [6]. The section is divided in two parts. In Section 5.1 we prove ISS of system (@)
by constructing an overall dissipative finite-step ISS Lyapunov function. In Section 5.2 we
show that the relaxed small-gain theorems derived are necessary at least for expISS systems.

5.1 Dissipative ISS small-gain theorems
We start with the case that the effect of the external input u can be captured via maximization.

Theorem 5.1 Let (@) be given by the interconnection of the subsystems in [2I)). Assume
that there exist an M € N, M > 1, functions V; : R™ — R, v;; € Koo U {0}, i € K U {0},
and positive definite functions ;, with d; := (id+6;) € Keo, fori,j € {1,...,N} such that
with I'g defined in ([2)), and the diagonal operator D defined by D = diag(d;) the following
conditions hold.

(i) For alli € {1,...,N}, the functions V; are proper and positive definite.

(ii) For all § = (&1,...,6n) € R™ with & € R™, i€ {1,...,N} and u(-) € I°°(R™) it holds
that
Vi(z1 (M, & ul-))) Vi(&) Yiu(flwll )

< max< I'g

. ’

V(e (M, €, u(-))) Y (Ew) vall)
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(iii) The small-gain condition g oD #id holds.

Then there exists an Q-path & € KXY for T'q o D. Moreover, if for all i € {1,...,N} there
exists a Koo-function é&; satisfying

Gilod Y og; =6 o (id+8;) " o =id —dy (22)

then the function V : R™ — R, defined by

V() = max(5; ! o d ) (Vi(&)- (23)
is a dissipative finite-step ISS Lyapunov function for system (@). In particular, system (@) is
155S.

Let us briefly discuss the differences in the assumptions of Theorem B when compared
to the small-gain theorem for the maximization case e.g. from [0]. First there is of course
the finite-step condition (ii), but this is not surprising. What is conceptually new is that a
strong small-gain condition I'g; 0 D % id is required and in addition we need the existence of
the functions &; satisfying ([22]). This is by no means automatic. If ISS of all subsystems is
assumed as in [6] then in the maximization case the condition I'q 7 id is sufficient. In our
proof we use the stronger condition and we suspect that this extra robustness required is not
merely a result of our technique of proof. Rather, it is essential to deal with possibly unstable
subsystems. We explicitly point out the step where the new condition (22]) is needed in the
proof.

Proof.  Assume that V; and +;j,7, satisfy the hypothesis of the theorem. Denote
Yu () == (Y1u(-)s -, Ynu(-)) T. Then from condition (iii) and [6, Theorem 5.2-(iii)] it follows
that there exists an Q-path & € KXY such that

(Tg 0 D)((s)) < a(s)
holds for all s > 0. In particular,

~—1 ~ .

i,jer{rﬁm'?(’N} g, ovodjoo; <id. (24)

In the following let 4,5 € {1,...,N}. Let V : R" — R, be defined as in (23]). The aim is

to show that V' is a dissipative finite-step ISS Lyapunov function for the overall system (@).

Recall that condition (i) implies the existence of ay;, ag; € Koo such that for all & € R™ we
have a1;(1§]) < Vi(&) < a2i(|&]). Thus,

V(€) 2 max(3; ' o d)(eni(1&i]) = n(l€])

with aq := min; 5']-_1 o dj_1 o0 % id € Koo, where £ > 1 comes from (IJ). On the other hand
we have
V(§) < mlfdx(f}i_l odi (a2 (I&])) < aa(€])

2Note that the strong small-gain condition in Definition Z2requires the functions d; in the diagonal operator
to be of class Koo, whereas here we only require §; to be positive definite.
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with a9 := max; o d o ag; € Koo, which shows V' defined in (23] is proper and positive

definite. To show the decay of V, i.e., an inequality of the form (I3]), we define o := max; &, Lo

d; lo Yiu, and obtain
V(@(M, & u()) = max(6; " o d; ) (Vilwi(M, &, ul-))
cond. (i7)

< maor o ar?) (max {04670 (o)

(2

~ max {max6;1 0 d" 0y (V(€,)) max s 0 d o mnuuoo)}

Z?]

