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APPROXIMATING MATRICES WITH MULTIPLE SYMMETRIES

CHARLES F. VAN LOAN* AND JOSEPH P. VOKTT

Abstract. If a tensor with various symmetries is properly unfolded, then the resulting matrix
inherits those symmetries. As tensor computations become increasingly important it is imperative
that we develop efficient structure preserving methods for matrices with multiple symmetries. In
this paper we consider how to exploit and preserve structure in the pivoted Cholesky factorization
when approximating a matrix A that is both symmetric (A = AT) and what we call perfect shuffle
symmetric, or perf-symmetric. The latter property means that A = ITAII where II is a permutation
with the property that Ilv = v if v is the vec of a symmetric matrix and I[Tv = —v if v is the vec of a
skew-symmetric matrix. Matrices with this structure can arise when an order-4 tensor A is unfolded
and its elements satisfy A(il, 19,13, i4) = A(iz, 11,13, i4) = .A(Zl ,12,14, i3) = .A(ig, t4,01, ig). This is
the case in certain quantum chemistry applications where the tensor entries are electronic repulsion
integrals. Our technique involves a closed-form block diagonalization followed by one or two half-
sized pivoted Cholesky factorizations. This framework allows for a lazy evaluation feature that is
important if the entries in A are expensive to compute. In addition to being a structure preserving
rank reduction technique, we find that this approach for obtaining the Cholesky factorization reduces
the work by up to a factor of 4.
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1. Introduction. Low-rank approximation and the exploitation of structure are
important themes throughout matrix computations. This paper revolves around some
basic tensor calculations that reinforce this point. The tensors involved have multiple
symmetries and the same can be said of the matrices that arise if they are obtained
by a suitable unfolding.

1.1. Motivation. Our contribution is prompted by the following problem. Sup-
pose A € R™* ™" ™ is an order-4 tensor with the property that its entries satisfy
Alio,i1,13,14)
Alin,dg,d3,12) =  Alir,42,44,13) - (1.1)
Alis,iq,i1,12)
We say that such a tensor is ((1,2),(3,4))-symmetric. See F1G 1.1 for an n = 3 example.

Given X € R™*™ the challenge is to compute efficiently the tensor B € R™*™*™*"
defined by

n
B(i1,i2,13,14) = Z A(jrs g2, 33, Ja) X (i, 51) X (i2, j2) X (i3, j3) X (14, ja). (1.2)
J1,J2,93,Ja=1
This is a highly structured multilinear product. As with many tensor computations,
(1.2) can be reformulated as a matrix computation. In particular, it can be shown
that

B=(X®X)AX ®Xx)T (1.3)

where A and B are n?-by-n? matrices that are obtained by certain unfoldings of the
tensors A and B. Depending upon the chosen unfolding, the matrices A and B inherit
the tensor symmetries (1.1).
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Value Entries that Share that Value
1 (1,1,1,1)
2 (2717171) (1727171) (1717271) (1717172)
3 (3717171) (1737171) (1717371) (1717173)
4 (2727171) (1717272)
5 (3727171) (2737171) (1717372) (1717273)
6 (3737171) (1717373)
7 (2717271) (1727271) (2717172) (1727172)
8 (1737271) (3717271) (1737172) (3717172) (2717173) (1727173) (2717371) (1727371)
9 (2727271) (2727172) (2717272) (1727272)
10 (3727271) (2737271) (3727172) (2737172) (2717372) (1727372) (2717273) (1727273)
11 (3737271) (3737172) (2717373) (1727373)
12 (3717371) (1737371) (3717173) (1737173)
13 (2727371) (2727173) (3717272) (1737272)
14 (3727371) (2737371) (3727173) (2737173) (3717372) (1737372) (3717273) (1737273)
15 (3737372) (3737273) (3727373) (2737373)
16 (2,2,2,2)
17 (3727272) (2737272) (2727372) (2727273)
18 (3,3,2,2)  (2,2,3,3)
19 (3727372) (2737372) (3727273) (2737273)
20 (3727373) (2737373) (3737372) (3737273)
21 (3,3,3,3)

Fic. 1.1. An ezample of a ((1,2),(3,4))-symmetric tensor (n = 3). It has at most 21 distinct
values. Equations (1.5) and (1.7) show what this tensor looks like when unfolded into a 9 X9 matriz.
In general, the subspace of R™"*"*"*" defined by all ((1,2),(3,4))-symmetric tensors has dimension
(n* +2n3 + 3n2 + 2n)/8.

For example, suppose A = A}, .2, 18 the “[1,3] x [2,4] unfolding” defined by

Alir, ig,i3,14) — A(ir + (i3 — 1)n,d2 + (i4a — 1)n). (1.4)

This n?-by-n? matrix can be regarded as n-by-n block matrix A = (A,,) whose blocks
Apg are n-by-n matrices. It follows from (1.4) that

A(i17 i27 i37 14) = [Ai3xi4]i17i2 :
Combining this with (1.1) we conclude that A, = Ay, = AT . Note that this implies

AT = A. To visualize the structure associated with the [1, 3] x [2, 4] unfolding, suppose
that A € R¥*3*3%3 ig defined by FiG 1.1. It follows that

1 2 3|2 7 8|3 8 12
2 4 5|17 19 10| 8 13 14
3 5 6 10 11|12 14 15
2 7 8 9 135 10 14
Apsxzy = | 7 9 10| 9 16 1710 17 19 |. (1.5)
8 10 11|13 17 18|14 19 20
3 8 125 10 14| 6 11 15
8 13 14|10 17 19|11 18 20
|12 14 15[14 19 20|15 20 21 |

