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Asymptotic analysis of a Neumann problem in a domain with cusp.
Application to the collision problem of rigid bodies in a perfect fluid.
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Abstract

We study a two dimensional collision problem for a rigid solid immersed in a cavity filled with a perfect
fluid. We are led to investigate the asymptotic behavior of the Dirichlet energy associated to the solution
of a Laplace Neumann problem as the distance € > 0 between the solid and the cavity’s bottom tends to
zero. Denoting by a > 0 the tangency exponent at the contact point, we prove that the solid always reaches
the cavity in finite time, but with a non zero velocity for a < 2 (real shock case), and with null velocity
for a > 2 (smooth landing case). Our proof is based on a suitable change of variables sending to infinity
the cusp singularity at the contact. More precisely, for every € > 0, we transform the Laplace Neumann
problem into a generalized Neumann problem set on a domain containing a horizontal strip ]0, £:[x]0, 1],
where ¢, — +o00.

Keywords. Neumann Laplacian, cusp, asymptotic analysis, singular perturbation, fluid-structure, contact,
collision.

1 Introduction: motivation, problem setting and statement of the
main results

In this paper, we are interested in the asymptotic analysis of a singular perturbed problem for the Laplace
Neumann equation in a domain {2, depending on a small parameter €. The typical configuration we have in
mind is the one depicted on Figure [1) namely the situation where 2. is the domain located between two smooth
surfaces situated at a distance ¢ and touching each other at one single cuspid point (the origin) in the limit case
e=0.

More precisely, we denote by C a smooth, open, bounded and connected set in R? and we assume that C is
symmetric with respect to the ordinate axis, that the origin belongs to the boundary of C and that, near the
origin, the boundary OC is locally a straight line, the domain C being locally situated above dC. We denote
by Sp a compact, connected set, symmetric with respect to the ordinate axis as well and such that, for some
g* > 0, the inclusion S, := Sy + eea C C holds for every 0 < € < &* (throughout the paper, {e1,es} stands for
an orthonormal basis). With these settings, we have Q. := C\ S; for every 0 < € < ¢* and we assume that
there exists §* > 0 such that ). is locally, near the origin described by:

{¢:=(&,&) e R? 1 |&] < 6%, 0< & < Ho (&)},

where
H. (&) == sl&]"T +¢,

the constants k > 0 and « > 0 (called the tangency exponent) being given.
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Figure 1: The symmetric domains €. for € > 0 and the singular limit domain €.

The Neumann problem we shall consider is the following one:

—AU, =F. inQ, (1.1a)
0,U: =G, onT. (1.1b)
o,U:. =0  on 0C, (1.1c)

where I'. := 05, denotes the boundary of the inclusion, n is the unit normal to 0€2. directed toward the exterior
of Q). and F. and G, are given functions respectively defined on 2. and I'. and satisfying the compatibility
condition:

/ Fodé+ [ Geds=0. (1.2)
Q. .

Our main objective in this paper is to study the asymptotic behavior of U, as € — 0T, and more specifically,
the behavior of the associated Dirichlet energy st |[VU.|?d€ as e — 0F. For simplicity, only volume data F.
and boundary data G, symmetric with respect to the ordinate axis will be considered.

Let us now describe the physical problem motivating such an asymptotic analysis.

1.1 Underlying fluid-structure contact problem

We are interested in investigating the possibility of a collision between a neutrally buoyant rigid solid with the
bottom of the bounded cavity where it is immersed. In addition to the solid, the cavity is supposed to be filled
with a perfect fluid.

Sticking to the notation of the previous section, we denote by C the cavity (C has the same properties as
in the previous section), and for every time ¢ > 0, by S; the domain occupied by the solid and by € the fluid
domain.

To simplify, we shall assume furthermore that at the initial time:

1. St—o = Se= (S~ has the same properties as above, in particular regarding topology and symmetry).

2. The flow is irrotational, which entails, according to Helmholtz’s third theorem, that it will remain irrota-
tional for every time;

3. The velocity of the solid is vertical.

With these settings, for symmetry reason, the motion of the solid will take place along the ordinate axis only
and S; and € will remain symmetric with respect to this axis at every moment.

In particular, the lowest point of S; (which we assume, for the time being, to be unique) has coordinates
(0,&(¢)) and the velocity of the solid is therefore (0,e’(¢)) (here and subsequently, the prime denotes the time
derivative).



Classically in ideal fluid theory, according to Hypothesis [ above, we introduce at every time ¢ > 0 the
Kirchhoff potential (¢, ) related to the vertical motion of the solid. This function solves a Laplace equation in
Q with Neumann boundary conditions, namely:

—Ap(t,-) =0 in Q4 (1.3a)
Onp(t,") =ng on I} (1.3b)
Onp(t,) =0 on 9C, (1.3¢)

where T’y := 95; and n = (n1,ns) stands for the unit normal to 9; directed towards the outside of the fluid.
The Eulerian velocity of the fluid reads:

u(t,") =€ (t)Ve(t,-) in Q (t>0).

Notice at this point that the domains, and thus also the potential function, depend on ¢ only through &(t).
Consequently, from now on, we shall return to the notation of the previous section and we will denote by €.,
Se, T'e and ¢(e, -) respectively Qy, S, Ty and @(t, -).

The dynamics governing the motion of the solid can now be derived easily from the conservation of energy
of the frictionless fluid/solid system. We denote by m, the mass of the solid and by oy the density of the fluid.
Recall that the solid is assumed to be neutrally buoyant, so the total energy of the system reduces to the kinetic
energy which reads merely

Ble, &) i= 5(my + my()le'P,

where

my(e) = of /Q V(e &) de, (1.4)

is the so-called added mass of the solid. Denoting by &{, < 0 the initial value of €’(¢) (the initial velocity being
(0,€()), the identity E(e(t),e'(t)) = E(e*,ep) for every t > 0 leads to the following first order autonomous

Cauchy problem for e:
s +my(e)
(1) = ey |2 TIE L 50 1.5
€ ( ) 60 M +mf(€(t))’ ( a’)

E(t)‘t:() =" >0. (15b)
It is proved in [4] in a more general context that the function
e €]0,"] —= myg(e) € RT

is analytic, so there is no regularity issue as long as £(¢) > 0. Actually, classical results for ODE ensure that
the solution exists as long as €(t) > 0 (i.e. as long as the solid does not touch the boundary of the cavity).
Considering the Cauchy problem , it is clear that the asymptotic behavior of the solid when getting closer
to the cavity’s bottom relies on the asymptotic behavior of m¢(e) as ¢ — 0%. The following cases can occur:

1. The added mass m(¢) is uniformly bounded for every € > 0. It entails that ¢’ is bounded from above by
a negative constant and hence the solid will collide with the cavity’s boundary in finite time with nonzero
velocity (real shock case);

2. The added mass my(e) goes to +o0o0 as € goes to 0. Depending on the strength of the blow up, two
sub-cases are to be considered:

(a) The solid reaches the boundary of the cavity in finite time with zero velocity (“smooth landing” case,
no shock);

(b) The solution to the Cauchy problem (1.5) exists for every time ¢ > 0. In this case (t) — 0 as
t — +oo (infinite time touchdown case);



The study of collisions between rigid solids was first addressed, to our knowledge, in [16] where the authors
prove the lack of collision for a 1D model in which the fluid motion is governed by Burgers’ equations and the
solids are reduced to material points. This result has been generalized, but still for viscous fluid driven by the
Navier-Stokes equations, in 2D and 3D in [6] and [7]. These studies assert that “frontal collisions” can not occur
in a viscous fluid, contrarily to what happens in a perfect fluid. Indeed, in [8] the authors prove for a 2D model
that a ball immersed in a perfect fluid can hit a wall with non zero velocity in finite time.

In the present paper, we aim to extend this result to more general two dimensional configurations.

1.2 Back to the model problem: a singularly perturbed boundary value problem

As already mentioned above, we will restrict our analysis to symmetric configurations (geometry, sources).
For the sake of simplicity, we will use the same notation to denote the full domains C, S. and €2 and their
intersections with the half-plane {{; < 0}. In addition to I'; := 9S. and 9C, the boundary Jf. is hence from
now on composed of T'® := {(0,&) : 0 < & < e} and T := 9Q, \ (OCUT. UT?) (see Figure [2). The analysis

Figure 2: The new domain Q. (¢ > 0).

of Problem (in the symmetric case considered here) leads to solving the following problem set in the half
cavity:

~AU. =0 in Q. (1.6a)
OpUs. =n-ey onl, (1.6b)
0,U. =0 on 90\ T, (1.6¢)

which is nothing but a particular case of System [I.1] specifying F. =0 and G. =n - es.

As already mentioned concerning the general system the main objective of this paper is to study the
convergence of U, solution to System and obtain the first order term of the asymptotics of the Dirichlet
energy associated to U, namely the quantity

E. = / VUL (6 de. (L.7)

€

Notice that, up to a multiplicative constant, this quantity coincides with the added mass defined in ([1.4)).
Deriving the asymptotics of the Dirichlet energy (1.7 requires to solve two main difficulties:

1. The solution U, for € > 0 and the solution Uy for € = 0 (if it exists) are not defined on the same domains
(respectively €2, and Q) and thus, they can not be “compared” in a simple way.

2. The domain ) is strongly singular due to the presence of a cusp at the contact point.



Let us now formally explain our main ideas to overcome these two difficulties. The key ingredient we use is
a suitable change of coordinates x = U.(§) defined for every ¢ > 0 (i.e. including the limit case) such that,
denoting w. := ¥.(€).), we have:

we=DUR, with DNR. =&

and where (see Figure
e D is a fixed domain (i.e. independent of € > 0);
e R. stands for the rectangle 0, £.[x]0, 1], where £, 7 £y := +0c0 as e goes to 0.
Denoting by n the unit outer normal to dw. and setting 7 the tangent vector to dw. such that 7+ = n and
ue :=U(V7Y),  foi=F(V7Ydet DU, g =G (U7NDYU 7|, 4= U (T0),

we will show that the general problem (1.1]) is transformed into a new boundary value problem set in w,:

—div(A.Vu,) = f: inw, (1.8a)
AVu. -n=g. on~, (1.8b)
AVuz -n=0 on dw: \ Ve. (1.8¢)

Notice that the compatibility condition (|1.2]) for the functions F. and G, yields:

fsdx—i—/ g-ds = 0.
We

=

Here, A. denotes the 2 by 2 matrix with continuous coefficients defined by
T
A, = [(D\ps) 0 \Ifgl} {(D\ps) o \11;1] | det(DUCY)]. (1.9)
The Dirichlet energy E. defined by (1.7]) takes the form

E. = / A Vu, - Vu, dzx.
w.

=

Regarding the boundary value problem (|1.8)), we note the following

1. In the new system of coordinates x = (x1,x2), comparing the solution u. and the solution wug is now
possible since (w:)e>0 is an increasing sequence of domains, all of them included in the (unbounded)
domain wg. In the new system of coordinates, the cusp singularity is sent to infinity.