< max { max( 5 tod; 05’2-) o (5;10%j0dj05j) o <5'j_10dj_10Vj(£j)),0(||u\|oo)}

7]
=id —&; by (]m <id by (IED SV(ﬁ)

< max {max(id -6 (V (€):o(lull)}-

Define p := max;(id —&;), then p € Ko by (22]), and satisfies id —p = min; &; € K. Noticing
that the maximum can be upper bounded by summation, this shows that V' is a dissipative
finite-step ISS Lyapunov function as defined in Definition Then from Theorem 4.1l we
conclude that system (@) is ISS. O

Remark 5.2 (i) To understand the assumptions imposed in Theorem [51 consider the case
that M =1 and §; € Koo, @ € {1,...,N}. First, by condition (ii), we have for any i €
{1,...,N}

Vi(zi(1, &, u(-))) Smax{ max i j(ﬁj)),%ullu\lw}- (25)

Jje{1,...N}

From the small-gain condition (iii) we conclude that y;; o (id +0;) < id by considering the ith
unit vector. Hence, since 0; € Koo, we have v; < (id +6;)~! = id —d; with &; € Ko, where
the last equality follows from [32, Lemma 2.4]. Thus, we can write ([20]) as

Vi(zi(1, &, u(+))) §(1d 5 Vi(&i)) "‘Z’YU ) + Yiullull o

:'pl J#Z

Together with condition (i) this implies that the functions V; are dissipative 1SS Lyapunov
functions for the subsystem (2I) with respect to both internal and external inputs. Therefore,
if M =1 and §; € K then Theorem [51) is a dissipative small-gain theorem for discrete-time
systems in the classical sense, see also Remark [5.0.

(ii) If M = 1 and the functions 6; are only positive definite then the functions V; are
not necessarily dissipative ISS Lyapunov functions, as we cannot ensure that the decay of V;
in terms of the function p; satisfies id —p; € Koo. Thus, in Theorem [21], even in the case
M =1, we do not necessarily assume that the subsystems are ISS.

(11i) Now consider the case M > 1. In Theorem [11], the internal inputs x; may have
an stabilizing effect on system x; in the first M time steps, whereas the external input u is
considered as a disturbance. Thus, the subsystems do not have to be ISS, while the overall
system is ISS. This observation is essential as it extends the classical idea of small-gain
theory. In particular, the subsystems 2I) can be O-input unstable, i.e., the origin of the
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system x;(k + 1) = g;(0,...,0,2z;(k),0,...,0) can be unstable. See also Section [ devoted to
the discussion of an example.

In the following example we show that condition (22]), which quantifies the robustness
given by the scaling matrix D, is not trivially satisfied, even if §; € K.

Example 5.3 Consider the functions

G(s)i=e" =1, 67 (s) =log(s +1), d(s)=(s+1) |1~ <sj+1> h

It is not hard to see that 5,671 € Keo. Moreover, by [T, Appendiz A.3], also 6 € Koo and
(id—9) € Keo- Similarly as in [32, Lemma 2.4/, there existd] a function § € Koo such that
(id+0)~! =id —0. Hence, we have for all s € R

G o (id+6) " od(s) =6 "o (id—0) oa(s) =s(1—e ).
As limg o0 (1 — €7%) — s =0, there cannot exist a Koo-function & satisfying [22).

In condition (ii) of Theorem [5.1] the effect of internal and external inputs is captured via
maximization. Next, we replace the maximum in condition (ii) of Theorem [E.1lby a sum. Note
that in the case of summation, the small-gain condition invoked in Theorem [(.Jlis not strong
enough to ensure that V' defined in (23)]) is a dissipative finite-step ISS Lyapunov function (see
[6]), so we also have to change condition (iii) of Theorem 5.1l In particular, we assume that
the functions §; are of class K4, and not only positive definite. We recall from Section 23]
that if the diagonal operator D = diag(id 4-¢;) is factorized into

D = Dyo Dy, D; = diag(id +9;;), 6ij € Ko, 1 € {1,...,N}, j € {1,2} (26)
then D oT'g 7 id is equivalent to D1 o I'g, 0 Dy # id.

Theorem 5.4 Let ([6l) be given by the interconnection of the subsystems in 21I). Let d;, s, ,0iy €
Koo fori € {1,...,N} and D := diag(d;) := diag(id+d;) satisfy 20). Assume that there
exist an M € N, M > 1, functions V; : R" — Ry, vi; € Koo U {0}, and v, € K U {0} for
i,7 €4{1,..., N} such that with T'q, defined in ) the following conditions hold.

(i) For alli € {1,...,N}, the functions V; are proper and positive definite.
(ii) For all § € R™ and u(-) € [°°(R™) it holds that

Vi(x1(M, €, ul-))) Vi(&1) Yu(llull )
: <Ts : + :
Vn(zn (M, & u(-))) Vn(€n) YN[l o)

(iii) The strong small-gain condition D o T'g % id is satisfied.

