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ON THE SUMS OF ANY k POINTS IN FINITE FIELDS
DAVID COVERT, DOOWON KOH*, AND YOUNGJIN PI

ABSTRACT. For a set E C ]Fg, we define the k-resultant magnitude set as
Ap(E) ={l|x1 + - +xk|| € Fq : x1,...,x% € E}, where ||v|| = v% + --v+v§
for v= (v1,...,vq) € ]Fg. In this paper we find a connection between a lower
bound of the cardinality of the k-resultant magnitude set and the restriction
theorem for spheres in finite fields. As a consequence, it is shown that if

a+1 1
E C ]Fg with |E| > Cq™2  %d+2, then |A3(E)| > ¢q for d = 4 or d = 6, and
|[A4(E)| > cq for even dimensions d > 8. In addition, we prove that if d > 8 is
d+1 1
even, and |E| > C. ¢ 2 98-8 1° for £ > 0, then |A3(E)| > cq.

1. INTRODUCTION

Let Fg, d > 2, be the d-dimensional vector space over a finite field with g elements.
Throughout the paper, we assume that the characteristic of IF; is not equal to two.
For E C Fg, the distance set, denoted by As(FE), is defined by

Ao(E) ={llx—yll € Fy: x,y € E},

where ||v]| = v + -+ 4 v for v = (v1,...,vq) € F4. The Erdés-Falconer distance
problem in the finite field setting asks for the minimal threshold g such that if
|E| > Cq® for a sufficiently large constant C, then we have |As(E)| > cq for some
0 < ¢ < 1. The first distance result was obtained by Bourgain, Katz, and Tao ([1])
when ¢ = 3 (mod 4) is a prime. Iosevich and Rudnev ([14]) studied the general
field case, and they obtained the first explicit exponents. Using discrete Fourier
machinery, they demonstrated that if £ C F? with |E| > Cq“+, for a sufficiently
large constant C, then |As(E)| = q.

The authors in [8] constructed arithmetic examples which show that the expo-
nent (d 4+ 1)/2 due to Tosevich and Rudnev is sharp at least in odd dimensions.
Thus, the Erdés-Falconer distance problem has been completely resolved in odd
dimensions. On the other hand, it has been conjectured for even dimensions d > 2
that the exponent (d + 1)/2 can be improved to the exponent d/2. While this
conjecture is open for all even dimensions, the sharp exponent (d 4+ 1)/2 for odd
dimensions was improved for dimension two by the authors in [2]. More precisely
they proved that if £ C F, with |E| > Cq*/? for a sufficiently large constant C,
then |Ag(E)| > cq for some 0 < ¢ < 1. However, the exponent (d 4+ 1)/2 has not

2010 Mathematics Subject Classification. 52C10, 42B05, 11T23.

*Corresponding Author
Key words and phrases: Erdés distance problem, restriction theorems, finite fields.
Doowon Koh was supported by Basic Science Research Program through the National Re-
search Foundation of Korea(NRF) funded by the Ministry of Education, Science and Technol-
ogy(2012R1A1A1001510) .

1


http://arxiv.org/abs/1403.6138v2

2 DAVID COVERT, DOOWON KOH*, AND YOUNGJIN PI

been improved for higher even dimensions d > 4. For further discussion on distance
problems in finite fields, readers may refer to [5, 9, 16, 17, 18, 19, 26, 27]. See also
[3, 4], and references contained therein for recent results on the distance problems
in the ring setting.

The Erdoés-Falconer distance problem in finite fields can be extended in various
directions. One such direction is as follows. For each integer k > 2, let us consider
a function Mj, : (Fg)k — F,. Given this function, determine the minimal value
such that whenever E C F? satisfies |E| > Cq” for a sufficiently large constant C,
we have | M (E¥)| > cq for some constant 0 < ¢ < 1 independent of q. Note that
when M(x,y) = |[x—y]| for x,y € F¢, we are reduced the Erdds-Falconer distance
problem in the finite field setting as

