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CONVERGENCE ANALYSIS OF ALTERNATING DIRECTION
METHOD OF MULTIPLIERS FOR A FAMILY OF NONCONVEX
PROBLEMS

MINGYI HONG, ZHI-QUAN LUO AND MEISAM RAZAVIYAYN*

Abstract. The alternating direction method of multipliers (ADMM) is widely used to solve
large-scale linearly constrained optimization problems, convex or nonconvex, in many engineering
fields. However there is a general lack of theoretical understanding of the algorithm when the
objective function is nonconvex. In this paper we analyze the convergence of the ADMM for solving
certain nonconvex consensus and sharing problems. We show that the classical ADMM converges to
the set of stationary solutions, provided that the penalty parameter in the augmented Lagrangian
is chosen to be sufficiently large. For the sharing problems, we show that the ADMM is convergent
regardless of the number of variable blocks. Our analysis does not impose any assumptions on the
iterates generated by the algorithm, and is broadly applicable to many ADMM variants involving
proximal update rules and various flexible block selection rules.

AMS(MOS) Subject Classifications: 49, 90.

1. Introduction. Consider the following linearly constrained (possibly nons-
mooth or/and nonconvex) problem with K blocks of variables {zj }&_;:

K
min f(.I) :ng(xk)_'—é(xla 7$K)
k=1
K (1.1)
s.t. ZAka:q, fEkGXk,Vk:l,,K
k=1

where A;, € RM*Ne and ¢ € RM; X;, € RV is a closed convex set; £(+) is a smooth
(possibly nonconvex) function; each gy (-) can be either a smooth function, or a convex
nonsmooth function. Let us define A := [A;, -+, Ag]. The augmented Lagrangian
for problem (1)) is given by

K
L(zy) =Y gelawe) + L@y, ax) + (y.q — Az) + gllq —Azl?,  (1.2)
k=1

where p > 0 is a constant representing the primal penalty parameter.

To solve problem ([I.T), let us consider a popular algorithm called the alternating
direction method of multipliers (ADMM), whose steps are given below:
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Algorithm 0. ADMM for Problem ()
At each iteration ¢t + 1, update the primal variables:

t+1 __ : t+1 t+1 t t .t _
Ly, —arngéI)I} L(Il a"'7$k_17$k7$k+15"'7$K7y)7 Vk_lvaK (13)
k k

Update the dual variable:

y =yt +p(g — Az, (1.4)
The ADMM algorithm was originally introduced in early 1970s [2l3], and has since
been studied extensively [4H7]. Recently it has become widely popular in modern big
data related problems arising in machine learning, computer vision, signal processing,
networking and so on; see [8HI5] and the references therein. In practice, the algorithm
often exhibits faster convergence than traditional primal-dual type algorithms such
as the dual ascent algorithm [I6HI§] or the method of multipliers [19]. It is also
particularly suitable for parallel implementation [g].

There is a vast literature that applies the ADMM to various problems in the
form of ([II)). Unfortunately, theoretical understanding of the algorithm is still fairly
limited. For example, most of its convergence analysis is done for certain special form
of problem (LI) — the two-block convex separable problems, where K = 2, ¢/ = 0
and g1, go are both convex. In this case, ADMM is known to converge under very
mild conditions; see [7] and [§]. Under the same conditions, several recent works
[20-22] have shown that the ADMM converges with the sublinear rate of O(1) or
o(1), and it converges with a rate O(;) when properly accelerated [23,24]. Reference
[25] has shown that the ADMM converges linearly when the objective function as
well as the constraints satisfy certain additional assumptions. For the multi-block
separable convex problems where K > 3, it is known that the original ADMM can
diverge for certain pathological problems [26]. Therefore, most research effort in this
direction has been focused on either analyzing problems with additional conditions, or
showing convergence for variants of the ADMM; see for example [26H34]. Tt is worth
mentioning that when the objective function is not separable across the variables (e.g.,
the coupling function £(-) appears in the objective), the convergence of the ADMM is
still open, even in the case where K = 2 and f(-) is convex. Recent works of [29/[35]
have shown that when problem (1)) is convex but not necessarily separable, and
when certain error bound condition is satisfied, then the ADMM iteration converges
to the set of primal-dual optimal solutions, provided that the dual stepsize decreases
in time. Another recent work in this direction can be found in [36].

Unlike the convex case, for which the behavior of ADMM has been investigated
quite extensively, when the objective becomes nonconvex, the convergence issue of
ADMM remains largely open. Nevertheless, it has been observed by many researchers
that the ADMM works extremely well for various applications involving nonconvex
objectives, such as the nonnegative matrix factorization [37.[38], phase retrieval [39],
distributed matrix factorization [40], distributed clustering [41], sparse zero variance
discriminant analysis [42], polynomial optimization [43], tensor decomposition [44],
matrix separation [45], matrix completion [40], asset allocation [47], sparse feedback
control [48] and so on. However, to the best of our knowledge, existing convergence
analysis of ADMM for nonconvex problems is very limited — all known global con-
vergence analysis needs to impose uncheckable conditions on the sequence generated
by the algorithm. For example, references [43|[45H47] show global convergence of the
ADMM to the set of stationary solutions for their respective nonconvex problems, by
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making the key assumptions that the limit points do exist, and that the successive
differences of the iterates (both primal and dual) converge to zero. However such
assumption is nonstandard and overly restrictive. It is not clear whether the same
convergence result can be claimed without making assumptions on the iterates. Ref-
erence [49] analyzes a family of splitting algorithms (which includes the ADMM as a
special case) for certain nonconvex quadratic optimization problem, and shows that
they converge to the stationary solution when certain condition on the dual stepsize
is met. We note that there has been many recent works proposing new algorithms
to solve nonconvex and nonsmooth problems, for example [50H54]. However, these
works do not deal with nonconvex problems with linearly coupling constraints, and
their analysis does not directly apply to the ADMM-type methods.

The aim of this paper is to provide some theoretical justification on the good
performance of the ADMM for nonconvex problems. Specifically, we establish the
convergence of ADMM for certain types of nonconvex problems including the con-
sensus and sharing problems without making any assumptions on the iterates. Our
analysis shows that, as long as the objective functions g;’s and ¢ satisfy certain regular-
ity conditions, and the penalty parameter p is chosen large enough (with computable
bounds), then the iterates generated by the ADMM is guaranteed to converge to the
set of stationary solutions. It should be noted that our analysis covers many variants
of the ADMM including per-block proximal update and flexible block selection. An
interesting consequence of our analysis is that for a particular reformulation of the
sharing problem, the multi-block ADMM algorithm converges, regardless of the con-
vexity of the objective function. Finally, to facilitate possible applications to other
nonconvex problems, we highlight the main proof steps in our analysis framework that
can guarantee the global convergence of the ADMM iterates (L3)—(L4) to the set of
stationary solutions.

2. The Nonconvex Consensus Problem.

2.1. The Basic Problem. Consider the following nonconvex global consensus
problem with regularization

=

min f(z) := ng(a:) + h(x)

k=1
st. zeX

(2.1)

where gi’s are a set of smooth, possibly nonconvex functions, while h(z) is a convex
nonsmooth regularization term. This problem is related to the convex global consensus
problem discussed heavily in [8] Section 7], but with the important difference that g;’s
can be nonconvex.

In many practical applications, g.’s need to be handled by a single agent, such as
a thread or a processor. This motivates the following consensus formulation. Let us
introduce a set of new variables {x;}< |, and transform problem (ZI)) equivalently
to the following linearly constrained problem

K

min Z gk (xr) + h(xo)

k=1
st. xx=m0,Vk=1,--- K, x9€X.

(2.2)

We note that after reformulation, the problem dimension is increased by K due to
the introduction of auxiliary variables {z1,--- , 2k }. Consequently, solving the refor-
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mulated problem ([22)) distributedly may not be as efficient (in terms of total number
of iterations required) as applying the centralized algorithms [50H54] directly to the
original problem (Z]). Nonetheless, a major benefit of solving the reformulated prob-
lem (Z2) is the flexibility of allowing each distributed agent to handle a single local
variable xj and a local function gy.

The augmented Lagrangian function is given by

=

K K
L({wi}, wo;y) = Y gul(an) + h(zo) + Y (yr,x — o) + ) p_;”xk — ol (23)
k=1 k=1 k=1

Note that this augmented Lagrangian is slightly different from the one expressed in
([C2), as we have used a set of different penalization parameters {px}, one for each
equality constraint zr = xo. We note that there can be many other variants of the
basic consensus problem, such as the general form consensus optimization, the sharing
problem and so on. We will discuss some of those variants in the later sections.

