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1. INTRODUCTION

1.1. Statement of the problem and existing papers. In the present paper we consider an infinite
waveguide ) = R x w, where w is a bounded domain of R? with C2-boundary dw. We assume without
limiting the generality of the foregoing that w contains the origin. For shortness sake we write © = (x1,2')
with 2’ = (w2, x3) for every x = (71, z2,23) € Q. Given T > 0, we consider the following initial-boundary
value problem (abbreviated to IBVP in what follows)

(—i0 — Au+V(t,z))u =0 in@=(0,T) x £,
(1.1) u(0,) = ug in Q,

u=g onX = (0,T) x 09,
where the electric potential V' is 1-periodic with respect to the infinite variable xy:

(12) V(',Jil + 1, ) = V(',Jil, '), r1 € R.
1
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The main purpose of this paper is to prove stability in the recovery of V' from the “boundary” operator
(13) Ay : (U’ng) — (al/u|27u(Ta ))a

where the measure of 0,u|s; (resp. u(7,-)) is performed on ¥ (resp. §2). Here v(z), v € 0, denotes the
outward unit normal to 2 and d,u(t, z) = Vu(t, z) - v(zx).

There are only a few results available in the mathematical literature on the identification of time-dependent
coefficients appearing in an initial boundary-value problem. G. Eskin proved in that time analytic
coefficients of hyperbolic equations are uniquely determined from the knwoledge of partial Neumann data.
The case of a bounded cylindrical domain was addressed in [GK] where the time-dependent coefficient
of order zero in a parabolic equation is stably determined from a single Neumann boundary data. In
[Chol[§3.6.3], using optics geometric solutions, M. Choulli proved logarithmic stability in the recovery of
zero order time-dependent coefficients from partial boundary measurements for parabolic equations. In
Lipschitz stability was derived in the same problem for coefficients depending only on time from a single
measurement of the solution.

All the above mentioned results were obtained in bounded domains. Several authors considered the
problem of recovering time independent coefficients in an unbounded domain from boundary measurements.
In most of the cases the unbounded domain under consideration is either an half space or an infinite slab. In
[Ral Rakesh studied the problem of recovering a scalar potential of the wave equation in an half space from
the Neumann-to-Dirichlet map. Then, by combining a unique continuation theorem for the Cauchy problem
associated to wave equation with constant speed with the X-ray transform method developed by Hamaker,
Smith, Solmon, Wagner in [HSSW], he derived uniqueness for electric potentials which are constant outside
some a priori fixed compact set. This result has been extended by Nakamura to a more general class of
coefficients in [Na]. The inverse problem of identifying an embedded object in an infinite slab was examined
in [IK] and [SW], and in [LU] the compactly supported coefficients of a stationary Schrodinger equation are
identified from the knowledge of partial Dirichlet-to-Neumann (abbreviated to DN in the following) data. In
an infinite cylindrical waveguide [CS] and [K] established a stability estimate with respect to the DN map
for an unknown coefficient in absence of any assumption on its behavior outside a compact set. For inverse
problems with time-independent coefficients in unbounded domains we refer to [DKLS].

In [Es2], Eskin proved uniqueness modulo gauge invariance in the inverse problem of determining the
time-dependent electric and magnetic potentials from the DN map for the Schrédinger equation in a simply-
connected bounded or unbounded domain. More specifically the inverse problem of determining periodic
coefficients in the Helmholz equation was recently examined in [F]].

1.2. Main results and outline. In order to express the main result of this article we first define the trace
operator 19 by

row = (wg, w(0,-)) , w € C5°([0,T] x R,C™(®)),

and extend it to a bounded operator from H?(0,T; H?*(Q)) into L?((0,T) x R, H3/?(0w)) x L*(Q). The
space Yo = H2(0,T; H*(Q))/Ker(ry), equipped with its natural quotient norm, is Hilbertian according to
[ScJ[§XXIII.4.2, Theorem 2]. Moreover the mapping 7o : Yy 3 W = 7oW € 7o(H2(0,T; H(Q))), where W is
arbitrary in T, being bijective, it turns out that Xo = 70(H2(0,T; H2())) is an Hilbert space for the norm

wllx, = 175 "wllyy, w € Xo.
Furthermore we have
wllxo = f{ Wl 20,7 m2(0)); W € H?(0,T; H*(Q)) such that 7oW = w}.

As will be seen in the coming section, the linear operator Ay defined by (3] is actually bounded from Xy
to X7 = L?(X) x L*(Q). Last, putting

Q' =0,1)xw, Q@ =(0,T)xQ, ¥ =(0,T) x (0,1) x Ow,

we may now state the main result of this paper.
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Theorem 1.1. For M > 0 fized, let Vi, Vo € W2°°(0,T; W2°°(Q)) fulfill [L2) together with the three
following conditions:

(14) (Vo =VI)(T,-) = (Vo = V1)(0,-) = 0 in ',
(1.5) Vo —Vi=0inX,
(16) ||‘/jHW2,oo(07T;W2,oo(gl/)) S M, j = 1, 2.

Then there are two constants C > 0 and v* > 0, depending only on T, w and M, such that the estimate

) N
Vo~ Val.e /sc(ln( )) |
(&0 [Av, — Avi llB(x0,x1)

holds whenever 0 < ||Av, — Av;||B(x,,x,) <7

SN

Theorem [[T] follows from an auxiliary result we shall make precise below, which is related to the following
IBVP with quasi-periodic boundary conditions,

(—idi —A+V)v=0 in @,
v(0,-) = vg in &,

(1.7) v=nh on X
v(-,1,-) = e?u(-,0,-) on (0,7T) X w,

Oz, v(-,1,-) = €?9,,v(-,0,-) on (0,T) x w,

where 6 is arbitrarily fixed in [0, 27). To this purpose we introduce the [set

H () ={ue H*(Q); u(l,-) =e“u(0,-) and 0, u(1,-) = €y, u(0,-) on duw},
and note 7 the linear bounded operator from H?(0,T; H2(R')) into L?((0,T) x (0,1), H3/?(dw)) x L?(Q),
such that

Tow = (wys, w(0,-)) for w e C§°((0,T) x (0,1),C>(w)).
Then the space 2y o = 70(H?(0,T; Hf 4('))), endowed with the norm
||w|\%0/’9 = inf{[|Wlz20,r;m5200)); W € H2(0, T Hﬁe(Q/)) satisfies 7oW = w},

is Hilbertian, and it is shown in section [3.3] that the operator

Avyg: (vo, h) € Zy = (Ouve,ve(T,-)) € Z{ = L*((0,T) x (0,1) x dw) x L*(),
is bounded. Here vy denotes the L*(0,T; H 4(€¥')) N H' (0, T; L*(Q'))-solution of (L) associated to (v, h).