2. The operator involved is not anymore the Laplace operator but the second order operator — div(A.V")
(which depends on € > 0). However, as we will see later, this operator is uniformly elliptic with respect
toe>0and x € we.

Motivated by the physical problem , we will mainly focus on system 7 obtained from System
after applying the change of variables, i.e. for a volume source term f. = 0 and boundary data g. = D¥ 17 -e;.
Recalling that the cusp is locally described by the equation & = Hg(&;) = k[&1]1T® (with &, > 0), our main
result can be stated as follows:

Theorem 1 For every e > 0, let u. be a solution to

—div(A:Vu,) =0 in we (1.10a)
A Vu, -n= D\Ifng -e1 0N e (1.10b)
A.Vu.-n=0 on Owe \ Ve- (1.10¢)

Then the following alternative holds true:



1. For a < 2: System[I.10 with e = 0 admits a finite energy solution ug. Moreover,

[Vue — Vgl p2(w.) — 0 and E. — Ey < 00 ase — 0.

2. For a > 2: System[I.10] with € = 0 has no finite energy solution and two kinds of blow up are possible as
€ — 0T for the Dirichlet energy E.:

kY In(e)| if o =2
L _s 3n/(1+a) (1.11)

3
FEa o — 1~ 7 ] 2
R G ay T

i
2
W | = Wi

Let us emphasize that the behavior of the Dirichlet energy only depends on the nature of the cusp (i.e. the
constants  and «) and not on other geometric features of the fluid domain.

This result follows immediately from the gathering of Theorem [f] and Theorem [f] below.

Regarding the collision problem, we claim:

Corollary 1 In case|l| of the Theorem (o < 2), the solid will collide with the cavity’s boundary in finite time
with non zero velocity (real shock case). In case[d (o > 2), the solid reaches the cavity’s bottom in finite time
but with null velocity (smooth landing case).

This corollary is a restatement of Corollary [2] for the case o < 2. The case a > 2 results from the following
lemma (whose proof is postponed to Appendix |B)) and the estimates (1.11).

Lemma 1 Assume that E. — +oo as ¢ — 0% and that there exists 3 < 2 such that E. = O(¢~7), then the
solid reaches the cavity’s bottom in finite time but with null velocity (smooth landing case).

Several references can be found in the literature regarding the asymptotics of the Dirichlet problem near
a tangency point of smooth components of the boundary, see for instance the papers of Maz’ya, Nazarov and
Plamenevskij [I0} 1T, 12] and their book [I3] Chapter 14]. The Neumann problem has been investigated more
recently. In particular the singular behavior of the limit problem is derived in [14} [T5] while the full asymptotics
with respect to the small parameter ¢ is studied in [3, 2]. In particular, Cardone, Nazarov and Sokolowski
provide in [2] the first order asymptotics for the Neumann problem with thin ligaments in arbitrary dimension.
However these papers deal with the case where the tangency exponent « of the cusp is an even integer 2m.

In this paper, we propose a new method to obtain the first order approximation of the solution for the two
dimensional Neumann Laplacian problem for arbitrary tangency exponent o > 0. Our method relies on the use
of a suitable change of variables leading to the study of Neumann problems set on the domains w. and on a
precise description of the asymptotic behavior at infinity of the solutions u. of these problems when ¢ tends to
0. Let us point out the main advantages of our approach :

1. Since w. defines an increasing sequence, the solutions u. and the (potential) limit solution ug can be easily
compared on the domain w, in which they are both defined.

2. The cases € > 0 and the limit case € = 0 can be handled exactly in the same way in the new geometry w,.
Indeed, using an appropriate weighted Sobolev space (with a decaying weight as x1 — o0), we will deal
with uniformly elliptic Neumann problems on the domains w, for all € > 0.

3. In the new variables, the strength of the cusp (i.e. the parameter «) appears only in the operators and
the boundary data of the Neumann problems and does not appear in the weight used in the functional
spaces. Let us also emphasize that this makes our approach valid for arbitrary « > 0, integer or not.

4. Finally, let us point out that our method can be, in principle, generalized to higher dimensions. The limit
problem initially set on €. C R? is then transformed into a problem set on Ri‘l x (0,1).



1.3 Outline

The paper is organized as follows. In Section [2] we collect some preliminary but elementary remarks on the
asymptotic behavior of the Dirichlet energy as e tends to 0. The change of variables near the cusp and its
main properties are given in Section [3] For the sake of clarity, its full construction (near and far from the cusp)
is described in Appendix [A] The rest of the paper deals with the analysis of the general boundary problems
set in w. and obtained after applying the change of variables to System In Section {4} we describe
the functional framework used to study the asymptotic behavior of the solutions u. of these problems as € goes
to 0. We introduce appropriate weighted Sobolev spaces and we prove some useful lemmas (a trace theorem
and a Poincaré-Wirtinger inequality involving constants which are uniform with respect to €). In Section
we provide a well-posedness result for the problem with € = 0, set in the unbounded domain wy and a
convergence result of u. (towards ug) in the energy space for well prepared data (i.e. data having a suitable
decay rate at infinity). These results are applied in Section |§| to investigate the asymptotic behavior of the
Dirichlet energy FE. for the particular system m We show that for a@ < 2 (recall that « is the coefficient
describing the strength of the cusp) and £ = 0, the Neumann datum in is well prepared. This leads
to the well-posedness of the limit problem and to a finite limit energy Ey. On the contrary, for a > 2, the
boundary data in does not have the decay rate required to apply the results of Section [5l In this case,
we prove the existence of a singular (non decaying) solution for the problem when ¢ = 0 and the blow
up of the Dirichlet energy E. as e tends to 0. In view of the collision issue, the first term of the asymptotics
of E. is also given. Finally, in Section [7} we show through some examples how the method can be adapted to
deal with more general configurations.

2 Some preliminary remarks on the asymptotic behavior

In order to get a first intuition about the behavior of the solution U, of as € goes to 0, we collect here some
general remarks about the problem and some comparison results obtained thanks to elementary considerations.

First of all, we recall a result proved by Nazarov et al in [15, Section 5], providing a non existence result
of finite energy solutions for Problem when ¢ = 0. The proof being short, it is given for the sake of
completeness.

Proposition 1 The variational formulation

/VU~VVd§: GoV do, VYV e HY (D), (2.1)
Qo

o

where Go :=n - e has no solution U € HY(Qy) if a > 2.

Proof : Using a contradiction argument, let us assume that there exists U € H'(£)) satisfying the variational
formulation (2.1). Given a neighborhood of the cusp Vy C Qg and a function x € C§°(R) with support in |1/2,1]
such that fR X > 0, define the sequence of test functions

0 if €€\ Vo

Vi =
Ko {2’“2“x<2k51> if £ € Vo.

It can be easily checked that the sequence (V4 ) is bounded in H*(£)y) and using the dominated convergence
theorem that

lim [ VU-VVidé=0.

k— o0 Qo

On the other hand, for the right-hand side of (2.1)), we note that

Go Vi do = 2%&/X(2k§1)d§1

To R



which tends to +o00 if @ > 2 and to a non zero finite limit if o = 2, leading to a contradiction. ]

The above result suggests that the limit energy Ey is infinite for a@ > 2. Using the Dirichlet principle, i.e.

the identity
1
E. = do — = 2q 2.2
: Uerj{lf?fiﬂg){/ps n2l do 2/95 VUl 5}, (2:2)

available for every € > 0, we first prove the following energy blow up for o > 2:

Proposition 2 For every a > 2, there exists a constant C,, > 0 such that the Dirichlet energy (1.7) satisfies
E.>Cheati~! ¥e>0. (2.3a)

In the case where the solid has locally a flat bottom (i.e. contact would occur along a segment), there exists
Co > 0 such that

E.>Cye™' Vex>0. (2.3b)

Remark 1 Surprisingly enough, we notice by comparing with the results of Theorem[1] and Proposition [f] that
the estimates are sharp. Estimates prevent the rigid body from colliding with the cavity’s wall with
non-zero velocity but do not permit to decide between the two remaining choices: “smooth landing” in finite
time or “infinite time touchdown”.

Proof : The main idea consists in building a suitable test function in the Dirichlet principle (2.2]). We seek this
function as a piecewise polynomial. For the sake of simplicity and unless necessary, we will drop in the notation
the dependence on ¢ of the quantities introduced in the proof.

Figure 3: The partition of €, into O; U Oy U Os.
Let us begin by introducing the following partition of €2.. The set O; and Os are as pictured on Figure

and O3 := Q. \ (O1 UO2). The constants (; < 0 and ¢} < 0 will be specified later on.
Denoting by ¢ the point ({1, H.(¢1)), we define the following polynomial functions:

Wi© =~ (€ — &) and Wa(®) i= o (6 + (1) (& — h(€0) + W(C),

where H(C)
A1) = 5= 2{ (& —¢)
Finally, the test function to be used in reads:
Wi(§) in Oy
W(&) == { Wa(§) in O, (2.4)

W1(¢) in Os.



One can easily check that W € H'(Q.) and that on the boundary I'. of the solid we have:

Wi (6) on 071 NI
Wi1(¢) otherwise on T..

W(§) = {
Based on formula (2.2]), we can obtain a lower bound for E. as follows:

1
E€>/ ngVVda—f/ VW2 d¢.
r. 2 Ja.

Since [ nado =0 and W is a constant function on I'; \ Oy, we can rewrite the inequality above as:

1 1
E. >/ n2W1d0—W1(§)/ ngdo—f/ |VW1|2d§—f/ |VIW,|? d€.
T r 2 O1 2 O»

=NO1 «NO1

We can now compute explicitly every term arising in the right hand side of this estimate. We have:

1 [¢al
[ mawiar=—o [T (g - (ne)?) e
r.NO; 2e Jo
and then, after some elementary algebra, we get:

L[R2 |G k|G 2T |C1]
Wy do = - - o1l
/mol"? e e{ 6+ 4a 6 ] " 240 T2

(2.5)

(2.6)

Addressing the second term in the right hand side of (2.5) and observing that fr no, T2 do = |1, we get:

€1

WO [ made = S [ = (1G]

[S1
y

1
— 275 [‘<1|3 _ H2|<1|3+2aj| _ K|<1|2+a _ €7|

The third term is computed as follows:

oW 2 d 7i [Ci] pH:(&1) ) 2 4
[VWA["d€ = (&1 +&3) dE,
0, € Jo 0

and this expression leads to:

1[G R G LIRAG2 |Gf° RGP Gl
VW2 dé = — - =
/(91| 17 de 52{ 44« + 12 4+ 9« +€ + + 2+« e 3

3+ 2« 3
For the last term of ([2.5)), we have:

¢1 pHo(é)
[ovmatag= [ [T 0g o) + e wa(o) ae
02 ¢ Jo
where ) X )
0, Wa(§) = —E(Ha(Cl) +&)Hy(&) and 0, Wa(8) = %(HE(Cl) — Ho(&1)) + R

After a tedious but straightforward computation, we obtain that:

111 (H.(¢))°
820G - ¢l

[ oWl ag = 5 G0 and [ W) de = g (HG)) - Gl

(2.7)

(2.8)

(2.9)



Now, we choose (1 = —(5//1)&%1 (so that H.(¢1) = 2¢) and (] = {1 — e. Substituting (2.6)), (2.7)), (2.8), and
(2.9) into (2.5)), we obtain the following asymptotic expansion:

1 1
/ noWi da—Wl(C)/ ngda—f/ \vwl\ng—f/ VIV, |2 de
.0, r.no; 2 Jo, 2 Jo,
I EEET
-\ 6o+ 24 '

For € small enough, we get (2.3al). For a solid with a flat bottom, it suffices to replace Hy by 0 in all the
estimates and ¢; by a small constant (such that Hy = 0 on ]¢y,0[), to get the claimed result (2.3bf). The proof
is now complete. O

The two following propositions allow comparing the Dirichlet energy after simple changes in the geometry.