2.2. The ADMM Algorithm for Nonconvex Consensus. The problem
22) can be solved distributedly by applying the classical ADMM. The details are
given in the table below.

Algorithm 1. The Classical ADMM for Problem (2.2))

At each iteration t + 1, compute:

abtt = argmin L({z}}, z0;y"). (2.4)
ro€eX

Each node k computes xj by solving:

. k
:C’,:"l = argmin g (zx) + (yk, zr — 25™) + %ka — b2 (2.5)
Tk
Each node k updates the dual variable:
Ui =kt ow (2 -2t (2.6)

In the xy update step, if the nonsmooth penalization h(-) does not appear in the
objective, then this step can be written as

K K
Dok PETL D00 Y
124
Ek:1 Pk

Note that the above algorithm has the exact form as the classical ADMM de-
scribed in [§], where the variable z is taken as the first block of primal variable, and
the collection {zx} | as the second block. The two primal blocks are updated in a
sequential (i.e., Gauss-Seidel) manner, followed by an inexact dual ascent step.

In what follows, we consider a more general version of ADMM which includes
Algorithm 1 as a special case. In particular, we propose a flexible ADMM algorithm
in which there is a greater flexibility in choosing the order of the update of both
the primal and the dual variables. Specifically, we consider the following two types
of variable block update order rules: let £k = 0,2, ..., K be the indices for the primal
variable blocks xg, z1, T2, ..., T, and let C* C {0,1,---, K} denote the set of variables
updated in iteration ¢, then

t+1
Lo

= arg min L({z}.}, z0;y") = projx (2.7)
ro€EX



1. Randomized update rule: At each iteration ¢ + 1, a variable block k is chosen

randomly with probability pfjl,

Pr(ke C'' | al,y" {z}}) = pi"™" > pmin > 0. (2.8)

2. FEssentially cyclic update rule: There exists a given period 7' > 1 during which
each index is updated at least once. More specifically, at iteration ¢, update

all the variables in an index set C' whereby

T
U et ={01,--- K}, vt (2.9)

i=1

We call this update rule a period-T essentially cyclic update rule.

Algorithm 2. The Flexible ADMM for Problem (22

Let ¢*'={0,---,K},t=0,1,---.
At each iteration t + 1, do:

If t +1 > 2, pick an index set C'™' C {0,--- , K}.
If0 e C'', compute:

o5t = angmin L({}},70; /). (2.10)
TE

Else 2z}, = .
If k#0and k € C'™', node k computes x;, by solving:

it = arg min gi.(zy.) + (Y xe —xg™) + p_;ka — x5t 2 (2.11)
Update the dual variable:
v =k ton (2 -2 (2:12)
Else z;' = a, y,t' =y}

We note that the randomized version of Algorithm 2 is similar to that of the convex
consensus algorithms studied in [55] and [56]. It is also related to the randomized
BSUM-M algorithm studied in [29]. The difference with the latter is that in the
randomized BSUM-M, the dual variable is viewed as an additional block that can be
randomly picked (independent of the way that the primal blocks are picked), whereas
in Algorithm 2, the dual variable y; is always updated whenever the corresponding
primal variable xj, is updated. To the best of our knowledge, the period-T essentially
cyclic update rule is a new variant of the ADMM.

Notice that Algorithm 1 is simply the period-1 essentially cyclic rule, which is a
special case of Algorithm 2. Therefore we will focus on analyzing Algorithm 2. To
this end, we make the following assumption.

Assumption A.
A1l. There exists a positive constant Ly > 0 such that

IVegr(zk) — Vigr(zi)l| < Lillzk — 2ill, ¥ 2g, 25, =1, | K.

Moreover, h is convex (possible nonsmooth); X is a closed convex set.
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A2. For all k, the penalty parameter py is chosen large enough such that:
1. For all k, the z; subproblem (ZI1)) is strongly convex with modulus
Vi (pr);
2. For all k, pryk(pk) > 2L% and pg > L.
A3. f(x) is bounded from below over X, that is,

= min f(z) > —co.
We have the following remarks regarding to the assumptions made above.
e As pj inceases, the subproblem (2II) will be eventually strongly convex
with respect to x;. The corresponding strong convexity modulus v (px) is a
monotonic increasing function of py.
e Whenever g(-) is nonconvex (therefore py, > vk (px)), the condition pryk(pr) >
2L% implies py, > Ly.
e By construction, L({z},xo;y) is also strongly convex with respect to z,
with a modulus v := Zszl Pk
e Assumption A makes no assumption on the iterates generated by the algo-
rithm. This is in contrast to the existing analysis of the nonconvex ADMM
algorithms [37,/43]/46].
Now we begin to analyze Algorithm 2. We first make several definitions. Let
t(k) (resp. £(0)) denote the latest iteration index that xj (resp. zg) is updated before
iteration t 4+ 1, i.e.,

t(k)=max {r|r<t,ke C"}, k=1, ,K,

t(0) = max {r | r <t,0€ C"}. (2.13)
This definition implies that =%, = z1*) for all k = 0, -
Also define new vectors xtH {:CtH , 91! and {xt+1} gt by

B = argzr(?ei?(L({xi}a 20;4%), (2.14a)
g = argmin g (zx) + (Yhowx — 25T1) + p—;ka —agt?, v k (2.14b)
G = gl + i (BT — 2511 (2.14c¢)
gt = argmin gy () + (yk, o — 20) + p_;”% — g%, ¥k (2.14d)
G =g+ (BT —ab) (2.14e)

In words, (&5, {#tF!},9'+1) is a “virtual” iterate assuming that all variables are
updated at 1terat10n t+ 1. {ztH) g+ is a “virtual” iterate for the case where z is
not updated but the rest of variables are updated.

We first show that the size of the successive difference of the dual variables can
be bounded above by that of the primal variables.

LEMMA 2.1. Suppose Assumption A holds. Then for Algorithm 2 with either
randomized or essentially cyclic update rule, the following are true

LRl =l > it =l Y k=1, K, (2.15a)
||At+1 2t||? > ||At+1 B V=1, K. (2.15b)
||~t+1 2t||? > ||~t+1 B vVk=1,- K. (2.15¢)
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Proof. We will show the first inequality. The second inequality follows a similar

line of argument.

To prove ([ZI5a), first note that the case for k ¢ C'*' is trivial, as both sides of
([@I5a) evaluate to zero. Suppose k € C'™'. From the x;, update step (ZII)) we have
the following optimality condition

Vae(@™) + yf + pr(ap™ —afth) =0, vk e ¢ /{0}. (2.16)
Combined with the dual variable update step (Z12]) we obtain
Voe(z™) = -y, Ve ¢ /{0}. (2.17)

Combining this with Assumption A1, and noting that for any given k, y, and xj, are
always updated in the same iteration, we obtain for all k € C'™'/{0}

t+1 t+1 t(k) ”

=yl = llv;
= |Vgi(x t*l) Var(zy™)| < Lillait — 2} = Lill= — 2.

v

The desired result follows. O
Next, we use (2I5a)) to bound the difference of the augmented Lagrangian.
LEMMA 2.2. For Algorithm 2 with either randomized or period-T essentially
cyclic update rule, we have the following

L{a" Y agt 9™ = L({ai}, 2t5y")

L2
< ¥ (B-rpe g - Ziet-ar e

Pk
k#0,ke CTT1

Proof. We first split the successive difference of the augmented Lagrangian by

L{zi ™Y 255 y™) — L{at ), 2539
( ({It-i-l} :Et+1, t+1) ({It-i-l} :Et+1, ))

+ (LY 2™y = L{ah}, ahsyh) - (2.19)

The first term in ([2I9) can be bounded by

({xtJrl} JJ t+1) ({xtJrl} xt+17 )
K
<y2+1 yk’ IZ—H 6+1>
k=1
LIS || g2 (2.20)
k0, ke Ct+1

where in (a) we have use (Z12)), and the fact that y; ™" —y! = 0 for all variable block
xy that has not been updated (i.e., k # 0,k ¢ Ct+1) The second term in (219 can
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be bounded by

L({z ), 25 y") = Lk}, 2639)
= L({z"} 26" y") — Lk} 26 yY) + Lk} 2™ yY) — L{h}, 2bsy)