3Note that [32) Lemma 2.4] argues that if 6 € Ko is given, there exists a suitable 5 € Koo satisfying
(id+6)""' = id —6. Conversely, for any 6 € Ko with (id —0) € K the existence of a § € Koo satisfying
(id —6) ™! = id - follows by defining § = § o (id —0) " € Kwo.

17



Then there exists an Q-path & € KXY for D1 o T'q 0 Dy. Moreover, if for all i € {1,...,N}
there exists a Koo-function &; satisfying

57l ody' 06 =id—dy (27)
then the function V : R™ — R, defined by

V(€)== max(5; ' o diy') (Vi(&)) (28)

is a dissipative finite-step ISS Lyapunov function for system (@). In particular, system (@) is
158S.

Again note the difference in the assumptions when compared to the small-gain theorem
for the summation case e.g. from [6]. Now a factorization property for the operator D
is required. This imposes extra conditions as discussed in Remark Again these extra
conditions appear to be necessary to treat the potential instability of subsystems.

Proof. In Section [2.3] we have shown that D o I'g 7 id if and only if Dj o I'gy 0 Do # id.
By [6, Theorem 5.2-(iii)] it follows that there exists an Q-path & € KY for Dj o T'g o Dy
satisfying

(DloP@ODQ)(&(T))<&(T) Vr > 0,

or, equivalently, for all i € {1,..., N},

jE{Hll,?.J?,(N} din 0yij 0 djp o d;(r) < &;(r) Vr > 0. (29)

We show that this inequality implies the existence of a function ¢ € K, such that for all
r > 0, we have

maxa; ' o (7 0 djp 0 65(r) + a0 p(r)) <7 (30)
To do this, we assume, without loss of generalityﬂ, that v, € Koo. Since dj; = id +6;1 with
0i1 € Koo for all i € {1,..., N}, we can write ([29) as

max -0 . Oa'.f," + max 5 o) .. 0 . O&'T <5‘7‘. 31
jE{l,...,N}’yU 72 ,]( ) jell Ny il 72‘] 52 J( ) Z( ) ( )

Let i € {1,...,N}. We consider two cases:
(i) If v5 =0 for all j € {1,..., N}, define
Y = %yi;l 00; € Kuo.
(ii) If 745 € K for at least one j € {1,..., N}, define

- -1 . - oo
Pi = jeglaXN} Vi ©0i1 ©%ij ©Aj200; € Koo-

Note that we need d;7 € Ko for o; to be of class K, as opposed to proof of Theorem (1]
where we only needed positive definiteness.

41r Yiu € K\Ko take any Koo-function upper bounding viy. If viuw = 0, take e.g. viu = id.
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For both cases, the definition of ¢; € K together with (3I]) implies

jemmax v © djz © 05(r) + Yiu © pi(r) < ilr).
for all 7 > 0. Then it is not hard to see that ¢ := min;cq; .y} @i € Koo satisfies ([B0) for all
r > 0.
In the following let 7,5 € {1,..., N}. Consider the function V' from (28]). First note that
V' is proper and positive definite, which follows directly from the proof of Theorem [B.1l To
show the decay of V, i.e., an inequality of the form (I&]), we use ([B0), and obtain

V(@(M, &, u(-))) = max(&; " o ') (Vi(wi(M, & u())

cond. (i7)

< (o 0 dg) (max 046 + )

E maxid ~a0) 0 77" (3 (V4(65)) + )

= max(id 4057 [ 1ij0dj208;0 (55 0dsg' 0 Vi(€y)) +rmmopor™ (Jullar)

<V(©)

max(id —a;) (max{V(€), ™" (|lull)})

(2

max(id —;)(V () + max(id —Gi) (¢ ([[ull 0))-

2

n AB

Define p := max;(id —@;) and o := max;(id —&;) o ¢!, then id—p = min; & € K.
Hence, (I5)) is satisfied. Again, as in the proof of Theorem [B.1], this shows that V is a
dissipative finite-step ISS Lyapunov function as defined in Definition From Theorem 4.1]

we conclude that system (@) is ISS. O

Remark 5.5 If Theorem [51 (resp. Theorem [57)) is satisfied with M = 1, then the dissipa-
tive finite-step ISS Lyapunov function V in 23) (resp. [28))) is a dissipative ISS Lyapunov
function. In particular, we obtain the following special cases: If Theorem [5.4) is satisfied for
M =1 then this gives a dissipative-form discrete-time version of [6, Corollary 5.6]. On the
other hand, for M = 1, Theorem [51] includes the ISS variant of [17, Theorem 3] as a special
case.