The following result essentially claims that Theorem [LI] remains valid upon substituting %’)9 (resp..27) for
Xo (resp. X1).

Theorem 1.2. Let M and Vj, j = 1,2, be the same as in Theorem [l Then we may find two constants
C >0 and v* > 0, depending on T, w and M, such that we have

1 -3
1.8 Vo —V n<C|In ,
(1.8) [Va 1||L2(Q ) ( <||AV2,0 — AV1,9||B(%(;,%{)>>

for any 6 € [0,27), provided

(1.9) 0 < Ave0 — Aviollsay 20 <7

The text is organized as follows. In section Pl we define the boundary operator Ay and prove that it is
bounded. In section Bl we use the Floquet-Bloch-Gel'fand transform to decompose the IBVP (L)) into a
collection of problems (7)) with quasi-periodic boundary conditions. section @l is devoted to building optics
geometric solutions to the above mentioned quasi-periodic boundary value problems. Finally the proof of
Theorems [[LTHT.2] which is by means of suitable optics geometric solutions defined in section [l is detailled
in section

IThe full definition of Hie (€') can be found in section [31]



4 MOURAD CHOULLI, YAVAR KIAN, AND ERIC SOCCORSI

Remark 1.1. The method of the proofs of Theorems [T and given in the remaining part of this text can
be easily adapted to the case of the inverse elliptic problem of recovering the (time-independent) periodic
scalar potential V' in the stationnary Schrédinger equation

(A +V(z)u=0 in €,

u=g on 0,

from the knowledge of the DN map g — 0,u. Nevertheless, in order to prevent the inadequate expense of
the size of this paper, we shall not extend the technique developped in the following sections to this peculiar
framework.

2. BOUNDARY OPERATOR

In this section we prove that the boundary operator Ay is bounded from X into X;. This preliminarily
requires that the existence, uniqueness and smoothness properties of the solution to the IBVP ([I2) be
appropriately established in Corollary 211 To this end we start by proving the following technical lemma.

Lemma 2.1. Let X be a Banach space, My be a m-dissipative operator in X with dense domain D(My)
and B € C([0,T),B(D(My))). Then for all vo € D(My) and f € C([0,T],X) N L0, T; D(My)) (resp.
f € WhY0,T; X)) there is a unique solution v € Zy = C([0,T], D(Mp)) N CL([0,T], X) to the following
Cauchy problem

v'(t) = Mov(t) + B(t)v(t) + f(t),
(2.1)
v(0) = v,
such that
(2.2) lvllzy = llvllcoqo,r),D(at0)) + IVl (0,17, x) < Cllvoll pearey + 1 11)-

Here C is some positive constant depending only on T and || B||c(jo,1),8(D(Mo))), and || fll« stands for the
norm || fllc(o,71,x)nL1 0,730 (M0)) (resp- || fllwr10,m:x))-
Proof. Put Y = C([0,T], D(My)) and define

K:'Y — Y

v [t = (Kv)(t) = [1S(t - S)B(s)v(s)ds] ,

where S(t) denotes the contraction semi-group generated by My. The operator K is well defined from
[Proposition 4.1.6] and we have
(2.3) [Kv®)|x <tM|ovly, t €[0,T], M = ||Bllcqo.1).8(D(Mo)))-
Therefore K € B(Y) and we get

n n

t
(2.4) 1K o(t)][x < [olly, t €[0,T7,

n!
by iterating 23). Fix F € Y and put Kv=Kuv+F for all v € Y. Thus, since

I?"v—[?”w:K"(v—w), v,weY, neN,

@) entails that K" is strictly contractive for some n € N*. Hence K admits a unique fixed point in Y,
which is the unique solution v € Y to the following Volterra integral equation

(2.5) o(t) = /O S(t — ) B(s)o(s)dt + F(t), ¢ € [0,T).
As a consequence we have

(2.6) lvlly < e™TNFly,

by Gronwall lemma.
The last step of the proof is to choose F(t) = S(t)vo + fot S(t —s)f(s)ds for t € [0,T] and to apply
[CH] [Proposition 4.1.6] twice, so we find out that F' € Y. Therefore the function v given by (Z3]) belongs
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to C1([0,T], X) and it is the unique solution to ([2I)). Finally we complete the proof by noticing that ([2.2)
follows readily from (2.6)). O

Prior to solving the IBVP (L)) with the aid of Lemma E] we define the Dirichlet Laplacian Ag = —AP
in L?(Q) as the selfadjoint operator generated in L?(£2) by the closed quadratic form

ap(u) = / |Vu(z)*dz, u € D(ag) = Hy(Q),
Q
and establish the coming;:

Lemma 2.2. The domain of the operator Ao is HL(Q) N H?(Q) and the norm associated to D(Ag) is
equivalent to the usual one in H?(S2).

Proof. We have
®
(2.7) FATF = / A rdk,
R
where .# denotes the partial Fourier with respect to x1, i.e.