@ i (Pk
< Z (<mGL({.’L't+l} $t+1, ) .’L'?_l _$Z> ( )H t+1 2|2)

k=1
(G = ab) - Flef - o
(®) V. L({gtt1 gt 1t ( k) 1 t))2
= Z < aL{zy gy )xk $k> — |z, |
k£0,ke C'1
+f0e ey ((cit bt —ab) — S llabt - abll?)
()
- X ”’“(2”’“)||wz+l—w2||2—b{oe CSllab — bl (221)
k#0,ke C*F

where in (a) we have used the fact that L({zy},zo;y) is strongly convex w.r.t. each
2 and xg, with modulus v« (px) and v, respectively, and that

e 0, L{al ) ay sy

is some subgradient vector; in (b) we have used the fact that when k ¢ C'™' (resp. 0 ¢
chy, ottt = ot (vesp. xé"’l = 1), and we have defined ({0 € C'™'} as the indicator
function that takes the value 1 if 0 € C'™' is true, and takes value 0 otherwise; in
(¢) we have used the optimality of each subproblem 2II) and (2I0) (where Ct"’l
is specialized to the subgradient vector that satisfies the optimality condition for

problem (Z10)).
Combining the above two inequalities (2.20) and (2.2I]), we obtain

L{{at Y, a0y = L({ai}, 2t5y")

'Yk Pk Y
D AR EEE Y Hyt+1 il — {0 € Ct+1}5|\w6“ — zp)?
k£0, ke Ct+1 k20,ke C'"

L2
< ¥ (E- 2 g af - o e g - o

Pk
k£0,ke C'1

where the last inequality is due to (ZIhal). The desired result is obtained by noticing
the fact that when 0 ¢ C'*' we have z{t! — 2} = 0. O

The above result implies that if the following condition is satisfied:

then the value of the augmented Lagrangian function will always decrease. Note that
as long as vi(pr) # 0, one can always find a pj large enough such that the above
condition is satisfied, as the left hand side (lhs) of (Z22]) is monotonically increasing
w.r.t. pi, while the right hand side (rhs) is a constant.

Next we show that L ({z}},z};y") is in fact convergent.
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LEMMA 2.3. Suppose Assumption A is true. Let {{z}}, zf,y'} be generated by
Algorithm 2 with either the essentially cyclic rule or the randomized rule. Then the
Jollowing limit exists and is lower bounded by f defined in Assumption AS3:

tlim L{xt}y, zb,v") > f. (2.23)

Proof. Notice that the augmented Lagrangian function can be expressed as
({ItJrl t yt—i-l)

= W) + Y (n(af™) + (o el — o) + Dt — b))

K
k=1
) .
a
D hah™) + Y (@) + (Vgalap),ab™ — ofth) + Bl - af?)
k=1
K
> bt = Flab) (2:24)

where (b) comes from the Lipschitz continuity of the gradient of gi’s (Assumption
A1), and the fact that pp > Ly for all k = 1,--- , K (Assumption A2). To see why
(a) is true, we first observe that due to [IT), we have for all k # 0 and k € C'™!

W = ) = (Vo). - o)

For all k # 0 and k ¢ C'', it follows from zi' = a2t = 2i® = M ang
T N OB (5!
=Y that

Yo =Y =Yg
<y]t€+1 $t+1 _ t+1> _ <ylt€(k)+1 xt(k)+1 _ :Et+1>
k)+1 k)+1
= (Vi ( t(k)+ ), I6+1 _IZ( )+ ) = (Vg(z t+1) I6+1 _$}6€+1>'

Combining these two cases shows that (a) is true.

Clearly, (Z24) and Assumption A3 together imply that L({z} "}, z{t;y+1) is
lower bounded. This combined with (ZI8]) says that whenever the penalty parameter
pr’s are chosen sufficiently large (as per Assumption A2), L({z}'}, z{t;y+!) is
monotonically decreasing and is convergent. This completes the proof. O

We are now ready to prove our first main result, which asserts that the sequence
of iterates generated by Algorithm 2 converges to the set of stationary solution of

problem (22]).

THEOREM 2.4. Assume that Assumption A is satisfied. Then we have the fol-
lowing

1. We have limy_,oo |24t — 2b™ | =0, k = 1,--- | K, deterministically for the
essentially cyclic update rule and almost surely for the randomized update

rule.
2. Let ({x}}, 2§, y*) denote any limit point of the sequence {{x}'}, af™, yt*+1}
generated by Algorithm 2. Then the following statement is true (deterministi-
cally for the essentially cyclic update rule and almost surely for the randomized
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update rule)

0=Vagr(ap)+y;, k=1,--- K.

=

* . * ok
x) € argmin h(z) + ;@k,wk — )

xp=xf, k=1,--- K.

That is, any limit point of Algorithm 2 is a stationary solution of problem

22

8. If X is a compact set, then the sequence of iterates generated by Algorithm 2
converges to the set of stationary solutions of problem [2Z2). That is,

lim dist (({z}},26,9"); Z2*) =0, (2.25)

t—o0

where Z* is the set of primal-dual stationary solutions of problem [2.2);
dist(z; Z*) denotes the distance between a vector x and the set Z*, i.e.,

dist(x; Z27%) = minl |z — z]|.
TEL™

Proof. We first show part (1) of the theorem. For the essentially cyclic update rule,

Lemma implies that
L({xy 1Y, ™5y T) = L({ah ) 26:9)

T
Ly w(pr) ; - Vot :
I M ) LR B A
=1 p20,ke C'*

T K 9
Ly Vi (pk) t+i t+i—1p2 OV tti—1 t4i(2
— = )l =T = Sl a2
Pk 2 2

=1 k=1

P

where the last equality follows from the fact xfji = :1:2“71 if k¢ C'™" and k # 0.
Using the fact that each index in {0,---, K} will be updated at least once during
[t, t + T, as well as Lemma 23] and the bounds for p;’s in Assumption A2, we have

5™ =26 =0, fait — P =0,V k=1, K. (2.26)

By Lemma 2] we further obtain [jyi"" — yz(k)H — 0 forall k=1,2,...,K. In light
of the dual update step of Algorithm 2, the fact that ||y, ™ — y,tc(k)H — 0 implies that
I — a8 0.

10



For the randomized update rule, we can take the conditional expectation (over
the choice of the blocks) on both sides of ([2I8]) and obtain

E[L({af a5yt — Lk} abit) | {abh absy']

L2
<B| Y (22 g o - 2l - b | ok atinf
k£0,ke CH
K
L2 . .
SmeGﬁ—()>WH I~ pod I35 — b

+Zmu»(ﬂ—m)M%12W

L Vi . R
sﬁm2<l— (v|m I = prin S5 — b
k=1

Pk

where in the last two inequalities, we have used the fact that py’s satisfy Assumption
A2, hence LP_E — w < 0 for all k; the last inequality follows from the fact that py >
Pmin for all k= 0,--- , K. Note that by Lemma 23 L({z}™'}, «{;9y') — f >0
for all ¢, where f is defined in Assumption A3. Then let us substract both sides of
the above inequality by f, and invoke the Supermartigale Convergence Theorem [57,

Proposition 4.2]. We conclude that L({z}}, x5! y*+1) is convergent almost surely
(a.s.), and that

|26t —2f) — 0, ||ttt -2t -0, VE=1,--- K, as. (2.27)

By Lemma 2] we further obtain ||g;™" — yi| — 0, a.s. and for all k = 1,2, ..., K.
Finally, from the definition of ', we see that ||g} i+ —yi|l — 0 a.s. implies that
|26t — 21 — 0 as. forall k =1,2,..., K.

Next we show part (2) of the theorem. For simplicity, we consider only the
essentially cyclic rule as the proof for the randomized rule is similar. We begin by

examining the optimality condition for the xj and xg subproblems at iteration ¢ + 1.
Suppose k # 0, k € C', then we have

V(i) + yi + (= agth) = 0. (2.28)

Similarly, suppose 0 € C**', then there exists an ! € 6h($6+1) such that

K
<x—x6+1, i Z — Pk x6+1—xt0))>20,Vx€X.

These expressions imply that

V(@i +yp + pr(zh™ — 2kt =0, k£0, ke C'!

K

h(;v)—h(:c6+l)+<w—x6+l, (—yk + pr(zf™ — 6))> >0,VzeX, ifoe L.
k=1

(2.29)

11



Using the definition of the essentially cyclic update rule, we have that for all ¢

ng(arz(k)) + y;(k) =0, Vk#O0, for some r(k) € [t, t + T,

K
h(z) — h(:CO(O)) <x _ xg(O), Z (_yz(o)fl + pk(xg(O) _ xz(o)fl)) > >0, (2.30)
k=1
vV x € X, for some r(0) € [t, t + T].

