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Finite time singularities for hyperbolic systems

Geng Chen *  Tao Huang | Chun Liu *

Abstract

In this paper, we study the formation of finite time singularities in the form of super norm
blowup for a spatially inhomogeneous hyperbolic system. The system is related to the variational
wave equations as those in [I8]. The system posses a unique C! solution before the emergence
of vacuum in finite time, for given initial data that are smooth enough, bounded and uniformly
away from vacuum. At the occurrence of blowup, the density becomes zero, while the momentum

stays finite, however the velocity and the energy are both infinity.

1 Introduction

In this paper, we consider the following Cauchy problem of spatially inhomogeneous hyperbolic

partial differential equations:

pe+ (pu)e =0
(pu)e + (pu? = (x)p™"), = —c(2)c (z)p™ (1.1)
(p7 u)|t:0 = (PO; ’LL()),
where p(z,t) : R x [0,400) — [0,00) is the density, u(x,t) : R x [0,4+00) — R is the velocity,
po,up are given initial data that will be specified later and c¢(x) : R — RT is a given function

satisfying
c(r) €C? 0<co<c(r)<Cy<+oo, |d(x)]<Cp<+oo, d(zx)#0, (1.2)

for some constants cp, Cp and C;. It is easy to verify that the smooth solutions of (1.1]) satisfy

an energy conservation law

Ei+q, =0 (1.3)
with specific energy (entropy)
E= o+ 3 (14)
and entropy flux
q= %ug’p — %cgp_lu. (1.5)
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1.1 Inhomogeneous linear elasticity

System (|1.1)) can be viewed as an Eulerian description of inhomogeneous linear elasticity.

Basic mechanics. For any smooth domain Q C R™ with n = 1,2, or 3, let X € Qi denotes
the Lagrangian coordinates. The flow map z(X,t) : Qf — QF in Figure [1] satisfies (see [I] for

details)
dz

z(X,0) =X.
x(X,t)
Figure 1: A flow map
Furthermore, let
~ ~ 0x(X,t)
F(X,t) = —ax (1.7)

be the deformation matrix associate with the flow map and define the Eulerian quantity (push
forward)

F(x(X,t),t) = F(X,1). (1.8)
In case of F preserving the sign, e.g. det ' > 0, not only F is an invertible matrix, (X, 1)
preserves the orientation. By (1.7)), (1.8) and direct calculation, we obtain that F' satisfies the

following kinematic relation (chain rule) (c.f. [31])
Fi+u-VyF=V,u-F. (1.9)

Let p(z,t) : QF x [0,400) — RT be the density of mass with initial data po(X) = p(z(X, 0),0).

The usual conservation of mass equation
pt+ Ve (pu) =0 (1.10)

is equivalent to
X)

p(a(X,1),1) = df;(m

(1.11)

Energetic variational approaches. By the first and second laws of thermodynamics, one

can start with energy law for a conservative system:

d

— K(X,t,2) + W(X,t,z, F)dX =0, (1.12)
dt Qé(



where (X, t,x;) denotes the kinetic energy and W(X, ¢, z, F) denotes the free energy. Specif-
ically, one can consider the following simple forms of kinetic energy and internal energy (for

inhomogeneous linear elasticity)

d1 .

dt2 / po(X)|we(X, 1) + ¢ (2)|F(X, 1) dX =0, (1.13)
where ¢(z) : QFf — RT is a given scalar function. The energy law (1.13)) has been widely used to
describe the elasticity in an inhomogeneous medium, that includes the coupling and competition
between the kinetic energy and (linear) elastic energy (c.f [33], [31] and [28]). In particular, when

the space dimension n = 1 and the initial data po(X) = 1, we have

__po(X) 1
p(x(X,1),t) = det F(X,t)  F(X,t)

> 0. (1.14)

Therefore, to certain degree, in one space dimension one cannot distinguish elastic energy which
depends only on F and the conventional free energy of fluid which is a function of p (c.f. [I5]).

System can be derived from the energy law by using the energetic variational
methods under Eulerian coordinates (c.f. [20]). For completeness of our paper, we sketch main
steps of derivation as those in [20].

For any T > 0, the action of the system is

T
Alz) = %/0 /Q,oo(X)|xt(X,t)|2—cQ(x)\F(X,t)\Zdth.

By the least action law, the variation of A(z) with respect to  under Lagrangian coordinates
can be calculated as follows:

0= 4 Az + ey)
d6 e=0
g |2 2 N7 Oy
= / po (X))t -y — c(z) |F|° (y - Va)e(x) — c“(x)F - dXdt (1.15)
0 JaF 0X

T
S / / po(X)zee -y + c(@) |FI (y - Va)elz) — divy <c2(x)F)dedt,
o Jox

for any y(X,t) € Cg°(QY x(0,T)). Here A : B = A;;B;; denotes the inner product of two matri-
ces. Therefore, the Euler-Lagrange equation of energy law (1.13)) under Lagrangian coordinates
for any n = 1,2 or 3, is

po(X)zt, 4+ c¢(x)F2V,, c(z) — Vx; (2(x)Fy;) = 0. (1.16)

Remark 1.1 When the space dimension n = 1 and the initial data po(X) =1, equation (1.16)

can be written as nonlinear wave equation
2w (X, t) — e(z)(c(x)F(X,t)x =0, (1.17)

which is exactly a special case of one dimensional variational wave equation modeling nematic

liquid crystal dynamics. We will provide more details later.

Let y(z(X,t),t) = y(X,t) be the pull-forward quantity of y from the Lagrangian to Eulerian
coordinates. Integrating by parts with respect to ¢, changing variables and integrating by parts



with respect to x, one can obtain

d

0:£

Az + ey)
e=0

c(@)|FP(- Va)e(z) div, (W

T
— _ t Vr U g d dt,
/0/9/’(5”’ e+ - Vo + LT r )y .

(1.18)

where (1.6)) and (1.11)) have been used in changing variables. Therefore, the Euler-Lagrange
equation of energy law ([1.13)) in the Eulerian coordinates is

c(z)|F12V e(z) .. A(x)FFT
. _ - = 0. 1.1
p(z,t)(up +u - Vyu) + o div, It 0 (1.19)

When the space dimension n = 1, combining (1.19]), (1.10) and (1.9), we have the following
coupled dynamic system
F+uF, =u,F (1.20)
pue + uug) = c(z) (c(x)F), .

Remark 1.2 When the space dimensionn = 1, Qf = R, the initial data po(X) =1 (i.e. F= %),

system (1.20]) becomes

pe+ (pu)e =0
1.21
plus + uuy) = c(x) (c(;c)) , (1.21)
which is exactly (1.1). And the corresponding energy law (1.13]) becomes

41 / plz, t)|u(z,t)|* + (x)p~(x,t) dz = 0. (1.22)
dt2 Jy

From Remarkand Remark when the space dimension n = 1, the initial data po(X) =
1, det F' > 0 and the solutions for both systems are smooth enough, and variational wave
equation are formally equivalent systems under different coordinates. However, in general
when one looks at and in weak form, they can be different since the deformation
matrix F' is not always invertible (when singularities occur).