1 .
/eﬂk“u(xl,x’)dajl, (k,2") € Q,
R

(Fu)k, ) = lh,a') = o

and A\O,k = —A, + k% k € R, is the selfadjoint operator in L?(w) generated by the closed quadratic form
aok(v) = [ (IVo(@)]? + E*|v(a’)|?)da’, v € D(aox) = D(ao) = Hj(w). Since w is a bounded domain with
C2-boundary, we have D(Ag ) = Hl (w) N H2(w) for each k € R, by [Ag].

Further, bearing in mind that (2.7 reads

D(Ao) = {u € L*(), ii(k) € D(Agx) ae. k € R and [ [|Ag kii(k)[32,,dk < o0},
(F Agu)(k) = Ag ri(k) a.c. k € R,

and noticing that
2
1o kvll72() = D CoE7 | V0l 72(ys v € Hy(w) N HA(w), k € R,
=0
with CJ = 2!/(j%(2 — j)!), j = 0,1,2, we see that D(Ag) is made of functions u € L2(Q) satisfying simulta-
neously (k) € Hj(w) N H?(w) for a.e. k € R, and k — (14 k*)7/2||u(k)| g2 (o) € L*(R) for j = 0,1,2.
Finally, [|u(k)|| g2 () being equivalent to [|At(k)||L2) by [Ev][§6.3, Theorem 4], we obtain the result. [

Let B denote the multiplier by V € C([0,T], W?2°°(£2)). Due to LemmaB2we have B € C ([0, T], B(D(Ap)))
with ||B||C([O,T],B(D(A0))) < ||V||C([O)T]7W2,W(Q)). Therefore, applying Lemma 21 to My = —iAp we obtain
the following existence and uniqueness result:

Proposition 2.1. Let M >0 and V € C([0,T], W*>(Q)) be such that |V ||c(jo,r), w2 ) < M. Then for
all vo € HY(Q) N H2(Q) and f € WH1(0,T; L3(Q)) there is a unique solution v € Zy = C([0,T], H} () N
H2(Q)) N CH([0,T]; L*(2)) to

—i0w —Av+Vo=f inQ,
(2.8) v(0,-) = v in £,

v=20 on X.

Moreover v fulfills
[ollzo < C (Ivollm2) + | fllwrro,m:L20)) »
for some constant C > 0 depending only on w, T and M.

Finally, using a classical extension argument we now derive the coming useful consequence to Proposition

21
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Corollary 2.1. Let M and V be the same as in Proposition [21. Then for every (g,uo) € Xo, the IBVP
I admits a unique Bsotution

s(g,ug) € Z = L*(0,T; H*()) N H' (0, T; L*(2)).
Moreover we have

(2.9) lIs(g; uo)llz < Cll(g; uo)ll xo,

for some constant C > 0 depending only on w, T and M.

Proof. Choose G € W?(0,T; H*(Q)) obeying 710G = (g,u0) and [|W |lwz20,1,12(0)) < 2[(g:u0)||x,- Then u
is solution to () if and only if u — G is solution to (Z8) with f = i0;G + AG — VG and vy = ug — G(0, .).
Therefore the result follows from this and Proposition 211 O

Armed with Corollary 211 we turn now to defining Ay. We preliminarily need to introduce the trace
operator 71, defined as the linear bounded operator from L?((0,T) xR, H?(w))NH' (0, T; L*(Q2)) into L*(X) x
L?(2), which coincides with the mapping

w— (,wys, w(T, ")) for w e C5°([0,T] x R, C*>(w)).
Evidently, we have
Im15(g, o)l x, < Clls(g, uo)llz < Cll(g,uo0)llx,,
by Z9), hence the linear operator Ay = 71 05 is bounded from Xy into X; with ||Av || = |[Av||sx,,x,) < C.
Here and the remaining part of this text C' denotes some suitable generic positive constant.

Remark 2.1. In light of [LM2][Chap. 4,§2] and since € is a smooth manifold with boundary 952, we may as
well define Ay (g, up) in a similar way as before for all ug € H2(£2) and all

g€ H¥?3/2(2) = L0, T; H3?(00)) N H*2(0,T; L*(09Q)),
fulfilling the compatibility conditions [LM2][Chap. 4, (2.47)-(2.48)]. Nevertheless there is no need to impose

these conditions in our approach since they are automatically verified by any (g, ug) € Xo.

3. FLOQUET-BLOCH-(GGEL'’FAND ANALYSIS

In this section we introduce the partial Floquet-Bloch-Gel'fand transform (abbreviated to FBG in the
sequel) which is needed to decompose the Cauchy problem (I.TJ) into a collection of IBVP with quasi-periodic
boundary conditions of the form (7).

3.1. Partial FBG transform. The main tool for the analysis of periodic structures such as waveguides is
the partial FBG transform defined for every f € C5°(Q) by

+oo
(3.1) fo(t,x) = (USf)a(t,x) = Z e R f(t o +k,a'), teR, x = (x1,2') €Q, 0 €[0,27).
k=—oc0
We notice from (BI]) that
(3.2) fo(t,x1 +1,2") = e fy(t,z1,2'), teR, 21 €R, 2’ €w, 0 €[0,27),
and
omf 0™ fo
. = 0 2
(3.3) <uazm>9 s mE N, 0 € [0,2m),

whenever z =t or z; , j = 1,2,3. With reference to [RS2][§XIII.16], U extends to a unitary operator, still
denoted by U, from L?(Q) onto the Hilbert space f(e(i%) L2(Q)do/(2m) = L*((0,2m)d0/(2m), L2((0,T) x ')).