Ay(E)=My(Ex E)={||x—y| €F,:x,y € E}.
For k > 2, we will study the function
My (x1,X2, ..., Xg) = ||x1 £x2 £+ £ x]| for x4 € FZ,SZ 1,2,...,k,
and we denote My(E*) by Ag(E) for E C F4. Namely, for E C F?, we define
Ap(B)={llx1£xot---E£xy4]| €Fy:x, € E,s=1,2,...,k}.
As the choice of signs will be independent of our results, we shall simply define
A(E)={llx1+x2+ - +x4]| €Fy: x5 € E,s =1,2,...,k}.
Throughout the paper, the set Ag(E) will be referred to as the k-resultant magni-

tude set. For brevity, we call Aa(FE) the distance set, and when k = 3, we simply
call As(F) the magnitude set.

Question 1.1. Let E C Fg,d > 2, and k > 2 be an integer. Determine the
smallest 3 > 0 such that if |E| > Cq® with a sufficiently large constant C' > 1, then
|Ak(E)| > ¢q for some 0 < ¢ < 1.

It is clear that |Ag, (E)| < |Ag, (E)| for 2 < ky < ko. Therefore, as k becomes
larger, one might expect a smaller value 3 as the answer to Question 1.1. However,
we conjecture that the answer to Question 1.1 is independent of k. For example,
if ¢ = p? for prime p and E = Fg, then it clearly follows that |E| = ¢%/? and
|Ak(E)| = \/q for all k > 2. This example says that 3 in Question 1.1 can not be
smaller than d/2 which is the conjectured exponent for the Erdés-Falconer distance
problem in even dimensions. This leads us to the following conjecture.

Conjecture 1.2. Let E C IFZ. If d > 2 is even and |E| > Cq¥/? for a sufficiently
large constant C, then for every integer k > 2, there exists a constant 0 < ¢ <1
such that
|Ax(E)| = cq.

1.1. Statement of results. The techniques used by Iosevich and Rudnev in [14]
show that if |E| > C’q# for a sufficiently large constant C, then |Ag(E)| = ¢. Note
that the counterexamples for the Erdés-Falconer distance problem immediately
show that the exponent (d+1)/2 can not be improved in general for odd dimensions.
Thus, we shall only focus on investigating the size of Ag(E) where E C Fg is a
subset of an even dimensional vector space. In this paper we demonstrate that the
exponent (d + 1)/2 for the magnitude set can be improved for even d > 4. More
precisely, we have the following results.
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Theorem 1.3. Let E C Fg. Suppose that C' is a sufficiently large constant.
(1) If d =4 or 6, and |E| > Cq%_ﬁ, then |As(E)| > cq for some 0 < ¢ < 1.
(2) If d > 8 is even and |E| > C’q#fﬁ, then |[A4(E)| > ¢q for some 0 < ¢ < 1.

Theorem 1.4. Suppose that d > 8 is even and E C IFZ. Then given € > 0, there

exists C. > 0 such that if |E| > qu%fwilfﬁrs, then |As(E)| > cq for some
O0<ec<1.

It seems from our results that the exponent (d 4+ 1)/2 can be improved for the
Erdés-Falconer distance problem in even dimensions d > 4.

Remark 1.5. Aside from thinking of the cardinality of Ag(F) as the number of
distinct distances of any three vectors in E C Fg, we can also consider it as the
number of distinct distances between the origin and the centers of mass of triangles
determined by E C Fg if ¢ has characteristic greater than 3. To see this, notice
that if x,y,z € IFZ, then (x +y + z)/3 can be considered as the center of mass of

the triangle with vertices x,y, z.

1.2. Outline of the paper. In the remaining parts of the paper, we first provide
preliminary lemmas in Section 2. In Section 3, we obtain the necessary restriction
estimates for spheres. In the final section, we deduce the formula for |A;(F)| and
we provide the link between the set Ay (E) and the restriction estimates for spheres.

2. DISCRETE FOURIER ANALYSIS AND RELATED LEMMAS

As a main technical tool, discrete Fourier analysis plays an important role in
proving our results. In this section, we review the basic definitions, and we collect
preliminary lemmas which are essential for providing a lower bound for |Ag(E)|.