Remark 5.6 Whether or not condition [2T)) in Theorem [51] is satisfied depends on the fac-
torization (26)). Let Dy, Dy as well as ﬁl,Dg be two compositions of D as in ([24), i.e.,
DyoD; = D = DyoDy. A direct computation shows that if ¢ € IC]OVO is an Q-path for
Dyol'g 0 Dy then 6 := Do D1_1 oG € KX is an Q-path for Dy o I'go Ds. Moreover, if we
assume that 21) holds for Dy, Dy, then we have

N

02-_1 od;21 o0; = (&i_l odialo&,-)o(&i_loczil odi_llo&,-)
= (id—a;) o0 (5, o di o di' 0 ;)
with &; € Koo, i € {1,...,N}. Unfortunately, from this equation we cannot conclude that a

condition of the form 2T) holds for the decomposition D1, Dy and the Q-path & as defined
above.
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An approach for finding a suitable decomposition is the following. Consider the special
case of the decomposition ([26) with Dy = diag(id) and Dy = D = diag(d;). Let 5 € KY,
be an Q-path for Diol'goDy = Dolg. Followmg the same steps as above, we see that
o= D1 o D log e ICN is an Q-path for Dy o I'go Ds. Moreover, as D = Dy o Dy implies
d_ =d; Od22 , we see that

6; ' ody' 06, = (5" odiody") o (dnod; ") o (dnod; ! 05;)
= (&; 'di o d; ' 0 5)
:5;1(22-_2105'2-.

Hence, a condition of the form (Z0) holds for the decomposition Dy, Dy with Q-path & € KN
if and only there exist Koo-functions &;, i € {1,..., N} satisfying

5 ody 05, = id . (32)
Hence, to find a “good” decomposition Dy, lA?ngfD, i.e., a decomposition for which (1) holds,
we can try to find Kso-functions di_1 = (id+ds0)"1, i € {1,..., N} that satisfy

(i) equation [B2) for suitable &; € Koo;
(ZZ) (iiQ 9} CZil = dz =id +5i with suitable (iil =id +3i1-

It is an open question, how to characterize the cases in which there exists a decomposition
satisfying these two conditions.

In Theorem [B.J] we introduced the diagonal operator D and assumed (22)). In the following
corollary we impose further assumptions such that we do not need the diagonal operator D.
Under these stronger assumptions, system (@) is shown to be expISS.

Corollary 5.7 Let (6) be given by the interconnection of the subsystems in [2II). Assume
there exist an M € N, M > 1, linear functions v;; € Ko, and functions V; : R™ — R
satisfying condition (i) of Theorem [51] with linear functions c;, ;. Let condition (ii) of
Theorem [51 hold, and instead of condition (iii) of Theorem [51] let the small-gain condi-
tion () hold. Furthermore, assume that the K-function wy in Assumption [31] is linear.
Then system (@) is expISS.

Proof. We follow the proof of Theorem 5.1l By the small-gain condition () there exists
an Q-path & € KX satisfying I'e,(5)(r) < &(r) for all 7 > 0, see [6]. Moreover, as the functions
vij € Koo are linear for all 4, j € {1,..., N}, we can also assume the Q-path functions &; € Ko
to be linear, see [I1]. Thus, the function

V(&) = max &, (Vi(&)) (33)

has linear bounds o and . Furthermore, since &; and ;; are linear functions, we obtain (I5])
with the linear function p := max; ; &i_l 075 00; < id, and o := max; &i_l 0 Y;y. Clearly,
(id —p) € K& by linearity of p. Thus, V is a dissipative finite-step ISS Lyapunov function
for system ([@]). Since w; in Assumption Blis linear, we can apply Theorem 4] to show that
system ([6)) is expISS. O

By Remark [B.3] the requirement that w; is linear is necessary for the system to be explISS.
A similar reasoning as in Corollary B.7 applies in the case, where the external input enters
additively.
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Corollary 5.8 Let (6) be given by the interconnection of the subsystems in [2II). Assume
there exist an M € N, M > 1, linear functions v;; € Ko, and functions V; : R™ — R
satisfying condition (i) of Theorem with linear functions aq;,ae;. Let condition (ii) of
Theorem [54] and the small-gain condition [@l) hold. Furthermore, assume that wy in Assump-
tion [31] is linear. Then system (@) is expISS.