The equation is a special case of variational wave equation modeling nematic liquid
crystal. In [2] such variational wave equation was first investigated in any dimensions when

people were trying to find the minimal of the following energy
/Q In;|? — W(n, Vn)dy = 0, (1.23)
where |n| =1 and
W(n,Vn) = anx (Vxn)]*+ B(V-n)’>+vn-V xn)* +nltr(Vn)> — (V-n)?] .

Here «, 3, v and 7 are all positive viscosity constants, and W is the Oseen-Frank potential for

nematic liquid crystal (c.f. [2]). When n only depends on a single space variable X and

n = cos ¢(X,t)e,, +sind(X,t)e,, (planar deformation),



where e,, and e,, are the coordinate vectors in the y; and y, directions, respectively. The
Euler-Lagrange equation of ((1.23]) was given in [2] as follows

Pur — c(#)(c(P)ox)x =0, (1.24)

with
A(¢) = cvcos®() + Bsin’(¢).

It is obvious that is exactly with ¢ replaced by z. In [5], Bressan and Zheng have
established the global existence of energy conservative weak solutions for ) by introducing
new energy-dependent coordinates (see also [19]). The solutions are locally Holder continuous
with exponent % For general W (n, Vn) in one space dimension, the existence of weak solutions
has been studied by a series of papers [40, 411 [10].

We really need to point out that the singularity formation for has been first studied
by Glassey, Hunter and Zheng in their seminal work [I8], in which a gradient blowup example
has been provided. When there is a damping term in , a similar gradient blowup example
is provided in [II]. In [I1} (18], the singularities they construct are "kink” solutions instead
of shock waves constructed for systems of conservation laws including at least one genuinely
nonlinear characteristic family [26], 23] [, [7, [, ©]. We will provide more details in Remark
Remark [[L6] and Remark .11

Our first main result is for with initial data pg = 1 describing the inhomogeneous elastic
flow.

Theorem 1.3 There exists a function c(z) € C? (given in ) satisfying and a finite
time T = O(1)e=2 > 0, such that the Cauchy problem of with initial data (po,uwo) =
(1,¢(x)) has a unique C* solution (p(z,t),u(z,t)) on (z,t) € R x [0,T). Moreover, there exists
a point (z*,T) with |z*| < O(1)e™! at which the solution satisfies

lim w(z*,t) =00 lim p(z*,¢t)=0 lim pu(z*,t)=B and lim E(z"t) = oo,
t—=T~ t—=T~ t—T— t—=T~ (1 25)

where B is a finite constant. The solutions p(x,t) and —u(z,t) have uniform upper bounds on
(z,t) e R x [0,T).

Remark 1.4 We have several remarks for Theorem [I.3:

(1). In our example, the characteristic speeds of two families are uniformly away from each
other, or in another word, system (L.1)) is uniformly strictly hyperbolic (see Lemma
and Lemma .

(2). In our example, the L> blowup happens at the same time of C' blowup, since two char-
acteristic families for (1.1)) are both linearly degenerate in the definition of Lax when c¢(x)
is constant. This is a rare case for systems of hyperbolic conservation laws. In fact, for
(11.32)), this happens only when v = —1.

(3). By (1.11)), (1.17) and the last remark, one could see that the C* blowup of the flow map
essentially indicates the vacuum formation for (1.1)) when the initial data py = 1 and

F > 0, through the transformation from Lagrangian coordinates to Eulerian coordinates.

The construction of our example is motivated by the pioneer work by Glassey, Hunter
and Zheng [18] on the singularities of variational wave equation (1.17)) (with F = xx ) in
one dimension. However, the blowup example constructed in (1.17)) does not satisfy the



restrictions po = 1 (i.e. xx = 1 initially) and F = xx > 0, hence the system cannot
be transformed to i this situation. By introducing new techniques, in Theorem
we construct a blowup example satisfying all these restrictions. We do adopt important
ideas from [18)], while the restrictions for inhomogeneous elastic flow make the construction

much more complicated than the example in [18].

(4). For any positive constant K, the total energy of the solution for any time until the blowup
when x € [—K, K] is bounded by a constant depending on K, although at the time of

blowup, the energy concentrates, i.e. energy density is infinity, somewhere.

(5). It is an interesting question to consider more general assumptions on c. The numerical

experiments in [20] have indicated such blowup might happen for more general cases.

(6). When the initial data pg £ 1, one needs to investigate the system (1.20) instead of (1.1)).

It is also an interesting and challenging question.

1.2 Isentropic duct flow for Chaplygin gas dynamics

System (|1.1]) has applications in various fields. We can reformulate the spatially inhomogeneous
system (1.1)) by setting
p = c(z)p, (1.26)

then the system ([1.1]) can be equivalently written as the isentropic flow for Chaplygin gas [13},[35]
on varying cross-sectional area of the duct or with radially symmetry (see also equation (7.1.24)
in [I5]), which is used for the modeling of dark energy,:

(c(z)p)i + (c(z)pu)z =0
{ (c(@)pu)e + (c(@)pu® — c(x)pt), = —c/(2)p (1.27)

with pressure

where p is the density of gas at any point (z,t) and p is the density on a cross-section. For
a duct flow, ¢(x) is the cross-sectional area which is uniformly positive and bounded. We can
also generally consider as a model for the isentropic Chaplygin gas in an inhomogeneous
medium.

Similar as Theorem we construct blowups for the Cauchy problem of (or equiv-
alently by the relation ) For simplicity, we only consider a very special example of
c(x):

3—e>— %775“, x € (—o0,—1 —1n),
Yi(x), we[-1-n-1),
c(x) = 3+ e, xz € [-1,1], (1.28)
Ya(x),  we(1,1+7)]
3—&-50‘—1—%7750‘7 x € (1+mn,00),
where « is any constant in [0, 1), 11 (z) is an increasing function on « € [-1 —n, —1) connecting
3—e%— %7760‘ and 3 — &% and s (x) is an increasing function on x € [1,14 7] connecting 3 + &

3. Furthermore 0 < ¢ < 1 is a small given

and 3 + % + %7750‘. The positive constant n < €
number which will be provided in the proof of the theorem. By standard mollifier theory, we
can find 1 and 15 such that c(x) satisfies (1.2).

Now we list our first result on the singularity formation for the Cauchy problem of (1.27).



Theorem 1.5 For any o € [0,1) and c(z) given in (L.28), there exist uniformly bounded C*
initial data po(x) (po Z 1 and has uniformly positive lower bound) and ug(x) (which will be
given in the proof) and a finite time T = O(e~%) > 0, such that the Cauchy problem of
with initial data (po,ug) has a unique classical C* solution (p(x,t),u(x,t)) on (z,t) € Rx[0,T).
Moreover, there exists a point (x*,T) with |z*| = O(skTa) < O(1) at which the solution satisfies

lim u(z*,t) =00 lm p(z*,;t)=0 lim pu(z*,t) =B and lim E(z*t) = oo,
t—T— t—T— t—T— t—T— (1 29)

where B is a finite constant. The solutions p(x,t) and —u(x,t) have uniform upper bounds on
(z,t) e R x [0,T).