2.1. Discrete Fourier analysis. Throughout this paper, x denotes a nontrivial
additive character of F,. The choice of the character x will be independent of the
results in this paper. The orthogonality of the character y implies

(0 #m#(0,...,0)
%F:dx(m-X)—{ ¢ ifm=(0,...,0),

where m - x denotes the usual dot-product. Given a function g : Fg — C, the
Fourier transform of g, denoted by g, is defined as

(2.1) g(x)= > g(m)x(-x-m) for x € F{.

d
melFy

On the other hand, if f : IFZ — C, then we denote by fthe normalized Fourier
transform of the function f. Thus, we have

f(m) = id Z f(xX)x(—x-m) form € ]FZ.
4 x€Fd

We also write fV(m) for f(—m). Notice that (fV)(x) = f(x) for x € FZ. Namely,
the Fourier inversion theorem in this content is given by the formula

fx) =Y fm)x(m x) forxeFy.

d
melFy
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Remark 2.1. Throughout the rest of the article, we will write E(x) for the charac-
teristic function (or indicator function) of a set £ C F{.

As a direct application of the orthogonality relation of x, it follows that
> [fm)* = Z £ (x
melrd x€Fd

We refer to this formula as the Plancherel theorem. For example, if we take f(x) =
E(z), then the Plancherel theorem implies that

e = 2
> 1B =5

melrd

Furthermore, since ’E(m)} < ¢ 4 E]|, it is clear that for every integer k > 2,

ol )2 = (22
(2:2) Z |E = d(k 2) Z |E - dk d-

mG]Fd mG]Fd

We now collect information about the normalized Fourier transform on the
sphere. For ¢t € [F, the sphere S; C Fg is defined by

Si={x€Fl:ai+ - +a7=1t}

It is well known from Theorem 6.26 and Theorem 6.27 in [20] that if d > 3 and
t € Fy, then

(2.3) 1S = ¢~ (1 + o(1)).
The following result follows immediately from Lemma 4 in [12].
Proposition 2.2. Let d > 2 be even and t € Fy. Then, for m € IFZ,
g\t( )_q7150( —d— 1Gdz (t£+ |mH)
€cF;

where 0o(m) is the delta-function, so that do(m) = 1 for m = (0,...,0) and
do(m) = 0 otherwise, and G denotes the Gauss sum

G = n(s)x(s)
sel
where n is the quadratic character of ¥y, and F; =T, \ {0}. In particular, we have

So(m) = ¢ '6o(m) + ¢G> x(|ml|t)  for m e FL.
EE]F*

Remark 2.3. Recall that the Gauss sum satisfies |G| = /g. For a,b € F,, the
Kloosterman sum is defined by

K(a,b):= > x(al +b/t).
LeFy

It is well known that |K(a,b)| < 2,/q for ab # 0. For the proof of the Gauss and
Kloosterman sum estimation, see [13, 20].

The following result was proved in Proposition 2.2 in [19].
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Proposition 2.4. For m,v € F¢ q» we have

Y~ Si(m) Si(v) = ¢~ do(m) do(v) +q~ " D x(s(|ml = [o]))).

teF, SG]F*

2.2. Evaluation of the counting function v. Let ¥ C IFZ and let £ > 2 be an
integer. For ¢t € F,, we define the counting function v (t) by

ve(t) : = |{(x1,%X2,...,Xg) € E*: ||x1 4+ %2 + -+ + xi|| = t}]
= Z Se(x1 + %2+ -+ Xp).

Applying the Fourier inversion theorem to S;(x1 + X2 + - - - + X3, ), it follows from
the definition of the normalized Fourier transform that

~ —\ k
(2.4) vi(t) = ¢ Y Si(m) (E(m)) .
meFd
Then an L? estimate of vy, is as follows.

Lemma 2.5. Let E C Fg,d > 2. Then we have

S0V < g B 4 Y

teF, ref,

> (Bw)

veES,

Proof. Since vE(t) = vi(t) vi(t), we see from (2.4) that

S = Y (Bm) (Bw)" (3 Sim

tel, m,veng teF,

From Proposition 2.4, we conclude that
2

S vk = g B 4 g Y (Bm)) (Bw) = | 3 (B
teF, m,veFd: vekd
[l =]l

<q B Y (Bam) (Bw)

_ q71|E|2k + q2dkfd Z
ref,

veS,

We need the following lemma.