Proposition 3 Let us denote by Eéc’sf’] the Dirichlet energy corresponding to a solid of shape Sy in a cavity
C. If Ct c C? then
ELC S0 > EICS] ye > 0. (2.10)

In other words, this Proposition asserts that the bigger the cavity is, the lower is the Dirichlet energy.

Proof : For every ¢ > 0, we set QF := C*\ S, (k = 1,2). For every function U € H(Q2), its restriction to (2}
belongs to H'(Q!) and we have the obvious inequality:

1 1
/nQUdcrfi/ |VU|2dg</ nQUdafi/ |VU|? dé.
< Q2 T. Ql

The conclusion follows then from the Dirichlet principle (2.2]). |

The next Proposition tells us that the Dirichlet energy can be compared for configurations that are images
one from the other by a global C'! diffeormorphism.

Proposition 4 Let B be a large ball containing a cavity C. For every 0 < e < €%, consider the usual configu-
ration involving a solid Sy, its domain Se, its boundary I'c := 9S. and the fluid domain Q. := C\ S..
Let Hy : R = R be a given C' function. Let U be an open set containing L. for every e > 0 small enough

(see Figure [4)).
For every C' diffeomorphism ® : B — B such that

(&,&) = (6,6 + Ho(&)), VE=(&.6) €, (2.11)
the following estimate holds true (for every e > 0 small enough):
1 BICS0) < EE’SO] < caBIC50)
where C 1= o(C), S = ®(Sp) and c1 > 0 and ca > 0 are two constants depending only on C, Sy and .
Notice that the assumption entails that
©(S:)=5. and ()=,

for every € > 0 small enough, where Q. := C \ S and Q.:=C \ S. and that the local parameterization of the
fluid domain 2. near the origin is now given by

{€ €eR? : |&] < 0%, Ho(&1) < & < He(&) + Ho(&1)}-

10



Figure 4: The open set U containing the solid’s boundary for every € > 0.

Proof : Let ¢ : [0,1] — T'g be a parameterization of the boundary of the solid when & = 0. Then ¢. = ¢ + cea
is a parameterization of I'c and ® o ¢. a parameterization of I'; := O(I.) = 95; for every € > 0.
For every € > 0 and every v € H'(€2.), we have:

/~ ngvdo = / [(D@(qﬁ(s))d)’(s))l ~ea]u(P(g(s)) ds
I, 0

. / (6/(s) - DB((s)) Terlo(@((s)) ds.

From assumption (2.11]), we infer that D®(¢(s))Te; = e; and therefore:

/ no vdo :/ ns vdo, (2.12)
r. r

€

where ¥ := v o ®.
On the other hand, we have upon the change of variables x = ®(£) the identity:

/ |Vv\2d§:/ AV - Vida, (2.13)
Q. Q.

where A := (D®)~}(D®)~T|det D®|. The matrix A is positive-definite and hence there exist two positive
constants A1 and A\g such that
MIX? < A©)X - X < hlXP,

for every X € R? and every ¢ € C. Without loss of generality, we can assume that A\; < 1 < \o. Gathering

and (2.13)), we get:
ﬁ ngvdo — 1/ |Vol2dé = [ npodo — 3/ AV? - Vi dr
. 2 Ja. r. 2 Ja.
and then, since \; < 1, according to we get
EICS0) < ) EICS0] (2.14)
Remarking that ®~! enjoys the properties required for ® to get , we deduce that we also have:

ELC’S"} < /\2—1E£c,so]'

11



The claim of the Proposition follows. O

Typical illustrations of the above result are given in Figures [5] and [6}

Figure 5: According to Proposition @, the Dirichlet energy behaves similarly as e — 07 for all of these cases.

| |
Figure 6: Another example of two configurations where, according to Proposition [d] the Dirichlet energy can

be compared as ¢ — 0% (notice on this example how we take advantage of working with a half configuration
and then recover a full configuration by symmetry).

Application. Combining Propositions and [4] we can deduce an estimate for the case where the bottom
of the solid is concave (see Figure m on the right) and where there are two contact points for ¢ = 0. Indeed,
with the notation of Figure [7] according to Proposition [3] for every £ > 0 we have

Eécl,sg] > Egcz,sg]
and according to Proposition [} there exists a constant ¢ > 0 such that
cE[C 32] £c3,sg]_
Using now Proposition [2} we infer the existence of a constant C' > 0 such that:
Ce !> Egcg’Sg].

Consequently, the energy blow up is no greater in case 3 than in case 1.
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Figure 7: The energy blow-up in these 3 cases can be compared thanks to Proposition [3] and [4]

3 From the physical domain to the semi-infinite strip

*

In this section, we describe the change of coordinates x = W (£), 0 < e < ¢

, used in the sequel to transform

the Laplace Neumann problem set on ). into an elliptic Neumann problem set on w, := U .(2.) = DUR,
(see Figure [§), where D is a fixed domain and R. =]0,¢.[x]0,1[. Our change of variables is a generalization
to the case € > 0 of the one introduced by Ibuki [9] and used later by Grisvard in [5] and Acosta et al. in [1]
to study the well-posedness and the regularity of Laplace problems in domains with cusps (in other words this
corresponds in our problem to the limit case e = 0). The full description of the diffeomorphism ¥, € C*(Q,,w.)
is given in Appendix [A] For the sake of clarity, we only give here its definition on some neighborhood of the

contact region. More precisely, for every € > 0 and given § < 0 small enough, let
Vo:={6eR? :6<£<0,0< & < Ho(6)} C Q..

Then, we set in V,:

pa(fl)
Ve (§) = &2 ; VE € Ve,
Hg(&)
where the function pe : [6,0[— R* is given by
&1 (4s
pa(ﬁl) L s HE(S)

Introducing

b= 1 » ,
(Jm, p=(&1)

We note that /. < 400 for € > 0 and ¢y := +o0o0. More precisely, based on the identity:

/+oo ds _ 71'/(044- 1)
) st 41 sin(n/(a+1))’

we can easily verify that:

o~ R (%) .

Setting R, := U (V.), we get:
R. =|0, £.[x]0, 1].

We define the reciprocal function to p. as being:

pe = pz " [0,6[= 15,01

13
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When e = 0, the function p. can be made explicit and we have:
po(@r) = —(ar) "= (@ +d1) ", (3.7)

where #1 = (ax)~1|§| 7. For all € > 0, the function ¥ ! admits the following expression in R.:

100} — /’46(1‘1) -
Ul (z) = (szg(us(xl))>’ Vz € R.. (3.8)

We collect, in the following Lemma, some properties of the function p. (¢ > 0) that will be useful in the sequel:

Lemma 2 1. The following uniform convergence result holds true:

||,u5 — NOHCO([O,ZE]) —0ase— 0+. (3.9)

2. There ezist three positive constants C1, Cs and Cs, depending on «, k and & only, such that, for every
€20 and every x; € [0, Lc[:

e (1) < C1(1+ 1) "= (3.10a)
|He(pe)| < Co(1+2) 7175 (3.10b)
|Ho(pe)| < Co(1+ 1) (3.10c)

The proof in postponed to Appendix
In Appendix [A] we explain how to define ¥, in Q. \ V- in such a way that ¥_(Q. \ V.) defines a domain D
which is independent of € (see Figure [g).

Ve ——

=
S
m

Figure 8: The domain 2. and its image w. by ¥.. In particular, D := ¥ (2, \ V.) does not depend on ¢ > 0.

Notice that £. 400 (= £y) as € \( 0T and therefore that we have the nice inclusion properties:
e >e = wo Cuws Ve, e >0.
Proposition 5 The following convergence property holds:
Wt = Ut or) — 0 ase — 0T (3.11a)
Moreover, if a > 1, we also have:

1Ot =W o g,y — 0 as e — 0T (3.11b)
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Proof : We focus on the convergence on the rectangle R., the rest the proof being given in Appendix [A]

For all € > 0, recall that the expression of the function ¥-1 in R, is given in .

We have . = He(pe), p = Hj(pe)He(pe) and p’ = Hy (pe) He(pe)? + Hi(pe)* He () for all € > 0. Since
the functions Hy and H{, are bounded and uniformly continuous on the compact [d,0] (because a > 0), and the
same holds true for H{ if o > 1, the conclusion follows from (3.9). O

We can now make explicit the matrix A., arising in the statement of the Neumann problem ((1.8) (at least
in the rectangle R.), based on formulas (1.9) and (3.8):

0 -1
AL (z) = 1d + 2o H| (11 (1)) , (>0, z € R.). (3.12)
—1 waHg(pe (1)
We claim:
Lemma 3 1. The following convergence result holds true:
[Ac — Aollco.y) — 0 as e — 0%, (3.13a)
If a > 1, we also have:
[Ae = Aollcrg,) = 0 ase — 0t. (3.13b)

2. There exist two constants 0 < A\ < A, independent of € > 0, such that:

MIXP<A(2)X - X < Mo X2, VX €R? Vz € w.. (3.14)

Proof : The convergences are a straightforward consequence of Proposition

The definition of A (¢ > 0) entails that A.(z) is positive-definite for every € > 0 and every z € we.
Since the eigenvalues depend continuously on the matrix, it suffices to prove for e = 0 to get the conclusion
of the Lemma. We would be done if wy were a compact. The way out consists in computing the expression of
the eigenvalues of Ay in Ry. Indeed, we get:

Aj(x) = Fj(|lz2Hy(pe(x1))]), 7 =1,2

where

F(X) =1+ %X [X VX2 +4} . B(X)=1+ %X [X+ VX2 +4] ,

and F1(X) 2 A := Fi((a+ 1)k|0]%) > 0 and F2(X) < A2 := Fo((a+ 1)k|0]%) for every X € [0, (a + 1)x|d]%].
The proof is now complete. O

4 Functional framework

The domain w. being bounded for € > 0 and —div(A.V-) being an elliptic operator, problem is a well-
posed Neumann problem for every ¢ > 0, the solution being uniquely defined in H'(w.), up to an additive
constant (and provided the compatibility condition is satisfied). In order to study the well-posedness of this
system when € = 0, we need to introduce a suitable functional framework since the domain wy is infinite in the
x1 direction. More precisely, for every ¢ > 0 and every § € R, we introduce on w. and dw, respectively the

measures
(1+21)’dz; ifx€nF

A () (1+21)Pdz ifx € R.
vg(z) =
’ dz if v €D

and dvi(z) =
5(@) {ds if z €2,

where 72 := {(21,1) : 0 < 2y < £} and 4P 1=~ \ 7.
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Since the cases § = —2 and § = 2 will play a particular role, we set
dm=dv_y, dm '=dwy, do=dv%, and do!=dvs.