Note that 7 is finite, and that ||z —zt || — 0, |25t — 28| — 0 and |lyit —yk|| — 0,
we have

g™ — 2t =0, V &, |25 —abtl| =0,

Iyttt — i@ =0, [yttt =y @7 =0, ¥ k. (2.31)

Using this result, taking limit for 30), and using the fact that ||z} — 2%| — 0,

— xy, y,i“ — yy, for all k, we have

K
h(x) — h(zg) + Z (x—af,—yp) >0, Vo € X. (2.32)
k=1

Due to the fact that [jyi™ — yt| — 0 for all k, we have that the primal feasibility is
achieved in the limit, i.e.,

xp=a5, Vk=1,--- K. (2.33)

This set of equalities together with (Z32) imply

+Z - ,yf) <x0+z —xo,yk>zo,vxex. (2.34)

This concludes the proof of part (2).

To prove part 3, we first show that there exists a limit point for each of the
sequences {z}}, {z{} and {y'}. Let us consider only the essentially cyclic rule. Due
to the compactness assumption of X, it is obvious that {x{} must have a limit point.
Also by a similar argument leading to (Z286]), we see that ||z}, — zf|| — 0, thus for each
k, 2!, must also lie in a compact set thus have a limit point. Note that the Lipschitz
continuity of Vg combined with the compactness of the set X implies that the set
{Vgi(z) | x € X} is bounded, therefore {Vgy(z})} is a bounded sequence. Using
(ZI17), we conclude that that {y}} is also a bounded sequence, therefore must have
at least one limit point.

We prove part 3 by contradiction. Because the feasible set is compact, then {z}}
lies in a compact set. From the argument in the previous part it is easy to see that
{zt}, {y'} also lie in some compact sets. Then every subsequence will have a limit
point. Suppose that there exists a subsequence {332’ 1 azgj and {y%} such that

{ad Y2, yY) = (L@}, 0, 9) (2.35)

where ({@}, Zo, ) is some limit point, and by part 2, we have (&, Zo,y) € Z*. By
further restricting to a subsequence if necessary, we can assume that (&, Zo, 9) is the
unique limit point.
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Suppose that this sequence does not converge to the set of stationary solutions,
ie.

lim dist (({ZCZJ}, zg Y ); Z*) =~>0. (2.36)
j—o0
Then it follows that there exists some J(7y) > 0 such that

({2}, 25, y") — (@}, 20, 9) | <7/2, ¥V §>J().

By the definition of the distance function we have
dist (({af }, 2, 519); 27) < dist (o} 2 9), ({an},d0,))
Combining the above two inequalities we must have
dist ({a }, 26, 59): 2°) <9/2, Y t5 = T().

This contradicts to ([Z3d]). The desired result is proven. 0O

The analysis presented above is different from the conventional analysis of the
ADMM algorithm where the main effort is to bound the distance between the current
iterate and the optimal solution set. The above analysis is partly motivated by our
previous analysis of the convergence of ADMM for multi-block convex problems, where
the progress of the algorithm is measured by the combined decrease of certain primal
and dual gaps; see [27, Theorem 3.1]. Nevertheless, the nonconvexity of the problem
makes it difficult to estimate either the primal or the dual optimality gaps. Therefore
we choose to use the decrease of the augmented Lagrangian as a measure of the
progress of the algorithm.

Next we analyze the iteration complexity of the vanilla ADMM (i.e., Algorithm 1).
To state our result, let us define the prozimal gradient of the augmented Lagrangian
function as

To — proxy, (o — Vao (L{zk }, 2o, y) — h(w0))]
Ve, L{zk}, z0,y)

@L({xk},ﬂfovy) = (2.37)

Vo L({za}, 70, 1)

where proxy,[z] := argmin, h(z) + 3[|z — z||? is the proximity operator. We will use
the following quantity to measure the progress of the algorithm

K
P({zi}, 2" y") = |VL{a} ) ab, o)1 + D llaf — ).
k=1

It can be verified that if P({z}},2",y*) — 0, then a stationary solution of the problem
[22) is obtained. We have the following iteration complexity result.

THEOREM 2.5. Suppose Assumption A is satisfied. Let T'(¢) denote an iteration
index in which the following inequality is achieved

T(e) :=min {t | P({z}}, 2", y") < e,t >0}
for some e > 0. Then there exists some constant C > 0 such that

- C(L({xi];zjyl) - i)' (2.38)

13




where f is defined in Assumption AS.
Proof. We first show that there exists a constant o; > 0 such that

IVL({z}}, 25,y < o (II:EB+1 — gl + Z e — will) V=1 (2.39)

This proof follows similar steps of [27, Lemma 2.5]. From the optimality condition of
the o update step (ZI0) we have

t
:E6+1 = Pproxy, [xé*l Zp ( AR t - ii)} .

This implies that

lg — proxy, [25 — Vao (L({z}}, 25, ") — h(2p)] |l

t

K t
)
= i 4+ 2t — prox, [ S el ol - —k)] ||
k=1
K t
< I e+ pros, |57 =3 ( Bl y’f)
o Pk
— prox,, [:1:6 - Zpk(xto -zt — p—:)] H

k=1

K
< 2|2t — bl + D pellah — 25 (2.40)

where in the last inequality we have used the nonexpansiveness of the proximity
operator.
Similarly, the optimality condition of the xj subproblem is given by
yt
Von(a) + (a7 - a4 ) o

Pk
Therefore we have

IV L({=)} 26, 5l

t
)
= Vg (k) + pr(a), — 25 + p—Z)II

t t
_ H(wmmpm —w6+%>) (vm E) 4 (! — att! +i—>)H

< (L + pr) ||l — 2k + el — 25T

(2.41)
Therefore, combining (Z40) and (2.41]), we have
K K
IVL({}}, b,y < (2 + 2pk> = 25|+ D (L + pi)laf, — -
= = (2.42)
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By taking oy = max {(2 + Eszl 20k), L1+ p1,-+ , L + pK}, 239)) is proved.
According to Lemma 211 we have

K

Ly,
> llaf, — bl = Z o ||ytJrl yill < Z || W= (2.43)
k=1 k=

The inequalities (Z42)) — (2:43) implies that for some o3 > 0

K

D llak = 2bl® + VLt ) ab. 40|

k=1

K
<03 (IIIB —agt P+ Yl - l’”lllz’) (2.44)
k=1

2
According to Lemmal[Z2] there exists a constant o = min {{w - %}kK:l, %}
such that

L{{rh) abiv) — L({af g ey )
<Z lj" = ahlf* + 2™ — 173||2> - (2.45)
Combining (244)) and ([245) we have

K
> Nk = 2bl® + IVL({at} 26,40

k=1
o3
<. (L{ath 2hsy") — L ag s y™h)
Summing both sides of the above inequality over ¢t = 1,--- r, we have
r K
DDl = wb 1 + IVE{ag}, b, v
t=1 k=1
g3 r T T
< 0__2 (L({xllc}vx(lh yl) - L({xk+1}7 ‘TOJrl; Yy +1))
< 2 (L{at} aiiv') - )
= o9 kS Los Y J

where in the last inequality we have used the fact that L({z} "'}, z{t;y"+?) is de-
creasing and lower bounded by f (cf. Lemmas Im—lm)

By utilizing the definition of T'(¢) and P({z}},z", y"), the above inequality be-
comes

T(e)e < 2 (L({zk}, 25 y") - f) (2.46)

02

Dividing both sides by T'(¢), and by setting C' = o3/09, the desired result is obtained.
d
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2.3. The Proximal ADMM. One potential limitation of Algorithms 1 and
2 is the requirement that each subproblem (ZII)) needs to be solved exactly, while
in certain practical applications cheap iterations are preferred. In this section, we
consider an important extension of Algorithm 1-2 in which the above restriction
is removed. The main idea is to take a proximal step instead of minimizing the
augmented Lagrangian function exactly with respect to each variable block. Like in
the previous section, we will analyze a generalized version, termed the flezible proximal
ADMM, where there is more freedom in choosing the update schedules.