Lemma 2.6. Suppose that d > 2 is even and k > 2 is an integer. If E C Fg with
|E| > 3¢%?, then we have

(B - w0)” = B
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Proof. Combining (2.4) and Proposition 2.2, we see that

() =g 3 (Bm) [ ad0(m) + 416* 3 x(mil)

e (€F;
:qdkfl (m)k 4 qdkfdflGd Z (E(m))k Z X(Hm“@
merd Lerg

Since E(0, . ..,0) = ¢~¢|E|, we have

25) w0 =g B+ e Y (Bem) [ 3 il

meF? LeFy
Since v (0) is a nonnegative real number, it is clear that

vi(0) < g HEI +¢™ G Y [Em))*.

meFd
As |G| = ¢*/?, it follows from (2.2) that

vie(0) < g M EIF + P EF
Since ¢ > 3, this clearly implies that if |E| > 3¢%/2, then

|E* —vi(0) 2|EI* — ¢! [E]* — g2 B

EI*  (1EF i et o 1B
ot I E > =0
2=+ (5 —dIE ==
and the statement of the lemma follows immediately. O

We shall also use the following result.

Lemma 2.7. Let £ C IFZ. Assume that d > 2 is even and k > 2 is an integer. If
|E| > q%/?, then we have
2

2dk—d _ V,%(O) < 4q71|E|2k.

q

> (Bm)

meSo

Proof. Observe from (2.5) that we can write

w(0) = B+ g6t Y (Bm) (14 Y (il

meF? LelF,
By the orthogonality relation of y, it is easy to see that
-k -k
ve(0) =1t S (Bm)) + | g MBS = g6t Y (Bm))

meSy meF?d
:=A+ B.
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Since v (0) > 0, it follows that
v2(0) = (0)vx(0) = (A + B)(A+ B)

— g2k Z (E(m)> F

+ AB+ AB +|BJ*.
meSy

This observation and the definition of A and B yield that
2

> (Bam)'| ~v20) <2418

meSy

2dk—d
q

<2 qdkfd/2 Z |E(m)|k q71|E|k+qdk7d/271 Z |Ev(m)|k

melrd melrd
<2 (qd/2—1|E|2k—l n qd—1|E|2k—2> ’

where (2.2) was applied to obtain the last line. We complete the proof by observing
that if |E| > ¢%/?, then

max (qd/271|E|2k717 qd71|E|2k72) < q71|E|2k'

3. RESULTS ON THE RESTRICTION THEOREM FOR SPHERES

In this section we collect lemmas which can be obtained by applying the re-
striction theorems for spheres in finite fields. To do this, we begin by reviewing
the extension problem for spheres. We denote by (Fg, dx) the d-dimensional vector
space over I, endowed with the normalized counting measure “dx”. On the other
hand, the dual space of (Fg, dx) will be denoted by (Fg, dm) which we endow with
the counting measure “dm.” Notice that both spaces are isomorphic as an abstract
group but different measures are given between them. For this reason, the norm of
a function depends on its domain. For maximum clarity and ease of exposition of
norms, we explicitly define the following norms as sums: for 1 < s < oo,

||9HSLs(JFg,dm) = Z |g(m)/*,

d
mekFy

Lo (Fd,dx) = q* Z |f(x)]*

x€Fd

/]

In addition, we define
oo (Fd = max m)|.
gl (F¢,dm) meF lg(m)]
Next, we introduce the normalized surface measures on spheres in finite fields.

For t € F}, we consider a sphere S; C (FZ,dx). For each ¢t € F;, we endow the

sphere S; with the normalized surface measure do. Thus, if f : (Fg, dx) — C, then
we define

1]

s 1 .
Le(Sedo) = 75 Z |f(x)]° forl<s < oo,
xXES}

1150y = max )1



8 DAVID COVERT, DOOWON KOH*, AND YOUNGJIN PI

Also recall that if f : (S, do) — C, then the inverse Fourier transform of fdo is
given by

(fdo)Y |S| Zf (m - x) forme(IFZ,dm).
t x€St
Since Sy = —=S; = {x € Fg : —x € S}, it follows from the definition of the
normalized Fourier transform that
d o~
(3.1) (do)¥ (m) = é—t|3t(m) for m € (F¢, dm).