On the other hand, the [1,2]x[3,4] unfolding A = A} 4,54 defined by
Aliv, iz, i3,14) — A(in + (iz2 — 1)n,iz + (ia — 1)n) (1.6)
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results in a matrix A with different properties. Indeed, if we apply this mapping to
the tensor defined in F1G 1.1, then we obtain

2 2 5013 5 6
7 7 108 10 11
8 128 13 14|12 14 15
7 8|7 9 108 10 11

Apaixis,a = 9 13| 9 16 17|13 17 18 |. (1.7)

10 14 )10 17 19|14 19 20
§ 12| 8 13 14|12 14 15
10 14|10 17 19|14 19 20
11 15|11 18 20|15 20 21

Sy Ot WO e N W N

It is easy to prove that this unfolding is also symmetric. (Just combine (1.6) with
the observation that A(i1,i2,43,44) = A(is,%4,11,72).) But it also satisfies a type of
symmetry that is related to a particular perfect shuffle permutation. To see this we
define the n2-by-n? permutation matrix II,,,, by

I, = L:(:,p), p = [Lnm? | 2mm? | - | ninn? | (1.8)

where we are making use of the MATLAB colon notation. Here is an example:

1 0 00 O O[O0 O 07

0 00l1 0 0|0 0O

00 0j0 O O)j1 0 O

01 0|0 0 0|0 O O
Iy = | 0 0 0/0 1 0|0 0 0| = Iy(:,[147258369]).  (1.9)

00 0|0 O 0|0 1 O

00 1]0 0 0]0 0 O

00 0|0 O 1|0 0 O

Lo 0o o0l0o0O0/0O0 1]

A matrix A € R” " is perfect shuffle invariant if

A=1I, Al (1.10)

and PS-symmetric if it is both symmetric and perfect shuffle invariant.

In §2 we show how to construct a reduced rank approximation to a PS-symmetric
matrix that is also PS-symmetric. This is important in the evaluation of the multi-
linear product (1.2). In particular, it enables us to approximate the unfolding matrix
A in (1.4) with a relatively short sum of structured Kronecker products:

Ar > 0i-C;0C;  CF=Cie RV, r<<n’, (1.11)
i=1
It then follows from (1.3) that

B ~ ZT:UZ- (X@X)(Cioo)(Xex)h = ioi(XOiXT)@)(XOiXT). (1.12)

i=1 i=1
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The {o;, Ci, X} representation of B (and hence B) is an O(rn®) computation.

The expansion (1.11) looks like a Kronecker-product SVD of A [8] [14], 24]. How-
ever, the method that we propose in this paper is not based on expensive svd-like
computations but on a structured factorization that combines block diagonalization
with a pair of “half-size” pivoted Cholesky factorizations. Recall that if M € RY*" is
symmetric and positive semidefinite with » < IV positive eigenvalues, then the pivoted
Cholesky factorization (in exact arithmetic) computes the factorization

PMPT = LLT

where P € RY*Y is a permutation matrix and L € RV*" is lower triangular with
r = rank(A), It follows that if Y = PTL = [y1,...,¥,] is a column partitioning, then

M = (PTLY(PTL)T = vYT =3 gyl
k=1

In practice, r is (numerically) determined during the factorization process. More on
this in §4.2. We mention that this rank-r representation requires Nr2—272/3+O(Nr)
flops. See [8, pp.165-66] for more detaild].

1.2. Overview of the Paper. In §2 we discuss the properties of PS-symmetric
matrices. A key result is the derivation of a simple orthogonal matrix ) that can be
used to block-diagonalize a PS-symmetric matrix A: QT AQ = diag(A;, A2). Rank-
revealing pivoted Cholesky factorizations are then applied to the half-sized diagonal
blocks. The resulting factor matrices are then combined with @ to produce a rank-1
expansion for A with terms that are also PS-symmetric. In §3 we apply these results
to compute a structured multilinear product whose defining tensor A is ((1,2),(3,4))-
symmetric. An application from quantum chemistry is considered that has a dramatic
low-rank feature. Implementation details and benchmarks are provided in §4. Antic-
ipated future work and conclusions are offered in §5.

1.3. Centrosymmetry: An Instructive Preview. We conclude the introduc-
tion with a brief discussion of matrices that are centrosymmetric. These are matrices
that are symmetric about their diagonal and antidiagonal, e.g.,

a b ¢ d

| be f ¢
A= c f e b
d ¢ b a

They are a particularly simple class of multi-symmetric matrices and because of that
they can be used to anticipate the main ideas that follow in §2 and §3. For a more
in-depth treatment of centrosymmetry, see Andrew [2], Datta and Morgera [5] and
Pressman [15].

Formally, a matrix A € R"*" is centrosymmetric if A = AT and A = E,AE,
where

E, =1I,(:,n:—1:1) e R"™*"

1 The connection between the pivoted LDL factorization PMPT = LDLT where L is unit lower
triangular and the pivoted Cholesky factorization PMPT = LLT is simple. The lower triangular
Cholesky factor L is given by L = L - diag(d}m, o ,d}./2). Virtually all of the rank-revealing
operations in this paper can be framed in “LDL” language. We use the Cholesky representation so
that readers can more easily relate our work to what has already been published and to existing
procedures in LAPACK.
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is the n-by-n exchange permutation. The redundancies among the elements of a
centrosymmetric matrix are nicely exposed through blocking. Assume for clarity that
n = 2m. (The odd-n case is basically the same.) If

A A
A = Aij € R™™
A9 As
is centrosymmetric, then by substituting
0 E,
E, =
E, 0

into the equation A = E,,AE,, we see that Ay = E,,A1oE,, and Ay = E,,A11Ep,,
ie.,

Aqy Agg
EmAIQEm EmAllEm

A= . (1.13)