Remark 1.6 We have several remarks for Theorem [1.5

(1). In this example, the characteristic speeds of two families are uniformly away from each
other, or in another word, system (1.27)) is uniformly strictly hyperbolic (see Lemma
and Lemma @)

(2). The result is also motivated by the pioneer work by Glassey, Hunter and Zheng [18] on
the singularities of variational wave equation in one space dimension. Although
equations and are not equivalent when the initial pg # 1, initial data in
Theorem and in the example in [18] for have a lot of similarities.

(3). This blowup can happen on a very slowly varying duct, which means ||c'||L= and the total
variation of ¢ can be both arbitrarily small in Theorem [1.5. When the variation of c is
larger (c'(x) is larger) around x = 0, we show faster blowup. In fact, when « is decreasing,
c(x) is increasing around x = 0, then the blowup time is shorter. When o = 0, the blowup
time is at most O(1).

(4). For any positive constant K, the total energy of the solution for any time until the blowup
when x € [—K, K] is bounded by a constant depending on K, although at the time of

blowup, the energy concentrates, i.e. the energy density is infinity, somewhere.

When one looks for the radially symmetric solutions: p(y,t) = p(z,t), u(y,t) = yu(z,t)
with radius z > 0 for

{ 0ip+ Vy - (pu) =0 (1.30)

Du(pu) + Vy - (pu ® u) + Vyp(p) = 0,
with p(y,t) = p(y,t), u(y,t) = (u1,uz2,u3) and (y,t) € R™Tt x RT with m = 1 or 2, the
resulting system was in form of with ¢(z) = 2™ (m = 1, cylindrical symmetric solution;
m = 2, spherically symmetric solution). See [15]. It will be shown in Section 1.3.1 that
has strictly convex entropy.

Our next result concerns radially symmetric solutions for , that is the equation
with ¢(z) = 2™, where = denotes the radius. Without of loss of generality, we only consider the
solutions with initial data given on a special interval = € [1, 3].

Theorem 1.7 For m = 1,2 and some given C*' initial data (po(x),uo(x)) depending only on
radius © € [1,3] (which will be prescribed in the proof), there exists a time T = O(1) > 0 such
that the Cauchy problem of (1.27) with c(x) = 2™ has a unique classical C* solution in Qsymm.,

where Qgymm s the domain of dependence of the initial interval x € [1,3] for any time t in



(0,T). Moreover, there exists a point (z*,T) with |z*| = O(e2) < O(1) at which the solution

satisfies

lim w(z*,t) =00 lm p(z*,¢t)=0 lim pu(z*,t) =B and lim E(z",t) = oo,
t—T— t—T~ t—T— t—T— (1 31)

where B is a finite constant. The solutions p(x,t) and —u(z,t) have uniform upper bounds on

(z,t) €R x [0,T).

Remark 1.8 Theorem [I.7 provides an ezample with finite time vacuum formation and L
blowup for the radially symmetric solutions with radius varying in a finite closed interval away
from zero. This example satisfies all properties as the example in Theorem [I.5 with o = 0.

1.3 Convex entropy and vacuum

Smooth solutions of the system ((1.30]) satisfy energy conservation law

&E+Vy- Q=0
with entropy
1 1
E=plul*+=p7!
SPlul”+5p
and entropy flux
159 1__4
=(=plul* — = u.
Q= (5o~ 5p7)
The entropy £ is a strictly convex function on conservative variables (p,m), where m = pu is
2
the momentum, i.e. £ = %% + %ﬁ’l satisfies that D2 is a positively defined matrix.

Concerning one dimensional case, the smooth solutions of equation (|L.1]) satisfy energy con-
servation law
Et + qz = 07

with entropy

1 1
E= iqu + 502;)*1

and entropy flux

1 1
q= §u3p — 502p_1u.

By direct calculation, we obtain

e (1) (1)

This implies that the entropy F is strictly convex.

The L blowup in this paper is totally different from the previous L blowup results found
first by Jenssen in his groundbreaking work [21], and then by several other authors [3], 22] [38] 39]
by considering the shock interactions. To see the difference, more intuitively, one could still
essentially consider that the L> blowup constructed in our examples on % are coming from the
blowup on the gradient variable xx through transformation between different coordinates. A key
point worth mentioning is that after transformation from Lagrangian coordinates to Eulerian
coordinates, one gets a linearly degenerate system, which rarely happen, on which C' solution

exists before the L> blowup.



Furthermore, except the L°° blowup, the more generic singularity: gradient blowup has been
studied for systems of conservation laws. The gradient blowup in systems of conservation laws
has been widely accepted as the most generic type of singularity related to the shock formation
in [26] 23], 6l [7, 8, @]. It is much harder to find the L* blowup for systems of conservation laws.

Finally, we give a remark on the L° blowup on u and vacuum formation. The isentropic
hyperbolic systems with p = p” when the adiabatic constant v > 0 and p = —p” when v < 0
are given by

{ (c(@)p)e + (c(z)pu)s = 0 (1.32)

(c(x)pu)e + (c(x)pu® + c(x)p) , = ¢ (2)p.
When 0 < v < 1, the entropy is not strictly convex so these cases are not the interesting cases for
us. Wheny >1or —1 <y <0orvy< —1, the system is genuinely nonlinear when ¢(x) is
a constant, hence we expect shock formation and tend to believe that the shock could prevent
the L blowup. For example, when 1 < v < g, which is corresponding to gas dynamics, the L*>°
existence has already been proven in [12] for the duct flow and exterior radially symmetric flow,
hence L* blowup on u can not happen (see also [27] for the gas dynamics with 1 < v < 00).

Furthermore, the nonisentropic compressible Euler equations with polytropic ideal gas are

(pu)e + (pu® +p)e =0 (1.33)
(3pu*+pe)i+ (3 pu+up)y =0,

with equation of state

e=c, I = PT and pr=RT,
v—1
so that pressure
p=Kexp(S/c,) 777, (1.34)

where p is density, 7 = 1/p, u is velocity, e is specific internal energy, S is the entropy, T is the
temperature, R, K, ¢, are positive constants, and v > 1 is the adiabatic gas constant. In [9],
the first author, R. Young and Q. Zhang have found uniform time-independent L°° bounds for
p and |ul.

Whether the solution for or with v > 1 has a finite time vacuum or not is still
a major open problem for gas dynamics. If one only considers the smooth solutions for
with v > 1 and constant ¢, one may conjecture, by a strong evidence from [32], that there will
be no vacuum in finite time if there is no vacuum initially or instantaneously.

The rest of paper is organized as follows. In Section 2, we set up the Riemann coordinates
and several lemmas for smooth solutions. In Section 3, we prove the existence of C'! solution
when [Ju|z + ||| L~ < 400 and |p| is away from zero. In Section 4, we prove Theorem [1.3| for
inhomogeneous elastic flow. In Section 5, we prove the Theorem [I.F] for isentropic Chaplygin
gas and the Theorem for the radially symmetric case.

2 Riemann coordinates

For smooth solutions, the system (1.1)) can be written as

ot ps e =0 (2.1)
wy 4wy + A (x)p3py = c(z)d (2)p~2. .



