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CONVERGENCE RATE ANALYSIS OF THE
FORWARD-DOUGLAS-RACHFORD SPLITTING SCHEME*

DAMEK DAVIST

Abstract. Operator splitting schemes are a class of powerful algorithms that solve complicated
monotone inclusion and convex optimization problems that are built from many simpler pieces. They
give rise to algorithms in which all simple pieces of the decomposition are processed individually.
This leads to easily implementable and highly parallelizable or distributed algorithms, which often
obtain nearly state-of-the-art performance.

In this paper, we analyze the convergence rate of the forward-Douglas-Rachford splitting (FDRS)
algorithm, which is a generalization of the forward-backward splitting (FBS) and Douglas-Rachford
splitting (DRS) algorithms. Under general convexity assumptions, we derive the ergodic and non-
ergodic convergence rates of the FDRS algorithm, and show that these rates are the best possible.
Under Lipschitz differentiability assumptions, we show that the best iterate of FDRS converges as
quickly as the last iterate of the FBS algorithm. Under strong convexity assumptions, we derive
convergence rates for a sequence that strongly converges to a minimizer. Under strong convexity
and Lipschitz differentiability assumptions, we show that FDRS converges linearly. We also provide
examples where the objective is strongly convex, yet FDRS converges arbitrarily slowly. Finally, we
relate the FDRS algorithm to a primal-dual forward-backward splitting scheme and clarify its place
among existing splitting methods. Our results show that the FDRS algorithm automatically adapts
to the regularity of the objective functions and achieves rates that improve upon the sharp worst
case rates that hold in the absence of smoothness and strong convexity.

Key words. forward-Douglas-Rachford splitting, Douglas-Rachford splitting, forward-backward
splitting, generalized forward-backward splitting, fixed-point algorithm, primal-dual algorithm
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1. Introduction. Operator-splitting schemes are algorithms for splitting com-
plicated problems arising in PDE, monotone inclusions, optimization, and control into
many simpler subproblems. The achieved decomposition can give rise to inherently
parallel and, in some cases, distributed algorithms. These characteristics are particu-
larly desirable for large-scale problems that arise in machine learning, finance, control,
image processing, and PDE [5].

In optimization, the Douglas-Rachford splitting (DRS) algorithm [21] minimizes
sums of (possibly) nonsmooth functions f,g: H — (—o0, 00| on a Hilbert space H:

migier%l{ize f(z) + g(z). (1.1)

During each step of the algorithm, DRS applies the proximal operator, which is the
basic subproblem in nonsmooth minimization, to f and ¢ individually rather than to
the sum f+g¢. Thus, the key assumption in DRS is that f and g are easy to minimize
independently, but the sum f+ g is difficult to minimize. We note that many complex
objectives arising in machine learning [5] and signal processing [11] are the sum of
nonsmooth terms with simple or closed-form proximal operators.

The forward-backward splitting (FBS) algorithm [23] is another technique for
solving (1.1) when g is known to be smooth. In this case, the proximal operator of g
is never evaluated. Instead, FBS combines gradient (forward) steps with respect to g
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and proximal (backward) steps with respect to f. FBS is especially useful when the
proximal operator of g is complex and its gradient is simple to compute.

Recently, the forward-Douglas-Rachford splitting (FDRS) algorithm [7] was pro-
posed to combine DRS and FBS and extend their applicability (see Algorithm 1).
More specifically, let V' C H be a closed vector space and suppose g is smooth. Then
FDRS applies to the following constrained problem:

migier%/lize f(z) + g(z). (1.2)

Throughout the course of the algorithm, the proximal operator of f, the gradient of
g, and the projection operator onto V are all employed separately.

The FDRS algorithm can also apply to affinely constrained problems. Indeed, if
V = V40 for a closed vector subspace Vy C H and a vector b € H, then Problem (1.2)
can be reformulated as

minir‘gize fx+0b)+g(z+0b). (1.3)
xz€Vo

For simplicity, we only consider linearly constrained problems.

The FDRS algorithm is a generalization of the generalized forward-backward split-
ting (GFBS) algorithm [24], which solves the problem minimize,ey > ., fi(z) +g(z)
where f; : H — (—o00,00] are closed, proper, convex and (possibly) nonsmooth. In
the GFBS algorithm, the proximal mapping of each function f; is evaluated in paral-
lel. We note that GFBS can be derived as an application of FDRS to the equivalent
problem:

n 1 n
min ) gl =) x ). 14
()HZf( ) 9<n2 ) (1.4)
T1=To2='"=Tp 1= 1=

In this case, the vector space V = {(z,...,z) € H" | = € H} is the diagonal set of
H™ and the function f is separable in the components of (x1,- -, x,).

The FDRS algorithm is the only primal operator-splitting method capable of us-
ing all structure in Equation (1.2). In order to achieve good practical performance,
the other primal splitting methods require stringent assumptions on f, g, and V. Pri-
mal DRS cannot use the smooth structure of g, so the proximal operator of g must
be simple. On the other hand, primal FBS and forward-backward-forward splitting
(FBFS) [25] cannot separate the coupled nonsmooth structure of f and V, so min-
imizing f(x) subject to x € V must be simple. In contrast, FDRS achieves good
practical performance if it is simple to minimize f, evaluate Vg, and project onto V.

Modern primal-dual splitting methods [8, 18, 13, 26, 6, 19] can also decompose
problem (1.2), but they introduce extra variables and are, thus, less memory efficient.
It is unclear whether FDRS will perform better than primal-dual methods when mem-
ory is not a concern. However, it is easier to choose algorithm parameters for FDRS
and, hence, it can be more convenient to use in practice.

Application: constrained quadratic programming and support vector
machines. Let d and m be natural numbers. Suppose that Q@ € R%*? is a symmetric
positive semi-definite matrix, ¢ € R%is a vector, C' C R%is a constraint set, A € R"*¢
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is a linear map, and b € R™ is a vector. Consider the problem:

V|
minimize §<Q:17, x) + (c,x) (1.5)

subject to: z € C
Ax =b.

Problem (1.5) arises in the dual form soft-margin kernelized support vector machine
classifier [14] in which C is a box constraint, b is 0, and A has rank one. Note that
by the argument in (1.3), we can always assume that b = 0.

Define the smooth function g(z) := (1/2)(Qz, z) + (¢, z), the indicator function
f(z) := xc(x) (which is 0 on C and oo elsewhere), and the vector space V := {z €
R? | Az = 0}. With this notation, (1.5) is in the form (1.2) and, thus, FDRS can be
applied. This splitting is nice because Vg(z) = Qz + ¢ is simple whereas the proximal
operator of g requires a matrix inversion prox., = (Iga + vQ)~ o (Iga — vye), which
is expensive for large-scale problems.

1.1. Goals, challenges, and approaches. This work seeks to characterize
the convergence rate of the FDRS algorithm applied to Problem (1.2). Recently,
[16] has shown that the sharp convergence rate of the fixed-point residual (FPR) (see
Equation (1.21)) of the FDRS algorithm is o(1/(k+1)) . To the best of our knowledge,
nothing is else is known about the convergence rate of FDRS. Furthermore, it is
unclear how the FDRS algorithm relates to other algorithms. We seek to fill this gap.

The techniques used in this paper are based on [15, 16, 17]. These techniques are
quite different from those used in classical objective error convergence rate analysis.
The classical techniques do not apply because the FDRS algorithm is driven by the
fixed-point iteration of a nonexpansive operator, not by the minimization of a model
function. Thus, we must explicitly use the properties of nonexpansive operators in
order to derive convergence rates for the objective error.

We summarize our contributions and techniques as follows:

(i) We analyze the objective error convergence rates (Theorems 3.1 and 3.4) of
the FDRS algorithm under general convexity assumptions. We show that FDRS is,
in the worst case, nearly as slow as the subgradient method yet nearly as fast as the
proxzimal point algorithm (PPA) in the ergodic sense. Our nonergodic rates are shown
by relating the objective error to the FPR through a fundamental inequality. We also
show that the derived rates are sharp through counterexamples (Remarks 4 and 5).

(ii) We show that if f or g is strongly convex, then a natural sequence of points
converges strongly to a minimizer. Furthermore, the best iterate converges with rate
o(1/(k+1)), the ergodic iterate converges with rate O(1/(k+ 1)), and the nonergodic
iterate converges with rate o(1/vk + 1). The results follow by showing that a certain
sequence of squared norms is summable. We also show that some of the derived rates
are sharp by constructing a novel counterexample (Theorem 6.6).

(iii) We show that if f is differentiable and V f is Lipschitz, then the best iterate
of the FDRS algorithm has objective error of order o(1/(k + 1)) (Theorem 5.2). This
rate is an improvement over the sharp o(1/v/k + 1) convergence rate for nonsmooth
f. The result follows by showing that the objective error is summable.

(iv) We establish scenarios under which FDRS converges linearly (Theorem 6.1)
and show that linear convergence is impossible under other scenarios (Theorem 6.6).

(v) We show that even if f and g are strongly convex, the FDRS algorithm can
converge arbitrarily slowly (Theorem 6.5).
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(vi) We show that the FDRS algorithm is the limiting case of a recently devel-
oped primal-dual forward-backward splitting algorithm (Section 7) and, thus, clarify
how FDRS relates to existing algorithms.