Algorithm 3. A Flexible Proximal ADMM for Problem (2.2

At each iteration t + 1, compute:

ot = argmin L({z}}, 20;9/"). (2.47)
r€

Pick a set C'™' C {1,---,K}.
If ke C'™', update z; by solving:

pr + Ly

o = argmin (Vo (a5, 2 — o) + (yh an — of) + B2 g — P
(2.48)
Update the dual variable:
yit =+ oo (2 — 2l (2.49)
Else let 2™ = at, yi™! =yt

Notice that the xj update step is different from the conventional proximal up-
date (e.g., [§]). In particular, the linearization is done with respect to x5! instead
of ! computed in the previous iteration. This modification is instrumental in the
convergence analysis of Algorithm 3.

Here we use the period-T essentially cyclic rule to decide the set C'*' at each
iteration. We note that there is a slight difference of the update schedule used in
Algorithm 3 and Algorithm 2. In Algorithm 3, the block variable x( is updated
in every iteration while in Algorithm 2 the update of zg is also governed by block
selection rules.

Now we begin analyzing Algorithm 3. We make the following assumptions in this
section (in addition to Assumption Al and A3).

Assumption B. For all k, the penalty parameter pj; is chosen large enough such
that:

Pk — 7Lk (4Lk 1 ) 2

api=—————(—+— 2Ly >0 2.50
Pk e ALy |1 > 5
=—-T°—+—)8L; >0 2.51
o 2 < [ g (251)
pr > 5Lk, k=1,--- K. (2.52)
Again let t(k) denote the last iteration that xj is updated before t + 1, i.e.,

t(k)=max{r|r<tke C"}, k=1,--- K. (2.53)

Note that we do not need ¢(0) anymore since z is updated in every iteration. Clearly,

we have z} = :vz(k) and as a result, y} = y,i(k). We have the following result.
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LEMMA 2.6. Suppose Assumption B and Assumptions A1, A3 are satisfied. Then
for Algorithm 3, the following is true for the essentially cyclic block selection rule

2L2 (4]|ab — ab ™2 + (|2t — b ]?) > i — bl k=1, K. (2.54)

Proof. Suppose k ¢ C'*' then the inequality is trivially true, as ytJrl =yk.

For any k € C'™, we observe from the update of x, step (Z48) that the following
is true

Vor(@™) +yh + (o + L) (@ — 2t =0, ke ¢, (2.55)
or equivalently
Vor(a™) + Le (2t — 2ty = —yit!, ke ¢ (2.56)
Therefore we have, for all k e €'
k™ = okl = D™ = 5™
= IVgr(at™) = Varlan™) + Lu(af™ — ™) = Lu(@® - g

Vg
= [|Vgr(=h™) = Var(zg) + Ly (zft! — ™) — Ly(al, — b))
< Ll =g )+l = o)

where the last step follows from triangular inequality and the fact zf = xz(k) (cf. the
definition of ¢(k)). The above result further implies that

2L (Al — g™ P+ o = af ) = T =il k=1 K (257)

which is the desired result. O
Next, we upper bound the successive difference of the augmented Lagrangian. To
this end, let us define the following functions

Pk
Co(zes b y") = grlan) + Yk, o — ag™) + —||l’k —zp)?

wr(r;2h™yt) = gr(@f™) + (Vor(aft™), o, — 2f™)

+ {yfo a2t + 2Ty — g2,
Using these short-hand definitions, we have
({xtH tJrl7 ng t+1 t+17 t) (2.58)
zhtt = argmlnuk(xk,x6+ b, Ve ¢t (2.59)
The lemma below bounds the difference between £ (v}t 25, y*) and £ (2 ; 25T, yt).

LEMMA 2.7. Suppose Assumption A1 is satisfied. Let {z},xf,y'} be generated
by Algorithm 3 with essential cyclic block update rule. Then we have the following

gk( t+1 t+17y)_£kr(xk7 t+17y)

7LzC 4L k
=t =P =l -l k=1 K (2.60)

k
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Proof. When k ¢ C'™! the inequality is trivially true. We focus on the case
k€ C''. From the definition of £;(-) and uy(-) we have the following

O (s bt ,y)<uk(xk,x0 Ly, Vap, k=1,--- | K. (2.61)

Observe that when k € C'*' 2% is generated according to (Z59). Due to the strong
convexity of ug(zy; xé“,yt) w1th respect to zj, we have

L
u(af 2y — ek ot y) < - 2L ok — a2 W ke L (2.62)

Further, we have the following series of inequalities

Uk (Ikﬂxo 7y)_€k(‘rka t+1ayt)

= gr(aft) + (Vgr(ahth), ot — afthy + (yh, af — ab™) +
Pk
— (geah) + (ks 2t — o) + B laf — a1
Ly,
= gu(a§™) = gr(at) + (Vgr(agh), of — ™) + - ok — o)

< (Vo(ah™) = Var(ah), 2f — 25™) + Lilaf, — 3:8+1||2

< 2Lgl|lz), — 2" |® < 4Lk (o — 2P + llapt = 257 1%) (2.63)

pr + Ly
P2, — o)

where the first two inequalities follow from Assumption Al. Combining (Z61]) — ([Z63))
we obtain
fkr( 2+1 t+17y )_gk(xlw t+17y)

S ’U,k( t+1 t+17y ) - uk(‘rk7$6+17y )+Uk(117k7$6+ 7yt) - ék(‘rka 6+1ayt)

T
—7L
<~ ot — o P + ALl - a2
— 7L 4L
= e = P I P, Y ke e
k

The desired result then follows. O
Next, we bound the difference of the augmented Lagrangian function values.

LEMMA 2.8. Assume the same set up as in Lemma[2.] Then we have

L({z;}, xt“, Yy = L({zi} wory')

t t K
< —ZZakllfv?;“ —af2 =30 Bellwdtt - ) (2.64)

i=1 k=1 i=1 k=1
where we By, and oy, are the positive constants defined in [2350) and (Z51).
Proof. We first bound the successive difference L({z}™'}, 25"yt —L({t }, zb; yt).
Again we decompose it as in ([Z19), and bound the resulting two differences separately.
The first term in ([2I9) can be again expressed as

K

L({a; 1} 26y = L{ai Y a5yt = Zpkllyt+1 vkl
k=1
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To bound the second term in (Z19), we use Lemma 271 We use an argument similar
to the proof of (2:2I)) to obtain

L({a 2™ y') — Lk} 20:y")
L({a b2 ') — Lok b 20" + Lk b, 205y — Lk} 26:y")

K
= > (Gela gt y) — (el g™ y") + L{ak} o6y — L({at ) abiy)
k=1

K
Pk — o 4Ly
<- Z( Jof — Pt = hIP) = Bl b (209)
k=1

where the last inequality follows from Lemma 27 and the strong convexity of L({z}}, zo; y")
with respect to the variable z (with modulus v = Zszl pr) at zo = xbtt.
Combining the above two inequalities, we obtain
Ufaf? )0 = Lk i)
7L;€ 4Lk 1
<3 (g (M LY ) - T e
k=1 Pk
(@) & 7L AL, 1
LY (-~ ot (L ) 2020t PP+ i - )
1 Pk Pk
|| ot —
K K
() pr — 7Ly (4Lk 1 ) 2) t+1 2 Pk t+1 t2
= — = | =4+ =2 —zi|” - (—) g~
;( ' ) 2 e = 2 () e et

K
4L, 1 t(k
'y (—2 n —) 8L2 ) — o+ 2
b1 Pk Pk
K

K
Pk — 7Lk 4Lk 1 Pk
<=3 (BT - (B )22 heftt - ak? - 3 (%) okt - a2

k=1 Pk k=1
min{7T—1,t—1}

AL . ,
+ Z T ( by ) 8L Y. bt = (2.66)
Pk

i=0
where in (a) we have used [2354); in (b) we have used the fact that v = Zszl Pk
in the last inequality we have used the definition of the period-T essentially cyclic

update rule which implies that

min{7T—1,t—1}

lz5 —2p P < N e - a
1=0
min{7T—1,t—1}
= [lzg — PP < YD e -2 (2.67)
1=0
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Then for any given ¢, the difference L({z}}, x5ty + ) — L({zL}, z8; y') is obtained
by summing (2.60) over all iterations. Specifically, we obtain

L({a Y, 20y = L({ai}, 20591

t K
pr — TLy, 4L, 1 i i
<o 0% (BT - (B L) ar) faf s ?

i=1 k=1 k k
K
4L 1 .
S (o (S o)) led -
i=1 k=1 Pk Pk
t K t K _
== > allai =il =0 Bullegt — il
i=1 k=1 i=1 k=1

This completes the proof. O

We conclude that to make the rhs of ([2.64]) negative at each iteration, it is suffi-
cient to require that aj > 0 and B > 0 for all k, or more specifically:

7L, (4Lp 1
u—<—2k+—>2Li>0, k=1, K,
2 Pk Pk

ALy 1
p—’“—T2(—2’“+—)8L§>0, k=1, K.
2 Pk Pk

(2.68)

Note that one can always find a set of p;’s large enough such that the above condition
is satisfied.