Throughout, L' (w., dvg), L?(we, dvg), L (ve, dyﬂs) and L?(ve, dyg) stand for the Lebesgue spaces of integrable
and square-integrable functions respectively for the measures dvg and dug .
For every € > 0 and every 8 € R, we define the weighted Sobolev spaces:

H'(we, dvg) := {u € L*(we,dvg) : Opu € L (we), i =1,2}.

In the particular case g = 2, we also set:
Hy (we,dm) = {uEHl(wg,dm) : / udm:()}. (4.1)
We

This space is well defined (regarding the L! condition for ¢ = 0), as it will be verified in Lemma@ below.
Since w, is bounded for £ > 0, the space H'(w., dvg) is, for every 3 € R, isomorphic to the classical Sobolev
space H'(w.). However, the use of of the weight is more convenient as it will allow us to obtain estimates (in
the trace theorems, for the continuity and the coercivity) involving constants which are uniform with respect
toe > 0.
The introduction of the space H3 (we,dm) is motivated by the following definition of solutions:

Definition 1 (Finite energy solution) Fore >0, let be f. € L*(w.,dm™1) an g. € L?(w.,do~ 1) satisfying
the compatibility condition:

fedx + / g-dz = 0. (4.2)

We e

Then, a function ue € Hx(we,dm) is called a finite energy solution to System (1.8) if:

/ A Vu, -Vodx = fevdx —|—/ gev ds, Yo e Hy(w.,dm). (4.3)
we Qe

€

The corresponding Dirichlet energy is defined by:

E. = / A.Vu, - Vu.dzx. (4.4)

e

Remark 2 When ¢ = 0, we have fo/m € L?(wo,dm) and go/m € L*(vo,do). We can rewrite (4.2) as:

@dm—i— g—odazo,
wom ’Yom

which indeed makes sense according to Lemma[§ stated below.

Remark 3 Since f. and g. satisfy the compatibility condition (4.2), we can equivalently replace Hy (we,dm)
by H'(we,dm) in the statement of Problem for every e > 0.

Remark 4 It can be easily checked that for data satisfying in the physical domain the (classical) conditions
Fy € L*(Q) and Gy € L*(Ty), we have necessarily fo € L?(wo, dvat9/a) and go € L (7o, dvi4i1/a). It is also
worth noticing that L?(wo, dvat9/q) C L?(wg, dm™Y) for all a > 0, while L*(vo, dviyi/a) C L?(wg, do= 1) for
a < 1. In particular, (non zero) constant functions are in L*(wq, do=1) only for a < 2.

In the rest of this section, we collect some useful results about the functional space H x (we, dm) (trace theorems,
Poincaré inequality, extension operator from w. to wp), paying a very careful attention to ensure that the
constants appearing in these continuity estimates are independent of € > 0. These results will be used in
Section |5 to study the well-posedness of the variational problem for e = 0.

Note that H'(wp,dm) contains functions like 2 — In(1 + |z|), which tends to +oo as |x| — +oo. However,
we have the following density result:
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Lemma 4 The space
E(wo) = {uly, : u € CF (R} (4.5)

is dense in H'(wo,dm).

Proof : For every integer n > 1, define the cut-off function x, on wy by setting x,(z) = 1 in D and, for every
x = (z1,22) € Ro:
1 ifz; <n

1
Xn(T) = 1—1n< +x1> ifn<zy <K N:=(mn+1le—-1
14+n
0 if x1 > N.
Let u be in H'(wp,dm) and set u,, = uy,. We have:
IV (u—up,)|? dz = IV — xnVu — uVy,)|? de

wo wo

<2 (/ (1 —xn)IVu|2dx+/ u2|Vxn|2dx>.
wo wo

Let O = {1 >n} N Ry and O = w, \ O5. We deduce from the last estimate that:

IV (u —u,)? de < 2 (/ \Vu|2dac—|—/ u? dm) )
oy oy

wo n n

and hence ||V (u — un)| £2(wy) g0es to 0 as n goes to +o00. Since || — || £2(wy,dm) Obviously goes to 0 as well,
we get that [|u — wn || f1 (w,,am) tends to 0.
Now, given 1 > 0, fix n large enough such that

Hu_un”Hl(wg,dm) < m, (46)

and let M be an integer larger that N. Classical density results for the standard Sobolev space H'(Oy;,dm)
on the bounded domain O}, ensure the existence of v € C§°(R?) such that

llun — U||H1(o;4,dm) < (4.7)
In particular, this implies that on the rectangle 2R :=|N, M[x]0, 1[ we have

[Vl 1 (91, am) < - (4.8)

Set then u* = fv € C§°(R?), where § € C5°(R) is a (one dimensional) cutt-off function satisfying 0 < 6(x1) < 1
for all z; € R, 8(x1) =1 for 1 < N, 6(z1) = 0 for 2y > M. Then, we have

o = Bty = =0 B amy 1 s

||u71 - v”?il(og,,dm) + He’UH%ﬂ(m,dm)

N

len =01 s 0 amy + 100 s o oy
Using and , the last inequality shows that
un = u™[| 1 (wo,am) < O
for some constant C' > 0 (depending only on #). Combining this estimate with yields
[u =™ |1 (wg,am) < (C'+1)n

which concludes the proof, since n is arbitrary. (]

The following Lemma explains why the case § = 2 plays a particular role in the analysis:
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Lemma 5 For any real number 3, we have the following continuous embedding:

H*(wo, dvg) — H"(wp,dm).

Proof : The result would be obvious if wy were bounded. For the sake of simplicity and without loss of generality,

we only show that
H"(Ro, dvg) — H*(Ry,dm),

which is equivalent to prove that the continuous embedding
H*(Ry, dvg) < L*(Ry,dm),

holds true. Let n be an integer greater than 3 and let u be in C1(R,,) where, for every k > 0, Ry, denotes the
rectangle {0 < x; < k} N Ry. Define the cutt-off function y in Ry by:

1 if0<r <1,
x(z)=<K2—2; ifl<z <2,
0 lf2<$1,

and set v = uy and w = u(1 — x). We have:

/qum<2(/ vzdm+/ w2dm>. (4.9)
Ro n

n

/UQdm<C’/ vzdz/5<0/ uzduﬁ,
Ro Ro Ra

where the constant C' depends only on 8. On the other hand, for every = € R,,:

On the one hand:

w(z)? = 2 / w(s,22)Bp,w(s, 22) ds,

and hence: )
n pry
/ |w|2dm:2/// w(s, 12)0p, w(s, 22)(1 + 1)~ 2 ds dxy dag.
R, 0Jo Jo

Invoking Fubini’s theorem, we get:

1 pn n
/ |w|*dm = 2/ / w($, T2)0g, w(s, x2) </ (14 z1)7? dx1> dsdxs,
Rn 0J0 s

and Cauchy-Schwarz inequality leads to:

1/2 n 2
/ lw|*dm < 2 (/ |Vw|2dx> / u? (/ (1+2)72 dxl) dsdzs
mn, mn %n S

Noticing that for every n > 3:
n 2
(/ (1+x1)2dx1> <(1+5)72

1/2
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and hence:

1/2 1/2
(/ |w2dm> <2 (/ Vw2dx)
Ry Rn
1/2
=2 (/ (1 —x)Vu— uVX|2dx>
Ry
1/2 1/2
< 2%/2 </ |Vu2dx) +23/2 (/ u? da:)
R R
1/2 1/2
< 23/2 </ |Vu2dx) +C (/ u? du;;) ,
R Ro

where the constant C' depends on 8 only. In (4.9), we get:

1/2
/uzdm<0</ \w\?dx+/ u2dyﬁ) ,
Rn R R

n

where C' = C(f). Since C'(R,,) is dense in H'(R,), we deduce that this estimate still holds true for every
ue HY(R,).

Let now u be any function in H'(wp, dvg) and denote by u, = u|n, € H'(R,). Applying the last estimate
to u, and letting n go to 400, we obtain the claimed result. g

Remark 5 Let 81 and B2 be two real numbers such that 51 > Ba. It is obvious to check that:
H"(wo, dvg,) — H'(wo, dvg,).
Then, it follows from Lemma@ that for every B < —2, we have H'(wo, dvg) = H'(wo,dm).

The next result shows in particular that the average of functions of H*(wg,dm) can be considered, and therefore
the space H} (we, dm) introduced in ([4.1)) is well defined for & = 0.

Lemma 6 For every 8 < —3/2, we have the following continuous embedding:

L*(wo,dm) < L*(wo, dvg) and L*(vo, do) = L' (7o, dug). (4.10)
Proof : One can simply observe that for every u in L?(wq,dm), we have

/|u(x)|(1+x1)ﬁdx=/ lu(@)](1+ 21) (1 + 21)P*! dz
Ro Ro

1/2
< Jullz2(Rro,dm) (/R (14 2,)%+2 dm) .
0

The conclusion follows for the first embedding in (4.10)). The second embedding is proved exactly the same way.
O

In order to establish a convergence result as ¢ tends to 0, we need to be able to extend functions defined
on we to wy in such a way that the extension operator be uniformly bounded with respect to €. The following
result provides the existence of such an operator.
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Lemma 7 (Extension operator) For every € > 0 small enough, there exists an extension operator:
T. : H (we,dm) — H"(wo,dm),
such that
T ull 111 (o amy < V3Bl it ) -

Proof : Since D C w, for every € > 0, it is sufficient to define R. from H!(R.,dm) to H'(Ry,dm).
For every € > 0, set
Ci=0.2-e )+ (1—e ),

and let x. be the cutt-off function defined in Ry as follows:

1 if xq < £,
le —x )
Xe(z) = 1+1n(1+l1+11) if 6o <ay < L
0 if 05 < ;.

Note that 0 < x.(z) < 1 for every € Ryg. Moreover, for ¢ > 0 small enough, the quantity - := 2¢. — £* is
positive and for every x € Ry such that z; > /- we have:

IXE(26 — 1) = m(z1) = (1+21) 7> (4.11)

For every u € H'(R.,dm), we define T.u in Ry as follows:

u(xy, ) if 29 < £
(Teu)(z) = < xe(@)u(20e — x1,20) i e <y < LF
0 if 05 < 2.