Our analysis builds on the techniques and results of [7, 16, 17]. The rest of this
section contains a brief review of these results.

1.2. Notation and facts. Most of the definitions and notation that we use in
this paper are standard and can be found in [3]. Throughout this paper, we use H
to denote (a possibly infinite dimensional) Hilbert space. In fixed-point iterations,
(Aj)j>0 C Ry will denote a sequence of relaxation parameters, and

k
Ag =)\ (1.6)
=0

is its kth partial sum.
For any subset C' C H, we define the distance function:

dc(@) = inf [lo = y. (L7)

In addition, we define the indicator function xc : H — {0,000} of C: for all z € C
and y € H\C, we have xc(x) =0 and xc(y) = .

Given a closed, proper, and convex function f : H — (—o00,00], the set 9f(x) =
{peH |forallyeH, f(y) > f(z)+ (y — z,p)} denotes its subdifferential at x and

Vf(z) € 0f(x)

denotes a subgradient. (This notation was used in [4, Eq. (1.10)].) If f is Gateaux
differentiable at x € H, we have df(x) = {Vf(x)} [3, Proposition 17.26].
Let Iy : H — H be the identity map on H. For any x € H and v € R4, we let

. 1
prox. ((z) := argmin (f(y) + 2—||y - x||2> and refl,; := 2prox, ; — I,
yeH gl

which are known as the proximal and reflection operators, respectively.
The subdifferential of the indicator function xy where V' C H is a closed vector
subspace is defined as follows: for all x € H,

V5L ifzeH;
0 = ' 1.8
v (@) {0 otherwise (18)

where V- is the orthogonal complement of V. Evidently, if Py (-) = arg min, ey ||y —
/|? is the projection onto V, then

prox,,, = Py and refl,,, =2Py — Iy = Py — Py,

and these operators are independent of ~.

Let A > 0,1let L > 0, and let T : H — H be a map. The map 7T is called
L-Lipschitz continuous if ||Tz —Ty|| < L||x —y|| for all ,y € H. The map T is called
nonezxpansive if it is 1-Lipschitz. We also use the notation:

Ty = (1= NIy + A\T. (1.9)
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If A € (0,1) and T is nonexpansive, then T) is called A-averaged [3, Definition 4.23].
We call the following identity the cosine rule:

ly = 21>+ 2y — 2,z —2) = |y — 2 + |z — 2|*, Va,y,z € H. (1.10)
Young’s inequality is the following: for all a,b > 0 and € > 0, we have
ab < a*/(2¢) + eb?/2. (1.11)
1.3. Assumptions.

AssuMPTION 1 (Convexity). f and g are closed, proper, and convez.

We also assume the existence of a particular solution to (1.2)

ASSUMPTION 2 (Solution existence). zer(9f + Vg + dxv) # 0

Finally we assume that Vg is sufficiently nice.

AssuMmPTION 3 (Differentiability). The function g is differentiable, Vg is (1/8)-
Lipschitz, and Py o Vg o Py is (1/Byv)-Lipschitz.

1.4. The FDRS algorithm. FDRS is summarized in Algorithm 1.
Algorithm 1: Relaxed Forward-Douglas-Rachford splitting (relaxed FDRS)

input : 2 € H, v € (0,0), (\j);>0 € (0,00)
for k=0, 1,...do
| 2M = (1= )2" + M (503 + greflyforefly, ) o (I —yPy o Vgo Py)(2");

For now, we do not specify the stepsize parameters. See section 1.6 for choices
that ensure convergence and, see Lemma 2.1 and Figure 2.1 for intuition.
Evidently, Algorithm 1 has the form: for all k > 0, 2**! = (Typgrs)a, (2¥) where

1 1
TrpRS = (§IH + §reﬂvf o reﬂXV) o(Iy —yPy oVgo Py). (1.12)

Because Trprs is nonexpansive (Part 7 of Proposition 1.1), it follows that the FDRS
algorithm is a special case of the Krasnosel’skii-Mann (KM) iteration [20, 22, 10].
By choosing particular f, g and V', we recover several other splitting algorithms:

DRS: (g=0) 2" =(1—-)2F + N (%IH + %reﬂmf o reﬂxv> (2");

FBS: (V =H) 2 =(1-X\)2"+ Akprox. ;o (I — YV g)(2F);
FBS: (f=0) 2 = (1 - X\)2" + APy o (z — yPy o Vgo Py)(25).

For general f,g and V, the primal DRS and FBS algorithms are not capable split-
ting Problem (1.2) in the same way as (1.12). Indeed, the DRS algorithm cannot
use the smooth structure of g, and the FBS algorithm requires the evaluation of
Prox. ;i\, (-) = argmin, oy (f(z) + (1/27)[lz — -[|*) . The FDRS algorithm elimi-
nates these difficult problems and replaces them with (possibly) more tractable ones.

1.5. Proximal, averaged, and FDRS operators. We briefly review some
operator-theoretic properties.

PROPOSITION 1.1. Let A > 0, let v > 0, let & > 0, and let f : H — (—o0, 00] be
closed, proper, and convex.
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1. Optimality conditions of prox: Let x € H. Then x+ = prox, ¢(z) if, and
only if, V() = (1/9)(x — at) € of (x™).

2. Optimality conditions of prox, : Let x € H. Then xt = prox., (x) f,
and only if, Vxv(zT) := (1/7)(z —zt) € dyy (a). Also, vy (zT) = Pyoz e VL,

3. Averaged operator contraction property: A map T : H — H is a-averaged
(see (1.9)) if, and only if, for all z,y € H,

l—«
|

|72 —Ty|? < -yl - (I —T)z— (B - Tyl?.  (113)

o
4. Composition of averaged operators: Let oy, s € (0,1). Suppose Ty : H — H
and Ty : H — H are o and as-averaged operators, respectively. Then for all x,y € H,
the map Ty o Ty : H — H is averaged with parameter
o oy —20n ¢
apg = 202 2 € (0,1) (1.14)

1-— 19

5. Wider relaxations: A map T : H — H is a-averaged if, and only if, T
(see (1.9)) is Aa-averaged for all A € (0,1/a).

6. Proximal operators are (1/2)-averaged: The operator prox.; : H — H is
(1/2)-averaged and, hence, the operator refl,; = 2prox. ; — Iy is nonexpansive.

7. Averaged property of the FDRS operator: Suppose that v € (0,28). Then
the operator Trprs (see (1.12)) is arprs := 28/(48 — ) averaged.

Proof. Parts 1, 2, 3, 5, and 6 can be found in [3]. Part 4 can be found in [12].
Part 7 follows from two facts: The operator ((1/2)Iy + (1/2)refl,forefl,, ) is (1/2)-
averaged by Part 6, and I —vyPy o Vgo Py is (v/2f3)-averaged by |7, Proposition 4.1
(ii)]. Thus, Part 4 proves Part 7. O

REMARK 1. Later we require (\;);>0 C (0,1/arprs) so we hope that arprs is
small. Note that the expression for apprs is new and improves upon the previous
constant: max{2/3,2v/(v+ 28)}. See also [12, Remark 2.7 (i)].

The proof of the following Proposition is essentially contained in [12, Theorem
2.4]. We reproduce it in Appendix B.1 in order to derive a bound. The reader should
note the following inequality before reading the proof.

REMARK 2. Let € € (0,1). Then it is easy to show that

1-— 1 1-— A
( e)(1+ear2) — )\Sl/al,2_52 andA—lS&.
1.2 Qg 2€

A< (1.15)

PROPOSITION 1.2. Let oy, a0 € (0,1). Suppose that Ty : H — H and Ts :
H — H are a1 and az-averaged operators, respectively, and that z* is a fixed-point
of Ty o Ty. Define a1 2 € (0,1) as in (1.14). Let z° € H, let € € (0,1), and consider
a sequence (\j)j>0 C (0,(1 —¢e)(1 +eais)/a12). Let (29)j50 be generated by the
following iteration: for all k >0, let zF1 = (Ty 0 Ty), (2%). Then

az(1+1/e)][2% — 2|2

SNl = o)) = (I = To)(2)|)° < —
=0

1.6. Convergence properties of FDRS. The paper [7] assumed the stepsize
constraint v € (0,25) in order to guarantee convergence of Algorithm 1. We now
show that the parameter v can (possibly) be increased beyond 2/3, which can result
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in faster practical performance. The proof follows by constructing a new Lipschitz
differentiable function h so that the triple (f, h, V) generates the same FDRS operator,
TrpRs, as (f,g,V). This result was not included in [7].