Moreover, A7 and A9 FE, are each symmetric. Given this block structure it is easy
to confirm that the orthogonal matrix

N e Q.]Q
Qe = —&= = - 1.14
V2| E, | —En Le-1Q-] 19
block diagonalizes A:
. A+ ApEy, 0 A, 0
QpAQr = = (1.15)
0 An — AnEy, 0 A

If A is positive semidefinite, then the same can be said of A, and A_ and we can
compute the following half-sized pivoted Cholesky factorizations:

P AP =L LT (1.16)

P AP =L LT (1.17)

If we define the matrices Y, € R and Y_ € R**™ by

Vo =QuPIL, = [y ] [yi™] (1.18)
Y. =QPTL. = [y [y, (1.19)

then it follows from (1.15)-(1.19) that

m m

A=vyl ey y? =3y )"+ Y

=1 =1
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Each of the rank-1 matrices in this expansion is centrosymmetric because E, Y, =Y,
and F,Y_ = —Y_. It follows that if ., < m and r_ < m, then

r4 r_
Apay = o0 WO + 3y )" (1.20)
=1 =1

is centrosymmetric and rank(Ay,, , ) = 7, +7_. Thus, by combining the block
diagonalization (1.15) with the pivoted Cholesky factorizations (1.16)-(1.17) we can
approximate a given positive semidefinite centrosymmetric matrix with a matrix of
lower rank that is also centrosymmetric.

We briefly consider the efficiency of such a maneuver keeping in mind the “preview
nature” of this subsection. Here are some obvious implementation concerns:

1. What is the cost of the block diagonalization? The matrices A, and A_ are
simple enough, but is their formation a negligible overhead?

2. From the flop point of view, halving the dimension of an O(n?) factorization
reduces the volume of arithmetic by a factor of 8. Is the cost of computing
the pivoted Cholesky’s of A, and A_ one-fourth the cost of the single full-size
pivoted Cholesky of A?

3. If A is close to a matrix with very low rank and/or its entries a;; are ex-
pensive to compute, then it may be preferable to work with a left-looking
implementation of pivoted Cholesky that computes matrix entries on a “need
to know” basis. How can one organize pivot determination in such a setting?

The table in Fig 1.2 sheds light on some of these issues by comparing the computation
of the structured approximation Ay, .y with the unstructured approximation A,
based on PAPT = LL”  i.e.,

A, = Z y Dy T
=1

where PTL = [y, ... .y and r = r, +7r_.

ry=n/2,r_=n/2 || ry =n/100, r_ = n/100
n Tu/Ts | Teerun/Ts Tu/Ts Tectn]Ts
1500 1.93 0.32 0.53 0.66
3000 2.68 0.22 0.56 0.69
4500 2.89 0.17 0.83 0.64
6000 3.18 0.13 0.88 0.65

Fia. 1.2. Ty is the time required to compute the Cholesky factorization of A, Ts is the time
required to set up A; and A_ and compute their Cholesky factorizations, and Tyet-up 1S the time
required to just set-up Ay and A_. The LAPACK procedures POTRF (unpivoted Cholesky calling
level-3 BLAS) and PSTRF (pivoted Cholesky calling level-3 BLAS) were used for full rank and low
rank cases respectively. Results are based on running numerous random trials for each combination
of n and (ry,r_). A single core of the Intel(R) Core(TM) i5-3210M CPU @ 2.50GHz was used.

In the full rank case (r. =n/2, r_ = n/2), a flop-only analysis would predict a
speed-up factor of 4 since we are replacing one n-by-n Cholesky factorization (n®/3
flops) with a pair of 2 half-size factorizations (2 - (n/2)?/3 flops.) The ratios T, /Ts
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are somewhat less than this because there is an O(n?) overhead associated with the
setting up of the matrices A, and A_. This is quantified by the ratios T..,.,,/Ts.

The low-rank results point to the importance of having a “lazy evaluation” strat-
egy when it comes to setting up the matrices A, and A_. The LAPACK routines
that are used are right-looking and thus require the complete O(n?) set-up of these
half-sized matrices. However, the flop cost of the pivoted Cholesky factorizations of
these low rank matrices is O(nr?). Thus, the set-up costs dominate and there is
a serious tension between efficiency and structure preservation. What we need is a
left-looking pivoted Cholesky procedure that involves an O(nr) set-up cost. We shall
discuss just such a framework in §4.2 in the context of a highly structured low-rank
PS-symmetric approximation problem.

2. Perfect Shuffle Symmetry. Just as centrosymmetry is defined by the equa-
tion A = E,,AE,, PS-symmetry is defined by the equation A =11, AIl,,,, where IT,,,,
is a particular perfect shuffle permutation. We start by looking at the eigenvectors
of this permutation. This leads to the construction of a simple orthogonal matrix
(like Qp in (1.14)) that can be used to block diagonalize a PS-symmetric matrix. A
framework for structured low-rank approximation follows.

2.1. Perfect Shuffle Properties. Perfect shuffle permutations relate matrix
transposition to vector permutation. Following Van Loan [25] p.78], if m = pr, then
the perfect shuffle permutation II,,. € R™*™ is defined by

II,, = L,(:, [(L:r:m) (2:m:m) - - (rirm)]).
The action of I, is best described using the MATLAB reshape operator, e.g.,

T1 Ty Ty T10
reR? = reshape(z,3,4) = Ty Ty Ty T11
r3 Te T9 T12

If © € RP", then
y=1l,,2 = reshape(y,p,r) = reshape(r,r,p)’. (2.1)

In other words, if S € R"*?, then vec(ST) = I, vec(S).