Let Htf)loc(Q), s = 1,2, denote the subspace of distributions f in Q such that fi 7)xrxw € H*((0,T) x
I x w) for any bounded open subset I C R. Then a function f € Hns,loc(Q) is said to be 1-periodic with

respect to x1 if f(t,x1 + 1,2") = f(t,x1,2") for a.e. (¢,x1,2") € . The subspace of functions of Hﬂs’loc(Q)

2The coming proof actually establishes that this solution belongs to C([0,T], H2(2)) N C1([0, T], L2(2)).
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which are 1-periodic with respect to x; is denoted by Hf e, (Q). Such a function is obviously determined
by its values on @ so we set Hy _ (Q') = {uq, v € H] . (Q)}. Inlight of (B.2)-B3) we next introduce
H;o(Q') = {e"™ u;u € H ., (Q")} for every 0 € [0, 27). In view of [Di][Chap. II, §1, Définition 1] we have

@ 0
un@= [ @) s =12

0.27) 2

More generally, for an arbirary open subset Y of R™, n € N*, we define the FBG transform with respect
toxy of f € C§P(R xY) by

+oo
jY,G(xluy) = (Z/[Yf)e(xluy) = Z eilkef(‘rl + k7y)7 T € R7 Yy S Yu 0 S [07 27T)7

k=—o0

and extend it to a unitary operator Uy from L?(R x Y') onto f(ﬁ%) L?((0,1)x Y)df/(27). Similarly as before
we say that a function f € Hy,, (RxY) = H (R, L*(Y))NL{, (R, H*(Y)), s > 0, is 1-periodic with respect
toxy if f(x1+1,y) = f(z1,y) for a.e. (z1,y) € RxY. Then we note H; ,.,.(RxY’) the subspace of 1-periodic
functions with respect to 1 of Hy,,.(R x V) and set H} .((0,1) x Y) = {uj0,1)xy, u € Hf (R xY)}.

loc fi,per

Next we put Hj,((0,1) x Y) = {e1y, u € H .. ((0,1) x Y)} for all 6 € [0,27), so we have

@ df
Z/{yHS(RxY):/ Huse((o,l)xY)—, s> 0.
(0,2m) ’ 27

For the sake of simplicity we will systematically omit the subscript Y in Uy in the remaining part of this
text.

3.2. FBG decomposition. Bearing in mind that 2y o = 75(H?(0,T; Hf 4('))), where we recall that 7 is
the linear bounded operator from H?(0,T; H?(€Y')) into L*((0,T) x (0,1), H3/2(dw)) x L?(Q) satisfying

Tow = (wys, w(0,-)) for w e C§°((0,T) x (0,1),C>(w)),
it is apparent that

@ , df L ©df
(3.4) Zo=UXy = Zoo— and Ut ™" = / To=—-
(02r) 27 (02m) 2T
Here the notation 7 stands for the operator 7 restricted to H?(0,T; Hf4(€))). Further we put 2 =
L2(0,T; Hf (¥)) N H'(0,T; L*()), 6 € [0,27), so we have
@ do
(3.5) F=UZ= Py —.
(0,27) 2
Then, applying the transform U to both sides of each of the three lines in (1) we deduce from B3] the
following:

Proposition 3.1. Let V.€ W2(0,T; W%°(Q)) fulfill (L2) and let (g,u0) € Xo. Then u is the solution
5(g,u0) € Z to (L) defined in Corollary 21 if and only if Uu € Z and each g = (Uu)g € Zp, 0 € [0,27),
is solution to the following IBVP

(=i —A+V)v=0 inQ =(0,T)xQ,
(3.6) v(0,-) = 10,9 in
v =gy on X',

where Gg (resp. o) stands for (Ug)e (resp. Uuo)g), ie (Jo,To,0) = (U(g,u0))s-
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3.3. Reduced boundary operators. We first prove the following existence and uniqueness result for (3.6])
by arguing in the same way as in the derivation of Corollary 211

Lemma 3.1. Assume that V' obeys the conditions of Proposition[31] and satisfies |V||w=2(o,7;w2 o)) < M
for some M > 0. Then for every (go, to,0) € 2 4, 0 € [0,27), there exists a unique solution s¢(go, t0,0) € Z4
to B4). Moreover we may find a constant C = C(T,w, M) > 0 such that the estimate

(3.7) 156 (g6, t0,0)ll 2; < Cll(g0, t0,6)ll 2, ,»
holds for every 6 € [0,27).

Proof. Let Ao be the selfadjoint operator in L?(Q)') generated by the closed quadratic form
ano(w) = | [Vu(@)?de, u € Dlang) = L2(0.1: H}(w)) 0 HLg(0.1: L)),
o

in such a way that Agg acts as (—A) on its Hdomain D(Aoe) = HF4(¥) N L?(0,1; Hy(w)). Let B de-
note the multiplier by V € C([0,T], W?°°(Q)). Due to (L2 we have B € C([0,T],B(D(App))) and
I Bllc(o,11,8(D(40.0))) < IV le(o,m,w22(0r))- Therefore, for every f € W1(0,T; L*(Q')) and vg,g € Hﬁe(Q’)ﬁ
L?(0,1; Hy(w)) there is unique solution vg € L*(0,T; L*(0, 1; Hy(w)) N HF 4()) N H'(0,T;5 L*(')) to the
IBVP

—i0w — Av+Vo=f in Q'
(3.8) v(0,-) = vo 0 in Y,

v=20 on Y/,
by Lemma 2] satisfying

[vell 20,72, 90)) + Vel 0,7522(0)) < C (ool 2oy + [ lwrro.ricacery) -

Further, from the very definition of 2, we may find Wy € H*(0,T; Hti 9(§")) such that 73 , Wy = (g, t00,0)
and ||W0||H2(O T:H2(Q)) < 2|[(ge, o 9)”3;0 o~ Thus, taking f = i0;Wy+ AWy —VWy and vg g = ug,eo—Wp(0, )

in BY), it is clear that vg — Wy is solution to (BEI) if and only if vy is solution to (B:8]). This yields the
desired result. O