Proof. We omit the details as the proof follows the lines of the proof of Theorem G4
combined with the argumentation of the proof of Corollary (.71

First, the small-gain condition implies the existence of an Q-path & € KX, which is linear
as the functions ~;; are linear. In particular, I'g(6(r)) < o(r) for all 7 > 0. Next, note that
the function V' defined in (B3] has linear bounds as shown in the proof of Corollary E17l It
satisfies

Vi(@(M, & u(-))) < p(V(E)) + ollull)

with p := max; ; 5;1 07500, and 0 := max; 52._1 0;u, Which can be seen by a straightforward
calculation, invoking condition (ii) of Theorem [.4] and the linearity of the Q-path 6. Again
as in the proof of Corollary 5.7 (id —p) € Ko by linearity of p. Thus, V' defined in ([B3) is a
dissipative finite-step ISS Lyapunov function for system (@). Since w; in Assumption B.1] is
linear, we can apply Theorem [£4] and the result follows. O

In this section we have presented sufficient criteria to conclude 1SS, whereas in the next
section we will study the necessity of these relaxed small-gain results.

5.2 Non-conservative expISS Small-Gain Theorems

In the remainder of this section we show that the relaxation of classical small-gain theorems
given in Theorems [0.1] and [5.4] is non-conservative at least for expISS systems.

Theorem 5.9 Let system (@) be given by the interconnection of the subsystems in (21). Then
system (@) is expISS if and only if
(i) Assumption [31) holds with linear wy, and

1) there exist an M € N, M > 1, linear functions v;; € Koo, proper and positive definite
J
functions V; : R™ — Ry with linear bounds ay;, gy € Koo such that the following holds:

(a) condition (ii) of Theorem[51l (and thus also condition (ii) of Theorem [5.7);
(b) the small-gain condition (@).

Proof.  Sufficiency is shown in Corollary (7] and Corollary (.8 so we only have to
prove necessity. Since system ([@]) is expISS, global -boundedness holds with linear wy, see
Remark B3] Furthermore, the function V(§) := [£], £ € R™ is a dissipative finite-step ISS
Lyapunov function for system (@) by Theorem Hence, there exist M € N, 0 € K and
¢ < 1 such that for all £ € R™ and all u(-) € [*°(R™) we have

|2(M, &, u(-))] < clé] + o(|lul). (34)

Define V;(&;) = |&] for i € {1,..., N}, where the norm for & € R™ is defined in the prelim-
inaries. Then Vj; is proper and positive definite with a1; = ag; = id for all ¢ € {1,... , N}.
Take x > 1 from ([I), and define

l:=min{f € N: ¢’x < 1
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which exists as ¢ € [0,1). Then we have

@D -
< (U =DM, & u()] + o(llully)

l
dlel+ Y allulle)

j=1

GD
<

@ Lo,
< m;\xc%\ij\ + > o(|lull,)
j'=1

< max {mjaij(ﬁj), %‘u(HUHoo)}

< mjaxyij(ﬁj) + Yiu ([ 1] o)

with () == 22221 d71o(), and ~;; := 2ckid. The last inequality shows condition (ii)
of Theorem [5.4] while the second last inequality shows condition (ii) of Theorem [B.1] for
M = M. Finally, by definition of I € N, we have vij < id for all 7,5 € {1,..., N}. Hence,
Proposition 4] implies the small-gain condition (). This proves the theorem. U

Theorem is proved in a constructive way, i.e., it is shown that under the assumption
that system (@) is expISS we can choose the Lyapunov-type functions V; : R™ — R, as
norms, i.e., Vi(-) = |-|. Then there exist an M € N and linear gains v;; € K satisfying
condition (ii) of Theorem [B.], and thus also condition (ii) of Theorem (.4 as well as the
small-gain condition ({]). This suggests the following procedure.

Procedure 5.10 Consider (@) as the overall system of the subsystems (21I). Check that
Assumption [31) is satisfied with a linear wy (else the origin of system (@) cannot be expISS,
see Remark[3.3). Define V;(&;) := |&| for & € R™, and set k = 1.

[1] Compute i, € Koo and linear functions v;; € Koo U {0} satisfying

Vilwi(k, & ul-)) = lza(k, uC))l < | max %i5l65] + Yiulllulo)-

[2] Check the small-gain condition @) with T'g defined in ). If {) is violated set k = k+1
and repeat with [1].