Hence

where

A:< . p). (2.3)
cp u

Direct calculation shows that the eigenvalues of A are

S=u+c@)pt, R=u-—c@)p !, (2.4)

and the corresponding right eigenvectors are
v = (1, e(@)p )", v =(1, —c(x)p ). (2.5)

According to Lax [25], the two characteristic families for system (2.1) when c¢ is a constant are
both linearly degenerate. For any (Z,t) with ¢ > 0, the plus and minus characteristics = (t)
through (,t) are defined by

dl‘+(t, j,i) o
dt N

For simplicity, we use x(t) or t4(z) and z_(t) or t_(z) to denote the plus and minus charac-

do_(t,z,t)

S(z4,t) and o

R(z_,t). (2.6)

teristics respectively. For smooth solutions of equation (2.1]), we obtain the following equation

of ¢(x)/p, which will be used several times in the rest of paper.
c()(p™ )i +ule(@)p™)e — c(@)p™ g = ¢ (w)up™ . (2.7)

Lemma 2.1 For smooth solutions of (1.1)), S and R satisfy

S; 4+ RS, = (z)up™t = Je(o) (5* — R?),
Ri+ SR, = —c(z)up™ ! = ¢(z) (R? - S?%). =
* 4e(x)
Proof. By equation and , we have
St + RS,
=(u+c(@)p™ )+ (u—c(@)p™ ) (u+c(x)p™)s
=up + c(@)(p™ )¢+t — c(@)p” ug + ulc(@)p™ e — c(2)p (e(@)p e (2.9)
=up + uuy — c(w)p” (e(@)p™ e + e(@)(p7h)e — c(x)p” us + ule(z)p e
=c (z)up .
And
R, + SR,
—(u— e(a)p e+ (-t (o) @)
=uy — (@) (p™ )1 + ity + (@) e — u(c(@)p e — c(@)p (c()p ) (2.10)
=g +uuy — c(z)p~H e(@)p™ e — (c(@)(p™ ) — cl@)p™ ug + ulc(a)p™)a)
=—c(z)upt.
O

10



Remark 2.2 When c(z) is a constant function, R and S are exactly two Riemann invariants

along plus and minus characteristics with characteristic speeds S and R respectively by Lemma

2.1
Si+ RS, = 0,
(2.11)
Ri+SR, = 0.
By the Theorem 2.3 in [29], system admits a global-in-time unique C' solution if the
initial data Sy and Ro have bounded C' norm.
Lemma 2.3 (Energy conservation law) For smooth solutions of (1.1), the energy density
E = 1p(S* + R?) satisfies
(p(S* + R?)), + (p(S*R+ R?S)) = 0. (2.12)
Proof. By(2.4)), we have
pS =pu+c(z) and pR = pu—c(z). (2.13)
Thus, multiplying the first equation of (2.8) by 2pS and the second equation of (2.8) by 2pR,
adding them up, and using (2.13]) and the conservation of mass in (|L.1]), we obtain
(pS* + pR*); + (p(S*R + R%S))
=(S% + R*)p; + S?(pR), + R*(pS) . + 2cu(S — R)

=(S? + R?)p; + S%(pu — ¢)r + R:(pu+¢)p + ¢ (S + R)(S — R) (2.14)
=5(pe + (pu)z) + R (ps + (pu)s) + ¢ (R* = 8%) + ¢/(S* — R?)
=0.

O

Finally, we give a key estimate for the proof of our main theorems. For any (zq,ty) €
R x (0,400), let 74 and y_ be plus and minus characteristics through (zg,to) and intersect
x—axis at 1 and x4 respectively (see Figure[2). Integrating (2.12]) over a characteristic triangle

t (Xg,t0)

te / t-

X1 Xo X

Figure 2: A characteristic triangle D.

D enclosed by vy, v— and [z1, 23] as in Figure [2] we obtain an energy identity indicating the

finite propagation of the waves.

Lemma 2.4 (Finite propagation) For smooth solutions of (1.1) inside a characteristic tri-
angle D in Figure 3,

2

Z/ZU eS(x,v4(x)) de — 2/‘%2 cR(z,v_(x))dx = / p(S? + R?*)(z,0) du. (2.15)

1 xo x1

11



Proof.

0= //D (p(S* + R?)), + (p(S*R + R?S)) _ dudt

Integrating (2.12)) over the region D and using the Green’s theorem, we obtain

(2.16)
_/ p(S?R + R2S) dt — p(S% + R?) dx.
oD
On 74 which is the left boundary of D, by (2.4) and (2.6) we have
/ p(S® R+ R2S)dt — p(S* + R?) dx
v+
xo
:/ o(SR+ R?) — p(S2 + R?) da
o (2.17)
:/ pS(R —S)dx
T
o
= — 2/ cS(x,v4+(z)) de.
x1
Similarly, on «v_ which is the right boundary of D, we have
/ p(S?R + R2S) dt — p(S* + R?) dx
T2
/ p(S%? + RS) — p(S% + R?) dx
. (2.18)
z/ pR(S — R) dx
o .
:2/ cR(z,vy_(z)) dx.
o
Putting (2.17) and (2.18) into (2.16)), we obtain (2.15]). m|
3 Existence of C'! solutions before L> blowup
For smooth solutions of , let
v = p_lSm, w = p_lRm
be two gradient variables. Then we obtain the following lemma.
Lemma 3.1 For smooth solutions of (L.1)), v and w satisfy
/ "o 2
v + Ru, =c [(2cp™! + S)v — Rw] + gp_l(SQ — R?)
2c 462 (3 1)
b . e — c/2 . ) ) :
wy + Swy =5 [(2cp™" + R)w — Sv] —I—Tp (R* —5%).
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Proof. By and , we have
vt + Ruy,
=Sz (p71), + SR (p7'), +p7 " (Sa), + p 7 R(S2),
=S, ((p_l)t +u (p_l)z —cpt (p_l)m) +p (S + RS,), — p ' RySs
=S, (uzp~ ' —cp™? (pfl)x) +p (Se+ RSy), — p 'R.S,
=Sup™ ! (e — (cp™"), +¢p7 ") +p (St + RS.), — p~ ' RaSs (3.2)
=p 'R, S, +p Sy +p (St + RSy), — p ' R.Sy
='p72Sy +p~ ' (St + RS.),

s 1 (2 6

which implies the first equation of (3.1). Similarly

(P Ra), + 5 (7' Ra),

Ry (p71), + RaS (p71),, + 07! (Ra), +p 7' S (Ra),

Ro((p71), +ulp™), o™ (p71),) + 07 (Re+ SRy), = p7 ' RuSy

=R, (uzp™ ' —cp™! (pfl)w) +p ' (R + SR,), — p~ ' RySy

=R,p~ " (uz — (cp_l)x +dp™ ) +p (R + SR,), — p~ ' RuSa (3.3)
=p 'R,S; +p 2Ry +p ' (Ri + SR,), — p 'Ry S

=p Ry +p L (R + SR;),

o ()

which implies the second equation of (3.1)). a

Remark 3.2 System (3.1)) indicates that the rates of change of v along the minus characteristic

and w along the plus characteristic are both linear.

Before we prove the C'! existence result when the solution has L> bounds, we first state an

a priori condition.

(A) Suppose the initial data uy and py are C! functions and uniformly bounded (pg is also
uniformly bounded away from zero). Then for any C! solution (p(z,t), u(x,t)) of Cauchy
problem of equation with (z,t) € R x [0,T%], for 0 < Ty < T, there exists a positive
constant L,, only depending on 7T} and initial data, such that

lp(z, t)llze + [lp™ (@, )| o + Julz, )| = Ly < 0. (3-4)
Under the condition (A), by Lemma observation in Remark and C* functions are dense
in C1, it is easy to obtain the following a priori estimates.