In virtue of Lemma [3.T] the linear operator sg is thus bounded from 2, into 2, with
(3.9) Isoll = llsolls(2y 2 < C, 0 €[0,2m).
Let 7{ be the linear bounded operator from L?((0,7)x(0,1), H2(Y))NH (0, T; L*(Q)) into 27 = L?((0,T) x
(0,1) x Ow) x L3(£'), obeying
mw = (Qwysy, w(T,-)) for w e C5°((0,T) x (0,1),C™@)),

in such a way that

® do @ do
(3.10) 21 =UX, = X —= and UriU™" = / T —,
(0,27) 0 (0,2m7) 2T

In light of (B7)) we then have
I7156(Jo, to,0)ll 27 < Cllse(Je, t0,0)ll2; < Cll(go,T0.0)ll 2, 0 € [0,27),

so the reduced boundary operator Ay, = 71 059 € B(Z{ 4, 27).
Further, bearing in mind B.4)-(B3H) and BI0) we deduce from Proposition Bl and Lemma Bl that

@ de
Z/[Avu_l = / AV792—.
(0,27) m

In light of [Di][Chap. II, §2, Proposition 2] this finally entails that

(3.11) AV IBx0,x) = sup [[Avelsay,, 27)
0€(0,2m)

3This can be easily seen by arguing in the exact same way as in the derivation of Lemma 221
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4. OPTICS GEOMETRIC SOLUTIONS

Let r > 0 and 6 € [0,27) be fixed. This section is devoted to building optics geometric solutions to the
system

(=0 —A+V)v=0 in @',
(4.1) u(-,1,-) = e“u(-,0,-) on (0,7) X w,
Opu(-1,-) = €9, u(-,0,-) on (0,7T) x w.

Specifically, we seek solutions uy g, k € Z, to (ZI)) of the form
ot z) = (eieml + wkﬁ(t,fﬂ)) e—z‘((T+4W2kz)t+1/.5j+2wml)7 z = (x1,2) € Y,

where wy g € H?(0,T; H 4(9')) fulfills

C
w0 m2 0,75 152 () < ;(1 + [kl),

for some constant ¢ > 0 which is independent of r, £ and §. The main issue here is the quasi-periodic
condition imposed on wy,g. To overcome this problem we shall adapt the framework introduced in [Hal for
defining optics geometric solutions in periodic media.

4.1. Optics geometric solutions in periodic media. Fix R > 0 and put O = (=R, R)x (0,1) x (—R, R)?.
We recall that u € H} _(R?*) is O-periodic if it satisfies

3
u(y +2RE;) = u(y), 7=0,2,3, and u(y + &) = u(y), ae. y=1tE + ijc‘fj €0,

Jj=1

where {&; }5?:0 denotes the canonical basis of R*. We note H}.,.(O) the subset of O-periodic functions in
H}, (R*), endowed with the scalar product of H'(O). Similarly we define H2. (O) = {u € H,,.(O), dyu €
H}..(0), k=0,1,2,3}.

Further we introduce the space

T

Ay = {0 2R u; uw e HE (Ry; H2 (R®)) N H2,,.(0)}, 0 €[0,27),

per

which is Hilbertian for the natural norm of 2 = H?(—R, R; H*((0,1) x (=R, R)?)), and mimmick the proof
of [Ha][Theorem 1] or [Chol[Proposition 2.19] to claim the coming technical result.

Lemma 4.1. Let s > 0, let & € R* be such that k- E = 0, and set ¥ = s&y + ik. Then for every h € 7
the equation

(4.2) — 0 — AP+ 20 -Vip = h in O,

admits a unique solution 1 € €. Moreover, it holds true that

R
4.3 < —1h .
(4.3) [lle < — Al
Proof. For all o € Zg = 0&1 + §E + (FZ) x L x (%Z)Q, put
1 .
o = eza'y, == t,w E O,
ba(y) 2R} y = (tx)

in such a way that {¢a }aez, is a Hilbert basis of L?(0). Assume that 1) € . is solution to ([@2). Then for
each o € Zg it holds true that (h, ¢o)r2(0) = (—i0:) — Atp 420 - Vi), o) 12(0) Whence

<h, ¢a>L2(O) = <1/}5 _iat(ba - A¢a —20- V¢O¢>L2(O)

3
= ao—i-Za? — 2K - a+ 2isas | (U, 0a)12(0)s

Jj=1
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by integrating by parts, with

3
(4.4) R ao+2a§—2n-a+2isa2 = 2s|ag| > %
j=1

Therefore we necessarily have

(4.5) = b Salrto)

3 2 . @
acz, @0+ aF — 26 o+ 2isan

On the other hand the function ¢ defined by the right hand side of {4) is in 2 since

" 5 of +af) (L1cjucs 02t ) [y da) 20
w2 =

2
EZg ‘ao + E?:l a? —26-a+ 2isa2‘
2
< B (1+ a2+ ad) 0262 | [(h, do) 12 |2 < +o0.
- §272 0 0 i) y Pa/)L2(0)
a€Zg 1<5,1<3

Here we used the fact that the last sum over a € Zg is equal to ||h[|%,., which incidentally entails (E3).
Finally the trace operators w +— 9 w||_g R)x{0,1} x|~ R,R)> being continuous on 2 for m = 0,1, we end up
getting that ¢ € 4. O

Remark 4.1. Tt should be noticed that in contrast to [Hal[Theorem 1] where the fundamental H2-solutions
to the Faddeev-type equation are obtained from any L?-right hand side h, it is actually required in Lemma
ETIthat h be taken in 2. This boils down to the fact that the elliptic regularity of the Faddeev equation
does not hold for the Schrédinger equation ([A2]).

4.2. Building optics geometric solutions. We first deduce from Lemma [£.]] the:
Lemma 4.2. Let £ € C?\ R? verify
(4.6) JE-RE=0.

Then, for all § € [0,2r) and k € Z, there exists Ey g € B(H?(0,T; H*(Q')), H*(0,T; H o('))) such that
o= Eyof, where f € H?(0,T; H*(Q')), is solution to the equation

(4.7) (—i0; — A + 4imkOy, + 2i& - V) = fin Q'
Moreover we have
¢
(4.8) [ Ex6llsca20,7;m200)) < é7
for some constant co > 0 independent of €, k and 0.