If this procedure is successful, then expISS of the overall system (@) is shown by Theorem[5.9.
Moreover, a dissipative finite-step ISS Lyapunov function can be constructed via ([33]).

Remark 5.11 Although Procedure 5. 10 is straightforward, even for simple classes of systems,
finding a suitable M € N may be computationally intractable, as it was shown in [f]. A
systematic way to find a suitable number M € N for certain classes of systems is discussed

in [§].

In the next section we consider a nonlinear system and show how Procedure 510 can be
applied.
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6 Example

In Section [B] the conservatism of classical small-gain theorems was illustrated by a linear ex-
ample without external inputs, where the origin is GAS, but where the decoupled subsystems’
origin are not 0-GAS. In this section we consider a nonlinear example with external inputs
and show how the relaxed small-gain theorem from Section [Bl can be applied.

Consider the nonlinear system

x1(k+1) = z1(k) — 0.3x2(k) + u(k)
w3(k)

1+ 23(k)

with 1(+), z2(+),u(-) € [°°(R). We will show that this system is ISS by constructing a suitable

dissipative finite-step ISS Lyapunov function following Procedure Note that the origin

of the first subsystem decoupled from the second subsystem with zero input is not O—GASE

hence not ISS. So we cannot find an ISS Lyapunov function for this subsystem.

The converse small-gain results in Section suggest to prove ISS by a search for suitable
functions V; and v;; € K that satisfy the conditions of one of the small-gains theorems of
this section (eg. Theorem [5.J] or Corollary (7). Here we follow Procedure G101

First, the right-hand side G of (B35]) is globally K-bounded, since

G 1)l o

where we used that for all x € R we have

xg(k + 1) == xl(k) + 0.3 (35)

< max{[&1] + 0.3[&| + |ul, [61] + 0.3

52
S} <13 1gll + [pl,

(36)

.CB2 < m
T2 = 2
Let V;(&) := |&], i € {1,2}. Then we compute for all £ € R?,
Vi(z1(1,& u())) = [& = 0.3&2 + u(0)| < max {2V1(£1),0.6V2(&2)} + [lull »
2 2
Va(wa(1,&u()) = €1 + 03552 | < max {201(61), 0.6 7552 |

Since 7v11(s) = 2s, the small-gain condition is violated and we cannot conclude stability.
Intuitively, this was expected from the above observation that the origin of the first subsystem
is not ISS.

Computing solutions z(k, &, u(-)) with initial condition ¢ € R? and input u(-) € I°(R) we
see that for k = 3 we have
6% )2
14£3
52
1+2§§ ?

(£&140.3

(&1+0.3

2
& —0.09

1+€2

0.46,—0.21£2—0.09 +0.7u(0)+u(1)+u(2)

14+(£140.3
2

&2

£1-0.3¢2+40.3

1+(£1+0.3

)2
14+£2
2
1%55 >

2
& 5+40.3

0.751—0.3§2—0.091+§2

14| €1 -0.3¢2+0.3

(£14+0.3

14+(£140.3

> 5 +u(0)+u(1)
52 )2
1+€2

§2
1+2£§ ?

®We could also make the first system 0-input unstable by letting x1(k+ 1) = (1 + €)z1(k) — 0.3z2(k) +u(k)

and € > 0 small enough, and obtain the same conclusion, see also [9].

computations.
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Using (B6]) we compute

Vi(21(3, & u(-)) < 0.4/&1| + 0.211&] + 26| + 22 (|&] + %P[éal)
+ 0.7ju(0)] + |u(1)] + |u(2)]
= max{0.89V1 (51), 0.5235)V, (52)} + 2.7 ||u||oo ,
Va(22(3,&,u(-))) < 0.7[&1] + 0.3|&2| + 221éa| + &2 (I&1] + 0.3|&2] + H2(161]+5%2[Eal)
+ [u(0)] + [u(1)]
= max{1.745V; (&1),0.78675V2 (&2) } + 2 ||ul| . -

From this we derive the linear functions

711(8) = 0.89s, 712(s) = 0.5235s, Yu(s) =
Y21(s) = 1.745s, Y22(s) = 0.78675s, You(s) =

This yields the map I'g : R2 — R? from (2) as

max{0.89s1, 0.5235s5 } )

T ((s1,52)) = < max{1.745s1,0.78675s5 } (37)

Since v11 < id,v99 < id and 12 0 v91 < id, we conclude from the cycle condition, Proposi-
tion [24] that the small-gain condition () is satisfied. Hence, from Corollary we can now
conclude that the origin of system (35 is expISS.