With the above notation, the extension problem for the sphere S; is to determine
1 < p,r < oo such that for some C' > 0,

(3.2) ||(fda>v||LT(Fg,dm) < OHfHLP(St,da) for all f:S; — C,

where the constant C' > 0 may depend on p,7,d, Sy, but it must be independent
of the functions f and the size of the underlying finite field F,. By duality, this
extension estimate is the same as the following restriction estimate (see [24, 25]) :

(3.3) 91l o (Sp,do) = < Cligllp~ (Fd,dm) for all g : Fd - C,

where ¢ is defined as in (2.1), and p’ and 7’ denote the Holder conjugates of p and
r, which mean that 1/p4+1/p’=1and 1/r+ 1/ = 1.

Remark 3.1. In this paper, we will use X < Y to mean that there exists C > 0,
independent of ¢ such that X < CY, and we also write Y 2 X for X < Y. We
use X ~ Y to indicate that lim,_,o X/Y = 1. In addition, X $Y means that for
every € > 0 there exists C; > 0 such that X < C.q¢Y.

By the definition of norms and Fourier transforms, the inequalities in (3.2) and
(3.3) are written in terms of the following sums, respectively:

T r/p
1

meng ¢ x€ESt X€ESt
and
p/ p//’r'/
t x€ St mele mecFd

In particular, in (3.4) if we take g(z) = E(z) for E C F%, and p’ = k, then we
obtain that

1 2 A B S B
XESt

Since |S;| ~ q¢~for t # 0, if t # 0, then we can write
> EGF S g B
XESy
If we put £ = 7’ and change the variable x into m, it follows that
Y IEm)F S gt EM

meS;
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In summary, we obtain the following result.
Lemma 3.2. Assume that the following restriction estimate holds for 1 < k,¢ < oo

191l Lx (50,00 S 19l ewe,am)  for all g : F!—C,teF;.

Then we have

max Em)F | < ¢ E* for all E C FY.
Py S4 4

teF*
7 \meS;

In the finite field setting, the extension problem for various varieties was first
posed by Mockenhaupt and Tao ([24]). They mainly obtained good results for
paraboloids in lower dimensions. Their results have been recently improved (see,
for example, [11, 21, 22, 23]). The extension problem for spheres is more delicate
than that of paraboloids, and it was studied by Iosevich and Koh. In [10], they
obtained the sharp L? — L* extension result for circles, which the authors of [2]
applied to deduce the exponent 4/3 for the Erdds-Falconer distance problem in
dimension two. Recall that if d = 2, then the exponent 4/3 gives a much better
result than the exponent (d + 1)/2 which is optimal for odd dimensions. When
d >3, the L? — L(24+2)/(d=1) extension result for spheres is also known in [10] and
can be also applied to the Erdds-Falconer distance problem but we can only obtain
the exponent (d 4+ 1)/2.

In [12], Tosevich and Koh investigated the LP — L* spherical extension problem,
and they proved the following result which improves the previous work in [10].

Proposition 3.3 ([12], Theorem 1). Let d > 4 be even. Then we have
(3.5) ||(EdU)VHL4(]Eg,dm) < ||E||L(12d—8)/(9d—12)(St)do.) for all E.C Sy, t#0,

where we identify the set ' with the characteristic function of E C S¢. In addition,
using the pigeonhole principle, (3.5) implies that

(3.6) H(de)VHL‘*(]Fd,dm) é HfHL(lzdfs)/(gdflz)(Shdg) fOT all f : St — (C, t 75 0.
q

Remark 3.4. Theorem 1 in [12] is actually the statement (3.6). In order to prove it,
the authors in [12] proved the statement (3.5) and then concluded that the state-
ment (3.6) holds by just invoking the pigeonhole principle (a dyadic decomposition).
It is well known that (3.5) implies (3.6) (for example, see the proof of Theorem 17,
[7]). In fact, if (3.5) is true, then the pigeonhole principle yields that

H(de)VHL4(]Fg,dm) ,S logq HfHL(12d—8)/(9d—12)(shd0) fOI‘ all f . St — (C, t 75 0

Proposition 3.3 plays an important role in proving results for the cardinality of
As(E). For the direct application to the problem, we shall use the following lemma
which is actually a corollary of Proposition 3.3 .