We shall be interested in the case p = r = n. Using (2.1) it is easy to see that
11,11, = I showing that II,,, = an. Thus, if A is an eigenvalue of IT,,,,, then A =1
or A = —1. Using (2.1) again it follows that

IM,, =+x = S =reshape(x,n,n)is symmetric
II,, = —x = S =reshape(x,n,n)is skew-symmetric

Thus, 1T,z =  if and only if S = S7. Likewise, II,,,z = —z if and only if § = —ST.
Using these observations about II,,, it is easy to verify that the entries in a
PS-symmetric matrix A = I1,,, AIL,,, satisfy

A(ir + (i2 — 1)n, j1 + (jo — 1)n)
= A(j1 + (j2 — Dn,iy + (ia — 1)n)
A(iz + (11 — 1)n, jo + (j1 — 1)n)
= A(jo + (j1 — Dn iz + (i1 — 1)n)

where it is understood that the indices i1, i2, j1, and jo range from 1 to n.
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2.2. Block Diagonalization. Define the subspaces S{*™) and S(sx) by

Stvm) — {z e R |12 == } (2.3)
SCke) = (3 e R™ |11,z = —x }. (2.4)

It is easy to verify that Slym)]L — Glskew) Moreover, if A € ]RnQX"2 is PS-symmetric
nn nn
and z € Sffj“‘), then

A:L' = (HnnAHnn)x = (HnnA)(Hnnx) = (HnnA)x = Hnn(A‘r)

(skew)
nn

which shows that S is an invariant subspace for A. The subspace S is also

invariant for A by similar reasoning.

Using these facts we can construct a sparse orthogonal matrix @,,,, that can be
used to block diagonalize a PS-symmetric matrix. Let I, = [eq,...,e,] be a column
partitioning and define the matrices

Qu = [ | lden | e = a2
(2.5)
QG = [ g || g } Moo = 1(n—1)/2
as follows
k=0
for j =1:n
for i = jn
k=k+1
(aym) (ei & e; + e; & ei)/\/i ifi>7
q =
§ e ®e; if i = j
end
end (2.6)
k=0
for j=1m—1
fori=j+1mn
k=k+1
o = (e ®ei—ei®e;)/V2
end
end

Since reshape(e; ® ej,n,n) = ejel, it is clear that the columns of Q™) reshape to

symmetric matrices while the columns of Q(***) reshape to skew-symmetric matrices.
Define the n2-by-n? matrix

2. = [

Qe | (2.7)
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e.g.,
100000 0 0o o]
0 a 0000 o« 0 0
00 a 000 0 a 0
0 a 0000 -a 0 0 ,
Q33—000100000,a=ﬁ.
00 00a0 0 0 a
00 a 000 0 —a 0
00 00ad0 0 0 -a
(000001 0 0 0]

It is clear that this matrix is orthogonal. Here is a formal proof together with a
verification that @, block diagonalizes a matrix with PS-symmetry.

THEOREM 2.1. If A € R s PS-symmetric and Q,,,, is defined by (2.6), then
Q... is orthogonal and

QLAQ., = (2.8)

Alsym) 0
0 A(skew)

where Alym) g RMsymXMsym g g A(skew) ¢ [RMskew XTiskew

Proof.  All the columns in @,, have unit length so the problem is to estab-
lish that any pair of its columns are orthogonal to each other. It is obvious that
{e1®ey,...,e, ®e,} is an orthonormal set of vectors and that

(ei @ei)'(ep ®eq) = (ef ep)(ef €g) =0

provided p # ¢. It follows that any column of the form e; ® e; is orthogonal to all the
other columns in @,,,. Using the Kronecker delta d;;, if ¢ # j and p # ¢, then

(ei®ej+e; @ ei)T)(ep ®eq—eq®ep) = bipbjq + 0igljp — big8jp — 0jbip = 0.
This confirms that
T
[a] i =0, 29

If (4,7), (4,4), (p,r) and (r,p) are distinct index pairs, then it is easy to show that

(ei ® ej =+ ej ® ei)T)(ep ® eq =+ eq ® ep) = 5ip5jq + 5iq5jp + 5iq5jp + 5jq5ip - O

(e;®ej—e; @ ei)T)(ep ®eq—eq @ ep) = bipdjq — Oigljp — igdjp + 8j0ip = 0.

These equations establish that the columns of both Q™) and Q{***) are orthonormal.
Combined with (2.9) we see that @Q,,,, is an orthogonal matrix.

To confirm that this matrix block diagonalizes a PS-symmetric A we observe using
(2.7) that

[QErm]T AQE™  [QLrm]T AQLkew

QZTLAQTL’R -
[QUe]T AQLrm [ QL] T A Qlew)
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Since T1,,,Q™) = Q™) and I, Q") = —Q) it follows that

nn nn

QU7 AQE) = QUL AILLQ™) = —[QUITAQE™ = o
Setting
A(sym) — QE;)L/IH)T AQE;DL’“‘) (210)
Akew) — Qlakew) T g Qskew) (2.11)

completes the proof of the theorem. O

The efficient formation of of A¥™) and A*¥) is critical to our method and to that
end we develop characterization of these blocks that is much more useful than (2.10)
and (2.11). Define the index vectors sym € R"™™ and skewp€ IR"**" as follows:

k=0
for j =1n
for i = jin
k=k+1
symp(k) =i+ (j —1)n
end
end
k=0 (2.12)
for j =1:n
fori=j+1mn
k=k+1
skewy(k) =i+ (j — )n
end
end

If M € R"™"™ and v = vec(M), then v(sym,) is the vector of M’s lower triangular
entries and v(skew,,) is the vector of M’s strictly lower triangular entries. (Consider
the example sym; = [12 356 9] and skewsz = [2 3 6]. ) Since