Lemma 3.3 Assume that the condition (A) is satisfied, ug, po € C and uniformly bounded (po

is also uniformly bounded away from zero). Then any C' solutions p(x,t), u(x,t) for system
(1.1) with 0 <t < T, satisfy

sup  {|Se], [Sal, [Rel, [Ral} = M, (3.5)
(z,t)ERX[0,T%]

for some positive constant M, only depending on initial values, L, and Ty.

13



Remark 3.4 Lemma implies that the C* blowups never occur before L> blowup for (1.1)).

By the a priori estimate in Lemma one can prove the existence of C'! solution on [0, T')
under the condition (A).

Theorem 3.5 If the condition (A) is satisfied for any 0 < T, < T, the initial value problem of
(L.1) with uniformly bounded initial data ug,po € C* (po is also uniformly bounded away from
zero) has a unique Ct solution (p(z,t), u(z,t)) for (z,t) € R x [0,T).

First we observe that (A) implies the uniformly strict hyperbolicity of (L.I). The local
existence of the C'! solution now can be obtained by standard argument in [30]. Under the
condition (A), the local solution can be extended to (x,t) € R x [0,T) by Theorem 2.4 in [29]
and Remark 2.20 in [29]. To make this paper self-contained, we sketch the proof here.

Proof. We first fix our consideration on (x,t) € R x [0,T] for some 7.

By the local-in-time existence results for the quasi-linear first order hyperbolic systems in
[30], for any strong determinate domain €, corresponding to initial interval = € [—k, k], there
exists some time Ty = Ty(k, L., M,) such that exists a unique C' solutions on Q. with
t € [0,Tp]. Here a domain

Qap) = Qapy(60) = {(2,8)|0 <t < 6o, a1(t) <z < a(t)}

is called a strong determinate domain of initial interval [a, b] if
i. 21(t) and xo(t) are C! functions for 0 < ¢ < &o.
ii. 21(0) = a and z2(0) = b.
iii. For any C" solution in Q(y), '} (t) > Mg and z4(t) < Mg,

where Mg is the upper bound of plus characteristic S and Mg is the lower bound of minus
characteristic R on Q(éo). In our problem, Mg and Mg are only depending on L,. Since Tj
is a constant, when k is large enough, one can prove the existence of C'' solution on Q. with
t € [0, T.], by using the local existence proof finite many times.

Next, for any point (z,t) € R x [0, T.], we could find €, including this point with sufficiently
large k, because Mg and Mg are only depending on L,. Hence, we already proved the global
existence on (z,t) € R x [0, T,].

Furthermore, since T, is any time before T, so we already proved the C' existence on
(z,t) € Rx[0,T), where the uniqueness of the local existence protects that we have one unique

solution. O

4 Vacuum for the inhomogeneous elastic flow: proof of
Theorem [1.3|

We define an increasing C? smooth function

di, € (—o0,—e 8 —¢%),
Ui(z), x€[-e%—e %),

c(x) = T ze[—e81], (4.1)
Uy (), ze (1,146,
do, € (1+¢e° 00),
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where dy, do are two positive constants and ¥, U, are increasing C? smooth functions such
that

€
<dyg < —— 4 &° 4.2
1—5_d2_1—s+5’ (4.2)
and
€ €
— (1 -)<d < ——m——. 4.3
1+8(8—8+55)( ) < 1_1+5(€_8+55) (4.3)
The function f(z) = 5 on z € [—e~8, 1] satisfies
I
fPz)
hence we can find dy, d2, ¥q(x) and ¥o(x) such that
() 8
0< <1 44
S 2@ +e (4.4)

for any x. It is easy to see that there exists a function c¢(x) such that (1.2)), (4.1)~(4.4) are all
satisfied. The positive constant € < 1 will be given in the proof of the theorem.

Remark 4.1 The construction of the initial data ug and c(x) is motivated by the seminal work
[18]. However, our restrictions are all on the function c(x) since po = 1, ug = c(z) and S is

uniformly larger than R. It makes our construction much more involved than the one in [18].

Throughout this paper, we use K; and M; to denote positive constants independent of €. To

prove Theorem [I.3] we show that there exists some time
T = Mye™? (4.5)

such that the a priori condition (A) is satisfied for any ¢t € [0,77*] with T* < T which indicates
that C! solution exists for any ¢ € [0,7*]. We also show that at T' = Mye~2, S blows up at
somewhere while R is uniformly bounded.

Lemma 4.2 For any C! solutions to (L.1)) with c(x) given in ([4.1)) and prescribed initial data
po =1, ug = c(x), we have
R <O0.

Proof. By Lemma[2.1] for any x € (—o0,0)
Rt-f—SRg; SMl(E,dl)RZ, (46)

where M (e,dy) is a positive constant depending on € and d;, and left hand side is the derivative
along a minus characteristic. By (4.6)) and ODE comparison theorem,

R<O0

for any C' smooth solution. o

In Lemmas we restrict our consideration on the C' solutions with S(z,t) > 0 for
any (z,t) € R x [0,7*] with T* < T and T defined in (&.5). For these solutions, the plus and
minus characteristics go in forward and backward directions respectively. We will show that the
a priori condition on S is satisfied for any C' solutions with prescribed initial data in Lemma
4.0l
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Figure 3: Proof of Theorem [I.3]

We use Figure [f] for the proof. Note in Figure @] P; is the initial point of the forward
characteristic g intersecting with the vertical line passing P, at time T, P, = (—e~8 — ¢°,0),
Py = (—78,0), P, = (1,0) and P5 = (1 +£°,0). The backward characteristic I'¢ starts from
P: = (&,0) and ends at t = T with xp, < < 1. The backward characteristic I' starts from Pj.
The forward characteristic I'; starts from P5. Furthermore, we use {2¢ to denote the domain of
dependence in the left of I'c when ¢ < T

Lemma 4.3 Consider any C' solutions for (L.1) with c(z) given in (4.1) and prescribed initial
data po = 1, up = c(x). Assume S(z,t) > 0 for any (x,t) € R x [0,T). Then the initial energy
Ee = %fPng p(S? + R?)(z,0)dz in the interval Py Pe with xp, < & <1 satisfies

0<(1+e¥)Ee < 1_565. (4.7)
In the region Q¢, .
0> R(z,t) > RTi) = —ag. (4.8)
Also we know that the characteristic T' will not interact with Ty before T'. Furthermore,
Sol6) = (1 - %) > g, (4.9)
1—e€

when xp, < & < 1.

Proof. By Figure |4 and the initial data, the energy in the initial interval P3P is

¢ € \2 € 5
E = dx = — .
PsPe /573(1—51‘) o 1—e& 1-—¢77

Since the length of P, Ps is €® and the forward characteristic I'y has speed less than O(¢7) which
are both very small, so it is easy to see that energy Ep, p, is omittable hence is correct
when ¢ is small enough, where we also use that T' = O(1)e 2.