Lemma 3.5. Let d > 4 be even. If k> (12d—8)/(3d+4) =4 —24/(3d + 4), then
we have

s <Z ‘E(v)‘k> < k1| | (BE=3)d+ak+2) ) (3d+4)

teF*
4 \veS,
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Proof. By Lemma 3.2, it will be enough to show that

(3.7) 91l zx(s0.d0) S 19l Lo@e,am) for all g: F!—C, t#0,
where o = k(3d 4+ 4)/((3k — 3)d + 4k + 2). Tt is clear that
(3.8) 1(fdo) | oo (ka,am) < [ fllL1(50,d0) forall f: Sy — C, t#0.

For any even integer d > 4, recall from (3.5) in Proposition 3.3 that
(3.9) H(EdU)VHLz;(]ngdm) 5 HEHL(lzdfs)/(gdfm)(Shdg) for all £ C St, t 75 0.

We need the following proposition which is a direct consequence of Theorem 1.4.19
in [6].

Proposition 3.6. Let 0 < pg # p1 < 00, and 0 < rg # r; < oo. Assume that for
some My, My > 0, the following estimates hold:

I(Edo)" || Lro(ra,amy < Moll Bl Lro(s, de)
I(Edo)” || i ga,am)y < MillEllLes (s, ,d0)

for all ECSy. Fiz 0 <0 <1 and let
1 1-60 6 1 1-0 6
— +—, - = +—, and p<r.
p Po 1 r To 1

Then there exists a constant M > 0 such that
”(de)VHLT(JFg,dm) < MHfHLP(St,da) forall f:5; — C,

where M > 0 is independent of the functions f and q, the size of the underlying
finite field F,.

Since we assume that £ > (12d — 8)/(3d +4) and d > 4, it is easy to see that
1<k/(k—1) < (12d—8)/(9d — 12). Therefore, applying Proposition 3.6 with (3.8)
and (3.9), we see that

H(de)v|‘Lk(3d+4)/(3d72)(F31dm) 5 HfHLk/(k—l)(St7d0,) for all f : St — (C, t 75 0.

By duality', the statement (3.7) follows immediately and we complete the proof of
Lemma 3.5. O

Observe that the hypotheses of Lemma 3.5 are satisfied if £ > 4 and d > 4 is
even or if k = 3 and d = 4 or 6. However, in the case when k£ = 3 and d > 8 is even,
it is clear that Lemma 3.5 is not applicable. In this case, we shall alternatively use
the following result.

Lemma 3.7. Let d > 8 be an even integer. If E C Fg and |E| > ¢\@=Y/2 then we
have

3
o < (—27d*>+75d412)/(12d—32) | 1| (15d—46)/(6d—16)
max ( ES ‘E(v)‘ ) =Y’ E| :

IThis means that the inequality (3.2) is equivalent to the inequality (3.3)
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Proof. Since |S;| ~ ¢~ for even d > 8, and E(v) = ¢~ @E(v), it suffices to show
from the definition of norms that if E C F¢ and |E| > ¢(*~/2, then

(3.10) ”E”L?’(St,da) < (—3d2+23d—20)/(36d—96)|E|(15d—46)/(18d—48) for all £ # 0.

~4q

Let us assume for a moment that if ¢ € Fy, then
(3.11) 1Bl 12(5,.d0) S ¢THVAE| for all EC FY with [B| > ¢l /2,
By duality, (3.6) in Proposition 3.3 implies that

191l Laza—s)/Gara (s, do) S ||9||L4/3(1Fg,dm) for all g : IE‘Z —C, t#0.
Taking g as a characteristic function on £ C IFZ, we obtain that
(3.12) || E|| paza—s)/Ga+o (s, o) S 1B pass (paammy = [EI/* for all E CFg, t # 0.