Hnn (61' ® ej) = (ej ® ei),
it follows from (2.6) that if
In2 + Hnn

Tl — 2.13
2 ) ( )
then q,(:ym) is a multiple of 7™ (:, sym, (k)) while if
I, —11
plkew) — In2 ~ Fan R (2.14)

(skew)

then ¢, is a multiple of T¢*")(: skewy(k)). Indeed, if the n-by-n? diagonal
matrix A®™) is defined by

i+(G—Dn,i+(G-1n — (2.15)

A(Syn]) - \/5 7/ # .7
1 i=j
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where ¢ and j each range from 1 to n, then it is easy to verify that the columns of
TG Al have unit 2-norm and

QU™ = Ty () - A (y w), u = sym. (2.16)
The scaling to obtain Q") is simpler:
QU = 2. T (. v, v = skewp. (2.17)

Note that 7 is symmetric and T T 6 = T - Since z € S&™) implies
TEm) g = 2, it follows that 7™ is the orthogonal projector associated with Sﬁfg“ﬂ.
Likewise, T***) is the orthogonal projector associated with ngjjew).

Since II,,,, AIl,,,, = A, it is easy to show that

TEmT A7) — (15 +10,,)A(L: +11,,) = (A+ AIL,,)/2
TEeIT ATE) = (I, —11,,) ALz —11,,) = (A - ATL,,)/2
When these equations are combined with (2.10), (2.11), (2.16), and (2.17) we obtain

A(u,u) + A(u, HIL,, (:,u)

A(sym) — A(sym) (u, u) . 2

L AGym) (u, u)

Alkew) (A(v,v) — A(v, )L, (:,v))

This can be rewritten as

Alu, u) + A(u, p(u))
2

Alym) = Alym) (g q) CAEY) (4 ) (2.18)

AGk) = A(p,v) — A(v, p(v)) (2.19)

2

where p = [ 1:n:n? 2:mn? - --n:n:nQ} is the index vector that defines I1,,,,, i.e., II,,,, =

I,2(:,p). See (1.18).

2.3. The Schur Decomposition and SVD of a PS-Symmetric Matrix. It
is not a surprise that the Schur decomposition of a PS-symmetric matrix involves a
highly structured eigenvector matrix. If

[T Ay prGvm) = Alom) = diag(A™) .. Alm)

7 Msym

and

[U(skew)]TA(skew)U(skew) — Alkew) _ diag(/\gs‘ww),.. )\(skew))

T Mskew

are the Schur decompositions of the diagonal blocks in (2.8) and the orthogonal matrix
Q is defined by

Q= Q.. = [ QEmyem)

nn

QU (ew) ] (2.20)

U (eym) 0
0 U(skew)
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Dym) 0
0 D(skew)

1 = diag(A™, L AL AP NG (2.21)
By virtue of how we defined @, in (2.6), the columns of Q™ U ™) (the “sym-
eigenvectors”) reshape to n-by-n symmetric matrices. Likewise, the the columns of
QU 7 (k) (the “skew-eigenvectors”) reshape to n-by-n skew-symmetric matrices.
Note that this structured Schur decomposition is an unnormalized SVD of A. The
singular values of A are the absolute values of the \’s. Reordering together with some
“minus one” scalings can turn equations (2.20) and (2.21) into a normalized SVD.

2.4. The Kronecker Product SVD of a PS-Symmetric matrix. A block
matrix with uniformly sized blocks has a Kronecker Product SVD (KPSVD), see [8l
p.712-14]. For example, if A an n-by-n is a block matrix with n-by-n blocks, then there
exist n-by-n matrices B,...,B,2, and C1,...,C,2 and scalars 01 > -+ > 0,2 > 0
such that

3
¥

A = O'(k) (Bk®0k)
1

~
Il

The decomposition is related to the SVD of the n2-by-n? matrix A defined by

A(iz + (j2 — Dn, i1 + (j1 — 1)n) = A(ir + (i2 — 1)n, j1 + (j2 — 1)n) (2.22)

where the indices i1, 72, j1, and jo range from 1 to n. In particular, if

n2
A= Z oL bkcg
k=1
is the rank-1 SVD expansion of A, then
By, = reshape(bg,n,n) (2.23)
C = reshape(cg,n,n) (2.24)

for k = 1:n?.

We show that KPSVD of a PS-symmetric matrix is highly structured. To begin
with, the matrix A defined by (2.22) is PS-symmetric. Indeed by combining (2.2) and
(2.22) we see that

Alig + (jo — Dny it + (j1 — 1)n)

= 1‘}(]2 + (12 - 1)”7?’1 + (Zl - 1)”) (225)
A(ir + (1 — Dn, iz + (j2 — 1)n)
( n)

= A(j1 4 (i1 — D), jo + (ia — 1)n).

These equalities show that AT = A and A = H,ULAHW. In other words, A is PS-
symmetric. From (2.18) and (2.19) we know that A has a rank-1 Schur decomposition
expansion of the form

A _ ij A(Syl)]) b(sytxl) [b(.sym)]T + iw )\(lskew) b(skew) [b(.skew)]T

=1 =1
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where Hnnbz(-sym) = bz(-sym) and Hmbz(-Skew) = —bz(-Skew). We may assume

|)\§Sym)| >0 > | (Sym|

= Nsym

and

AT 2z A

Nskew |

To get an unnormalized KPSVD of A, we follow (2.23) and (2.24) and reshape the
eigenvectors of A into n-by-n matrices. The sym-eigenvectors give us symmetric ma-

trices B%sym) B,(;yyr;) while the skew-eigenvectors give us skew-symmetric matrices
BESkeW), . Br(f;:v . Overall we obtain
Nsym Nskew
A o Z )\(sym sym) ® B(sym + Z )\gskew) (Bi(skew) ® Bi(skew))
i=1

which can be regarded as an unnormalized KPSVD of A.