For any (z,t) in the left the forward characteristic I'g, R(x,t) = 0 since ¢(x) is a constant

when x < —e78 — &% and (2.11)), hence (4.8) is correct in this region.
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By (2.8), we have
d s
R+ SR, > —@S . (4.10)

Integrating it along any forward characteristic in ¢ starting from PPy, by (2.15) and s—; <
1+ &%, for any (z,t) on this forward characteristic in Q¢ we have

c 1 €
> — — 2¢6? > (14 B> —— = —q,. 4.11
Rz, t) > /8 St wa(0)dh 2 (1 + B>~ = —ae. (A1)

Hence, (4.8) is always correct in Q.
For any (z,t) on I' with wave speed R, we have

1—x €
t T 21-¢)

= O(e).

Since, | Py Py| > £78, easy calculation shows that the characteristic I' will not interact with I'g
before T = O(e72).
Furthermore, it is easy to check that (4.9)) is correct. Hence we proved this lemma. O

Lemma 4.4 Consider C solutions to (1.1)) with c(x) given in [(.1) and prescribed initial data
po =1, up = c(x). Assume S(z,t) > 0 for any (z,t) € R x [0,T). There exist constants k1 and
Ko depending on € such that

— k1 < R(z,t) <0, (4.12)

and
0 < ke < S(z,t), (4.13)

for any (x,t) e R x [0,T).

Proof. We first estimate R. We have already proved (4.12) in €241y, i.e. Q¢ with § =1, in the
left of I' in Lemma [4.3] For (z,t) in the right of forward characteristic I'y, R = 0 since c¢(z) is a
constant when z > xp. = 1+ ¢® and (2.11)). For any smooth solutions, by (2.15),

/
R, + SR, > — <= §2.
4c

Using the same argument as in (4.11)) and the initial energy in the domain of dependence
including the region between I' and I'; is finite, we have

R > —K1-

for some positive constant k.

Now we proceed to prove (4.13)). To the right (or left) of the vertical line passing P5 (or P)
which are both backward characteristics, S equals to its initial constant data, hence is
correct. To consider S in the region (13, i.e. to the left of the characteristic I' starting from
Py, and to the right of the vertical line passing P», by Lemmas and Lemma 4.3 on any
backward characteristic I'e when ¢ < T starting from the point P¢(&,0),

/

S, + RS, > 4%(52 —a?).

with initial data Sp(§) = 13—25 > ag. Hence S > Sp(§) on T’y when ¢t < T. So (4.13)) is correct in
this region for some xs.
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On the backward characteristic starting from [Py, Ps], we also have that S(z,t) has positive
lower bound as the previous paragraph, since Syp(§) = 12f€ > age—1y =~ ag¢ with differences at
most in O(e°) by (#.2) when ¢ € (1,1+&%). This completes the proof of (4.13]), hence the proof

of the lemma. O

Now we proceed to find the blowup of S.

Lemma 4.5 Consider C' solutions to with ¢(x) given in and prescribed initial data
po =1, ugp = c(x). Assume S(z,t) > 0 for any (z,t) € Rx[0,T). There exist positive constants
My such that

0 < ko < S(x,t) < +00, (4.14)

or any (z,t) € R x [0,T) with T = Mye=2 and
f y(7) [a ) 0

lim S(z,t) = 400
(z,t)—(z*,T)

for some x* such that 0 <1 —x* < O(1)e1.
Proof. By Lemma 2.1} we have
d
S, + RS, < 5252. (4.15)

where dy = O(g) and 0 < Sy < O(g). So S stays finite until before
E = M25_27

for some constant M, > 0.

Then we show the blowup happens at a time in O(¢~2). For simplicity, we only consider the
backward characteristic I starting from the P4(1,0) on (x,t)-plane. For any (x,t) on T', by the
estimate of R in Lemma [4.4] we have

1—x
<a,
;S

(4.16)

where we use
a= £ to denote ag = £
2(1—¢)’ £T (129

Before T interacts with T'g which will happen not earlier than O(¢~?) by (4.1€)), by Lemma
Lemma (4.16)) and definition of ¢(x),

at ¢£=1.

€

C
>SSty > & (52 42). 4.1
S¢ + RS _4(5 a)_4(1+a5t—5)(8 a”) (4.17)
Studying the ODE
dg € 2 2
A - — 4.1
dt—  4(14aet —¢) (g7 —a’) (4.18)
with initial data 5
9(0) = So(1) = T >a, (4.19)

one has that g blows up at ¢t*, which satisfies

21n (W) +1In(1 —¢) =1n(1 4 aet™ —¢).

So(1) —
Therefore ( 2
16 32(1 —¢
Fr=—"(1-¢)= 22 — Mae? 4.20
9a5( 2 9e2 3¢ 5 (4.20)



for constant M3 =
t* = Mg&iz.
Therefore, there exists My € [Ma, M3] such that for any (z,t) € R x [0,T) with T = Mye >

M. By comparison theorem of ODE, S(z,t) blows up not later than

0 < S(z,t) < +o0, S(z,t) = +o0

(w’t)g%*,T)

for some z*. By and T = Mye~2, we have 0 < 1 —2* < O(1)e~!. Hence we complete the
proof of the lemma by .

O

Next we show that the assumption that S > 0 is true for all C! solutions in our initial value

problems, which implies that S is uniformly bounded away from zero by Lemma

Lemma 4.6 For any C* solutions to (1.1)) with c(x) given in [4.1)) and prescribed initial data
po =1, up = c(x), one has S(x,t) > 0 for any (x,t) € R x [0,T). Hence Lemmas are

correct without the assumption that S(x,t) > 0 in the beginning.

Proof. Note R = 0 and S are positive constants in the left of I'y and in the right I'; re-
spectively, since ¢(x) has constant value on each of these two regions. Denote the finite region
between these two regions as 0" with ¢t < T'.

We prove the lemma by contradiction. Assume that S = 0 somewhere. Then S = 0 must
first happen in Q*. We could find the minimum time such that S = 0. Assume that S(2,7) = 0
for some point (2,7) in * and S(z,t) > 0 for any (z,t) € Rx [0,7"). Then running the proofs in
Lemmas we can still get for (x,t) € R x [0,T] which contradicts to S(X,T) = 0.
Hence, S(z,t) > 0 for any (x,t) € R x [0,T). O

Finally we are ready to prove Theorem [1.3

Proof of Theorem Combining the a priori estimates in Lemma and Lemma
using , we know the a priori condition (A) is true for any 7% < T = Mye~2, where we use
the fact: for any C! solution, S is bounded above in the closed set Q* defined in the previous
lemma with ¢ € [0,7*] since S is not infinity when ¢ € [0,7*], and S has constant value in the
left of I'y or in the right of I';.