Since 2 < 3 < (12d—8)/(3d+4) for d > 8, we are able to interpolate (3.11) and (3.12)
for E C F? with |E| > ¢(4~1/2 so that the inequality (3.10) will be established. For
the readers’ convenience, we shall show how to deduce the inequality (3.10) from
inequalities (3.11) and (3.12). Let 0 < § = (6d —4)/(9d — 24) < 1 for even d > 8.
Observe that

1-0 . (3d+4)

(3.13) 1
' 3 2 12d—8 °

By Holder’s inequality (see [15]) and the definition of norms, it follows

||E||L3(Smdo') = ||E(170) EQHLS(Sp,do’)

< NEYD| L2ra-0) (5, doy 1B | Laza-s)y/1Gar901 (s, d0)

~ 10 ~
= ||E||1L2(shdg) ||E||%(12d*8)/(3d+4)(St)do')

From (3.11), (3.12), and the definition of 6, we conclude that

~ 1-6
VBllzas.ao) % (a7 EL) T 1EP

~

— 2 — — — —
— (347 +23d-20)/(36d 96)|E|(15d 46)/(18d—48)

To complete the proof of Lemma 3.7, it therefore remains to prove (3.11). Now
we prove (3.11). Since |S;| ~ ¢¢~1, by the definition of norms, the proof of (3.11)

amounts to showing that if ¢ € F and E C F¢ with [E| > ¢“T", then

(3.14) STIE®P <q T B
xXESt
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It follows from the definition of the Fourier transforms that

Z|E Z Z (m —m')) = Z ¢*S;(m — m’)

XESt xS mm’elE mm’cFl

=¢|EIS0,....0+ > ¢*Si(m-m)

m,m’€E:m#m’

a d
§|E||8t|+< o ISt(n)l> > q

""" m,m’€ E:m#m’

< B¢t + | B¢ S, :
SI|E|¢" ™ + |El*q nng{I{lgwa)}l +(n)]

Now, observe from Proposition 2.2 that if ¢ # 0, then

S, d+1
S <%
<“€F§<r{l(a()>i..,o)}| t(n)|> <gq

Thus, we conclude that
STIE®P SIET +qT [EP ST |BP,
x€ESt

where the last inequality follows by our assumption that |E| > q%.

4. PROOFS OF MAIN THEOREMS (THEOREMS 1.3 AND 1.4)

We begin by deriving the formula for a lower bound of [Ag(E)|. Let E C F¢ and
let k > 2 be an integer. For t € Fy, recall that the counting function v () is defined
by

ve(t) = |[{(x1, X0, ..., Xx) € B" 1 ||x1 + %o + - +x3|| = t}].
Also recall that the k-resultant magnitude set A (FE) is given by
Ag(E) = {||X1 +X2+"'+X;€H clF,:x,€e B,s= 1,2,...,k}.

Notice that v (t) #0 < t € Ax(E). It is clear that

BIF =i (0) = D vi(b).

teF;
Squaring both sizes and using the Cauchy-Schwarz inequality, we see that
(1BI* —vi(0)* < |AR(E)] Y widlt
teR:
Namely, we obtain that
(B~ m(0)?
EteF; vi(t)

Lemma 4.1. Let F C Fg. Suppose that d > 2 is even and k > 2 is an integer. If
|E| > 3¢%?, then we have

(4.1) [AR(E)| >

|E|k+1
o maxrer; (Dyes, IEO))

[Ak(E)| 2 min | g,
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. 2 .
Proof. First, we find an upper bound for Zte]F; vi(E). Write

Yovity = Y vi) | —i(0).