Proof. Pick R > 0 so large that any planar rotation around the origin of R? maps w into (=R, R)%. Next,
bearing in mind that r = |3¢| > 0, we call S the unique planar rotation around Ogz € w, mapping the second
vector ey in the canonical basis of R? onto —3J¢/r:

(49) Seg = -

Further, pick f € H?(0,T; H*(Q')), and put

(410) f(tv'rlv'r/) = f(t,Il,S*.I/), (t,xl,x/) € (OvT) X (07 1) X Swa

where S* denotes the inverse transformation to S. Evidently, ]76 H?%(0,T; H*((0,1) x Sw)). Moreover, as
Ow is C?, there exists

P € B(H?*(0,T; H*((0,1) x Sw)), H*(R, H*((0,1) x R?))),
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such that (Pf)\(o,T)x(o,l)xsw = f, by [LMT][Chap. 1, Theorems 2.2 & 8.1]. Let x = x(¢,2") € C§°((—R, R)?)
fulfill x = 1 in a neighborhood of [0, 7] x Sw. Then the function

(411) h(ta Iy, I/) = X(ta I/)(Pf)(tv L1, .I/), (tv T, .I/) € 05

belongs to s#2. Moreover it holds true that

hi0,1)%(0,1)x 5w = f-

The next step of the proof is to choose x = (0, 27k, S*R¢) € R* so we get
RE-IE
— =

K'SQZS*%g'QQZ%g'SQQZ_ O,

by combining (L8) with [@3). We call ¢ the J#-solution to ([@2) obtained by applying Lemma [L1] with
¥ =r& +ir and h given by ([EI)-EII), and put

(4.12) (Exof)(t,x1,2") = (t,z1,S2"), (t,z1,2") € Q.

Obviously, Eygf € H?(0,T; HZ (€V)) and @3) yields

CR
(413) 1B o iy < Clilaes < bl s
Furthermore, in light of (ZI0)-(II) we have

Bl se2 < 1P Fll e m2eex0,1)) < WPl 208200, x50) < Cllf 20,7582 00))

where || P|| stands for the norm of P in the space of linear bounded operators acting from H?(0,T; H2((0,1) x
Sw)) into H?(R, H%((0,1) x R?)). Putting this together with (ZI3]), we end up getting [{AJ).

This being said, it remains to show that ¢ = Ej ¢ f is solution to ([@7T). To see this we notice from [@I2)
that ¢ = 1 o F, where F is the unitary transform (¢,x1,2") — (t, 21, Sz’) in R*. As a consequence we have
Vi = FVy o F, whence

(4.14) 0-VipoF =F9- Vi = i2rkdy,p +if - Vo,

and

(4.15) —Ap=-V-Vp=—-FV -FV¢poF=-V:-VpoF =—-A¢oF.

Moreover we have ho F = fo F = f in @, directly from {@I0)-@II), and dyp = 8yt o F, so @) follows
readily from this, (@2)) and {@.I4)-@I5). O

Armed with Lemma we are now in position to establish the main result of this section.

Proposition 4.1. Assume that V. € W»>°(0,T; W>>(Q)) satisfies (L2) and ||V ||wz.c0,rw20 () < M
for some M > 0. Pickr > 19 = co(1+ M), where cqy is the same as in [@F), and let ¢ € C*\ R? fulfill [0
and |&| =r. Then for all € [0,27) and k € Z, there exists w9 € H?(0,T; Hﬁe(Q’)) obeying

c
(4.16) .ol 20,7520 < — (L+[R])
for some constant ¢ > d independent of v, k and 0, such that the function
(4'17) uk)g(t,x) _ (eieml + wk,g(t,x)) e*i((5-5+47r2k2)t+2ﬂkml+m’.§), (t,x) _ (t,:El,:El) c QI,

is a H?(0,T; H 4(S))-solution to the equation (@I)).

4Actually ¢ depends only on T, |w| and M.
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Proof. A direct calculation shows that uy ¢ fulfills (Z1)) if and only if wy ¢ is solution to

(—iBy — A+ 4inkdy, + 2i€ -V + VIw + €Wy 9 =0 in Q'

(4.18) w(-1,-) = ew(-,0,) on (0,7) X w
Op,w(,1,+) = €0, w(-,0,-) on (0,7) X w,

with

(4.19) Wio =V + 6% — 4rko.

In light of ([@I8)-(I9) we introduce the map

Gro: H0.T:HZ,(Y) —  H*(0.T;H}, ()
q — —Erg (Vg+ e W),

set
(4.20) M = 1272 (3T |w|) Y% (472 + ||V || + 82|k|),
where [|[V[| is a shorthand for ||V |ly2.(0,7;w2 .~ (q)), and notice that

(4.21) |[Wi,oe® <M.

HH2(O,T;H2(Q/))
Then we have

|Gr.00ll 72 0,7: 152 (1)) < 070 (IVIllall g2 (0, 7512000y + M), q € H*(0,T; Hf 4()),
in virtue of ([@L8)) and (@2 . From this and the condition r > r¢, involving,
(4.22) r =3¢ > co(1 + V),

then follows that (|G 0qll g2 (0,7;m2(0.)) < M for all ¢ taken in the ball By centered at the origin with radius
M in H?(0,T; Hf 5(Q')). Moreover, it holds true that

~ lg — qll a2 0,T;H2 (X -
Gr.0q — Groqll 520,1;82 () < ; @) " q,4 € Bu,

hence G ¢ has a unique fixed point wy 9 € H*(0, T} Hﬁe(Q’)). Further, by applying Lemma 2] with
f=- (Vwkﬁ + emkaﬁ) € HQ(O,T; H2(Q/)),

we deduce from (A7) that wie = Ekgf is a solution to (LI8). Last, taking into account the identity
lwr.ollm2(0,1;12(0)) = [|Gr0wk,ol H2(0, ;12 (0, We get that

lwroll 20,020y < (Growro — Gr,o0ll 200,712 (07)) + |Gr00/ 2 (0,7 H2(02))

IN

1 Bea(Vira)lo i + [Beo (€% W) s o 08 oy

IN

co
- IV Illwn,oll 22 0,7 12 0ryy + M)

directly from ([@8]) and [@2I)). Here 0 denotes the function which is identically zero in €¥'. From this and
[@.22) then follows that |lwr. el 72 (0,7: 52 < (2¢0/r)M, which, combined with [@.20), entails @16). O

5. STABILITY ESTIMATE

This section contains the proof of Theorem [[L2] which, along with (BIT), yields Theorem [Tl We start
by estabilishing two auxiliary results.
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5.1. Auxiliary results. In view of deriving Lemma from Proposition [£.] we first prove the following
technical result.