As a conclusion, by Theorem the initial value problem of with the prescribed
initial data exists a unique C! solution (p(x,t),u(z,t)) when (z,t) € R x [0,T). Furthermore,
by Lemma [£.5] S is uniformly positive and

lim S(z*,t) = o0
t—T~

for some |z*| = O(¢7!), while R is non-negative and uniformly bounded by Lemma So by
(2:4),

lim u(z*,;t) =c0 lim p(z*,t)=0 lim pu(z*,t)=B and lim E(z*,t) = oo,
t—T- t—T—

t—T— t—T—
(4.21)
where B is a finite constant. Hence we complete the proof of Theorem
O
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5 Singularity formations in duct flow for Chaplygin gas:
proof of Theorem and

In this section, without any ambiguity, we still use several notations used in the previous section,
such as €, 2, M; etcs.
To prove Theorem we need first set up the initial data py and wg corresponding to ¢(z)

in (29

g1 x € (—o0,—2¢)
o1(z), x € [—2¢,—¢),

po(x) = 1, x € [—e,¢], (5.1)
¢a2(z), x € (g,2¢],
g1, x € (2e,00),

and
_ c(2) a+1
uo(x) = o0 (@) g*my (5.2)

where the function ¢; and ¢ are C'! increasing and decreasing functions on [—2¢, —¢) and (e, 2¢]
respectively. We collect some useful information on initial data here. First py and c(z) are C?
functions bounded away from zero and infinity. |c/(z)| is bounded above. ug is a C! function
with finite upper and lower bounds. For any x,

2 <c(x) <4, (5.3)
Oa ( 71 - 77)
/1(55) € [0’50‘]’ [ 1_777_]-)
d(z) = £, € [-1,1], (5.4)
2(z) € [0,e°], € (1, 1 + 1),
0, € (1+4n,00),
gt x € (—o0, —2¢),
1 ¢11(-L) € [€a+1’ 1]7 HAS [_257 _5)7
= 1, x € |—¢,¢], (5.5)
p0($) 1 a+1
5 €1,z e (e 2],
etz € (2,00),
and
Ro(x) = —*™! and > < Sy() < +o0. (5.6)

The constants o € [0,1) and 0 < 1 < 2. Furthermore 0 < ¢ < 1 is a small given number
which will be provided in the proof of the theorem.

Remark 5.1 (i) The construction of the initial data pg, ug and c(x) is also motivated by the
seminal work [I8]. The initial data given by equations (1.4) and (1.5) in Theorem 1 of [I8]
were constructed for their unknown state ¢ (which is equivalent to x(X,t) in our equation
if po=1).

(ii) When po # 1, s mot equivalent to any more. This requires us to do extra

constructions on ¢ (as a function of x € (—o00,00)). While in [I8], the wave speed ¢ was a
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function of their unknown state ¢ (see (1.1) in [18]). They assumed c to be a uniformly positive
and bounded smooth function.

(i4i) The constructions on Rg, So in (5.6) play an essential role in our proof.

Assuming that p(x,t), u(x,t) are C' solutions to Cauchy problem of with given ¢, pg
and ug, we first do some analysis on the domains of dependence of different pieces of the initial
data (see Figure [4)), where Ay = —1—1n, By = —1, As =1, By =1+ and when ¢ € [0, T*] for
any T < T with

T = Me™“, (5.7)

where M is a fixed constant that will be provided later. In fact, T is the time of blowup.

We use Q, Q,, Qg to denote three domains of dependence respect to [—1,1], (—oo, —1 — 1),
(147, 400) respectively (boundaries are black solid lines). II1 and II2 are two regions in between
Qr, 2 and Q. The domains of dependence Q11 and Q112 including I11 and I12 respectively are

regions with red dash lines as boundaries (with initial bases [a1,b1] and [asg, bo] respectively).

A

Lo
H I

a1 Ai1By Db 0 32 A2 B2 b2 X;

Figure 4: Proof of Theorem

We first have a lemma for C* solutions.
Lemma 5.2 For any C' solutions with prescribed initial data,
R <0.

Proof. By Lemma for any x € (—o0,00)
1
R, + SR, < 1RQ, (5.8)

where left hand side is derivative along a minus characteristic. By (5.6) and ODE comparison
theorem,
R <0

for any C' smooth solution. O

In Lemmas we restrict our consideration on the C' solutions with S(xz,t) > 0 for
any (z,t) € R x [0,T) where T is defined in (5.7). For these solutions, the plus and minus
characteristic go in forward and backward directions respectively. So we can always use Figure
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to study the propagation of the solution along characteristics. We will show that this a priori
condition on S is satisfied for any C* solutions in our initial value problems in Lemma

Lemma 5.3 Consider C! solutions with prescribed initial data and S(z,t) > 0 for any (z,t) €
R x [0,T). Let Ty be the intersection time of forward characteristic from (—1,0) and backward

characteristic from (1,0). Then there exists a constant K1 > 0 such that
To > Kie ! > T. (5.9)
And we also have the estimates
b1 — Bu| + Az — ag| < Ko7, (5.10)
where by, By, Ay and ay are on Figure[]}

Proof. It can be calculate by (2.4)), (1.28), (5.2)) and (5.5)) that the initial energy in 2 satisfies

1
po (e — p05a+1)2 +c?)dr < Kse.
1

(5.11)
For any z1, 29 € [—1,1], let (z9,t9) be the intersection of forward and backward characteristics

Y+, 7— starting (x1,0) and (z9,0) respectively. By Lemmaof finite propagation and (5.11]),
we know

1 1
/ po(S? + R?)(z,0) dx:2/ pal(pgug—i—cg)dx:Q/
1 -1

2/0 cS (x+(t),t)dt+2/0 CR2(x (1), 1) dt

- . (5.12)
=2/ eS(z,ty(x))de — 2/ cR(z,t_(x))dx < Kse.
1 o
where K; and M; always mean positive constant in this paper.
Therefore
T2 — %1 = To — T1 + T2 — To
to tO
= S(zy(t),t)dt — R(z_(t),t)dt
0 0 1
to 1 % to % to 1 % to % (5 3)
< (/ dt) (2/ eS (2,24 () dt) + (/ dt) (2/ CcR2(x, 2 (1)) dt)
o € 0 o € 0
§K4t§8%,
It is easy to see that (5.9)) by (5.13).
Repeat the proof of (5.13]), we can prove
‘bl — B1| + ‘Ag — a2| S 2K5T%E% S KQ&‘I_TQ, (514)
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Xxo—T1 = S(x4(¢),t) dt
ty
1 to 1 3 to 3
< — (/ dt) (/ 2052(95,30+(t))dt>
2\Jy ¢ t
1 to 1 3 o 3
= — (/ dt) (2/ eS(z,ty(x)) dw)
2 t1 c 1
1 to 1 3 T2 3
< — (/ dt) (/ po(Sg + R%)dx)
2 ty € T
< M4‘(t0—t1)%(.’£0—(£1)%61+7a
so tg —t1 > O(e™9).
Hence we complete the proof of Lemma [5.3 O

Remark 5.4 (i) By (5.10)), it is easy to get that the initial energy in Qu, or Qm, is not greater
than O(e2+%) by (5.10).

(i) On regions to the left or right of Q, Qu, and Qu,, the wave speeds S and R are constants
by (2.11) (c(z) has constant values in those regions) and S and R are constants initially in each

of these two regions.