teFy teF,

From Lemma 2.5 and Lemma 2.7, we see that

~ Ak
STVRE) <g HEP 43 S (B) | - R(0)
tEIFZ rclfy lveS,
L2
§5q71|E|2k +q2dk7d Z Z (E(V))
TG]F; vesS,
2\ 2
S B 4 @S (Z Ew)| ) .
TG]F; ves,.
Since S; and S; are disjoint for ¢ # j, and U Sy = Fg, it follows that
relf,
205y < —1 2k o 2dk—d N YNk
S RE) Sa B + ¢ max | ST [EW)| || X B
teks; ? \ves, veRrd
Now, using (2.2), we obtain that
~ k
(42) Y VRE) S B 4+ ™ B! | max (Z Ew)| )] .
teF: 4 \ves,
. . k 2 |-E1|2}7€ -
Since it follows from Lemma 2.6 that (|E|* — 14(0))” > 9 combining (4.1)

with (4.2) yields that
|E|2k

PN
gL E|2F + gk | B|F-1 [maxrem (Zvesr E(V)‘ )}

This implies the conclusion of Lemma 4.1 and completes the proof. O

[A(E)| 2

We are ready to prove our main results.

4.1. Proof of Theorem 1.3. In this subsection, we restate Theorem 1.3 and pro-
vide a complete proof. The statement of Theorem 1.3 will be a direct consequence
from Lemma 4.1 and Lemma 3.5.

Theorem 1.3. Let E C Fg. Suppose that C > 1 is a sufficiently large constant
independent of q.
d
(1) Ifd =4 or 6, and |E| > C’q#_ﬁ, then |As(E)| 2 q.
(2) If d > 8 is even and |E| > Cq%fwlﬁ, then |A4(E)| 2 g.
Proof. We shall prove the statements (1) and (2) of Theorem 1.3 at one time. To

the end, notice that if we take k = 3 for d = 4 or 6, or if we choose k =4 for d > 8
even, then k > (12d — 8)/(3d + 4) which is the hypothesis of Lemma 3.5. In either
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case, we can therefore use the conclusion of Lemma 3.5. Thus, combining Lemma
4.1 and Lemma 3.5 yields that

] |E|k+1
(4.3) |Ak(E)| Z min (q’ 1| E|(Gh=3)d+4k+2)/(3d+D) |-

By a direct computation, this implies that there exists a large constant C' > 1
d+1

such that if [E| > CqB@+4d)/(64+2) — g5 ~a@% | then |Ay(E)| > ¢. Thus, the

proof is complete. O

4.2. Proof of Theorem 1.4. The proof of Theorem 1.4 can be completed by ap-
plying Lemma 4.1 and Lemma 3.7. Here, we restate Theorem 1.4 and provide a
complete proof.

Theorem 1.4 Suppose that d > 8 is even and E C Fg. Then given € > 0, there

1

exists C. > 0 such that if |E| > ng%79d718+57 then |As(E)| 2 q.

Proof. Suppose that d > 8 is even and FE C Fg with |E| > 3¢%2. Then Lemma 4.1
with k£ = 3 yields

Bl
¢ maxiez; (Dyes, IEVP)

(4.4) |A3(E)| Z min | g,
Recall from Lemma 3.7 that

3
o < (—27d%+75d+12)/(12d—32) | 17| (15d—46) /(6d—16)
?é%f( ES ‘E(V)‘ ) =Y’ |E| :

Given ¢ > 0, let § = ¢(9d — 18)/(6d — 16) > 0. Choose Cs > 0 such that

tG]F;

~ 3
max <Z }E(v)} ) < anéq(727d2+75d+12)/(12d732)|E|(15d746)/(6d716).
St

It follows from this inequality and (4.4) that if |E| > 3¢%/2, then

. |B*
[A3(E)| 2 min (q, P1Cs 0 q(— 2T +T5d+12)/(124-32)| | (15d—46)/(6d—16) ) *

We may assume that Cs5 > 0 is a sufficiently large constant. Thus, a direction
calculation shows that if

— —_ — J— 2_ — —
|E| 20§6d 16)/(9d 18)q5(6d 16)/(9d 18)q(9d 9d—20)/(18d 36)7

then we have |Ag(E)| 2 q. Letting C. = C’gﬁd_w)/(gd_m), we conclude that if

|B| > Coqf 98 —94-20)/(18d-36) _ o1 '~ galrste,

then |A3(E)| 2 g. This completes the proof.
(]
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