LEMMA 1.3. Define a function

h:=go Py. (1.16)

Then the FDRS operator associated to (f,g,V) is identical to the FDRS operator
associated to (f,h,V). Let 1/By be the Lipschitz constant of Vh. Then By > . In
addition, let v € (0,2Byv). Then Trprs is afiprs-averaged where

28y

a}:/DRS = m (117)

Proof. The averaged property of Trprs and the equivalence of FDRS operators
follows from Part 7 of Proposition 1.1. The bound By > B follows because for all
r,y € H,

[Vh(z) = Vh(y)l| = [[Pv o go Pv(z) — Py ogo Py(y)ll <[|[Vgo Py(z) — Vgo Py (y)|
< (@/B)Pv(z) = Pr(yll < (1/B)lle—yl O

There are cases where [y is significantly larger than 8. For instance, in the
quadratic programming example in (1.5), 3 is the reciprocal of the Lipschitz constant
of @, which is the maximal eigenvalue Apax(Q) of Q. On the other hand, the gradient
Vh = Py o @ o Py has rank at most d — rank(A). Thus, unless the eigenvectors of @
with eigenvalue Apax(Q) lie in the (d — rank(A))-dimensional space V, the constant
By = 1/Amax(Py o Q o Py) is larger than f = 1/Anax(@). See Appendix A for
experimental evidence.

Most of our results do not require that (27) ;>0 converges. However, for complete-
ness we include the following weak convergence result.

PROPOSITION 1.4. Let v € (0,28v), let (A;)j50 € (0,1/afprs), and suppose
that 2o Mi(1 — Miagiprs) = 00. Then (27) ;>0 (from Algorithm 1) weakly converges
to a fized-point of TrpRrs-

Proof. Apply |7, Proposition 3.1] with the new averaged parameter O‘KDRS' d

The following theorem recalls several results on convergence rates for the iteration
of averaged operators [16]. In addition, we show that (\;||Vh(z7) — Vh(2*)[|?);>0 is
a summable sequence [7] whenever (\;);>o is chosen properly.

THEOREM 1.5. Suppose that (27) >0 is generated by Algorithm 1 with~y € (0,283y)
and (A\j)j>0 C (0,1/agprs), and let z* be a fized-point of Trprs. Then

1. Fejér monotonicity: the sequence (|27 — 2*||?);>0 is nonincreasing. In addi-
tion, for all z € H and X € (0,1/afprs), we have ||(Teprs)az — 2*|| < ||z — 27|
2. Summable fixed-point residual: The sum is finite:

[e%s) RPN % . ]
Z 1 AZ‘?FDRS ”Zz-i-l _ ZzHZ < ”ZO _ Z*H2
i—0 AiOppRs

3. Convergence rates of fixed-point residual: For all k > 0, let 7, == (1 —
MO pRs) M/ Obprs- Suppose that T = inf;>07; > 0. Then for A >0 and k > 0,

/\2”20 _ Z*H2

|(Trprs)a (") = 2¥|? < 1)

and H(TFDRS))\(ZIC) — ZkH2 =0 (ﬁ) .

(1.18)
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4. Gradient summability: Let e € (0,1) and suppose that

(A)j=0 C (0, - E)ilg—;_;sai‘/DRS)) . (1.19)

Then the following gradient sum is finite:

(I1+¢)

0 * (|2
775(2[3‘/_7)”2 — "% (1.20)

D AillVAGE) = Vh(z"))? <
=0

Proof. Parts 1, 2, and 3 are a direct consequence of [16, Theorem 1] applied to the
agDRS—averaged operator Tpprs. Part 4 is a direct consequence of Proposition 1.2
applied to the (1/2)-averaged operator Th := ((1/2)Iy + (1/2)refl,; o refl, ) (see
Part 6 of Proposition 1.1) and the (y/(28v))-averaged operator Ty := Iy — vVh
(from the Baillon-Haddad Theorem [1] and [3, Proposition 4.33]). O

We call the following term the fixed-point residual (FPR):

k kH2

[TFprS2" — 2 R k)2 (1.21)

|
==z
AR
REMARK 3. Note that the convergence rate proved for ||Trprsz® — 2%||? in (1.18)
is sharp for the Trprs operator [16, Section 6.1.1].

2. Subgradients and fundamental inequalities. In this section, we prove
several algebraic identities of the FDRS algorithm. In addition, we prove a relationship
between the FPR and the objective error (Propositions 2.4 and 2.5).

In first-order optimization algorithms, we only have access to (sub)gradients and
function values. Consequently, the FPR is usually the squared norm of a linear
combination of (sub)gradients of the objective functions. For example, the gradient
descent algorithm for a smooth function f generates a sequence of iterates by using
forward gradient steps: zF*1 := 2% — V f(2*); the FPR is |25t — 2%||2 = |V £ (%)%

In splitting algorithms, the FPR is more complex because the subgradients are
generated via forward-gradient or proximal (backward) steps (see Part 1 of Proposi-
tion 1.1) at different points. Thus, unlike the gradient descent algorithm where the
objective error f(zF) — f(x*) < (¥ — 2*, Vf(2*)) can be bounded with the subgra-
dient inequality, splitting algorithms for two or more functions can only bound the
objective error when some or all of the functions are evaluated at separate points —
unless a Lipschitz assumption is imposed. In order to use this Lipschitz assumption,
we enforce consensus among the variables, which is why the FPR rate is useful.

2.1. A subgradient representation of FDRS. Figure 2.1 pictures one iter-
ation of Algorithm 1: FDRS projects z onto V' to get =, = 2z — 'Y%XV(fEh)- The
reflection of z across V is z, — vVxv(zn) = 2 — 29Vxv (21). Then FDRS takes a
forward-gradient with respect to VA(z,) from the reflected point zj, —yVxv (z5) and
a proximal (backward) step with respect to f to get . Finally, we move from xs to
Trprsz by traveling along the positive subgradient W%Xv(wh)-

The following lemma is proved in Appendix B.2.

LEMMA 2.1 (FDRS identities). Let z € H. Define points xj, and xy:

xp = Pyz and xyp = prox,orefl,, o (I —yVh)(z). (2.1)
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_y (%Mxh) + Vh(zn) + W(xf))

[
Tp Xf
—yVxv (an) YVxv (zn)
Mzy — o)
[ . 4
z

TFDRS (Z) (TFDRS)A (Z)

Fia. 2.1. A single FDRS iteration, from z to (Irprs)a(2) (see Lemma 2.1). Both occurrences
of Vxv (zp) represent the same subgradient (1/v)Py, 1z = (1/v)(z —xp) € V1.

Then the identities hold
Ty =2z — Wﬁx‘/(:vh) and Xy =xp—7 (%Xv(iﬂh) + Vh(zp) + %f(xf)) (2.2)

where Vv (1) = (1/7)PyL(2) and Vf(zf) is uniquely defined by Part 1 of Propo-
sition 1.1. In addition, each FDRS step has the following form:

(Teors)A(2) = 2 = Alzy — @) = —9A (Vv (@n) + Vh(za) + Vf(ep)) . (23)

In particular, Trprs(2) = 7 + Wﬁx‘/(xh).
DEFINITION 2.2 (Ergodic iterates). Let (27);>0 be generated by Algorithm 1 and
define (x},)j>0 and (z});>0 as in (2.1) (with z = 27 ). Then define ergodic iterates:

k k
1 ) 1 )
—k 7 —k 7
Ty = — E i and Ty = — E AT 2.4
R A p h P A P Y (24)

2.2. Optimality conditions of FDRS. The following lemma characterizes the
zeros of 0 f+Vh+0xy in terms of the fixed-points of the FDRS operator. The intuition
is the following: If z* is a fixed-point of Trprs, then the base of the rectangle in
Figure 2.1 has length zero. Thus, z* := zj, = 2%, and if we travel around the
perimeter of the rectangle, we will start and begin at 2*. This argument shows that
AV f(x*) +yVh(z*) +yVxy(z*) =0, i.e, 2* € zer(Of + Vh + Oxv).

The following lemma is proved in Appendix B.3.

LEmMMA 2.3 (FDRS optimality conditions). The following set equality holds:

zer(Of + Vh+0xv) ={Pvz| 2z € H,Trprsz = z}

That s, if z* is a fized-point of Trprs, then * := Pyz* =z}, = :C; is a minimizer
of (1.2), and z* — x* = Py (2*) = V%XV(,T;;) € Iyv (x%).

2.3. Fundamental inequalities. In this section, we prove two fundamental
inequalities that relate the FPR (see (1.21)) to the objective error.
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Throughout the rest of the paper, we use the following notation: The functions
f and g are py and pg-strongly convex, respectively, where we allow py or ug to be
zero (i.e., no strong convexity). In addition, we assume that f is (1/8)-Lipschitz

differentiable, where we allow 3y = 0. If 3y > 0, then Vf = Vf. With these
assumptions, we get the following lower bounds [3, Theorem 18.15]:
Va,y € dom(9f) F(@) = F(y) + (& =y, V() + Sf(2,); (2.5)
Va,y € H h(z) = h(y) + (x —y, Vh(y)) + Sh(z, y); (2.6)

where %f(y) € 9f(y), and for any z,y € H,

max { & |z — y||2, &L |V £(z) = V)2 Y if By > 0;
Syt = " {4 o=yl FI9 ) =970 j s> o
Sz =yl otherwise;
— Hg 2 Pv 2
Sh(a9) = max {22 Py — Puyl®, 5% [Vha) - T} 25)

See Appendices B.4, B.5, and B.6 for the proofs of the following inequalities:
PROPOSITION 2.4 (Upper fundamental inequality). Let z € H, let A > 0, and let
2% := (Trprs)a(z). Then for all x € V N dom(9f), we have the following inequality:

29N (f(zf) + h(zn) — f(z) — h(z) + S¢(zf, z) + Su(zn, x))
2

<l=alP = = ol + (1= 3 ) Is® 21+ 20(Vhanhz - ) 29)

where xy and xp, are defined as in Lemma 2.1.