Remark 6.1 The small-gain results in Section[d, and in particular Corollary [5.8, prove the
1SS property of the interconnected system (@) by constructing a dissipative finite-step 1SS Lya-
punov function. The following shows that this construction is straightforward to implement.

Consider system ([BBl) and the map T'g derived in [BT). We use the method proposed in
[L1] to compute an Q-path &(r) := (§:37) that satisfies

o= (4 )< (35 ) <o

for all r > 0. From the proof of Corollary [5.8 we can now conclude that

V(€) :== max5; '(Vi(&)) = max{2[¢ |, ¥ |& [}

7

is a dissipative finite-step 1SS Lyapunov function for the overall system [BH). In particular,
following the proof of Corollary [2.8, we compute

~—1 ~
= : - 05(s) = 0.9695s,
p(s) e 05 0% o ;i (s) $

and,
~—1
= . iw = D.4
o(s) e 07 0 i 5

for which V satisfies V(x(3,&,u(-)) < p(V(€)) + o (||ull,) for all £ € R2.
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Remark 6.2 Although the construction of the dissipative finite-step 1SS Lyapunov function
via the small-gain approach (Procedure[5.10) requires the computation of an Q-path, we believe
that for large-scale interconnections the small-gain approach is still more advisable than a di-
rect search for a dissipative finite-step ISS Lyapunov function (e.g. following Procedure [1.77).
The reason for this belief is that the choice of a suitable natural number M in Procedure [{.7]
might be, in general, much higher than the choice for a suitable natural number M in Proce-
dure [510.

For instance, consider system (BH). As shown above, Procedure can be applied for
M = 3. On the other hand, to make computations of norm estimates simpler, consider the
1-norm | - |1. Then we obtain

(3, &, u(-))| < 1.2225¢1| + 0.655125|¢5 | + 4.7 ||ul| o,

by following similar computations as above using [BG). Hence, V() := | - |1 cannot be a
dissipative finite-step 1SS Lyapunov function with M = 3. Similar estimates also show that
V' is not a dissipative finite-step 1SS Lyapunov function for M < 3. Thus, Procedure [{.7 for
V() :=1-|1 requires that M > 3.

7 Conclusion

In this work we introduced the notion of dissipative finite-step ISS Lyapunov functions as a
relaxation of ISS Lyapunov functions. These finite-step ISS Lyapunov functions were shown
to be necessary and sufficient to conclude ISS of the underlying discrete-time system. In
particular, for expISS system, norms are always dissipative finite-step ISS Lyapunov functions.
Furthermore, we stated relaxed ISS small-gain theorems that drop the common assumption of
small-gain theorems that the subsystems are ISS. ISS of the overall systems was then proven by
constructing a dissipative finite-step ISS Lyapunov function. For the class of expISS systems,
these small-gain theorems are shown to be non-conservative, i.e., necessary and sufficient to
conclude ISS of the overall system. An example showed how the results can be applied.

A

The proofs in Section [ require the following lemmas.

A.1 A comparison lemma

The following lemma is a particular comparison lemma for finite-step dynamics.

Lemma A.1 Let M € N\{0}, L € NU{oo}, ko € {0,...,M — 1}, and y : N — R be a
function satisfying

y (L +1)M + ko) < x (y(IM + ko)), Vie{0,...,L}, (38)

where x € Ko satisfies x <id. Then there exists a KL-function By, such that the function y

also satisfies
y(lM+k0) S/Bko(y(kO)?lM+k0)7 Vie {077L}
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In addition, if B8) is satisfied for all ko € {0,..., M — 1} then there exists a KCL-function
B such that with yi> = max{y(0),...,y(M — 1)} we have

y(k) < B k),  Vke{0,...,(L+1)M —1}.

Proof. Let M € N\{0}, L € NU {oo} and ky € {0,...,M — 1}. From (B8) and the
monotonicity property of x € Ko, we obtain

y (L+1)M + ko) < x (y(IM + ko)) < ... < X" (y(ko))

for all I € {0,...,L}. Note that since y < id we have x! > x*1, and x!(s) = 0 as | — oo
for any s € Ry. Define ty,; := IM + ko and t;ol = (I 4+ 1)M + ko for all I € N. Let
By : Ry x Ry — R4 be defined by