Lemma 5.1. For all v > 0 and ( = (n,£) € R? x R with n # Oz, there exists (; = (;(r,n, L) = (&,75) €
C? xR, j =1,2, such that we have

(5.1) ISl =r, 75=¢-&, G—CG=¢ RG-S =0,
and

! (+19) S
5.2 A< (Il + ) +7 |75 < ?+ —5 +2r2
(5.2 < 5 (In+ 10 ) 7 ol < o+ o

Proof. Let n be any non zero R2-vector, orthogonal to 7 and put ;- = rn*/|n*|. Then, a direct calculation
shows that

1 4 ¢ ’ 1 4 0\ ,
&= (1 + o o vt = ¢ (0 ) - =1

fulfill GI)-G2). O

In light of Proposition ] and Lemma [5.1] we may now derive the following:

Lemma 5.2. Assume that V; € W>(0,T; W>(Q)), j = 1,2, fulfill (L2) and fixr > ro = co(1+ M) > 0,
where M > maxj—1 5 ||Vj||w2. (0, m;w2.(0)) and co is the same as in @J). Pick ¢ = (n,£) € R? x R with
n # Opz, and let ; = (&5, 7j) € C? xR, j = 1,2, be given by Lemmal[5dl Then, there is a constant C' > 0
depending only on T, |w| and M, such that for every k € Z and 0 € [0,27), the function ujre, j = 1,2,
defined in Proposition [{.1] by substituting &; for &, satisfies the estimate

1 (1 + T2)36|w|r

1w k0l 720,75 82 )y < C(1+ (¢, k)2 , keZ, 0€l0,2m), r >,

.
with .
(k) = aln. LK) = ol + 3+ 1.

Proof. In light of (£I1) we have

llwj k.0l m2(0,7; 12 (02))

T-+4ﬂ'2k2 t+2rkx+a’-&;
(7 ) ! 5])||W?m(o,:r;vv%oo(ﬂ/))7

< (||ei911||H2(0,T;H2(Q’)) + |wj k.0l 20,7 2(007)) ||€7i(
with
e A 0] i ) S (L[5 + AR (1416 2+ dnk2)ele
and _
€1\ 20,7 2 (02r)) < (T2,
for some positive constant ¢ which is independent of r, 8, {, k, T and w. Thus we get the desired result by
combining the three above inequalities with ([@I6]) and (&.2)). O

5.2. Proof of Theorem Let ¢ = (n,¢), r and {; = (§;,75), j = 1,2, be as in Lemma 5.2 fix k € Z,
and put
(k/2,—k/2) if k is even
(k1. ko) = { (k+1)/2,—(k—1)/2) if k is odd
Further we pick 6 € [0, 27) and note u;, j = 1,2, the optics geometric solution u; x, ¢, defined by Lemma [5.2]
In light of Lemma Bl there is a unique solution v € L?(0, T’; Hﬁe(Q’)) N HY0,T;L*(Q)) to the boundary
value problem
(—ids + A+ V2)v =0 in Q'
(5.3) v(0,-) = u1(0,-) in ¢,

v =1u on X,
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in such a way that u = v — u; is solution to the following system:
(=10 + A+ Vo)u= (Vi — Va)ug in Q'

u(0,-) =0 in
(5.4) u=10 on ¥,
u(-,1,-) = eu(-,0,-) on (0,7T) X w
Oy u(-,1,-) = €0, u(-,0,-) on (0,7T) X w.
Therefore we get
(5.5) / (Vi — o)uyug dtde = Oyutiz dtdo(z) — z/ u(T, )us(T, ) dz,
’ Z; ’

by integrating by parts and taking into account the quasi-periodic boundary conditions satisfied by u and
ug. Notice from (E3)-(E4) that d,u = (A%/zﬁ - A%/l,e) (g1) and u(T,.) = (A%/Z,e - A%/h@) (g1), where

g1 = (u1yz,u1(0,.)) € 27 -

Thus, putting
By = 0 if kisevenor k € R\ Z
7Y 4n? if ks odd,

for all k € Z, and

(5.6) 0= 0kp = e T + Ny + w3,

we deduce from (G10), (II7) and (&3 that

(5.7) / (Vi = Vo) ((Coms2nkes s ) gyay = A4 B4 O
with

(5.8) A4 - _/,(V2 — Vi)olt, z)e~ ((E+Brk)t+2mhar+a’n) gy g,
(5.9) B o= [ (M- Ah) (amadedoa),

(5.10) c = —i/ (A%,.0 — A, 6) (81)ua(T, ) da.
Q/

Next, we introduce
| (Ve =Vi)(t,z) if (t,z) € Q,
Vit @) = { 0 if (t,2) € R\ Q,
and
pr(x1) =™ 1 €R, k€ Z,
so ([B.7) can be rewritten as

(5.11) / (V) — Vz)e*i((uﬁkk)tuﬂml+m'.n) dtde — <{7(£ + Brk,n), ¢k>L2(O b’

where V stands for the partial Fourier transform of V with respect to t € R and 2’ € R?. Further, in light
of (@I6) and (E6) it holds true that