2.5. A Structured Cholesky-Based Representation. Now assume that A is
PS-symmetric and positive semidefinite with rank r. Analogous to how we proceeded
in the centrosymmetric case, we develop a structured representation of A that is
based on pivoted Cholesky factorizations of the matrices A and AG**) in (2.18)
and (2.19). We compute the pivoted Cholesky factorizations

Plevm) gloym) pleym)T _ [ (sym) [ (sym) T (2.26)
Plokew) f(skew) plskew) T _ [ (skew) [ (skew) T (2.27)

where
LGvm) g RMeym XTeym Tym = rank(A(éym ) (2.28)
L(skew) ¢ [RMskes XTskew Fuew = rank( A(skcw)), (2.29)

The matrices { L) Pleym) | [(skew)  plskew)Y collectively define a structured represen-
tation of A, for if

Yl = QU Pl T < [y |y
y(skew) = Qlekew) plokew) T [ (skew) [ygskew)| qutzz)],

then it follows from A = Q(Sy"‘)A(Sy"‘)Q(Sy"‘)T + Q(Skew)A(Skew)Q(S“ew)T that

Tsym Tskew
A _ Z y(sym) sym + Z (skcw) skcw)] (2'30)
i=1

Each of the rank-1 matrices in this expansion is PS-symmetric because

Hnny(sym) — (Han(sym))(P(sym)TL(sym)) — Q(sym)(P(sym)TL(sym)) — Y(sym)

Hnny(skew) — (Han(skew))(P(skew)TL(skew)) — _Q(sym)(P(skew)TL(skew)) — _Y(skew)-



14 C.F. VAN LOAN AND J.P. VOKT

Thus, by combining the block diagonalization with pivoted Cholesky factorizations
we can efficiently represent a given positive semidefinite matrix with PS-symmetry.
Here is a summary of the procedure:

Representing a Positive Semidefinite PS-Symmetric A

Form A®¥™) using (2.18).
Compute the pivoted Cholesky factorization of A®™). See (2.26) and (2.28).

1

2

3. Form AC*v) using (2.19)

4.  Compute the pivoted Cholesky factorization of A=), See (2.27) and (2.29).

Fia. 2.1. Computing the representation {L(sw‘),P(“Jm),L(s’“‘f“’)7 P(Skﬁ"’)}of a PS-Symmetric Matriz

By truncating the summations in (2.30) we can use this framework to construct low-
rank approximations that are also PS-symmetric. We shall have more to say about
this and related implementation issues in §4. To anticipate the discussion we share
some benchmarks in Fic. 2.2 The results are similar to what is reported in Fic

Tsym = Tlsym ; Tskew = Tlskew Tsym = T Tskew = T
n || Tu/Ts Tiet-un/T's Tu/Ts | Toetw/Ts
39 || 1.69 0.44 0.65 0.75
55 || 2.33 0.32 0.69 0.78
67 || 248 0.28 0.67 0.69
77| 281 0.22 0.75 0.69

Fic. 2.2. Ty, is the time required to compute the Cholesky factorization of A, Ts is the time re-
quired to set up ACGym) gnd Alskew) gnd compute their Cholesky factorizations, and Tyet-up tS the time
required to just set-up A and AGkew)  The LAPACK procedures POTRF (unpivoted Cholesky
calling level-3 BLAS) and PSTRF (pivoted Cholesky calling level-3 BLAS) were used for full rank
and low rank cases respectively. Results are based on running numerous random trials for each com-
bination of n and (Tsym, Fsew). A single core of the Intel(R) Core(TM) i5-3210M CPU @ 2.50GHz

was used.

1.2 for the centrosymmetric problem. In the full rank case we anticipate a four-fold
speed-up because the matrices A®™ and AG<%) have dimension that is about half
the dimension of A. However, T, /T is somewhat less than 4 because the set-up time
fraction T.,.,/Ts is nontrivial. In the low-rank case, this overhead rivals the cost
of the half-size factorizations because of the reliance upon traditional right-looking
procedures that force us to carry out the complete block diagonalization beforehand.

3. ((1,2),(3,4))-Symmetry. We now apply the results of the previous section
to the structured multilinear product (1.2). To drive the discussion we consider an
example that arises in quantum chemistry and related application areas. The under-
lying tensor is ((1,2),(3,4)))-symmetric and its [1, 2] x [3, 4] unfolding is near a matrix
with very low rank.

3.1. Unfolding a ((1,2),(3,4))-Symmetric Tensor. If A € R™ """ ig
((1,2),(3,4))-symmetric, then its [1, 2] x [3, 4] unfolding has three important properties
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Symmetry in A Implication for A = A} aps.a
A(ir, iz, i3,1a) = A(is, ia,11,12) A= A"
Aliv, i2,i3,14) = A(i2,11,13,%4) I, A=A
Aliv, i2,i3,14) = A(i1,12,14,13) All,, = A

Fi1G. 3.1. Unfolding a ((1,2),(8,4)- Tensor

that are tabulated in F1G.3.1. We refer to an n?-by-n? matrix A that satisfies A = AT
II,,A=A, and A = AIl,, as a ((1,2),(3,4))-symmetric matriz. Such a matrix is also
PS-symmetric because the properties II,,, A = A and All,,, = A imply II,, AIlL,,,, = A.
This permits us to say a little more about the block diagonalization in (2.8).
THEOREM 3.1. If the n?-by-n? matriz A is ((1,2),(5,4))-symmetric, then

QZ’H AQ”” =
0 0

Alsym) ]

where Qny is defined by (2.6). In other words, the diagonal block AC**) in Theorem
2.1 is zero. Moreover,

AL = A () - A, u) - A (u,u) (3.1)
where A s defined by (2.15) and v = sym,, is given by (2.12).