B (5.7 ((tko,o —r)xNs) + (r + M — k:o)id(s)) r € [0,tg0), s>0
$,7) =
. B (6= X )+ (= thy X)) 7€ [ty )5 > 0,
Note that this construction is similar to the one proposed in [2I, Lemma 4.3]. Clearly, Sy, is
continuous and S, (-,r) is a K-function for any fixed » > 0. On the other hand, for any fixed

s >0, Br,(s,-) is an E-function, as it is linear affine on any interval [tko,l,t;:) ;) and strictly
decreasing by

/Bko(37tko,l) = Xl(s) > Xl+1(3) = Bko(svtljo,l)’
Hence, B, € KL. Moreover, for all [ € {0,...,L} we have
y(IM + ko) < X' (y(ko)) = Br, (y(ko), 1M + ko) ,

which shows the first assertion of the lemma.
Now let (B8] be satisfied for all kg € {0,...,M — 1}. Define

B(s,r):= max Bro (8,7),

koe{0,...,.M—1}
which is again a function of class KL. For any k € {0,...,(L+ 1)M — 1} there exist unique
1€{0,...,L} and kg € {0,.. — 1} such that k = IM + ko, and we have
y(k) = y(IM + ko) < x ( (ko)) = Bro (y(ko), IM + ko) < Bro (yar™, k) < Byar™ k)
with y* := max{y(0),...,y(M —1)}. This concludes the proof. O

If the function y in Lemma [A.Tlis linear, then the KL-function 8 has a simpler form as
we will see in the next lemma.

Lemma A.2 Let the assumptions of Lemma [A1 be satisfied for all kg € {0,...,M — 1}
with x(s) = 6s and 0 € (0,1). Let yy* = max{y(0),...,y(M — 1)}, then for all k €
{0,...,(L+1)M — 1} we have

max

y(k) < LM,

Proof. A direct computation yields that for any kg € {0,...,M — 1}, and any [ €
{0,..., L} we have y(IM + ko) < x(y((I = 1)M + ko)) < x'(y(ko)) = 0'y(ko). Hence, for any
kE=IM+ky<(L+1)M —1, with [ € {0,...,L} and ko € {0,..., M — 1} we have

k) < k el < maxek/M—l‘
yh) < | onax | Ay(ko)0) < vl

This proves the lemma. ]
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A.2 Bounds on trajectories

As noted in Remark the requirement on the existence of -functions wy, wy satisfying (7))
in Assumption Bl is a necessary condition for system (@) to be ISS. The following lemma
states that under the assumption of global K-boundedness any trajectory of system (6] has
a global K-bound for any time step. This result is needed in Theorem [Tl to show that the
existence of a dissipative finite-step ISS Lyapunov function implies ISS of system ({@l).

Lemma A.3 Let system (@) satisfy Assumption [31. Then for any j € N there exist K-
functions V;,(; such that for all € € R™, and all u(-) € [*°(R™) we have

(5, & u(-)] < 95(1€D) + G([lull)- (39)

Before we prove this lemma we note that, as shown in Remark B.3], any trajectory of an
ISS system has a uniform global K-bound, i.e., (B9) is satisfied by taking 9;(-) = 8(-,1) and
¢j(-) = v(-). On the other hand, if the system is not globally stable then we cannot find
uniform global K-bounds upper bounding the functions ¥; € K, j € N, and (; € K, j € N,
in ([39).

Proof. We prove the result by induction. Take any £ € R™ and any input u(-) € [*°(R™).
For j = 0 we have |z(0,&, u(-))| = |¢] satisfying ([B9) with ¥y = id and arbitrary (s € K. For
j = 1 it follows by Assumption Bl that |z(1,&,u())| < wi(|¢]) + wa(||ull)- So we can take
% = w1 and (1 := wo.

Now assume that there exist ¥;,(; € K satisfying ([B9) for some j € N. Then

[2(7 + L& u()l =G5, 6 ul), u(d))] < wi(lz(h, & ul))]) +w2(l[ullo)
< wi(5(1€]) + ¢ (llullo)) +wa(llull)
< w1 (205([€])) + w1(2¢ (lulloo)) +w2llulle) =2 Fi41(1€]) + Ga(llullo)-
By induction, the assertion holds for all j € N. g
If the functions wy,ws in (7) are linear then the functions 9;,¢; in Lemma [A.3] are also

linear, and have an explicit construction in terms of wi, wo.

Lemma A.4 Let system (@) satisfy Assumption [31] with linear functions wi(s) = wis
and wz( ) = was, where wi,wy > 0. Then B9) is satisfied with ¥j(s) = wis and ¢; =

wy > I, Owls

Proof. The proof follows using the variation of constants formula. O
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