PROPOSITION 2.5 (Lower fundamental inequality). Let z* € H be a fized-point
of Trprs, and let * := Pyz*. Choose subgradients V f(z*) € 8f(z*) and Vyy (z*) €
dxv(z*) with Vf(x*) + Vh(z*) + Vxv(z*) = 0 (see Lemma 2.3). Then for all
xzy € dom(f) and xp € V, we have

Flag) +hzn) = f@*) = g(@*) > (x5 — 2n, V(@) + Sy (s, a%) + Snlwn, z°).
(2.10)

COROLLARY 2.6. Let z € H, let A > 0, and let 2% := (Trprs)r(z). Let 2* € H
be a fized-point of Trprs, and let x* := Py z*. Then with xy and xp from Lemma 2.1,

A
+29(Vh(zy) — Vh(z*),z — 2). (2.11)

* * * * 2
NSy (g, ™) + Sn(wn,2%)) < |z = 27[° = [l2F = 2|* + <1 - ‘) Il — =7

3. Objective convergence rates. In this section, we analyze the ergodic and
nonergodic convergence rates of the FDRS algorithm applied to (1.2).

Throughout the rest of the paper, z* will denote an arbitrary fixed-point of T¥prs,
and we define a minimizer of (1.2) using Lemma 2.3: z* := Py z*.

All of our bounds will be produced on objective errors of the form:

F(@§) +hzy) = fa*) = g(@*)  and  fa}) + h(a}) = f(@*) —g(z*).  (3.1)
The objective error on the left hand side of (3.1) can be negative. Thus, we bound

its absolute value. In addition, we bound ||a:’; — z¥||. Because 2§ € V, the objective

error on the right hand size of (3.1) is positive. Consequently, zF is the natural point
at which to measure the convergence rate. To derive such a bound, we assume f is
Lipschitz. Note that in both cases, we have the identity h(z}) = (go Py)(zF) = g(aF).
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3.1. Ergodic convergence rates. In this section, we analyze the ergodic con-
vergence rate of the FDRS algorithm. The key idea is to use the telescoping property
of the upper and lower fundamental inequalities, together with the summability of
the difference of gradients shown in Part 4 of Theorem 1.5. See Section 1.2 for the
distinction between ergodic and nonergodic convergence rates.

THEOREM 3.1 (Ergodic convergence of FDRS). Let v € (0,28y), let ¢ € (0,1),
and suppose that (\;);>0 satisfies (1.19). Define (xf)3>0 and (T}) ;>0 as in (2.4).
Then we have the following convergence rate: for all k >0,

—2||20 = 2* |||V f (")
Ay

< (@) + h(@}) = f(@*) = h(z?)

< (Hzo — 2| + y||VR(z®)| + %‘f;ﬁ”) 120 — 2*|
- 27A -

In addition the following feasibility bound holds: HE’; —TF|| < (2/A)]|2° — 2%
Proof. Fix k > 0. The feasibility bound follows from Part 1 of Theorem 1.5:

k

1 z i
A_Z i+1

=0

1
= |2

—k = _
fo Ty | Ax

1
_ ZkJrl” S A_k (HZO _ Z*H + ”Z* _ ZkJrlH)

< A%CHZO_Z*H' (3.2)

Now we prove the objective convergence rates. For all k > 0, let ny := 2/, — 1.
Note that 7 > 0 by (1.15) because we have A\ < 1/afprs — €2 < 2 — &2 and
1/nk = Me/(2 — \i) < /€% Thus, by Cauchy-Schwarz and (1.11), we have

29(Vh(xF), 27 — 2F1) = 29(Vh(2*), 2% — 2*T1) 4+ 29(Vh(af) — Vh(z*), 27 — 2511

2
< 29(Vh(z"), 2% — 2) + z—l\Vh(iv’zi) = Vh(z")|? + mel|2* = 22 (3.3)
k

Therefore, by Jensen’s inequality, the Cauchy-Schwarz inequality, (2.9), and the bound
|20 — 2F+L|| < 2||20 — 2*|| (see (3.2)), we have

1< . .
FE) + hEh) £~ ht) < 3 3 A (Fa)) + hiah) — 1) — hia)
=0
@9 1 K, ; . ; ; iy i i
< g 2 (I e P s 2 (TG )
e (|z — |+ 2(Vh >zo—zk+l>+<v2/sz>ZAWh<wz>—Vh<w*>|2>
=0

(120 [12° — *||* + W[ VAE)[12° — 2| + (1 + )v][2° — 2|12/ (*(2Bv — 7))
- 2")/Ak '

The lower bound in Proposition 2.5 and the Cauchy-Schwarz inequality show that
F@) +h(@h) — f(@*) = h(z*) > @) -7}, V(")) > =T -z ||V f ()]

e Ea [\
> - .
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In general, Zf and Zf are not in dom(f). However, the conclusion of Theorem 3.1
can be improved if f is Lipschitz continuous. The following proposition gives a suffi-
cient condition for Lipschitz continuity on a ball.

PROPOSITION 3.2 (Lipschitz continuity on a ball [3, Proposition 8.28]). Suppose
that f : H — (—o0,00] is proper and convex. Let p > 0, and let o € dom(f). If
6 = SUD, y e B(zo,2p) |f(2) — [(y)| < 00, then f is (6/p)-Lipschitz on B(xo, p).

To use this fact, we need to show that the sequences (ij-)jzo, and (iﬂi)jzo are
bounded. Recall that j; = Py(2°) and 2} = prox,; orefl,, o (I — vVh)(z*)
for s € {x,k}. Proximal, reflection, and forward-gradient maps are nonexpansive
(see Proposition 1.1, the Baillon-Haddad Theorem [1], and [3, Proposition 4.33)),
so we have max{Hx’} — x|, |2k — 2*||} < ||2F = 2*|| < ||2° = z*|| for all k > 0.
Thus, (24);>0, (#7,);20 € B(z*, 27 — 2*])). The ball is convex, so (T});>0, (F3,)20 C
Bz, [|20 = z*|).

COROLLARY 3.3 (Ergodic convergence with Lipschitz f). Let the notation be as
in Theorem 3.1. Let L > 0 and suppose f is L-Lipschitz on B(z*,||z0 — z*||). Then

0 < f(@h) +h(@}) = f(@*) = h(z")

20 2% *
< (120 = =711 + 47| VA" + Sl ) 1120 — =) L 20—
- 2")/Ak Ak '

Proof. The proof follows from by combining the upper bound in Theorem 3.1 with
the following bound: f(z}) < f(z%) + L||Z§ — (| < f(&%) + 2L|[2° — 2*|| /Ay a
REMARK 4. Corollary 3.8 is sharp [16, Proposition 8].

3.2. Nonergodic convergence rates. In this section, we analyze the noner-
godic convergence rate of FDRS when (););>¢ is bounded away from 0 and 1/ayprs-
The proof bounds the inequalities in Propositions 2.4 and 2.5 with Theorem 1.5.

THEOREM 3.4 (Nonergodic convergence of FDRS). For all k > 0, let A\ €
(0,1/a¥prs)- Suppose that T = inf;>0(1 — abprsAi)Aj/abprs > 0. Then

12° — 27|

k k —0 1
T ok — af = (—Wl),

2§ — @]l <

and

122 = 2 IV A )]
T(k+1)

< f@}) + h(y) = f(2*) - g(a”)

o Uz =2+ A+ 9/Bv)12° = 2 + A VAEHI) [12° = =7l

YVz(k+1)

and |f(x’}) + h(2F) — f(a*) — g(a*)| = o(1/Vk + 1).
Proof. First we note that (HVh(:CfI)H) is bounded: for all k > 0,
0

Jjz

VR < IVR(zh) = VR + VA" = [VA(2") = VA + [[VA(")|

1 * * 1 * *
< —|l2" = 2| + VR < —12° = 2*|| + | VR(z")]| (3.4)
Bv Bv

because (|29 — 2*||);>0 is decreasing (see Part 1 of Theorem 1.5).



Convergence rates for forward-Douglas-Rachford 13

Next fix k£ > 0. For any A > 0, define zy := (Trprs)a(z¥). Observe that x’} and
xﬁ do not depend on the value of \;. Therefore, by Proposition 2.4 and Lemma 2.1,

(@) + h(xh) = f(z*) = g(z*)

1 2
< inf k12 2y — ot 2+(1__> oy k2
 2€l01/a¥prs) 27A (” 1" =l =7l 3 ) I ==
+ 27<Vh(x§), 2k Z)\>)

1 1
inf —(2(zx —z*, 2" — 2 —|—2<1——> zx — 2%||2
AE[0.1/o¥pps) 27/\< o g VAR

+ 27<Vh(x§), 2k — zﬁ)

(1.10)

<o (2 a2y (- S ITREO ) - ) 69
Y Bv

019 (o1 = 2] + (/8) 120 = =] + 1 IVAG) [12° - =]

= kT D

_ (17 =2+ (L /Bl = =) + TR ) 120 - =)

: T D

where we use ||z1 — || < ||21— 2%+ ||2* —2*|| < [|2°—2*|| +||z* — 2*|| (Theorem 1.5).
The lower bound follows from (2.10) and Part 3 of Theorem 1.5:

F@h) +h@h) = fa*) — g(a*) > (@ — 2f, V(")) = )\ik@k“ — M V() (3.6)
(18 |20 - 2*||||§f(év*)|\'
= T(k+1)

The o(1/vk + 1) rates follow from (3.5) and (3.6), and the corresponding rates
for the FPR in (1.18). The bounds on x’; —x follow from x’; — 2% = Typrs2z® — 2F. O

If f is Lipschitz continuous, we can evaluate the entire objective function at z¥.
The proof of the following corollary is analogous to Corollary 3.3. We ask the reader
to recall from Section 3.1 that (%);>0, (2},);>0 € B(z*, [|zY — 2*|).