Next we show that L({z}}, zf;y") is convergent.

LEMMA 2.9. Suppose Assumption A1, A8 and Assumption B are satisfied. Then
Algorithm 8 with period-T essentially cyclic update rule generates a sequence of aug-
mented Lagrangian, whose limit exists and is bounded below by f.

Proof. Observe that the augmented Lagrangian can be expressed as

L({a )

<

Pk
= A+ Y (gl + 2l — b + Bl b))

(@)

D h(af) + 3 (gr(ah™) + (Var(eb™) + Lyfa™ — 2t af — 2l + 2t

5Lk
(gmz“) ek e a+1||2)

Pk — 5LkH t+1 t+1H2
Lo

K
k=1
K
k=1
K
2Lk
—h<x3+1>+z(gk<xz+l> (Vo) 2t — attt) 4 2Lk e 3+1|2>
k=1
K
k=1
K

(2.69)
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where (a) is from (2356); (b) is due to the following inequalities

ge(zf™) < gr(@lth) + (Var(ath), af™ — 2t + || =2t
= gr(zit) + (Ve (i) — Vgr(z tH) t“ -zt
+ (Vage(zg), zf — ity + H W=t

3L
<gk( t+1) <ng( t+1) xé—i—l —$2+1> kH t+1 6+1H2'

Clearly, combining the inequality (Z.69) with Assumptions B and A3 yields that
L({xt Y abtt yt+1) is lower bounded. Tt follows from Lemma L8 that whenever the
penalty parameter py’s are chosen sufficiently large (as per Assumption B), L({zt"'}, 25"
will monotonically decrease and is convergent. This completes the proof. O
Using Lemmas 2Z-6H29] we arrive at the following convergence result. The proof
is similar to Theorem 2.4], and is thus omitted.
THEOREM 2.10. Suppose that Assumptions A1, A8 and B hold. Then the fol-
lowing is true for Algorithm 3.
1. We have limy_o |25 — 2t =0, k=1, | K.
2. Let ({x}},xh,y*) denote any limit point of the sequence {{xit'}, abt yt+1}
generated by Algorithm 3 with period-T essentially cyclic block update rule.
Then ({x}}, x5, y*) is a stationary solution of problem (Z2)).
8. If X is a compact set, then Algorithm 3 with period-T essentially cyclic block
update rule converges to the set of stationary solutions of problem [Z2)). That
is, the following is true

P Ey oty R
tlggo dist (({z}.}, 26, y"); Z%) = 0. (2.70)

where Z* is the set of primal-dual stationary solutions of problem ([2.2)).

3. The Nonconvex Sharing Problem. Consider the following well-known
sharing problem (see, e.g., |8 Section 7.3] for motivation)

K K
min  f(z1, -, TK) 3:;%(%)"'[ (ZA’“%> (3.1)

k=1
st. zp€Xp, k=1, K,

where z;, € RV* is the variable associated with a given agent k, and A, € RM>*Nk ig
some data matrix. The variables are coupled through the function £(-).

To facilitate distributed computation, this problem can be equivalently formulated
into a linearly constrained problem by introducing an additional variable zy € RM:

K
min ng(xk)+€(x0)
k=1
- (3.2)
ZAkkal'o, .’L‘kEXk,k=1,---,K.
k=1
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The augmented Lagrangian for this problem is given by

K
L({ar},20;9) = Y grlwx) + L(xo) <Io - ZAkxk, >
k=1

K 2
o — E Akxk
k=1

(3.3)

Note that we have chosen a special reformulation in 2): a single variable xg
is introduced which leads to a problem with a single linear constraint. Applying the
classical ADMM to this reformulation leads to a multi-block ADMM algorithm in
which K + 1 block variables ({z)}5_|,z0) are updated sequentially. As mentioned
in the introduction, even in the case where the objective is convex, it is not known
whether the multi-block ADMM converges in this case. Variants of the multi-block
ADMM has been proposed in the literature to solve this type of multi-block problems;
see recent developments in [26H30] and the references therein.

In this section, we show that the classical ADMM, together with several of its
extensions using different block selection rules, converge even when the objective
function is nonconvex. The main assumptions for convergence are that the penalty
parameter p is large enough, and that the coupling function ¢(xy) should be smooth
(more detailed conditions will be given shortly). Similarly as in the previous sections,
we consider a generalized version of ADMM with two types of block update rules: the
period-T' essentially cyclic rule and the randomized rule. The detailed algorithm is
given in the table below.

Algorithm 4. The Flexible ADMM for Problem (32)
Let ¢*'={0,---,K},t=0,1,---
At each iteration t + 1, do:

If t + 1 > 2, pick an index set C'™' C {0,--- , K}.

Fork=1,--- | K
If ke C'™, then agent k updates z; by:

2
fjl = arg mi)r% ar(zr) — (', Apr) + ZA a:tJrl ZA — Az,
TRERR i<k >k
(3.4)
Else x| = at.
Ifoe c*, update the variable zy by:
K 2
ot = argrr;iné(:vo) + (', wo) + = ||zo — ZAkaH (3.5)
k=1

Update the dual variable:

Yyt =y +p< b ZAkx”l) : (3.6)

Else 2" = zf, y'*1 = 4.
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The analysis of Algorithm 4 follows similar argument as that of Algorithm 3.
Therefore we will only provide an outline for it.

First, we make the following assumptions in this section.

Assumption C.
C1. There exists a positive constant L > 0 such that

[Ve(z) = VEE)| < Lljz = z[], V 2, 2.

Moreover, X}’s are closed convex sets; each Ay is full column rank so that
)\min(A;fAk) > 0, where A\, denotes the minimum eigenvalue of a matrix.
C2. The penalty parameter p is chosen large enough such that:
(1) Each z}, subproblem (B as well as the xy subproblem (B3] is strongly
convex, with modulus {71 (p)}£_, and v(p), respectively.
(2) py(p) > 2L2, and that p > L.
C3. f(x1, -+ ,xK) is lower bounded over HkK:1 X
C4. gy is either smooth nonconvex or convex (possibly nonsmooth). For the for-
mer case, there exists Ly > 0 such that ||Vgi(xr) — Var(zi)|| < Lillzk — 2kl
v Tg, 2k € X.

Note that compared with Assumptions A and B, in this case we no longer require
that each gi to be smooth. Define an index set K C {1,---, K}, such that gy is
convex if k € K, and nonconvex smooth otherwise. Further, the requirement that Ay
is full column rank is needed to make the xj subproblem ([B4) strongly convex.

Our convergence analysis consists of a series of lemmas whose proofs, for the most
part, are omitted since they are similar to that of Lemma ZIHLemma 2.3

LEMMA 3.1. Suppose Assumption C'is satisfied. Then for Algorithm 4 with either
essentially cyclic rule or the randomized rule, the following is true

Vi) =~y i 0e € L2l — b 2yt - o'

L2[|laftt — af |12 > [y -y W2, 2225 — b)) > (19t - o)

LEMMA 3.2. Suppose Assumption C'is satisfied. Then for Algorithm 4 with either
essentially cyclic rule or the randomized rule, the following is true

L{ai Y afthy' ™) — L({ap ), ohs yh)

Yk (p) vp) L
< ¥ -Moagp- (oS- e e
k#0,ke CTF

LEMMA 3.3. Assume the same set up as in Lemmal3 2. Then the following limit
exists and is bounded from below

Jim L({f 1}, ab iyt ). (3.8)

Proof. We have the following series of inequalities
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L{{ai™ ), 2g ™)