IN

(TIwD? (lwill 2@y + lw2llz2@n) + llwillzz@n lwell L2 n

© (el 2z + il + e + S0+ a1 + 12D

-
< (LI
— r Y

lollzrqn

IN
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where the constant ¢/ > 0 depends only on T', |w| and M. Since |[Vi — Va|leo < 2M, it follows from this and
(E8) upon substituting ¢’ for 4M ¢’ in the above estimate that

(1+a(¢ k)

(512) 141 < Vi~ Vol el 1 < ¢ THIERD,
where q is defined in Lemma [5.2 Moreover, we have

1B < [[(Aty.0 — Aty ) (00l 22 1wzl 2y )

by (E9) and
IC] < (AT, 9 — AT, ) (1) 120 lull 2oy,
from (5I0), whence

1/2
(5.13) Bl+10] < (100 — ALy o) (@) + 1002, 6 — A3, 0) @) 320

1/2
% (lluallf ) + lua(T, )2 )

< [(Avs0 — AVlﬂ)(gl)”Lz(z;)Xm(Q) ||92||L2(E;)XL2(Q')
< Avee — Avisllsczy, 2nllonll2y, ezl 27,

where we note

g2 = (uz‘g;,uz(T, )) :
The next step is to use that ||gl||%(;’9 and ||gg||%(;’9 are both upper bounded, up to some multiplicative
constant depending only on T" and w, by ||u;|| g2 (0, 17;m2 (). Therefore (EI3) and Lemma 5.2 yield

2 A1 1 13 (1 + r?)° 2|w|r
(5.14) Bl +1C1 < CTllAv, 0 = Avy ollszy ) (1 +a(CR)) P g=e™, m 2 .
Now, putting (57)-E12) and (BI4) together, we end up getting that

(5.15) ‘<‘7(f + Brk,n), ¢k> < c//(1+27§<’k)) (1 +~(1+q(¢, k))12(1 + r2)662|w|r> >,

L2(0,1)
where
v =Aveo — Avisllszy . 20)

and the constant ¢’ > 0 is independent of k, r and ¢ = (1, {).
The next step is to apply Parseval-Plancherel theorem, getting

(5.16) V2 = Vil = IV Isqaxcoyeny = 35 || 106G R,

kez /R
where 8(C, k) = 6(¢,n, k) stands for (V(¢,7), dr)r2(0,1) for all (¢, k) € R® x Z. By splitting [, [0(¢, k)|?dC,
k € Z, into the sum [, [6(£, 1, 2k)|?dldn + [gs [06(€, 7, 2k + 1)|*dldn and performing the change of variable
¢ =0 — (2k + 1) in the last integral, we may actually rewrite (5.10) as

(5.17) Vo = VillZ2g = Z/ 0(€ + Bk, n, k)[*dtdn = / 16(€ + Bk, n, k)[*dedndpu(k),
kez /R R4

where = > ., 6,. Putting B, = {(¢, k) € R® x Z, [(¢,k)| < p} for some p > 0 we shall make precise
below, we treat pr 16( + Brk,n, k)|2dedndp(k) and fR“\B,, |0(£ + Brk,n, k)|?dldndu(k) separately. We start
by examining the last integral. To do that we first notice that (¢,71,k) — |(¢ + Bxk,n, k)| is a norm in R* so
we may find a constant C7 > 0 such that the estimate
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holds for every (¢,71,k) € R*. As a consequence we have

. 1 .
/ 60+ Bk, n, k)[*dldndu(k) < — [(£,m, k)P |6(£ + Bk, n, k) > dldndp(k)
R\ B, P= JrRN\B,
012 2/a 2
R4\ B,

C? .
< S [ QI Bk PR+ Bk, k)Pt

The change of variable ¢/ = ¢ + ik in the last integral then yields

. C? . C?
[ 16+ Bk Ptndn(s) < T [ (0 HGRPBERPAG) < IV

so we end up getting that

. 4C2 M2
(5.18) / 18(C+ Bk, n, k) [2dedndp(k) < 2.
R4\B, P

Further, we introduce C, = {(¢,k) € R* |n| < p~'} in such a way that the integral fB,,mc,, [o(¢ +
Bik,n, k)|?dldndu(k) is upper bounded by

. T .
[ 16+ Bk Patdndnt) < % sup [ o+ fukon, k) Patdu(t
c, P nl<p=t JR2
T .
< T sup /|u(€+ﬂkk,n,k)|2d€
p? \n\SP*IkGZZ R
T .
< — sup Z||U(an7k)||%2(R)a
p [n|<p=1 kEZ
giving
. s 4w M?
(5.19) / [6(¢+ Bk, n, k)P dedndp(k) < <5 IVII7s ez @xon)y < 7
B,NC, P x b1 P
and

a(C,k) <3p% (G k) € BN (RN C,), p > 1.
From (&I0) and the above estimate then follows that

2
[0(¢ + Brk,n, k)| < c”f—z (1 +7p247“12e2|“’|T) , (C,k) € B,N(R*\C,p), p>1, r>max(1,r),

whence
8
(5.20) /B e |6(¢ + Brk,n, k)[2dldndu(k) < c”% (1 + 72p487“24e4‘“"r) , p>1, 1> max(1,70),
pm P

upon eventually substituting ¢ for some suitable algebraic expression of ¢”.
Last, putting (BI7)—(E20) together we find out that

1 o8
12 1P 2 56,20 Alw|r
(5.21) V2 = Villfzgy < C2 (p2 + " + 7 pr e ) , p>1, 7 >max(1,79),

ﬁln”yfl and p = Tf/S in

where the constant C > 0 depends only on T', w and M. By taking r =7 = 3

(EZ10), which is permitted since r; > max(1,ro) from (L), we find out that
17\ 16/5 1\ —4/5
(5.22) IV = Vi3 < Cs (147 (ny ™) %) (i) ™7,
where C3 is another positive constant depending only on 7', w and M. Now, since supg <., (”y (ln 7*1) 16/5)
is just another constant depending only on T, w and M, then (L) follows readily from (E22)).
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