COROLLARY 3.5 (Nonergodic convergence with Lipschitz f). Let the notation
be as in Theorem 3.4. Let L > 0 and suppose f is L-Lipschitz on B(x*, |20 — z*]|).
Then

0 < f(a}) + hla}) = fa*) = h(z")
(2" = 2"l + (L +9/B)II2° = 2* [ + YIVA@E)I) 12° = 2*]| | L]|=° = 27|

YVz(k+1) VIk+1)

and f(zF) + h(zf) — f(z*) — h(2*) = o(1/VE + 1).

Proof. Combine the upper bound in Theorem 3.4 with the following bound:
flah) < f@f)+ L% — il < f(f) + L)|2° — 2| /y/z(k + 1). The o(1/vVk + 1) rate
follows because ||a:’; — %] = |Trprs2z® — 2% = o(1/vVk +1) (see (2.3) and (1.18))
and |f(x’]%) + h(xk) — f(z*) — h(z*)| = o(1/vk + 1) (see Theorem 3.4). O

REMARK 5. Corollary 8.5 is sharp [16, Theorem 11].

<
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4. Strong convexity. In this section, we show that (3:37;)3-20, (xi)jzo, and their
ergodic variants converge strongly whenever f or g is strongly convex. The techniques
in this section are similar to those in Section 3, so we defer the proof to Appedix B.7
THEOREM 4.1 (Auxiliary term bound). Let~y € (0,28v), let (A;);>0 C (0,1/a¥prs):
let 2° € H, and suppose that (27) ;>0 is generated by Algorithm 1. Then
1. “Best” iterate convergence: Let ¢ € (0,1) and suppose that (\;);>0 satis-
fies (1.19). If A :=inf;>¢ A\; > 0, then

1 *
(1+ ) 120 - 212

ANk +1)

. Joo J ok <

oin, (Sf(xf,x )+ Sh(zy,x )) <

and ming<j<g Sf(xjc,x*) =0(1/(k+1)) and minp<;<s Sh(:zri, x*) =o(1/(k+1)).
2. Ergodic convergence: If e € (0,1), and (\;);>0 satisfies (1.19), then

(1+e) 0 *(|2
ST SO G c ) L
2/ 2 " B Ay Ay

3. Nonergodic convergence: If T := infj>0(1 — afprgAj)\j/akprs > 0, then
Sf(x’},x*) +Sp(af,2*) =o(1/VEk +1) and

(L +/Bv)=° — =2

2v/1(k+1) ’

REMARK 6. See Section 6.1 for a proof that the nonergodic “best” rates are sharp.
It is not clear if we can improve the general nonergodic rates to o(1/(k + 1)).

Sf(‘rl;'v ‘T*) + Sh(CL‘Z,x*) <

5. Lipschitz differentiability. In this section, we assume f is smooth:
ASSUMPTION 4. f is differentiable and V f is (1/8s)-Lipschitz where 35 > 0.
Under Assumption 4, we will show that the objective value

Flah) + hixh) = f(2*) = h(z*) = f(a}) + g(af) - f(z") — g(a”)

is summable. Therefore, by [16, Lemma 3] the minimal objective error after k itera-
tions is of order o(1/(k + 1)). We will need the following upper bound to prove this.
See Appendix B.8 for the proof.

PROPOSITION 5.1 (Fundamental inequality under Assumption 4). Ify € (0,28yv),
A>0,2€H, 27 = (Trprs)a(2), 2* is a fized-point of Trprs, and x* = Py 2*, then

29A(f (zn) + h(zn) — f(2") — g(2"))
2= 212 = 1t = 202+ (1 52 ) 2 — 272

By
- +2v(Vh(zp) — Vh(z*),z — zT) if v < By (5.1)
S (5 Uz = 22 = 1t = 21 + 2 = 2¥)2) |
+2v (1—|— ’gﬂif) (Vh(xp) — Vh(z*),z — zT) if v > By.

The next theorem shows that the upper bound in Proposition 5.1 is summable
and, as a consequence, we will have o(1/(k + 1)) convergence.

THEOREM 5.2 (Convergence rates under Assumption 4). Let v € (0,28y),
let ¢ € (0,1), and suppose (\j)j>o0 satisfies (1.19). Suppose that T := inf;>o{(1 —
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AFpors AN /prs} > 0 and let A := inf;50A; > 0. Let 2° € H, let 2* be a fized-
point of Trprs, and let x* := Pyz*. Then

win, (£ah) + ) = £a7) = 1) =0 (157 )

0<j<k

Proof. Let 6 := infj>o {(1 — A\jokprs)/(Ajatprs)}- Note that 0 < 6§ < oo
because 7 > 0. Now, recall that, by Part 2 of Theorem 1.5, we have

— oy 1
Z sz—i-l P H2 < 5 Z y i -~ “M™*FDRS ”Zz-i-l P H2 g”ZO _ Z*||2
FDRS

Next, we use the Cauchy-Schwarz inequality and (1.11) to show that

- i i+1) oz L ir1g2
> 29(Vh(x},) = Vh(z*), 2" = 2H) < E Ay Vh(zh) = VR + = ==
1=0 7

0w Gty 1 e
< R .
(dwv—w+xé”z |

If we combine the previous two sum bounds with (5.1), we get

oo

> (f(@h) + h(ah) = f(@") = h(a"))

=0

- (1+%+ s +§) 12° =="1* (1 if v < By;
x _

N 272 (1 + ”w’jf) if v > By.

The convergence rate now follows from [16, Lemma 3]. O
REMARK 7. Theorem 5.2 is sharp under Assumption 4 [16, Theorem 12].

6. Linear convergence. In this section, we prove FDRS converges linearly

when Sf(pg + py) > 0.

THEOREM 6.1 (Linear convergence). Lety € (0,28y), let (\;);j>0 C (0,1/agprs)s
let 20 € H, let 2* be a fized-point of Trprs, and let x* := Pyz*. Let ¢ > 1/2, let
v < Bv /e, and let (A;)j>0 € (0,(2¢ —1)/c). For all X € (0, (2c —1)/c), define

. A Vb, B 2c—1 1/2'
= (1= i 1 )

. A ViLf Bv—cy 1 (2c—1 1/2
o (- ot 22 ()

Then for all k > 0, we have

Co(Ax) if peBy > 05
k o .
|25 — 2% < |20 — 2% % {Hi_o CilX) - if gy > 0

HZkJrl _ Z*H < ||Zk _ Z*H % {Cl()\k) Zfﬂgﬁf > 0; (61)

15, Co(N) if upBy > 0.
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Proof. (2.11) shows that for all k£ > 0, we have

wpigllaf — | + By IV f () = V f ()2

+ Ak sgllzy, — 2P+ A Bv | VA(a) — Vh(a®)|?
2

Sl =P = = P (1 ) R P
Ak

+ 2v(Vh(zF) — Vh(z*), 28 = 2.

In addition, by the Cauchy-Schwarz inequality and (1.11), we have

29(Vh(zy) — Vh(z"), 2% = 2F1) < ey M| Vh(z)) = VR(2")]? + R

— Iz

CAL
Therefore, for all £ > 0,
Vsl — a2+ MBIV f () — Vf (7))
+yAutgllaly = 2|* + yAu(By — e7) | Vh(a) — Vh(z")|?
<lh = 22— | = 2+ (1 _ %T_kl) |25 — 2K,

Recall that we assume 1 — (2¢ — 1)/(cAg) < 0 and By — ¢y > 0.
Now suppose that B¢y > 0. The following identity follows from from Lemma 2.1:

1
(2F — 2P+,

Zk = TFDRs(Zk) + (Zk — TFDRs(Zk)) = IZ - ’}/Vh(:ti) — ")/Vf(iEl;) + )\—k

This identity results from tracing the perimeter of Figure 2.1 from xj, to ¢ to Trprsz®
to z¥. Likewise, we have z* = 2* — yVh(z*) — vV f(z*).
Note that
Iz = Vh(zy)) = (" = yVh(z*)|| < ||z}, — 2*[| + Y[ VAa)) = Va(z")|
< (L+7/Bv) |k — |- (6.2)

Now, fix k > 0, and let €] := 3 max {(1 /B2 (Y ebig)s 72 (YARB1 ), (1/A2) (2;;1 - 1)_1} .