Lemma 5.5 Consider C solutions with prescribed initial data and S(x,t) > 0 for any (z,t) €
R x [0,T). There exist constants 6o and d3 such that

— 03 < R(l‘,t) < —dg < 0. (515)

Proof. By Remark (ii) and (5.6), we only need to consider the solution on €, Qp, and
Qpi,. By Lemma [2.1] for any = € (—o0, 00)

R+ SR, < éRQ. (5.16)
By and ODE comparison theorem, there exists do such that
R < -0, <0.
For any forward characteristic in Q U Qp, U Qr,, by 7 and we have
R;+ SR, > —%CSQ. (5.17)

Integrating it along any forward characteristic «4, by Lemma [2.15, Remark (i) and (5.6),

we have

e to
Ritooo) >~ [ eS(tan(e)dt + Rola)
0
= /10 cS(ty (x), x)dr — et
= - +(Z), -
16 /,,
e [*? 2 2 +1
> -5 [ S e e
z1
Z —K6€1+a = —63. (518)
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Now we proceed to estimate S.
Lemma 5.6 Consider C solutions with prescribed initial data and S(z,t) > 0 for any (z,t) €
R x [0, T). There exist positive constants My and 61 such that
0<d <S(z,t) < +oo, (5.19)

for any (z,t) € R x [0,T) with T = Mye~® and

lim  S(z,t) = +o0
(z,t)—(z*,T)

l1—a

for some x* = O(1)e = .
Proof. By Remark (ii) and (5.6), we only need to consider the solution on €, Qp, and
Or,.

By Lemma [2.1] and the estimate of R in Lemma [5.5] we have

Si+ RS, < %52. (5.20)
So S stays finite until before
t= Mye™*,
Where M2 = %(w)

When x ¢ [—2¢,2¢], we have So(x) = O(e'*%). So by the comparison theorem of ODE,
S(z,t) along any backward characteristic starting from an initial point with & [—2e, 2¢], will

not blowup until £ = 0(5—1—2(1)

. Comparing to the blowup time in O(e~%) proved later, we see
that the blowup can only happen on a backward characteristic starting from the initial interval
[—2¢, 2¢].

Then we show the blowup happens at a time in O(¢~%). For simplicity, we only consider the
backward characteristic I" starting from the origin on (z,¢)-plane. On T, by Lemma and the

estimate of R in Lemma [5.5

Si+ RS, > L g (5.21)
K =16 g 3 ‘
Studying the ODE
dg o S (5.22)

with initial data

9(0) = Sp(0) = 6 — 2T € (5,6), (5.23)
one has that g blows up at
8 So(0) + 243 _
* = = Ms3e™® .24
Kqeltza ‘ So(0) — 205 3 (5:24)

for some constant M3 > 0. By comparison theorem of ODE, S(z,t) blows up not later than
t= Msze™“.
Therefore, there exists My € [My, M3] such that for any (x,t) € R x [0,T) with T'= Mye~®

0 < S(z,t) < +oo, lim  S(z,t) = +o0
(z,t)—(z*,T)

24



l—a

for some z*. By (5.13) and T'= M;e~%, we have z* = O(1)e = .
For any (z,t) € R x [0,T), by (5.21]), we have

S+ RS, > =28,
then by (5.6) (So(z) > ™) and comparison theorem of ODE, we obtain
0<d <S(z,t) <400 (5.25)

for some constant d;, which completes the proof of the lemma.
O
Next we show that the assumption that S > 0 is true for all C! solutions in our initial value
problems.

Lemma 5.7 For any C' solutions with prescribed initial data, S(z,t) > 0 for any (z,t) €
R x [0,T). Hence Lemmas are correct without the assumption that S(x,t) > 0 in the
beginning.

Proof. We prove it by contradiction. Assume that S = 0 somewhere.

Note R and S are non-zero negative and positive constants respectively when (x,t) &€ QU
Qr, UQ,. So if S = 0 then it must first happen in QU Qp, UQq,. We could find the minimum
time such that S = 0. Assume that S(z, 7)) = 0 for some (2,7) € QUQq, UQq, and S(z,t) > 0
for any (x,t) € Rx|0, T ). Then running the proofs in Lemmas we can still get for
(z,t) € Rx[0,T] which contradicts to S(X,T) = 0. Hence, S(x,t) > 0 for any (z,t) € Rx[0,T).
O

Finally we are ready to prove Theorem |1.5

Proof of Theorem Combining the a priori estimates in Lemma [5.5] and Lemma [5.6]
using , we know the a priori condition (A) is true for any T* < T = Mje~“, where we
use the fact: for any C! solution, S is bounded above in the closed set Q U Qp, U Qp, with
t € [0,7*] since S is not infinity when ¢ € [0,7%], then uniformly bounded from above for any
(x,t) € R x [0,7*] by Remark (ii).

As a conclusion, by Theorem there exists a unique C*! solution (p(z,t),u(z,t)) for
equation when (x,t) € R x [0,T") with the prescribed initial data.

Furthermore, by Lemma [5.6

lim S(z*,t) = o0
t—=T~

while R is uniformly bounded and negative by Lemma So by (2.4),
lim u(z*,;t) =c0 lim p(z*,t)=0 lim pu(z*,t)=B and lim E(z*,t) = oo,
t—T— t—=T— t—T— t—T—
(5.26)
where B is a finite constant. Here |z*| = O(e'2") < O(1) and the blowup must be on some
characteristic starting form the initial interval « € [—2e,2¢]. Hence we complete the proof of

Theorem
O

Finally we prove the Theorem for the Cauchy problem of (1.30) with radially symmetry,
ie. (1.27) or (1.1) with ¢(x) = 2™ (m = 1, cylindrical symmetric solution; m = 2, spherically
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symmetric solution) and the radius « € [1, 3]. This theorem is also correct when z € [a,b] with
0<a<b.

Proof of Theorem When z € [1,3], we consider initial data po(z) and ug(z) satisfying
(1).

e, €[1,2 - 2),
o3(x), €[2—2¢,2—¢),
po(x) = 1, €2—¢,24¢], (5.27)
o4(x), €(2+¢,2+ 2¢,

(
e, x € (24 2¢, 3],

(2). uo(x) = s — ¢
The function ¢3 and ¢4 are increasing and decreasing smooth functions on [2 — 2¢,2 — ¢) and
(2 + ,2 + 2¢] respectively. Furthermore £ < 1 is a small given number which will be provided
in the proof of the theorem.

In order to directly use the proof for Theorem [I.5] we extend the definition of initial data
from z € [1,3] to z € (—00,00) by

(1).

1-6, x € (—o0,1—n),
(), =ze[l-nl),
é(x) = ™, x € [1,3], (5.28)
Ya(z), z € (3,3 +n),
3™ 4+ 9, z € (3+n,00),

where 13(x) is an increasing C? convex positive function on z € [1 —n,1) and 4 (z) is an

increasing C? concave positive function on x € (3,3 + n]. The positive constants

IknKexkl.

e 1, (—00,2 — 2¢),
o3(x), €[2-2¢,2-—¢),
po(x) = 1, €2—-¢2+¢], (5.29)
o4(), €(2+4¢,2+ 2¢],
g1, € (24 2¢, ),

(3). dg(w) = 25 —e.

The initial data in Theorem are very similar to the initial data in Theorem with
a = 0. In fact, we only need to change x € [—1,1] to radius = € [1, 3] and slightly change the
values of ¢, then we can prove Theorem by an entirely same way as the proof in Theorem
and finally we only have to use the piece of solution on Qgymn, with ¢ € [0,T) after finding
the C* solution for (z,t) € R x [0,T). We leave the details to the reader.
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