K
:ng(xz-i-l)_’_[(wg—i-l < t+1 ZA A t+1>

k=1

K

- ng(xzﬂ) t+1 <2Akxt+l t+1 Vi(x t+1)>
k=1
K

> Z t+1 _’_[ (ZA $t+1> t+1 ZAkxtJrl
k=1

The last inequality comes from the fact that

K
/ (ZAkx}?Fl) t+1 <ZAk.’IIt+1 t+1 v[( t+1)>
k=1

Using assumptions C2.— C3. leads to the desired result. O
We note that the above result holds true deterministically even if the randomized
scheme is used. The reason is that at each iteration regardless of whether 0 € C**,
we have y'™t = —V/{(2'™1) because these two variables are always updated at the
same iteration. The rest of the proof is not dependent on the algorithm.
We have the following main result for the nonconvex consensus problem.
THEOREM 3.4. Suppose that Assumption C holds. Then the following is true for
Algorithm 4, either deterministically for the essentially cyclic update rule or almost
surely for the randomized update rule.
1. We have limy_o || 3, Apatt™ — bt =0, k=1,--- K.
2. Let ({x}},xh,y*) denote any limit point of the sequence {{xit*}, abt yt+1}
generated by Algorithm 4. Then ({z}}, x§,y*) is a stationary solution of
problem [B2) in the sense that

t-‘rl E Ak (Et+1
t+1 E Ak It+1

t+1 E Ak$t+1

xy € arg min  gg(zk) + (", —Arzr), k€ K,
T EXy

(zp — 2}, Var(ay) — Afy*) >0, Vo, € Xy, k ¢ K,
Vi(z5) +y" =0,

K
E Agay = xf.
k=1

8. If Xy is a compact set for all k, then Algorithm /J converges to the set of
stationary solutions of problem [B2), i.e.,

P £y oty R
tlggo dist (({z}.}, 26, y"); Z%) =0, (3.9)

where Z* is the set of primal-dual stationary solution for problem ([B.2).
The following corollary specializes the previous convergence result to the case
where all g;’s as well as ¢ are convex (but not necessarily strongly convex). We
emphasize that this is still a nontrivial result, since unlike [27,29LB11[34], we do not
require the dual stepsize to be small or the g;’s and ¢ to be strongly convex. Therefore
it is not known whether the classical ADMM converges for the multi-block problem
B2, even for the convex case.
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COROLLARY 3.5. Suppose that Assumptions C1 and C3 hold, and that g and
L are convex. Further, suppose that Assumption C2 is weakened with the following
assumption

C2’ The penalty parameter p is chosen large enough such that p > v/2L.
Then the flexible ADMM algorithm (i.e., Algorithm 4), converges to the set of primal
dual optimal solution ({z}},x*,y*) of problem ([22)), either deterministically for the
essentially cyclic update rule or almost surely for the randomized update rule.

Similar to the consensus problem, one can extend Algorithm 4 to its proximal
version. Here the benefit offered by the proximal-type algorithms is twofold: 7) one
can remove the strong convexity requirement posed in Assumption C2-(1) ; ) one
can allow inexact and simple update for each block variable. However, the analysis
is a bit more involved, as the penalty parameter p as well as the proximal coefficient
for each subproblem needs to be carefully bounded. Due to the fact that the analysis
follows almost identical steps as those in Section 23] we will not present them here.

4. Extensions. In this paper, we analyze the behavior of the ADMM method
in the absence of convexity. We show that when the penalty parameter is chosen suf-
ficiently large, the ADMM and several of its variants converge to the set of stationary
solutions for certain consensus and sharing problems.

Our analysis is based on using the augmented Lagrangian as a potential function
to guide the iterate convergence. This approach may be extended to other nonconvex
problems. In particular, if the following set of sufficient conditions (see Assumption
D below) are satisfied, then the convergence of the ADMM is guaranteed for the
nonconvex problem (LI]). It is important to note that in practice these conditions
should be verified case by case for different applications, just like what we have done
for the consensus and sharing problems.

Assumption D

D1. The iterations are well defined, meaning the function L(z?;y’) is uniformly
lower bounded for all t.

D2. There exists a constant o > 0 such that ||y*T! — y![|? < ozt — 2t||?, for all
t.

D3. gi(+) is either smooth nonconvex or nonsmooth convex. The coupling function
£(+) is smooth with Lipschitz continuous gradient L. Moreover, £(-) is convex
with respect to each block variable zj, but is not necessarily jointly convex
with . X} is a closed convex set. Problem (L)) is feasible, that is, {z |
Az = q} ﬂ?zl relint Xy # ().

D4. The penalty parameter p is chosen large enough such that each subproblem
is strongly convex with modulus 74 (p), which is a nondecreasing function of
p. Further, pyi(p) > 20 for all k.

Following a similar argument leading to Theorem 2.4] we can show that as long
as Assumption D is satisfied, then the primal feasibility gap ||qg — Zszl Azt goes
to zero in the limit, and that every limit point of the sequence {{z} ™'}, 25", y**1} is
a stationary solution of problem (LI)). A few remarks on Assumption D are in order:

1. Assumption D1 is necessary for showing convergence. Without D1, even if one
is able to show that the augmented Lagrangian is decreasing, one cannot claim
the convergence to stationary solutions. The reason is that the augmented
Lagrangian may go to —oo L1, therefore there is no way to guarantee that

Hn fact, it is very easy to modify the algorithm so that the augmented Lagrangian reduces at
each iteration — just change the “+” in the dual update 2I2) to “-”. However, it is obvious that
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the successive difference of the iterates goes to 0, or the primal feasibility is
satisfied in the limit.

2. The main drawback of Assumption D is that it is made on the iterates rather
than on the problem. For different linearly constrained optimization prob-
lems, one still needs to verify that these conditions are indeed valid, as we
have done for the consensus and the sharing problem considered in this paper.

Here we mention one more family of problems for which Assumption D can be
verified. Consider

min  f(z1) + g(z2)
s.t. Bxi+ Axs =c¢, 11 € X, (4.1)

where f(-) is a convex possibly nonsmooth function; g(-) is a possibly nonconvex
function, and has Lipschitzian gradient with modulus Lg; X C RYN: A is an invertible
matrix; g(-) and f(-) are lower bounded over the set X. Consider the following ADMM
method, where the iterate generated at iteration ¢ + 1 is given by

a:iJrl = arg melr)l{ flx1) + (Bxy + Axg —c, yt> + gHB:z:l + A:z:t2 - CH2
3

25 = argmin g(29) + (Bxit™ + Azy — c,y') + gHB:E’iH + Azy — c|?
y =y +p (Ba:frl + Azttt — c).

By using steps in Lemma 2.1-Lemma 2.3, one can verify that if p > L,/ Amin(AAT),
then Assumptions D1 holds true. By having p large enough and by using the invert-
ibility of A, we can make the zo subproblem strongly convex, then Assumption D4
holds true. Other assumptions can be verified along similar lines. Note that in this
case the convergence can be obtained with a slightly weaker condition in which the
1 subproblem is convex but not necessarily strongly convex.

by doing this the dual variables will become unbounded, and the primal feasibility will never be
satisfied.

26



(1]
2]

22]
23]
[24]
[25]

[26]

REFERENCES

M. Hong, Z.-Q. Luo, and M. Razaviyayn. On the convergence of alternating direction method
of mulitpliers for a family of nonconvex problems. In ICASSP 2015, 2015.

R. Glowinski and A. Marroco. Sur ’approximation, par elements finis d’ordre un,et la resolu-
tion, par penalisation-dualite, d’une classe de problemes de dirichlet non lineares. Revue
Franqgaise d’Automatique, Informatique et Recherche Opirationelle, 9:41-76, 1975.

D. Gabay and B. Mercier. A dual algorithm for the solution of nonlinear variational problems
via finite element approximation. Computers & Mathematics with Applications, 2:17-40,
1976.

J. Eckstein. Splitting methods for monotone operators with applications to parallel optimiza-
tion. 1989. Ph.D Thesis, Operations Research Center, MIT.

J. Eckstein and D. P. Bertsekas. On the Douglas-Rachford splitting method and the proximal
point algorithm for maximal monotone operators. Mathematical Programming, 55(1):293—
318, 1992.

R. Glowinski. Numerical methods for nonlinear variational problems. Springer-Verlag, New
York, 1984.

D. P. Bertsekas and J. N. Tsitsiklis. Parallel and Distributed Computation: Numerical Methods,
2nd ed. Athena Scientific, Belmont, MA, 1997.

S. Boyd, N. Parikh, E. Chu, B. Peleato, and J. Eckstein. Distributed optimization and statistical
learning via the alternating direction method of multipliers. Foundations and Trends in
Machine Learning, 3, 2011.

W. Yin, S. Osher, D. Goldfarb, and J. Darbon. Bregman iterative algorithms for 11-
minimization with applications to compressed sensing. SIAM Journal on Imgaging Science,
1(1):143-168, March 2008.

J. Yang, Y. Zhang, and W. Yin. An efficient TVL1 algorithm for deblurring multichannel images
corrupted by impulsive noise. SIAM Journal on Scientific Computing, 31(4):2842-2865,
2009.