k
By the convexity of || - |2, we have

* * * 3
128 = 212 < 3(L+/Bv)? ey — 2™||° + 322V f(2f) = VF(@)II” + /\_2||Zk+1 -2
k

* . 2c—1
< (gl = 7 P 4 MBIV A ~ V1@ + (250 = 1) 4 - )

< Gzt = 2| = Ol — 2|2,

Therefore, ||zF1 — 2*|| < (1 = (1/C)Y? ||2% — 2*].
Now assume that Syuy > 0. Observe that:

1
2 = aj, = Vh(ah) =V f(af) + (" =

2
= 3:7} — ”yVh(xl,i) - 'ny(x]}) + )\—k(zk — zkH)
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where we use the identity % — x’; = (1/A) (2% — 2%+1) (see (2.3)). The proof of this

case is similar to the case B;u, > 0 except that we use the above identity for 2*, the
bound [[(wh 7V f(24)) — (a* AV F(@ )2 < (1+7/87)? e — *[1%, and the con-

stant Cj := 3max {(1 9 B2 (wtig) P By — ), (4733) (252 - 1)1}

in place of C}. Then the contraction ||zFT! — 2*|| < (1 — 1/(75)1/2 l|2% — z*|| follows.
In both cases, the linear rate for (27);>¢ follows by unfolding (6.1). O
REMARK 8. Note that smaller ¢ lead to larger v and smaller (X\;) >0, while larger
¢ lead to smaller v and larger (A\;);>0-

6.1. Arbitrarily slow convergence for strongly convex problems. In gen-
eral, we cannot expect linear convergence of FDRS when f is not differentiable—even
if f and g are strongly convex. In this section, we construct an example to prove this
claim. The following example is based on [2, Section 7] and [16, Example 1].

A family of slow examples. Let H :=(3(N) =R?®R? @ ---. Let Ry denote
counterclockwise rotation in R? by 6 degrees. Let eg := (1,0) denote the standard
unit vector, and let ep := Rgpeg. Let (6;);>0be a sequence of angles in (0, 7/2] such
that 8; — 0 as i — oo. For all ¢ > 0, let ¢; := cos(6;). We let

Vi=Reg®Rey @ --- and U:=Reg, PReg, &---. (6.3)
Note that [2, Section 7] proves the projection identities

B cos?(0;) sin(6;) cos(6;) /10
(Pu): = sin(6;) cos(6;) sin®(6;) and (Pv)i = {O O} ’

We now begin our extension of this example. Choose a > 0 and set f := xyy +
(a/2)]| - |* and g := (1/2)] - ||*. Note that gy = 1 and puy = a. In addition, for
h := go Py, we have (Vh(z)); = (PyolyoPy); = (Py);. Thus, Vh is 1-Lipschitz, and,
hence, Sy = 1 and we can choose v = 1 < 28y. Therefore, afiprg = 26v/(4By —7) =
2/3, so we can choose A\, = 1 < 1/ayprg. We also note that prox. ; = (1/(1+a))Py.

Define N : H — H on each 2-dimensional component of H as follows: for all
i >0,

1 1 1
(N)i = (517_[ + §reﬂvf o I‘eﬂxv)i = m(PU)i(Q(Pv)i - IR2) + IR2 — (Pv)i
1 (Py): 1 0 n 0 o] 1 cos?(6;) — sin(6;) cos(6;)
Tar1o Yo -1 0 1| a+1 [sin(6;)cos(B;)  cos?(0;) +a
where the second equality follows by direct expansion. Therefore, we have
B B 1 [0 —sin(6;)cos(6;)
Trprs = No(I — Py) = @ Y [0 cos?(6;) +a | (6.4)

i>0

Note that for all ¢ > 0, the operator (Trprs); has eigenvector

= ((cos(6:) sin(0:)
Zi = ( a+COS2(9i) ,1> (65)

with eigenvalue b; := (a + ¢?)/(a + 1) < 1. Each component also has the eigenvector
(1,0) with eigenvalue 0. Thus, the only fixed-point of Trpgrs is 0 € H. Finally,

2(1 — 2 2(1 — ¢2?
2_01( Cz)+1 and H(PV)iZi||2ZCZ( cz)

BCETE R

(EA
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Slow convergence proofs. We know that z¥*!1—2* — 0 from (1.18). Therefore,
because Trprs is linear, [3, Proposition 5.27] proves the following lemma.

LEMMA 6.2 (Strong convergence for linear operators). Any sequence (27);50 C H
generated by the Trprs operator in (6.4) converges strongly to 0. Consequently, the
sequences (x7,)j>0 = (Py2?)j>0 and (z});>0 converge strongly to zero.

LEMMA 6.3 (Slow sequences [16, Lemma 6]). Suppose that F : Ry — (0,1) is
a function that is strictly decreasing to zero such that {1/(j +1) | 7 € N\{0}} C
range(F) Then there exists a monotonic sequence (b;);>0 € (0,1) such that by, — 1~
as k — oo and an increasing sequence (n;);>0 C N U{0} such that for all k > 0,

b :
(e + 1) >e F(k+1).

The following is a simple corollary of Lemma 6.3.

COROLLARY 6.4. Let the notation be as in Lemma 6.3. Then for all n € (0,1),
we can find a sequence (bj)j>o0 C (n,1) that satisfies the conditions of the lemma.

Proof. For any ¢ € (0,1 — n), replace the sequence (b;);>o in Lemma 6.3 with
(max{bj,n +¢e});>0. O

We are now ready to show that FDRS can converge arbitrarily slowly.

THEOREM 6.5 (Arbitrarily slow FDRS). For every function F : Ry — (0,1)
that strictly decreases to zero and satisfies {1/(j + 1) | j € N\{0}} C range(F),
there is a point z° € (3(N) and two closed subspaces U and V with zero intersection,
UnV = {0}, such that the FDRS sequence (z7);>0 generated with the functions
f=xv+(@a/2)|-]? and g := (1/2)| - ||*> and parameters A\ =1 and v = 1 strongly
converges to zero, but for all k > 1, we have

||zk 2" > e_lF(k).

Proof. For all i > 0, define 29 = (||z;]| /(i + 1))z; with z; as in (6.5). Then
2% = 1/(i + 1) and 2? is an eigenvector of (Typrs); with eigenvalue b; := (a +
c2)/(a+1). Define the concatenated vector 2° := (29);>0. Note that 2° € H because
12902 = 3222, 1/(i 4+ 1)? < co. Thus, for all k > 0, we let 2**! := Tpprg2”.

Now, recall that z* = 0. Thus, for all n > 0 and k£ > 0, we have

k41 2 kel 012 = 20k41) ) o2 N p ) bk
127 = 2*|12 = || Tpprs2'II* = Zbi 271" = Z (;4_ I > CFE
1=0 1=0

Thus, ||+ — 2*|| > bE*1/(n +1). Choose b,, and the sequence (n;);>o using Corol-

lary 6.4 with n € (a/(a + 1),1). Then solve ¢, = 1/b,(1+a) —a > 0.0

REMARK 9. Theorems 6.5 and 4.1 show that the sequence (27)j>¢ can converge
arbitrarily slowly even if (z});>0 and ($2)j20 converge with rate o(1/VEk+1).

The following theorem shows that (2%});>0 and (z});>0 do not converge linearly.
See Appendix B.9 for the proof. ‘ ‘

THEOREM 6.6. There erists a sequence (c;)i>o so that (x);>0 and (})j>0
converge strongly, but not linearly. In particular, for any o > 1/2, there is an initial
point 2° € H so that for all k > 1,

1 1/2)2
B R i G L)

(k+ 1) (a+ 120k + 1)2

Thus, the nonergodic “best” convergence rates in Part 3 of Theorem 4.1 are sharp.
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7. Primal-dual splittings. In this section, we reformulate FDRS as a primal-
dual algorithm applied to the dual of the following problem: minimize,cy f(x)+h(z).
LEMMA 7.1 (FDRS is a primal-dual algorithm). Let 7 := 1/v, and suppose
that (27) ;>0 is generated by the FDRS algorithm with \y = 1. For all k > 0, let

Yk = —VXV(xE). Then for all k > 0, we have the recursive update Tule:

ka = PVJ-(yk - Tiﬁl}); (7 1)
#itt = prox; (wl} — yVh(ah) + (2 - y’“)) : '
Proof. Fix k > 0. By Lemma 2.1, zF+1 = x]]% —qy*, so (=1/7)F 1t = yF — T:v’}.

Thus, the formula for (y7);50 follows from y#+! = —Vxy (z5+1) = —(1/7) Py 21
Now observe that

2y = Pyl + Pyeaf = Pr(Z" 4 qy") + Py (M 4 qpf) = 2+ (" M),

Furthermore, Vh(z}) = Vh(Pyay) = Vh(Py (2" 4+ yy*)) = Vh(zf ™). Thus,

(2.3) = &

xéﬁ“ = ity (VXV(QUZH) + Vh(zF ) + Vf(xéﬁ“))
= prox,yf(:zrﬁJrl - 'yvh(szrl) + ”YykJrl)
= prox,yf(:v’} — WVh(UC]}) +y(2y T —yF)). a

The algorithm in (7.1) is the primal-dual forward-backward algorithm of Vi and
Condat [26, 13] applied to the following dual problem: minimize,cy 1 (f + h)*(x)
where (f + h)*(:) = supgey(z, ) — (f + h)(x) is the Legendre-Fenchel transform of
f+ h [3, Definition 13.1]. For convergence, [26, Theorem 3.1] requires y7 < 1 and
2By > (min{1/~,1/7} (1 — \/'y_r))fl whereas FDRS requires v < 28y (and 7 = 1/7).