Proof. Using (2.11) and the properties AIl,, = A and II,,,Q{* ") = —Q*) e
have

A(skcw) _ Q(skcw)TAQ(skcw) _ Q(skcw)T(AHnn)Q(skcw)

nn nn nn

_ Q(skcw)TA(Han(skcw)) _ _Q(skcw)TAQ(skcw) _ _A(skcw)
Thus, A¢**) = 0. Equation (3.1) follows by noting that A(u,p(u)) = A(u,u) in
(2.18). O

With this added bit of structure we can construct a representation that is more
abbreviated than what is laid out in Figure 2.1 for matrices that are merely PS-
symmetric. Observe in F1G 3.2 that only a single half-sized factorization is required.
The impact of the set-up overhead in the first step is discussed in §4.

Representing a ((1,2),(3,4))-Symmetric Matrix A that is Positive Semidefinite

1. Form A using (3.1).
2. Compute the pivoted Cholesky factorization of A=), See (2.26) and (2.27).

FIG. 3.2. Computing the representation {L(v™  Plvm)Yof a ((1,2),(8,4))-Symmetric Matriz
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3.2. An Example. The four-index Electron Repulsion Integral (ERI) tensor
A € Rxnxnxn ig defined by

Al im. i, ia) :/ biy (r1) i, (v1) @5 (r2) i, (r2)

dI‘ldI‘Q (32)
R3 JR3 [r1 — 2

where a set of basis functions {@x }1<k<n is given such that ¢, € H'(R3). In general,
¢ are complex basis functions but in this paper we assume real basis functions. The
simplest real basis functions ¢ are Gaussians parametrized by the exponents oy € R
and centers v, € R® for k=1,...,n, e.g.

(bk(r) = gk(r — I‘k) = (2ak/ﬂ—)3/46*0¢k|\r7rk”2

Typically, more sophisticated basis functions are composed from linear combinations
of these simple Gaussians [7].

The ERI tensor is essential to electronic structure theory and ab initio quantum
chemistry. Efficient numerical algorithms for computing and representing this ten-
sor have been a major preoccupation for researchers interested in ab initio quantum

chemistry [3] 9] [18] [1T].
Notice that for the ERIs,

A(ila 7;2; 7;371'4) = A(i37i4; ilviQ)

because the order of integration does not matter. Also, due to the commutativity of
scalar multiplication:

A(i, i, 13,14) = A(l2, 11,13, 14) = A(i1, 12,14, 13) = A(l2, 1,14, 13)

Thus, if A is the tensor defined by ([B2), then it is ((1,2),(3,4)) symmetric. More-
over, A = Ay, x4 1s positive definite since it is a Gram matrix for the product-basis
set {¢;¢;} in the Coulomb metric (-, —2L—:-). See [10] for details.

> [lry—r2|
3.3. A Structured Multilinear Product. A structured version of (3.2) arises
in the Hartree-Fock method, an important technique for those concerned with the
ab initio calculation of electronic structure. Szabo and Ostlund [22] is an excellent
general reference in this regard. For an accurate treatment of electronic correlation
effects, it is convenient to transform the ERI tensor from the atomic orbital basis
{¢r(r)} to the molecular orbital basis {t%(r)}. The change of basis is defined by

n

Up = > X(pg)py p=12,....n (3.3)

q=1

where X € R"™" is given. The goal is to transform the atomic orbital basis ERI
tensor A into the following molecular orbital basis ERI tensor B € R™*"*™*" defined
by

Blir.in.is.ia) :/ Vi, (r1) i, (v1) i (r2)1s, (ra)

dI‘ldI‘Q. (34)
R3 JR3 [r1 — 2]

By substituting (3.3) into (3.2) it is easy to show that this tensor is given by

B(i1,i2,13,14) = Z A(jr, g2, 33, Ja) X (i, 51) X (i2, j2) X (i3, j3) X (ia, ja). (3.5)

J1,J2,3,Ja=1
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To analyze and exploit the structure of this computation, we start with the fact
that it is a special case of the general multilinear product

n

B(jv, jorja,ja) = Y, Alir, s, is,ia) X1 (i1, j1) Xa iz, 2) Xa(is, j3) X3 (ia, ja).
11,%2,13,t4a=1
(3.6)
It can be shown that
By opssay = (X2 ® X1) Apojxpa,ag (X4 @ XS)T (3.7)
See [8 p.728-9]. Thus, if
Bliryis,iz,ia) = Y A(j1, ja, jss ja) X (i1, 1) X (ia, j2) X (i3, j3) X (ia, ja). (3.8)

J1,92,93,Ja=1

then it follows that
B[l,zlx[s,ﬂ = (X ®X)A[1,2Jx[s,41 (X ®X)T'

It is easy to verify that if the tensor A is ((1,2),(3,4))-symmetric then the tensor B is
also ((1,2),(3,4))-symmetric. Indeed,

HnnB[l,Z]X[SA] = Hnn(X ® X) A[l,z]x[3,4] (X ® X)T
= (X ® X)(IL,., A[l,z]x[m]) (X ® X)T
= (X ®X) A[1,2]><[3,4] (X ®X)T = B aixis.a-

where we used the fact that IL,,,,(M; @ My) = (My ® M;)IL,, for all My, My € R*™™.
See [8, p.27]. Likewise, By ozl = B sjxis,q)- Since By o)ys.4 is obviously symmet-
ric, we see that this matrix (and hence the tensor B) is ((1,2),(3,4)) symmetric.

4. Discussion. To check out the ideas presented in the previous sections, we im-
plemented the method displayed in F1G. 3.2 and tested it on the low-rank ((1,2),(3,4))-
symmetric matrices that arise from ERI tensor unfoldings.