It can be easily verified that T.u € HL _(Ry). Moreover, we have:

/\V(Tsu)|2d:c:/ |Vue|? de
Ry R,

—|—/ |0z, Xe(@)u(20: — x1,x2) — Xe (), (20 — zl,xg)\z dz
Ron{l.<z1<L:}

+ / |0p,u(20: — 21, J:g)\z dz.
Ron{lc<z1<L:}

Applying the change of variables 2} = 2. — x7 in the last two integrals of the right hand side and using
Cauchy-Schwarz inequality, we get by using (4.11]) that:

/ |V (Teu)|? dz g/ \Vu5|2dz+2/ u? dm+2/ |Vu|? dz.
Ro . Ron{lz <z1<lc} RoN{{lz <z1<lc}

Consequently
| V@R d < Sl (412)
0
On the other hand, we also have:

/ |TEu|2dm</ |u5|2dm+/ I (202 — 21, ) 2|u()[2 dm
Ry R. Rgﬁ{€;<11<fs}

< 2Hu||%2(Rg,dm)'

The announced estimate follows then immediately by combining (4.12]) and the last inequality. (]
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Lemma 8 (Uniform trace mapping) Let £(wg) be the functional space defined by . Then, the mapping
u € E(wo) = uly, € L (70, do),
can be uniquely extended as a linear continuous operator:
Ao s u € H (wp,dm) — L? (79, do).

Moreover, denoting by A the usual trace mapping from H'(w.) into L?(v.) for € > 0, there exists a constant
C > 0 (independent of € = 0) such that, for every e > 0:

||AE(U)HL2(%,dU) < CHUHHl(wE,dm)' (4‘13)

Proof : Classically, it is sufficient to prove the existence of Ay defined as an application from H'(Ry,dm) into
L3(y{t,do). For every u € £(Rp), we have:

. D = [l s)P)as

1 1
= 2/ Op,u(T1, s)u(z, s)sds +/ lu(zy,s)|* ds.
0 0

Multiplying both sides of this equality by (1 + z1)~2, integrating from 0 to +o0o with respect to z; and using
Cauchy-Schwarz inequality, we get:

1/2 1/2
/ u?(z1,1)do < 2 (/ |0, u|? dx) (/ u? du5> +/ u? dm,
AR Ry Ro Ro

where § = —4. According to Remark [5] we deduce that there exists a constant C' > 0 such that:
[ o 1) do < Cluls
Yo

We conclude to the existence of Ag by recalling the density of £(wp) into H'(wg,dm) proved in Lemma
To get the uniform estimate ([4.13)), we write that, for every u € H'(w.) and using Lemma

||A€(u)||L2('y€,dcr) < ||AO(TEU)HL2(70,d0') < é||T6u||H1(w0,dm) < CHus”Hl(ws,dm)a

where C and C are positive constants independent of € > 0. The proof is now complete. O

Lemma 9 (Poincaré-Wirtinger inequality) There exists a constant C' > 0 (independent of €) such that for
every € > 0:
HU”L?(UJE,dm) < CHVUHLZ(UJE), Yu e H}V(ws,dm). (4.14)

Proof : The result is proved in two steps. Using a direct calculation, we first show that this inequality holds on
the (finite or semi-infinite) strip R, :=]0, £-[x]0, 1[ with C' = v/2:

ull L2 (R, am) < V2|Vl p2(r.y, Yu € Hy (R, dm). (4.15)

Next, we prove by contradiction that inequality (4.15)) implies (4.14]).
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Let u be a function in C1(R.) or £(Ry) if ¢ = 0. For every x = (x1,22) and 2’ = (2}, }) in R., we have:

’LL(LEl,’IQ) - u(xllax/Q) = U(:Z?l, 2132) - U(:E/l, ‘1:2) + U(:L'/l,xg) - u(‘rllaxIQ)

z/ 8$1u(s,x2)ds+/ Opyu(zh, 5) ds.

Multiplying by [(1 + xl)zm(RE)] ~! and integrating the last equation with respect to x; from 0 to ., we get:

1 te
- 1 -2 d _ / 1y —
m(Rs)/o (1 + 1) “u(zy, 22) dzy — (2, 75)

Applying Fubini’s theorem to the first term of the right hand side, we get:

es T fs es
/ (/ O, u(s, x2) ds) (1+21) 2dz; = / O, u(s, x2) (/ (1+2)2 da:l) ds.
0 ) x s

Integrating now (4.16) with respect to z2 from 0 to 1, we deduce that:

'u(m’)— m&%g) /R u(m)dm’ < m&%) /R |8x1u(s,a:2)|(1+3)1dsdx2+/01 10, u(z), )] ds.

According to Cauchy-Schwarz inequality, we get:
(@)= s [ ) oL o, ue +/1a (a, )2
u(x') — u(x)dm| < —— |0z, e, U(T7, S s|,
m(wg) o m<w€) T L2 (we) o T2 1

and then, multiplying by (z} + 1)~2 and integrating with respect to #’ on w., we obtain:

I

which shows that (4.15]) holds true.

2
dm(e') < 2[00, ul}a(o,) + 10sstlFcos]

u(z') — b /ws u(z)dm

m(we)

1 e T T2
o u(s, ) ds | (1 —24 o u(zh, s) ds.
m(Re)/o </ac’1 Op u(s, x2) 5) (14 z1) =day —1—/90/2 Oz, u(z], ) ds

(4.16)

Now, we show by contradiction that (4.14) also holds. If not, there would exist two sequences (£,,)n>1 N\ 0
and (up)n>1, with u, € Hj (wy,, dm) (for the sake of clarity, we set wy, := w,, throughout the proof), such that

llun 2w, am) =1 (4.17a)
V|2 (w,) — 0 asn — +oo. (4.17b)
On the one hand, setting w,, := m f R, Un dm, the function defined on R,, := R., by u, — U, obviously
satisfies v, € Hx (R, dm) and, thanks to (4.15) and (4.17D)),
[[un *Tn”m(}%mdm) < \/§||VUn||L2(Rn,) —0 asn— o0,
and thus
lwn — UnllH1 (R, ,dm) — 0 as n — +oo0. (4.18)

Moreover, using Cauchy-Schwarz inequality and (4.17a)), we have

1 1 1
m(Ry) /Rn fun] dm < \/m(Rn) < \/m(R1) = o

[Wn| =
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Consequently, there exists a constant Ur € R such that the sequence of real numbers (@;),>1 converge (up to
a subsequence) to Ur. According to (4.18)), this shows that

|un — Urllg (R, dm) — 0 as n — +o0. (4.19)

On the other hand, on the domain D = w, \ R,, we immediately get from (4.17a)) and (4.17b)), using the
compactness of the injection from H'(D) into L?(D), that (up to a subsequence) there exists a constant
Up € R such that

|un —Upllai(py =+ 0 asn — 4o0. (4.20)

The continuity of the trace of u,, € Hy (wy, dm) through the interface 9D N OR,, implies that Ug = Up = U.
Since u,, € HY(wp, dm), this common value U is necessarily zero, as

0:/ undm:/undm—i—/ Up dm — (m(D) + m(Ro))U as n — +oo.
W D

n

But this fact is on contradiction with (4.17a]), (4.19) and (4.20). O

5 Some abstract well-posedness and convergence results

We are now in position to prove the well-posedness of the Neumann problem in the unbounded domain wy
and a convergence result as ¢ tends to 0. Applying Riesz representation Theorem, we immediately get by
Poincaré-Wirtinger inequality (see Lemma E[) the following well-posedness and uniqueness result:

Theorem 2 For every fo € L?*(wo,dm™1) and every go € L?(o, do~1) satisfying the compatibility condition

/f0d$+/90d8207
wo Yo

there exists a unique finite energy solution ug € H (wo,dm) (in the sense of Deﬁntion to Pmblem when
e=0.

Remark 6 (Regularity of the solutions) Investigating the maximal reqularity for the solution ug in term
of weighted Sobolev spaces is out of the range of our study. However, we can mention the following very basic
110/02, then it is classical to verify that uglm, € H*(R,) for every n > 0 (recall that

R, :=]0,n[x]0,1[). Moreover, still for every n > 0, the function uf := ug|m, satisfies

—div(AgVul) = fo in L*(R,)  and AgVull -n = go in HY?*(47),

result: In case go € H

where vy is the upper boundary of R,,.

As already mentioned in the beginning of the previous Section, the existence and uniqueness of a solution
U € H}v (we, dm) for Problem when ¢ > 0 is classical. So, let us now investigate the convergence of u. as
e — 0t.

Notice that every functions f. € L?*(w.,dm™!) and g. € L?(v.,do ') can be seen as functions of L?(wg, dm™")
and L2(vo, do~!) respectively by setting f. := 0 in wp \ w. and g. := 0 on g \ 7.

Theorem 3 For every e > 0, let f- € L?*(w.,dm™1) and g. € L?(y.,do~1) be given such that the compatibility
condition ([£.2)) is satisfied and denote by u. € Hx(we,dm) the unique solution to Problem .
Assume that

fe = fo in L*(wo,dm™) and g. — go in L*(v0, do™1). (5.1)
Then, under the convergence result (3.13a)), we have:
[V (uo — ue)||2(w) = 0 ase— 0%, (5.2a)
/ AoVug - Vugdx — / A Vu, -Vu.dz| -0 ase—0T. (5.2b)
wo We
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Proof : Throughout this proof, C' will denote a constant that may change from line to line, but that is indepen-
dent of €.
Taking v = u. € H'(w.,dm) in (4.3) (see Remark , we get that:

/ A Vu, - Vu. dr < ||f€HL2(wo,dm—1)||u6||L2(w€,dm) + ||96HL2(Wo,do—1)HUEHLQ(%,da)'
We

Since A. is positive definite uniformly (with respect to €) according to Lemma [3| and since the continuity of
the trace operator and the Poincaré-Wirtinger constants are uniform with respect to € > 0 as well (as asserted
in Lemma |8 and Lemma @, we obtain that:

IVtel|Fe .y < CUfellzewo,am—1) + 1922 (0, do—1)) I Vtte | 2200,
and therefore, using again Lemma [0}
el it (e amy < C, Ve > 0. (5.3)

Specifying now v = ugl,,, — u: € H(we,dm) in , we get:

/ A Vue - (Vug — Vue)da = /

We

fe(ug —ue)da + / ge(up — ue) ds. (5.4)

Ye

On the other hand, taking v = ug — T.u. € H*(wp,dm) in ([4.3]) when ¢ = 0, where T is the extension operator
introduced in Lemma [7 we get:

/ AgVug - (Vug — VToue)dx = /

wo

fo(up — Tzue) dz +/ go(uo — Toue) ds. (5.5)

Yo

Setting we := wp \ we = [le, +00[x]0, 1[ and v¢ = o \ 7 and subtracting (5.4) from (5.5), we obtain:

/ Ao(Vug — Vue) - (Vug — Vue)dz = 7/ (Ao — A)Vue - (Vug — Vu,) dz

We

— / AgVug - (Vug — VToue) de Jr/

We

(fo — ) (o — ) da + / (90 — 92) (o — uz) ds

Ye

+ folug — Teue ) dx + / go(up — True)ds.  (5.6)
e

c
we

Lemmamtogether with the estimate (5.3 ensure that ||T.uc| g1 (. ,dm) < C for every e > 0. On the other hand,
taking into account the convergence result (3.13al) and the hypothesis (5.1)) in (5.6)), we get

/ Ao(Vug — Vue) - (Vug — Vu)de — 0 ase — 07,

and (5.2a)) follows with (3.14).
To prove now (|5.2b)), we write that:

/ AgVug - Vugdx — / A Vu, -Vu.dr = / Aog(Vug — Vue) - (Vug + Vue) do

We

+ / (Aog — A.)Vue - Vue do,

e

and the conclusion follows, invoking again the same aforementioned boundedness and convergence arguments.
O
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6 Application to the collision problem
The weak formulation of System [I.10] reads, for every £ > 0:

/ A Vu, - Vodz = / gevds, Yo € Hy(we,dm), (6.1)
we r.
where g. = DU !7.¢;. This quantity can be made explicit on v = {(z1,1) : 0 < z; < £.} using the expression
of W1, Thus we get

ge = He(pe) on 75'
Notice that although the expression of the matrix A. depends on « (i.e. on the nature of the cusp) and on
€ > 0, this dependence is somehow irrelevant regarding the well-posedness of Problem because, as asserted
by Lemma [3} the matrix is always uniformly elliptic and therefore the left hand side of always defines a
symmetric, elliptic bilinear form on H3 (we,dm), according to Lemma @

All of the relevant information regarding the well-posedness of Problem[6.1]is carried by the boundary data g..
Considering Theorem [2| a sufficient condition for Problem to be well-posed when ¢ = 0 is go € L?(yo,do 1)
while, according to Theorem (3] the convergence of the solution u. toward ug and of the Dirichlet energy F.
toward Ej is ensured if g. — go in L? (’yo,da_l). These conditions are easy to check and lead to distinguish
two cases, a sub-critical case @ < 2 and a super-critical case a > 2. Let us emphasize that the critical value 2
is nothing but the dimension, and this is in agreement with the results of [2, [15].

6.1 The sub-critical case a < 2
Theorem 4 When a < 2, the following assertions hold true:

1. Well posedness of the limit problem: The Neumann boundary value problem (6.1)) is well posed for e = 0.
In particular, the corresponding Dirichlet energy Ey is finite.

2. Conwergence of solutions: |Vu. — Vugl|r2,.) — 0 as e — 0T, where u. and ug are the solutions to
Problem (6.1)) for e > 0 and € = 0 respectively.

3. Convergence of the Dirichlet energy: The Dirichlet energy E. corresponding to Problem (6.1]) with € > 0
tends to Ey, the finite Dirichlet energy of the problem when ¢ = 0.

Considering the implication of this result for the physical problem of collision, we deduce that the added mass
(1.4) is bounded uniformly in & > 0. Using this estimate in (1.5)), we get that the velocity of the solid is bounded
from below and therefore:

Corollary 2 When « < 2, the solid meets the cavity’s wall in finite time with non-zero velocity (real shock
case).

Proof of Theorem[]: As already mentioned, the first point of the Theorem is a straightforward consequence of
Theorem [2} Indeed, applying Theorem [2| with fo = 0 and go = Ho(uo), we get existence and uniqueness of a
solution if gy € L%(yp,do~1). Considering (3.7), we deduce that:

1 g1 —1-1
go, = K TaTTEm )
and requiring go to be in L?(yg, do~1) leads to a < 2.

The two remaining points result from Theorem [3| It suffices to prove that g. := H.(p.) (extended by 0 on
J¢c, +00) converges to go := Ho(jo) in L?(79,do~"). According to Lemma |2 we get that g. tends to go a.e. on
R, and that:

9 2
lge — gol? < C(L+21) %"=,

for some constant C' > 0 independent of € > 0. The conclusion follows from the dominated convergence theorem.
O
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6.2 The super-critical case a > 2

When « > 2, the boundary term go := Ho(po) in Problem is not anymore in L?(o, do~1), preventing from
reasoning as in the previous section.

Actually, we already know, from Proposition |1} that Problem (when € = 0) does not admit finite energy
solution in this case and from Proposition [2 that E. — 400 as e — 0.

In order to derive the first term in the asymptotic expansion of E. when € goes to 0 in this case, we proceed
as follows. For every ¢ > 0 we seek an ansatz uf to u., that contains all the information about the asymptotic
behavior at infinity of u. when € — 0, responsible of the blow up of the Dirichlet energy as ¢ — 0. Equivalently,
in the physical domain, this ansatz contains all the information about the appearance of the cusp singularity at
the contact point. In particular, u will be shown to satisfy:

/ A Vul-Vuider — 400 as e— 0%, (6.2)

This is why we call this ansatz as the singular part of the solution (which is a slight abuse of language since
ue is smooth and has finite Dirichlet energy for every € > 0), and we will refer to ul := u. — u? as the regular
part of ue..

The ansatz u? will be derived by adapting to our semi-infinite strip the multiscale expansion method used
in [2, [I5] to obtain the singular behavior near the contact point (in the physical domain). More precisely, for
every € > 0, the ansatz u? will be constructed such that the following properties hold true:

e The function u{ is smooth, supported in R. and extended by 0 in D, and the quantity A.Vu? - n vanishes
on the boundary dw, \ 7.. This implies in particular that for every e > 0, the function u? satisfies the weak
formulation with source terms (f2,g%) € L*(we,dm™1) x L?(ve,do™!), where f5 := —div(A.Vue)
in we and g2 := A.Vul -n on ..

o If we set
fi=—div(A:Vuy) = —fZ in w, and gt = A Vul -n =g, — g on 7, (6.3)

€

then for ¢ = 0, fJ € L*(wo,dm™1), g5 € L*(70,do~!) and the following convergences hold true:

IfE = folle2(e,am-—1) =0 and  [|gl — gollL2(s.,d0-1) — 0 as € — 0t.

Then, according to Lemma@ and since fI and g7 satisfy the compatibility condition for every € > 0 (this follows
from the fact that u? is smooth and fw g- ds = 0), we can pass to the limit in (4.2)) to get:

fgder/ gods = 0.
wo Yo

Consequently, for every € > 0, ul is a solution (in the sense of Definition |1)) of Problem (4.3) with the source
terms (fI, g7) given by (6.3). On the other hand, the properties of f7 and g5 ensure, thanks to Theorem [3] that
ufy € Hy (wo,dm) and that

[Vul = Vugllr2w.) = |[Vue = V(ul + u)|l12(w) = 0 as e — 0T,
Considering the limit problem (e = 0), this construction will provide a natural solution
ug = ug + ug,
which does not belong to H 1(w0, dm), leading to supplement Definition |1| with:

Definition 2 (Infinite energy solution) Let uf, € Hx (wo,dm) be a solution to System (1.8) (for e = 0)
with volume source term f§ € L?(wo,dm™1) an boundary data g € L?*(wo,do™1) satisfying the compatibility
condition

fodx + / gods = 0. (6.4)
Yo

wo
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Let uf be a smooth function, supported in Ry (and extended by 0 in D) with infinite Dirichlet energy and such
that AgVug -n =0 on dwp \ 7o and denote

fo == —div(AgVuy) inwy and g5 := AgVug-n on .

Then the function:
up 1= ugy + ug,

set in wo is called an infinite energy solution to System (L.8)) (for € = 0) with volume source term fo := f§+ f§
and boundary data go = g4 + 93-

Remark 7 The (smooth) function uf is required to be supported in Ry in order to ensure that the expression of
the volume source term f§ makes sense. Indeed, the entries of the matrix Ag are only supposed to be continuous

in D whereas they are C in Ry.

We can now give the expression of the ansatz u?: Let x be a smooth cut-off function defined in wq such that
x = 1in ]1,400[x]0, 1], x is independent of x5 in |0, 1[x]0,1[ and x = 0 in D. For every € > 0, we define the
function uf in w, by setting:

Xy 1
2(z) = x(z) [/0 pe(s) ds + 525 [He(pe(21)) = pre (1) Hy(pe (21))] | (6.5)
for every x € w.. The following Lemma, the proof of which is given in Appendix [B] asserts that the Dirichlet
energy indeed blows up as € goes to 07:

Lemma 10 The Dirichlet energy of us behaves as follows when € — 0% :

k™ In(e)| ifa=2

6.6
sﬁ_lﬂ_l%a—igw/(lJra) if a > 2. (6.6)

/ A VUl - Vuilde ~
e sin(37/(1 4+ «))

W = Wi

Theorem 5 When o > 2, the following assertions hold true:
1. There exists a function uly € H'(wo,dm) such that
[Vue — V(uZ + up)ll22(w.) = 0 ase— 0"
2. The function ug 1= u + ug is an infinite energy solution to System (with € = 0), in the sense of
Definition[3
3. The Dirichlet energy of u. behaves as the Dirichlet energy of ut ase — 0%.

Proof : For the sake of clarity, we provide a constructive proof to explain how to obtain the ansatz (6.5). Our
method can be seen as an adaptation for every € > 0 of the multiscale expansion method used in [I5] in the

case € = 0.
First, recall that the system (|1.8) under consideration reads:

—div(A:Vu,) =0 inw, (6.7a)
A Vu. -n=g. on-~. (6.7b)
AVu. -n=0 on dwe \ 7e, (6.7¢)
where we have set
ge(z) :D\I/e_lT'el :HE(X;), X; 1= pie (1)
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On the rectangle R., we have:

xrix2 €

+ Hé(ﬂé)awlue — T2 [QH(I)(XT)Q + H(’)/(Xf)HE(Xf)}amug(az). (6.8)

—div(A:Vue)(z) = —8§§u5(x) + 20, HY(XE)O? , uc () — [1 + (CCQH(I)(XlE))Z] aggug(x)

We seek an approximate solution to System (6.7]) in R, in the form:
W(x) = ve(X7) + Ho (X5)Ve (XY, 22), Va=(x1,22) € Re, (6.9)

the functions v. and V. being to be determined. With we get:
— div(A:ViaZ)(z) = —Ho(XT) [@nga(Xf,mz) + Ho(X)ol (XD) | + f2(x) (6.10a)

where

fi(@) = = Ho(X5) { B (XD Ho (XF)Va (X, 2) + a3 HY(XF)20% Ve (XT, 22)
+ 2HY (X5 Ho(X5)[00, Ve (X5, 22) — 0202, Ve (X5, 2)]

xr1T2

— o HY (X ) He (X500, V(X5 w2) + Ho(X5)20% Vo(X5, xg)}. (6.10b)
On 42, ie. for x = (z1,1), 0 < 21 < £ or equivalently § < X% < 0, we have:
AVE - n(en, 1) = Ho(X5) [ — ol (X5 HY(XE) + 8, Ve (X5, 1)} + 73 (2), (6.10¢)
where:

2 () = H(XE){ HG(XE)2 00, Ve (XE, 1) = Va(X5,1)] = Ho(X5) HG(XE)0, Va(X5, 1) }. (6.104)
On the lower boundary {(z1,0) : 0 < 21 < ¢.}, we have:
AVEE - n(z1,0) = Ho(X5)0y, Vo (XE,0). (6.10¢)
Finally, on the vertical right boundary {(4c,x2) : 0 < 2 < 1} we get:
A VA - n(le, z9) = €[vl(0) + €0y, Vo(0, 22)]. (6.10f)

The function 4 is supposed to be an ansatz for u., so in view of the expressions , we seek the functions
ve and V¢ in order to cancel the “leading” (i.e. less decreasing) terms in . We also want the Neumann
boundary conditions for . to approximate “at best” the boundary conditions of u.. This leads to the following
one dimensional Neumann system that must be satisfied for every fixed § < X§ < 0:

~O%VL(XT,) = HAXDW(XE)  on 0,1 (6.11a)
D0 Va(XT1) = 1+ oL (XF)H)(XT) (6.11b)
2, Vo(X5,0) = 0. (6.11c)

The compatibility condition, necessary for this System to admit solutions, reads:
H (X5l (X5) + 1+ vl (X5)Hy(X5) =0, 6< X{<0.
It can been rewritten as:

2
jx%ws(us(m)) = ().
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We choose as a solution to this EDO, the one which vanishes at x1 = 0:

Ve (pe (1)) = — /Oml we(s)ds. (6.12)

We deduce that:
H.(XF) — X{Hy(X7)

He(XF) ’

—Ho (XTI (XT) = 14 vl(XT)Ho(XT) =

whence we infer the expression of V.:

1 o [He(XT) — XTH)(XT)
Ve(zy,22) = 572 { £ Ho(X5) , (6.13)
and then the expression of 42 in R, thanks to (6.9):
x
s ! 1
2(or,ze) == [ pe(s) ds o+ 3o [HLOXE) = XEHG(XD)). (6.14)
0

Reconsidering now the expressions and , we have by construction — div(A.Vag) = f; in we,
AV -n =72 +g. := g2 on vF and A.Va2 - n = 0 on the lower and right boundaries of R. (according
respectively to and (6.10f)). Recalling that x is the cut-off function introduced above Lemma [10] we
can define u? in the whole domain w, by setting:

ul(z) := x(z)ai(x), (z € we),

and we recover the announced expression (6.5]).
It remains to verify now that u? indeed carries the “singular” part of u.. Straightforward computation leads

to:
—div(A.Vul) = £ inw.
A Vui -n=g onn~,
A Vul-n=0 on dwe \ e
where:
f2 = [—div(AVy)ag — 2A : (Vx @ Vad) + xfS inw. (6.152)
92 = [02(AVX) - n] + x§2 on . (6.15b)

The function ul := u. — u] satisfies:

—div(A.Vul) = fI' in w, (6.16a)
AVul -n=g. onn. (6.16b)
AVul -n=0 on dw. \ e, (6.16¢)
where:
ff=—finw. and g, =g.—g: on~.. (6.17)

For every € > 0 the functions f2 and g? satisfy the compatibility condition (they are defined as being respectively
the divergence and the flux across the boundary of the smooth vector field A.Vug). Moreover, f% ge ds = 0 for
every € > 0. We deduce that fI and g7 satisfy the compatibility condition as well (for every & > 0).

The following Lemma ensures that the ansatz function u? does the job it has be designed for:

Lemma 11 The function f belongs to L?(wo,dm™1), the function gij belongs to L? (o, do~t) and they satisfy
the compatibility condition (6.4). Moreover, we have the following convergence results:

I1£2 = follc2eam-1) =0 and gl — ggllLa(s.,a0-1) = 0 as e — 0. (6.18)
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The proof is postponed to Appendix
To complete the proof of the two firsts points of the theorem, it suffices now to apply Theorem
Finally, the last remaining point results from the second triangular inequality:

|</ A Vu. - Vu, da:) — (/ A Vul - Vu?l dx> < (/ A Vul - Vul dx) ,

together with Lemma [10| and again Theorem [3| The proof of the theorem is now complete. O

7 Back to miscellaneous cases of Section [2|

In Section [2] we state some results allowing comparing the Dirichlet energy for different configurations, some of
them being not covered by our general study. We show in this Section that the method used to determine the
asymptotic of the Dirichlet energy in the previous Section can be adapted to the case where the bottom of the
solid is locally flat (referred to as “the flat case” in the sequel).

7.1 The flat case

We shall now focus on the cases depicted on the left of Fig. [6] i.e. where the bottom of the solid is locally
flat. Being more specific, we consider the case where the function H. has the following expression (hereafter,
in addition to the already defined constants, §’ is a negative number such that § < ¢’ < 0):

H (& —6) if6<&<d
<

H.(6) =
©) {5 it6 < &1 <0,

where fIE(fl) = K| |A1+‘X + ¢ with a > 2. Denoting §:=6—08 <0, we can define, associated with H. and §,
the functions pe, fic, ¥. and W_! based on formula (3.3)), (3.6), (3.2) and (3.8). We will also need the constant
le = limg, o+ pe(&1) - Observe now that, corresponding to H. and using the very same formula as above, we

get:
[35(51 — 6/) if § < & < 0o’
pe(&1) = 1 , PO
s =06+ <6 <O,
with £¢ := p:(0) = 0. — %' (lp = +00). Notice that the function p.—q is only defined for § < & < §'. For e > 0,

the inverse of p. defined on [0, £.[ reads:

.’£1<é5

ﬂs(x1)+5/ 1f0
Ms(xl) = i
1

<
e(wy —0)+ 6 ifl. <ay < Lo

We deduce that, for every ¢ > 0:

He(fie(x1)) if 0
if

3

He(pe(21)) = {

where k > 1 stands for the derivative of order k (if well defined). On the rectangle R., we get:

. & R R — . & R
U= 0t 4 <0> in R. =]0,0.[x]0,1] and W_'(z)=¢ (”31 ) + <o> in [0, £.[x]0,1].
T
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According to formula (|1.9), we deduce that:

AE _ {As in Rs ;:](),és[x]O, 1[ (72)

eld in [£.,£.[x]0,1].
Notice once more that R._g = R.—o =]0,+00[x]0,1[. Considering (7.2), we deduce that the conclusions of
Lemma [3] still holds true. This convergence results is required in Theorem [3] while all the results of Section
are completely independent of the change of variables. We can now jump directly to the computation of the
ansatz function. The general expression (6.5)) leads to, in our case:
ax(@) = O'x(@) o1 + Je3 (e (@) o

ui(z) = ; X )
— [t fic(s) ds + 5 (a3 — 22 + 2a0b. — £2) it w € [0, £.]x]0, 1],

where 47 is the ansatz for the problem corresponding to H. and y the cut-off function defined above identity
(6.5). The mirror image of Lemma [10|is

Lemma 12 The Dirichlet energy of us behaves as follows when € — 0%

0"

el

/ AVul - Vuidr ~
we e=0

Unlike the other cases, neither k nor a appear in the expression of the leading term in the asymptotic expansion
of the energy. They would probably play a role in lower order terms only. This observation lead us to think
that the technical condition a > 2 have to be understood as a regularity assumption for the solid’s boundary
and is not related with the “strength” of the cusp of the fluid domain when ¢ = 0.

We can now claim:

Proposition 6 Theorem[3 is true for the flat case. In particular, the Dirichlet energy behaves as follows when

€ goes to 0:
0
E. ~ 3¢ - (7.3)

e=0

Proof : Tt suffices to verify that Lemma |11] and more precisely that the expressions are in the appropriate
function spaces. There is a subtlety here because the decay properties are not true in our case. However,
with and and since there is at least one derivative of Hy in every product arising in the right hand
side of the expressions , it can be verify that we still get enough decay rate to get the conclusion. (|

Considering the problem of collision, we can apply Lemma [1| to get:

Proposition 7 In the flat case, the solid reaches the cavity’s bottom in finite time with null velocity (smooth
landing case).

7.2 Other cases
Combining ([7.3) with the results of Section [2} we can easily deduce the following:

e In the situation depicted in the right of Fig. [6] the solid will collide with the outer boundary in finite time
with null velocity (smooth landing case).

e In both configurations in the right of Fig[7] the solid will behave the same way when approaching the
outer boundary and reach it in finite time. It is not possible (without further computations) to determine
wether the velocity is null or not at the touching time.
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A Construction of the change of variables

In this Section, we aim to construct the diffeomorphisms ¥, (0 < € < €*) earlier introduced in Section
Recall the definitions of V. (0 < e <e*). Since we need to emphasize the dependance in d, we denote
it rather V() in this Section and we recall that W, has already been defined in V,(§) in Section
To simplify the construction, there is no loss of generality in assuming that (up to a rescaling) Hy(d) = 1.
Let us define W, := W_ + de; and notice that, on the left vertical boundary of V.(6), we have:

&2
"1+e¢

W) = (675). 0<a<ito

Starting from this observation, our leading idea is to extend W, (rather than W.) as a perturbation of the
identity in ¢ \ V:(d). We proceed in several steps.
First step. We introduce an open cover (Uy)1<kgs of Q¢ (see Figure E[)7 such that:

1. Q. Cc Uy UUy U Us for every € > 0 small enough;

2. There exists §"” < §’ < ¢ such that:

V(§')c U cV(8") and UpnNV.(6)=a (k=2,3),
for every € > 0 small enough;
3. I'. NU3 = & for every € > 0 small enough.

Consider (x1)1<k<3 a partition of unity subordinated to the open cover Uy (k = 1,2,3) and let us define W*
(k =1,2,3) three functions respectively defined in Uy, Uy and Us and out of which we are going to build 0.

Us

PR 0 P 0
Figure 9: The open cover (Uy)1<rgs of Qe (for € > 0 and € = 0).

Step 2. (Construction of ¥!). For every ¢ > 0, we define the function

pe(Er) =6+ :1 F)d (5" <& <o), (A.1a)
where the function F. € C°([6”,0]) is given by:
1 if & < ¢
F(t)=q = (@t +bt+c)+1 ifd <& <96 (A.1b)
H(t)™! if & >4,
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with 3 2 (6428 526+ &
N S TUES-T)) W U EY U} Ao
(6 — &) (6 — ") (610"
We set /. := p.(0) (¢ > 0) and £y := +oo.
For & > 0 small enough, F; is positive and we denote fi. :|6”, £-[=]6", 0[ the inverse of p.
Define now a C* function H on ]6”,0], as on Figure satisfying in particular:

o)) = {Ho(fl) if& >6

1 if 61 <é.

T
Afs

A

To = H()((El)
3" o 5 &
-------- 5 1
] p >

e Bk SN 5"

Figure 10: Graph of the functions p. (left) and Hy (right).