Thus, the FDRS algorithm is a limiting case of Vi and Condat’s algorithm, much
like the DRS algorithm [21] is a limiting case of Chambolle and Pock’s primal-dual
algorithm [8]. In addition, the convergence rate analysis in Section 3 cannot be
subsumed by the recent convergence rate analysis of the primal-dual gap of Vu and
Condat’s algorithm [15], which only applies when v7 < 1. The original FDRS paper
did not show this connection [7, Remark 6.3 (iii)].

8. Conclusion. In this paper, we provided a comprehensive convergence rate
analysis of the FDRS algorithm under general convexity, strong convexity, and Lip-
schitz differentiability assumptions. In almost all cases, the derived convergence rates
are shown to be sharp. In addition, we showed that the FDRS algorithm is the
limiting case of a recently developed primal-dual forward-backward operator splitting
algorithm and, thus, clarify how it relates to existing algorithms. Future work on
FDRS might evaluate the performance of the algorithm on realistic problems.

Acknowledgement. We thank Prof. Wotao Yin and the anonymous reviewers
for helpful comments. We also thank the two anonymous referees for their insightful
and detailed comments.

Appendix A. Performance improvement: [y versus 5.

In this section, we briefly illustrate the benefits of using Sy in place of 5 on a
Kernelized SVM problem, which is discussed in Section 1; see (1.5) for notation.
In Figure A.1 we plot the FPR associated to the FDRS algorithm applied to a
1000-dimensional quadratic program. To generate the quadratic program, we use
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Fic. A.1. We plot the normalized FPR, |Teprsz® — 2*||/(1 + |[Teprsz*]), in a dual SVM
example. See Appendix A for the details.

a random 1000-element subset of the the “a7a” dataset (available from the LIB-
SVM website [9]) denoted by X = {(Il,yl)T," . ;(Il()OOvleOO)T} - R123 where
for each i = 1,---,1000, z; € R'?? is a data point and y; € {—1,1} is a class
label. We use the matrix Q € R!000%1000 with  j entry given by the formula
Qi = yiyjexp(—273||z; — x;]|?) for i,j € {1,---,1000} (i.e., we use the radial basis
function kernel). The matrix A is the row vector (y1,--- ,y1000) € R19%0 and the
set C' is the box [0, 10]*°° C R19%0, In this case, Py has rank 999, but the maximal
eigenvalue (1/8y =~ 3.5159) of Py o Q o Py is approximately 275.8248 times smaller
than the maximal eigenvalue (1/8 ~ 969.7836) of Q). Figure A.1 shows that choosing
v = 1.998y results in a tremendous speedup. (In both examples, we chose A; = 1.)

Appendix B. Proofs of technical results.

B.1. Proof of Proposition 1.2. For the proof, we ask the reader to recall (1.15).
For all & > 0, set

k 1—0&1

P = (I = Tv) 0 To(2*) — (I — Ty) o Ta(z")||?
+ ;2% (I — T2)(z%) = (I — T2) (z9) |-

By applying (1.13) twice, we get |7} o To(2%) — Ty o To(2*)||? < ||2% — 2*||? — p*.
Part 5 of Proposition 1.1 shows that (T} o T»)», is (a1,2Ak)-averaged. Thus,

)\k(l — /\kalyz)
1,2

)

k+1 *2(1'13) k *12 k k2
[ A A [T1 0 To (") — 2"||°.

Therefore, 5°°, 20=0r2di) o 1, (51) — 4112 < |20 — 2*||2.

=0 Q1,2
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By [3, Corollary 2.14], the following holds: for all x,y € H and all A € R, we
have [[Az + (1 — Nyl|? = A|z]|? + (1 = N)]|y[|> = A(1 = X)||= — y||?. Therefore, we have

|24 — 2|2
— (L= M) llF = 212 4+ ATy 0 Ta(2¥) = Ty 0 Ta(2") 12 = M1 = M) [2% — T o Ta(H)?
< % = 212 = MpF + MO — D)5 = T 0 To(H)2

Ae(1 — g0
< ok — 2 = a4 L2 ke,
Q28

Thus, take kK — oo in the following inequality to get the result:
k

k
S NlIn ~ To) (=) — I~ TP < =223 xpf
1=0

T 11—«
2520

k
@ 3 * 2 * /\11_05 )\z i i
2 Ej@f—zﬁ—u“—ZW+—L—¢i4z—non@mﬁ

T 1l—ay 4 a1 2€
1=0 ’

L oo+ 1/e)[2 = 2|

O

1—0&2

B.2. Proof of Lemma 2.1. The identity for x, = z — V%Xv(wh) follows from
Part 1 of Proposition 1.1. Note that by the Moreau identity Py. = I — Py, we
have yVxv(zp) = Pyrz. Note that by definition, VhA(z) = Py o Vgo Py(z) =
Py o Vg(xp) = Vh(zp) and Vh(z) € V. Thus, we get the identity for x:

prox.;orefl,, o (Iy —yVh)(z) =refly, o (I —YVh)(2) — W%f(:vf)
=ap —yVh(z) — Pyiz — Wﬁf(xf) =xp, —7 (%Xv(:vh) + Vh(zp) + %f(x,«)) )

Finally, given the identity (Trprs)r(z) — 2 = A(TFprs(2) — 2), (2.3) will follow
as soon as we show Trprs(2) = x5 + 2z — xp = x5 + YVxv (zh):

1 1
(§IH + §reﬂvf o reﬂxv) (z =9Vh(z)) = (prox,; orefly, + Iy — Pv) (z —7Vh(z))

=25+ Pyu(z —Vh(2)) = 25 + 7V xv (@),
N B.3. Proof of INJemma 2.3. Let « € zer(0f + Vh+Oxv). Chgose subgradients
Vf(z) € 0f(z) and Vxv(z) € Oxv(z) = VL (by (1.8)) such that Vf(x) + Vh(z) +

Vxv(z) =0 and set z := 2 + yVxy(z). We claim that z is a fixed-point of Trprs.
From Lemma 2.1, we get the points: ), := Py (2) = x and xy := prox,; orefl,, o

(I —YVh)(z). But Vv (z1) + Vh(zs) € —0f(z), and
refl,,, o (Iyy —yVh)(z) = Py(z —vVh(z)) + (Py — Iy)(z — ¥Vh(2))
=2 —yVh(z) — Pyrz =z —yVh(z) —7Vxv(z) = 2 + 1V f ().
Therefore, 5 = prox,yf(ac—i—wﬁf(:v)) =z = x5, (see Part 1 of Proposition 1.1). Thus,

by Lemma 2.1, Trprsz = 2 + f — xp, = 2. We have proved the first inclusion.
On the other hand, suppose that z € ‘H and Trprsz = z. Then = := z; = Py z,

and 0 = Typrsz — 2 = Tf — T = —7 (%Xv(zh) + Vh(zp) + %f(xf)) Because
xp = xp, we get x € zer(df + Vh 4+ Oxv). O
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B.4. Proof of Proposition 2.4. In the following derivation, we use (2.5) and (2.6),
Lemma 2.1, the cosine rule, and the inclusion Vyy (z5,) € V+4:

29\ (f(af) + h(zn) — f(x) — h(z) + Sp(xs, x) + Sp(wn, 2))
<290 ((Vf(wp),zp — @) + (Thlan) o — o) + (Vv (o), 2, — 7))

=29\ ((Vf(p) + Fhan) + Vxv(@n) zy — 2) + (Vh(zn) + Vxv(en), an — ;)
=2(z— 2%, z; — ) + 2(yVh(zn) + Vv (zn), z — 21)

2
=20 — 2,2y oV x (@) — ) + 2(Vhzn), 2 — 2
=2(z — 27, Trprsz — x) + 27(Vh(zp),z — 27)

2
=2(z—2",z—x)+ X<Z — 2zt 2t —2) + 29(Vh(zp), 2z — 2T)

) 2
U2z — ) — |t — )+ (1 - X) |2 = 2|* + 24(Vh(ap), 2 — z%). O

B.5. Proof of Proposition 2.5. By (2.5) and (2.6) and because Vyy (z*) €
V-, we have

flag) + hian) = f(2") = g(x*) = (@n — 2", Vf(2") + Vh(z") + Vv (@)
+{wp = an, VI (@) + Sy(xg, ) + S (an, z°)
= (xf —an, Vf(@") + Sy(as,2*) + Sulzn,z*). O

B.6. Proof of Corollary 2.6. By (1.10), we have ||z — 2*||? — ||zT — 2*||* =
|z = 2*||* = ||]zF — 2*||> + 2(z — 2T, 2* — 2*). Therefore, by Proposition 2.4,