X. Zhang, M. Burger, and S. Osher. A unified primal-dual algorithm framework based on
Bregman iteration. Journal of Scientific Computing, 46(1):20-46, 2011.

K. Scheinberg, S. Ma, and D. Goldfarb. Sparse inverse covariance selection via alternating
linearization methods. In Advanced in Neural Information Processing Systems (NIPS),
2010.

I. Schizas, A. Ribeiro, and G. Giannakis. Consensus in ad hoc wsns with noisy links - part i:
Distributed estimation of deterministic signals. IEEE Transactions on Signal Processing,
56(1):350 — 364, 2008.

C. Feng, H. Xu, and B. Li. An alternating direction method approach to cloud traffic manage-
ment. submitted to IEEE/ACM Trans. Networking, 2014.

W.-C. Liao, M. Hong, Hamid Farmanbar, Xu Li, Z.-Q. Luo, and Hang Zhang. Min flow rate
maximization for software defined radio access networks. IEEE Journal on Selected Areas
in Communication, 32(6):1282-1294, 2014.

. P. Bertsekas. Nonlinear Programming, 2nd ed. Athena Scientific, Belmont, MA, 1999.

Boyd and L. Vandenberghe. Conver Optimization. Cambridge University Press, 2004.

. Nedic and A. Ozdaglar. Cooperative distributed multi-agent optimization. In Convex Op-
timization in Signal Processing and Communications. Cambridge University Press, 2009.

. P. Bertsekas. Constrained Optimization and Lagrange Multiplier Method. Academic Press,
1982.

. He and X. Yuan. On the O(1/n) convergence rate of the Douglas-Rachford alternating
direction method. SIAM Journal on Numerical Analysis, 50(2):700-709, 2012.

. Monteiro and B. Svaiter. Iteration-complexity of block-decomposition algorithms and the
alternating direction method of multipliers. SIAM Journal on Optimization, 23(1):475—
507, 2013.

D. Davis and W. Yin. Convergence rate analysis of several splitting schemes. 2014. UCLA

CAM Report 14-51.

T. Goldstein, B. O’Donoghue, S. Setzer, and R. Baraniuk. Fast alternating direction optimiza-
tion methods. SIAM Journal on Imaging Sciences, 7(3):1588-1623, 2014.

D. Goldfarb, S. Ma, and K. Scheinberg. Fast alternating linearization methods for minimizing
the sum of two convex functions. Mathematical Programming, 141(1-2):349-382, 2012.

W. Deng and W. Yin. On the global linear convergence of alternating direction methods. 2012.
preprint.

C. Chen, B. He, X. Yuan, and Y. Ye. The direct extension of ADMM for multi-block convex
minimization problems is not necessarily convergent. 2013. Mathematical Programming,

27

JT W U pnyg



[49]

[50]

[51]

[52]

to appear.

M. Hong and Z.-Q. Luo. On the linear convergence of the alternating direction method of
multipliers. arXiv preprint arXiv:1208.3922, 2012.

B. He, M. Tao, and X. Yuan. Alternating direction method with Gaussian back substitution
for separable convex programming. SIAM Journal on Optimization, 22:313-340, 2012.

M. Hong, T.-H. Chang, X. Wang, M. Razaviyayn, S. Ma, and Z.-Q. Luo. A block successive up-
per bound minimization method of multipliers for linearly constrained convex optimization.
2013. Preprint, available online arXiv:1401.7079.

X. Wang, M. Hong, S. Ma, and Z.-Q. Luo. Solving multiple-block separable convex minimization
problems using two-block alternating direction method of multipliers. Pacific Journal on
Optimization, 11(4):645-667, 2015.

D. Han and X. Yuan. A note on the alternating direction method of multipliers. Journal of
Optimization Theory and Applications, 155(1):227-238, 2012.

W. Deng, M. Lai, Z. Peng, and W. Yin. Parallel multi-block ADMM with o(1/k) convergence.
Preprint, available online at arXiv: 1312.3040., 2014.

B. He, H. Xu, and X. Yuan. On the proximal jacobian decomposition of alm for multipleblock
separable convex minimization problems and its relationship to ADMM. 2013. Preprint,
available on Optimization-Online.

T. Lin, S. Ma, and S. Zhang. On the global linear convergence of the admm with multi-block
variables. 2014. Preprint.

M. Hong, T.-H. Chang, X. Wang, M. Razaviyayn, S. Ma, and Z.-Q. Luo. A block coordinate
descent method of multipliers: Convergence analysis and applications. In International
Conference on Acoustics, Speech and Signal Processing, 2014.

X. Gao and S. Zhang. First-order algorithms for convex optimization with nonseparate objective
and coupled constraints. 2015. Preprint.

Y. Zhang. An alternating direction algorithm for nonnegative matrix factorization. 2010.
Preprint.

D. L. Sun and C. Fevotte. Alternating direction method of multipliers for non-negative matrix
factorization with the beta-divergence. In the Proceedings of IEEE International Confer-
ence on Acoustics, Speech, and Signal Processing (ICASSP), 2014.

Z. Wen, C. Yang, X. Liu, and S. Marchesini. Alternating direction methods for classical and
ptychographic phase retrieval. Inverse Problems, 28(11):1-18, 2012.

R. Zhang and J. T. Kwok. Asynchronous distributed admm for consensus optimization. In
Proceedings of the 31st International Conference on Machine Learning, 2014.

P.A. Forero, A. Cano, and G.B. Giannakis. Distributed clustering using wireless sensor net-
works. IEEE Journal of Selected Topics in Signal Processing, 5(4):707-724, Aug 2011.

B. Ames and M. Hong. Alternating directions method of multipliers for 11-penalized zero
variance discriminant analysis and principal component analysis. 2014. Preprint.

B. Jiang, S. Ma, and S. Zhang. Alternating direction method of multipliers for real and complex
polynomial optimization models. 2013. Preprint.

A. P. Liavas and N. D. Sidiropoulos. Parallel algorithms for constrained tensor factoriza-
tion via the alternating direction method of multipliers. 2014. Preprint, available at
arXiv:1409.2383v1.

Y. Shen, Z. Wen, and Y. Zhang. Augmented lagrangian alternating direction method for matrix
separation based on low-rank factorization. Optimization Methods Software, 29(2):239-263,
March 2014.

Y. Xu, W. Yin, Z. Wen, and Y. Zhang. An alternating direction algorithm for matrix completion
with nonnegative factors. Journal of Frontiers of Mathematics in China, Special Issues
on Computational Mathematics, pages 365-384, 2011.

Z. Wen, X. Peng, X. Liu, X. Bai, and X. Sun. Asset allocation under the basel accord risk
measures. 2013. Preprint.

F. Lin, M. Fardad, and M. R. Jovanovic. Design of optimal sparse feedback gains via the
alternating direction method of multipliers. IEEFE Transactions on Automatic Control,
58(9):2426-2431, Sept 2013.

Y. Zhang. Convergence of a class of stationary iterative methods for saddle point problems.
2010. Preprint.

M. Razaviyayn, M. Hong, and Z.-Q. Luo. A unified convergence analysis of block succes-
sive minimization methods for nonsmooth optimization. SIAM Journal on Optimization,
23(2):1126-1153, 2013.

S. Ghadimi and G. Lan. Accelerated gradient methods for nonconvex nonlinear and stochastic
programming. Mathematical Programming, pages 1-41, 2015.

S. Ghadimi, G. Lan, and H. Zhang. Mini-batch stochastic approximation methods for nonconvex

28



stochastic composite optimization. Mathematical Programming, pages 1-39, 2014.

[53] G. Scutari, F. Facchinei, P. Song, D. P. Palomar, and J.-S. Pang. Decomposition by partial
linearization: Parallel optimization of multi-agent systems. IEEE Transactions on Signal
Processing, 63(3):641-656, 2014.

[54] J. Bolte, S. Sabach, and M. Teboulle. Proximal alternating linearized minimization for non-
convex and nonsmooth problems. Mathematical Programming, 146, 2014.

[55] E. Wei and A. Ozdaglar. On the O(1/k) convergence of asynchronous distributed alternating
direction method of multipliers. 2013. Preprint, available at arXiv:1307.8254.

[56] T.-H. Chang. A proximal dual consensus admm method for multi-agent constrained optimiza-
tion. 2014. Preprint, available at arXiv:1409.3307.

[57] D. P. Bertsekas and J. N. Tsitsiklis. Neuro-Dynamic Programming. Athena Scientific, Belmont,
MA, 1996.

29