4.1. Low Rank. It is well known in the TEI setting that A sxs.4 is very close
to a matrix whose rank in O(n). Indeed, Rgeggen and Wislgff-Nilssen [I8] show that
rankig-»(A4) &~ pn where ranks(A4) is the number of A’s singular values that are
greater than §. Affirmations of this heuristic can be found in O’Neal and Simons [I1].
For insight we graphically display the eigenvalue decay for two simple molecules in
F1c 3.3. F1G 3.4 is a table of ranks for some larger problems. See [I§] for more details
on the low rank structure.

4.2. A Lazy Evaluation Strategy. In their highly cited paper Beebe and Lin-
derberg [3] demonstrate that by making use of the low rank and positive definiteness
of the two-electron integral matrix it is possible to reduce the number of integral
evaluations necessary to factorize the matrix, as well as reduce the complexity of a
major bottleneck of computational quantum chemistry called the two-electron inte-
gral four-index transformation. The key idea is to implement the pivoted Cholesky
factorization algorithm with lazy evaluation—off-diagonal entries (integrals) are only
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H,O (n=12) CoHy (n = 6)

H,0 > CH,

10° ‘\x“ o> --- Eigenvalues
o e 107N —  Predicted Upper Bound

1010

--- Eigenvalues :
-12 ! . 12
10 — Predicted Upper Bound h 10

10 101
10 20 30 40 50 60 70 50 100 150 200 250 300 350
Eigenvalue index Eigenvalue index

Fic. 4.1. Eigenvalue decay of ERI matrices generated by the Psij Quantum Chemistry Package

[23]

Molecule | n? n  rank;g-s(A)
HF 1190 34 ~ 200
NH; 2304 48 ~ 300

Hs029 4624 68 ~ 400
NoHy 6724 82 ~ 500
C2HsOH | 15129 123 ~ 750

Fig. 4.2. Confirmation that rank,,—¢ ~ 6n

computed when necessary. To illustrate, after (say) k steps of the process on an
N-by-N matrix A, we have the following partial factorization

T
r | L 0 I, 0 L 0
Bedby = [Lzl L |l 0 Al Zu Les (4.1

Ordinarily, the matrix A is fully available, its diagonal is scanned for the largest
entry, and then a PAPT-type of permutation update is performed that brings this
largest diagonal entry to the (k+1,k+1) position. The step is completed by carrying
a rank-1 update of the permuted A and this renders the next column of L. The
lazy evaluation version of this recognizes that we do not need the off-diagonal values
in A to determine the pivot. Only the diagonal of A is necessary to carry out the
pivot strategy. The recipe for the next column of L involves (a) previously computed
columns of L and (b) entries from that column of A which is associated with the
pivot. It is then an easy matter to update the diagonal of the current A to get the
diagonal of the “next” A. The importance of this lazy-evaluation strategy is that
O(Nk) integral evaluations (i.e., a;; evaluations) are necessary to get through the k-
th step. If the largest diagonal entry in A is less than a small tolerance 8, then because
A is positive definite, || A || = O(6) and we have the “right” to regard A as a rank-
k matrix. The overall technique can be seen as a combination of Gaxpy-Cholesky,
which only needs A(k:n, k) in step k and outer product Cholesky which is traditionally
used in situations that involve diagonal pivoting. Rgeggen and Wislgff-Nilssen [I§]
explore the numerical rank of the two-electron integral matrix, and investigate the
relationship of various thresholds and electronic properties. See also [9] [10].

While on the subject of lazy evaluation, it is important to stress that the matrix
entries in A are essentially entries from A. See (3.2). Thus, when we apply



Approximating Matrices with Multiple Symmetries 19

our implementation of pivoted Cholesky to to A®™) with lazy evaluation, there are
no extra a;; computations. In other words, our method requires half the work, half
the storage, and half the electronic repulsion integrals as traditional Cholesky-based
methods. The table displayed in F1G 4.3 confirms these observations

n =44 n="72 n = 88 n =116

r =345 r = 560 r =720 r =918
Tu/Ts 1.84 1.90 1.89 1.93
Su/Ss 1.95 1.97 1.97 1.98
E./FE; 1.95 1.97 1.97 1.98

Fi1c. 4.3. T, and Ts are the time in seconds to factorize A and A(u,u) respectively; S, and Ss
are the number of bytes allocated to factorize A and A(u,u) respectively; E, and Es are the number
of ERI evaluations to factorize A and A(u,u) respectively. Results are based on running Psij Lazy
Evaluation pivoted Cholesky on the ERI matriz of four different molecules on a single core of a
laptop Intel(R) Core(TM) i5-3210M CPU @ 2.50GHz.

4.3. Conclusion. We have used a simple example of multiple symmetries to ex-
plore a computational framework that involves block diagonalization and the pivoted
Cholesky factorization. Items on our research agenda include the extension of these
ideas to more intricate forms of multiple symmetry that arise in higher-order tensor
problems and to apply this approach to improve the performance of the Hartree-Fock
method in quantum chemistry. Intelligent data structures and blocking will certainly
be part of the picture. Ragnarsson and Van Loan develop a block tensor computa-
tion framework in [I7]. If multiple symmetries are present, then as in the matrix
case tensions arise between compact storage schemes and “layout friendly” matrix
multiplication formulations. See Epifanovsky et al [6], and Solomonik, Matthews,
Hammond, and Demmel, [21]. In [20] Schatz, Low, van de Geijn, and Kolda discuss
a blocked data structure for symmetric tensors, partial symmetry, and the prospect
of building a general purpose library for multi-linear algebra computation. They also
discuss a blocking strategy for a symmetric multilinear product.
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