29N (f(zf) + h(zn) — f(2*) = h(z") + S¢(zs,2") + Sh(zn, 7))
<llz=2"P = [lz7 = 2|+ 2(z — 2", 2" — =)

+ (1 _ %) 2t = 2% 4+ 29(Vh(zp), z — 27T). (B.1)

Equation (2.11) now follows from (B.1) and (2.10):

(2.10) _
AyA(Sy(zs, ") + Sp(Tn, 7)) < =29Nxp —2h, Vf(2¥))
+29A(f(zf) + h(xn) — f(@7) = h(2") + Sp(xp,27) + Sh(zh, 7))
(B.1) .
<z =217 = llet = 2P + 2(z — 2%, 2" — &™) — 29\ (wf — 2, Vf(z¥))
+ (1 - ;) 2zt = 2||? + 29(Vh(zp), 2 — 21)

. 2
WP =t 7+ (1= 3 ) s = 2P + 22(Vhan) - Vh) 2= D
B.7. Proof of Theorem 4.1. Let n, = 2/A; — 1. By (3.3), we have

2
2y(Vh(zy) — Vh(z"), 2" — 2*1) < z—HVh(xi) — Vh(")|? + mil|z" — 222
k
(B.2)
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Hence, for all k > 0, we have (using 1/n; < A\,/e? as in (3.3) and (1.15))

k k
9AY (Sy(ay,a®) + Sn(aia™) < 3 4hi(Sy(ah,a”) + Sa(ah, o)
i=0 =0
1) & P2 il _ 2 i+l g2
2 Z<||z [ s A P
=0

+ 27<Vh(:1:2) — Vh(z*), 2" — zi+1>)

B2) F . . ,
< (12" = 2*|12 = ||z = 2%[|> + (v* A /e2) || VR(z},) — VA(z*)|?)
=0

(1.20) 1+¢
S T Y B S R PN € ) T Y
e3(208y — )

The “best” convergence rates now follow by taking & — oo and using [16, Lemma 3].
In addition, we apply Jensen’s inequality to || - ||? in the first term to get

1 M) 0 _ %2
I =t P S ) < (1+ st5e) 120 = =)
2 f 2 h = 47Ak

We now fix k > For all A > 0, define z) := (T¥prs)a(z¥). Observe that

0.
Sy (3:’}, x*) and Sp,(z¥,2*) do not depend on the value of ;. Therefore, we use (2.11)
to get

1
Sy, x*) + Sp(ak, z*) < inf —(2 Vh(x¥) — Vh(z*), 2 — 2
ahoa) 4 Sehoa) <t o (90(ThGh) - VAG). 2 - 2

* " 2
Hl# = = = P (1= 3 ) s = 1)

(1.10)

1
in —( 29(Vh(z}) — Vh(z*), 25 — 25
ot o (hlah) - ThGa) - 2

1
+ 2z — 2%, 2 — 2) 4+ 2 <1 — X) |5 —zk||2)

1 2y
<_— (9 xRk I DV A _ Lk B.3
< o (2= b o) 4 ST -t -1 (B3
019 (14 5/By)]12° = =[P
- 2vy/z(k+1)

where (B.3) uses the (1/8y)-Lipschitz continuity of VA and the identity Vh(zF) —
Vh(z*) = Vh(z*) — Vh(z*), and the last line uses the Fejér property ||z; — 2*| <
|2F — 2*|| < ||2° — 2*|| (see Part 1 of Theorem 1.5). The o(1/y/k + 1) rates follow
from (B.3) and the corresponding rates for the FPR in (1.18). O

B.8. Proof of Proposition 5.1. Because Vf is (1/8/)-Lipschitz, we have

Flan) < fa) + (on =2, Thep) + glon—agl® - (B4)
(2.7)
Sy = PNV S ag) V)P (85)
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where the first inequality follows from [3, Theorem 18.15(iii)]. By applying the identity
z*—a* =yVxv(z*) = =4V f(x*) —yVh(z*), the cosine rule (1.10), and the identity
z—2T = XNap — z5) (see (2.3)) multiple times, we have

2z — 2T, 2" —a*) + 29Mxn — x5, V(x))) = 2Man — 27,7 Vv (@) + 7V f(z)))
= 2\yVxv (xn) + YVh(zn) + 1V [ (@), 7V f(25) = AV f (")) = 2(z = 2,7V h(z"))

_ A(nw,f(a:f) CAVHEP + - s
[ () + Vhien) - Vv (@) - Vh<x*>||2) Cols- 2t ARG, (BS)

By (2.3) (ie., z — 2zt = ANap, — zy)), we have

<1 _ ;) 2 — 212+ A <ﬁ + 1> llzn — 2] = ( + ”yﬁ fj) lz — 2%

Therefore,

29\ (f () + h(an) — f(a®) — h(*)
UL AP ag) + hlan) — Fa) — h(e)) + 2yAan — g, VFlap) + %uxh g

(B.1)
< e =27 = et = 2P 20z — 2 2 = 1) 29N e — @p, V()

2 A
+ (1 - X) 2t = 2| 4+ 29(Vh(zp), 2 — 27 + l||xh — x| = 29ASs (5, %)
BG) * |12 —+ * (|2 —+112 Y 2
==t =P (13 )= A (L 1) o
F MY F(rg) AV FE) P + 29 (Th(zn) — Th(a*). 2 - =) — 2908 ay. 2°)
5)
e =t = (14 ) e P
+29(Vh(@n) - VAG). 2~ ) + Ay - BV (zp) — V)| (8.7

If v < By, then we can drop the last term. If v > By, then use (2.11) to get

Ay = B Ger) = TP < T (20(nan) - Va5 - 5)
f

2
Fllam P = =t (1= 3 ) - )
The result follows by (B.7) and

Y- Bf) + J- Bf( 2) +2_( Bf) +12
1+ —2t|2+ 1— 2 ) le—2t|2 = (142 2. O
( e 2 (1= 2 ot %) s

B.9. Proof of Theorem 6.6. For all i > 0, let ¢; := (i/(i + 1))Y/2. Let kq :=
(1/2) + 2(a + 1), and let 2% := \/2ar,e (TD) x ((||z]| 71/ (i + 1)0‘)21-)1.20. Then
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(202 = 2auqe?/ (@) 37 (1/(i 4+ 1)2*) < oo and, hence, 2° € H. Now for all i > 1,
we have

12 2)2 2)2
Eﬂi%i&L“ENl_@y+@%§ﬁ—gml (B.8)

because ¢? € [1/2,1). In addition, for all i > 1, we have

2k e/ (atD) 2 (6:6) 2akqe?/ @t 2(1 — ¢2)
ﬁH(PV) zi| 1)2c
1zil12(i + 1) zill*(a + ¢?)?(i + 1)
Qarqe?/ (041 2 (B.8) 22/ (at1)

= >
zill*(a + )2 (i + P2 = (i+ 1)t

1(Pyv)iz|* =

where the third equality follows because 1 —¢? =1 —i/(i+1) = 1/(i + 1).

Now, for all k& > 0, let 2**! := Typrg2z®. Again, for all i > 0, let b; := (a +
cA)/(a+1) =1—(i+1)"Ya+1)"! be the eigenvalue of (Typrs); associated to
2;. Note that b?*¥ > e=2/(+9) whenever 4 > k > 0 (hint: use the bound e~/(e+1) <
(1—(i+1)"Y(a+1)"1) = b}, and note that b2* is increasing in i for fixed k). Therefore,
for all £ > 1, we have

202/ (a+1)
k *(|12 _ k 02 2k 012 2k
laf — 211> = | Py Tons="| Zng Bzl >Zb G+
= 1
B.9
> G 2 G (B.9)

i=k

where we use z* = 0 and the lower integral approxnnamon of the sum.
Now we prove the bound for (xf)J>0 For all kK > 0, :Ef = Trprsz® _'YVXV( Z)

TFDRSz — PVJ_Z (TFDRS — PVJ')TFDRSZ (see (2 1)) In addition, for all ¢ > 0,

1 0 —cos(0;) sin(6;) ~ sin(6;) [0 cos(f
Py)i = (a+1) {O cos?(0;) + a — (a+ 1)} T (a+1) [O sin(6

Thus, for all ¢ > 0, we have

(TrDRS —

oz 2akae? (@D sin?(0;)(cos?(0;) +sin®(0;))  2arae?/ (@D (1 - ¢?)
[(Teprs — Pyo)iz; ||© = = _
[2i]|*(a +1)2(i + 1)% [2i)12(a + 1)2(1 + i)

(B:8) 2ae?/ (@) (g + ¢2)?
c?(a + 1)2(1 + z’)1+20¢ :

where the last inequality follows because 1 —c¢? = 1 —4/(i + 1) = 1/(i + 1) and
Ka/llzi]|? > (a + c2)?/c?. Note that for all i > 1, we have (a + c¢2)?/c? > (a + 1/2)?
because ¢? € [1/2,1). Therefore, for all k > 1, we have

/(a0 + )
(a+ 1)2(1 +i)it2e

(a+1/2)2
“ (a+1)2(k+1)2

2a
||3;’]i —2*||> = ||(Trprs — PVL)TFDRSZOH2 Z b}

where we use similar arguments to those used in (B.9). O
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