The function W} is defined on V. (6”) as follows:

1 _ ﬁs(gl) a
V() = <KE(§)§2 - st(®) (A.2a)

where

Ho(pe(61)) + ex2(8)
Hs(fl) -

Step 3. We introduce \ilg =1Id — €ep and \ilg’ =1d (e > 0) and we claim that the function U, defined by:

KRe (g) =

(A.2b)

fulfilled the requirements. More precisely, setting U, = U, — de; (¢ > 0), we have:

Proposition 8 The function Y. enjoys the following properties:
1. For every e > 0, the set D := V_(Q. \ V.(9)) is independent of .
2. For every e > 0, ¥, is C1, invertible and V- is C1.

3 Wt = U5l eupy — 0 as e — OF.
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Proof : Since W, and ¥, only differ in a translation, the proof is carried out with W, _instead of ..
The first point is easily verified by computing the image of the boundary of . \ V.(§). Indeed, denoting

V. :i={(z1,2) € Q. : §" <11 <0,0< & < He(&)},
we have:

U (ConV.) = { = (x1,22) €R? : 6" < x1 <6, xy = Ho(a1)}
(T mU) N,
T (TN (UsUV.) =" N (Us UV.).

Eﬁ

For the second and third points of the Proposition, we proceed as follows:
a We prove that W, : V.(¢") — RL, where:
R/e = {(1‘171'2) € R? . ¢ <1 <le,0< a0 < I;[()(C,Cl)},

is a O diffeomorphism by studying its inverse, which can be made explicit. With the expression of this
inverse, we also prove rather easily that |[W_! — \P61||Cl(§/) —0ase— 0T,

b By noticing that U, is a C*, e-perturbation of the identity in Q. \ V:(0"), we prove that W, is also a C1
diffeomorphism from Q. \ V.(&’) onto its image and that |[W7! — \1151||Cl(m)) —0ase— 0T,

¢ We get the conclusion of the Proposition by remarking that

det DU, #0 in Q., (A.3)

and

W (Va(8) N TL(Q:\ Ve () = @ (A.4)
The inverse of W, in V(&) is:

P ﬂs(xl)
V(@) = | Heaeten) (A.5)
Ho(z1) 2

Following the hnes of the proof of Proposition [5 I we verify that U, : V.(¢6') — R/ is indeed a C'! diffeomorphism
and that |¥-! — ¥y ||01(R)—>OaSE—>O+
Let us denote now Ue := Q. \ V-(6"). With our construction, we get, for every £ € U,:

W (&) =&+ eF(6), (A.6)

where:

x2(§) —
H. (&)

Since Fy is lipschitz continuous uniformly in € for every ¢ small enough, we deduce that U, is one-to-one in U, for
every ¢ small enough. Finally W is a bijection from U onto its image. From expression (A.6)), according to the
local inversion theorem, we get that W21 is also C'!. Using once again (A.6)), it is clear that || W, —VYollgrgzy =0
as € — 0% with ¥ = Id. R

It remains to address the convergence of W21 into W' = Id in ¥(U.). On the one hand, we have:

Fu€) = [m(s) Lty a®) — 1 (O)x2(0)] -

1 —1d] g, ) = 1We = 1dll e,y = el Fell oz, - (A7)

On the other hand, we have: .
DV (&) =1d +eDF.(§) (A.8)
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and thus, since DF is clearly uniformly bounded with respect to € in L> (i) by some constant C, its inverse
is given via the Neumann series

(DP.(6)! =1d +G.(6),

with
+oo

Ge(§) = =) (—e)*DF.(O

k=0
provided € is small enough, or more precisely for |leDF¢||; .y < 1. For such e, we can write that:
DU = 1Al oo .y = (DT 02 1Al e 4z,

= [(D¥) ™ = 1d|| e,

= 5||G8HL00(HE)

< EHDFE”LOO(HE)

< Ce. (A.9)
Gathering the estimates (A.7) and (A.9)), we finally get:

||‘l/£_1 — ‘I’alncl(\js(ﬁe)) —0ase— 0",

We prove (A.3) by direct computation, using (A.5) for £ € V.(¢') and (A.8) for £ € Q. \ Ve(¢'). Notice in
particular that (A.8) remains true “up to the boundary” between V. (§’) and Q. \ V.(6"). The non-overlapping
property (|A.4)) is easily verified and the proof is now complete. O

B Proofs of technical results

Proof of Lemma @: One easily checks that the function F. := p. — g is positive on [0, £.], which leads to:

kel < pol,
and (3.10a)) follows from (3.7). Moreover, we have F! = Hy(uo)[Ge — 1] where
_ H. (pe)
© Holpo)

Straightforward computations lead to:
G = G:[Hy(pe) — Hy(po)),
which is a positive function on [0, £.]. Since G.(0) = 1+ ¢/Hy(d) > 1, we deduce that F. > 0 and then that:

|12 = pollcoo,e.)) = —ro(le),

and (3.9)) follows with (3.7) and (3.4).
Still from (3.7) and (3.4), we infer that:

et ))F;’

G0 2, [0 ta +

whence we deduce that, on [0, £.], we have:

|He(p1e)| < CHo(po)
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for some constant C' > 0 dependent on « only. Combining this estimate again with (3.7) and (3.4), we get
(3-10%).

Finally, since |pe| < |uo|, we have
[ Ho(pe)l < [Ho (ko)

and (3.10c)) follows, using (3.7)) and (3.4]). The proof is now complete. O

Proof of Lemma : Let us recall that the Cauchy problem (1.5) we are dealing with can be rewritten as:

g'(t) = exF(e(t),e*), t>0 (B.1a)
e(t)|t=0 = €7, (B.1b)
with
F(€, 5*) — Tr”:;siﬁff((gg*))’

and €* > 0 and ) < 0 are given. As already mentioned, it is proved in [4] that the function
£ €]0,e* [ my(e) € RT

is analytic and hence the function F(-,e*) :]0,e*[— R has the same regularity.

The hypothesis E. — +oco as € — 0% entails that F'(-,e*) — 0 as ¢ — 07 and therefore that the velocity of
the solid tends to 0 when approaching the outer boundary: real shock can not occur in this case.

The hypothesis E. = O(¢~?) means that there exists 0 < ef < ¢* and C' > 0 such that

E.<Ce™? (0<e<el).
This estimate entails that, for a different positive constant still denoted by C"
F(e,e) > Ce® (0<e<el). (B.2)

On the other hand, the function F(-,e*) is bounded from below on the compact [ef, *] by some constant ¢ > 0.
We deduce that ¢’(t) < cg)y as long as (t) > ef. To simplify, let us relabel ¢t = 0 the time for which e(t) = &'
(this time being no greater than e, /(cep)).

Using now the estimate in the Cauchy problem, now restated as:

g'(t) =epF(e(t),e"), t>0
E(t)|t:0 = ETa

we deduce that (changing again the value of the positive constant C):

2

B =
e(t) < [ngw(sf)*aﬂ =

and therefore, the solid meets the cavity’s wall in finite time. |

Proof of Lemma @ The Dirichlet energy of u? is decomposed as follows:

b el
/ |Vu§(x)|2dx=/ |Vu§(x)|2dx+/ / IV (21, 22) ? dwadas.
We we\]1,0:[%]0,1] 1 0

The first integral in the right hand side is uniformly bounded for £ > 0, so let us focus on the latter.
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In ]1,4.[x]0, 1], we have:

Ot (o) = i) L+ g3 o) L)
O, ul () = o [He(pe (1)) — pre (1) Ho(pe (21))] -

Expending |0, uf(z)|* + |0z,ui(x)[?, and using the estimates (3.10), we obtain that the only remaining term
which is not uniformly bounded (with respect to € > 0) by a functlon in L (wp) is:

0. 1 Le
[ el deadan = [ et P o,
1 0 1

The change of variables & = . (x1) leads to:

£ 0 2
: 2 & d&
z1)|? dx :/ —_—
/1 |11e (1)) 1 (1) KlE [T e

. _1 1 . .
Setting now ( = k=at1&; /a1 we can transform the expression above into:

/0 ffd&:,{—ailglia—l/o ¢
o1y Bl&TTe e By ¢+ 17

where §(g) := H_H%ug(l)e_ﬁ. We have now to distinguish, according to the value of «:

/0 2d¢ _ J s et Joe e ifa=2 (B.3)
sy ICIMFe+1 0 Kﬁi‘iﬂrl s |<|<12+(i<+1 if a > 2. '
We deduce that, when o = 2:
0
[ e 2 I g
When a > 2, since the second term in tends to 0 with ¢, we are led to compute the value of:
/+°° % dx
o awlte4 1’
Yet another change of variable, namely y = x2, allows us to do that. We finally get:
/+°° z?dz _1/+°° dy 1 3n/(1+q)

o w41 3 )y 4541 3sin(Br/(1+a)

The proof is then complete. O

Proof of Lemma |11):

We observe first that f7 = 0in D and g7 = 0 in v for every € > 0 because of the cut-off function y and
hence w, can be replaced by R. and 7. by 72 in (6.18). Recall that (identities (6.17) and - :

fr = [div(AVY)S + 24 : (VY @ V)] — xf°  in we (B.4a)
gg = [_ﬁ:(AEVX) N+ (1 - X)gs] - XTA': o1 Ye. (B'4b)
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Using the expressions (6.12)) and (6.13]) of v. and V. in (6.10b)) and (6.10d)), we get, for every x € Rx:

1
Ho(XT)*Hg (XT) + 5 XTH-(X7)*Hy'(X7)

—3X{ Ho(X7)Hy(XT) Hy (XT) — 3H.(XT)Hy(X7)? + 3XTHy(X7)?] . (B.5a)

A 3
f2 (21, 02) = o3 [2

and for every x € vI:

~S 1 € g g g € € g g
F2(a) = | XEHLOKE) H (XD (X7) + HA(X Y (X2 = XA (B.5b)

Observing that |H{(u.)| and |HJ'(pe)| are uniformly bounded (because o > 2), we deduce, according to the
estimates (3.10)), that the functions:

e [f2@)P+21)? and @ [722(2) P+ ),

are uniformly (in & > 0) bounded by a function belonging to L'(Ry) and L!(v{%) respectively. Invoking again
Lemma [2| and applying the dominated convergence theorem, we get that:

1S = fillze(m.am-1) = 0 and [|7f — Pl L2y, do-1) = 0 as e — 0%,

Using Proposition [5, we deduce that —div(A.Vy) converges uniformly in ]0, 1[x]0, 1] to — div(A¢Vx) and
since, in addition, 4 converges in C1([0,1]?) to 45, we get, according to the identities (B.4) that

/2 = foll2(R.,am) — 0 as e — 0.

We proceed similarly to show the second convergence result.
We know (see above Lemmall)) that fI and g satisfy the compatibility condition (4.2) for every ¢ > 0.
Lemma |§| and the convergence results above allow us to pass to limit in (4.2]). The proof is now complete. [J
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