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Abstract

We consider a kind of stochastic exit time optimal control problems, in which the cost
function is defined through a nonlinear backward stochastic differential equation. We
study the regularity of the value function for such a control problem. Then extending
Peng’s backward semigroup method, we show the dynamic programming principle. More-
over, we prove that the value function is a viscosity solution to the following generalized
Hamilton-Jacobi-Bellman equation with Dirichlet boundary:

ngf/ {L(z,v)u(z) + f(x,u(z), Vu(z)o(z,v),v)} =0, xz€ D,
u(z) = g(z), x€0D,

where D is a bounded set in RY, V is a compact metric space in R¥, and for u € C?(D)
and (z,v) € D x V,

¢ . 0%u
iél(w )i (z, U)axial,j (z) + zZ: bi(z, U)a—xi(w)
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N | =
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1 Introduction

Crandall and Lions introduced the notion of viscosity solution for first order partial differential
equations (PDEs) in [§], and then it was extended to second order PDEs by Lions [23]. In
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the later work [7] Crandall et al. gave a systematic investigation of this notion. Viscosity
solution provides a powerful tool to study second order PDEs and related problems.

It is by now well known that the classical Hamilton-Jacobi-Bellman (HJB) equation is
connected to stochastic optimal control problem, see, e.g. [I3] [19]. The reader is referred to
[37] for a systematic theory of HIB equations and stochastic control. For generalized HJB
equations as

Gt + inf {L(z,v)u+ f(a,u, Vuo(z,v),0)} =0, (t,2) € (0,T) x RY,
ve

u(T,x) = g(x),

Peng [34] was the first to give a stochastic interpretation of the solution to above HJB
equation; he did it by investigating a certain optimal control problem in which the cost
function is described by a nonlinear backward stochastic differential equation (BSDE) based
on the pioneering work of Pardoux and Peng [3I]. Moreover, Peng [34] established the
dynamic programming principle for the control problem and proved that the value function
is a viscosity solution to above generalized HJB equation. The results were extended by Peng
[35] with the help of the notion of backward semigroup. The reader is referred to [2 [6] 27,
28] 29, [32] for further research. Recently, Dumitrescu et al. [10] studied combined optimal
stopping and stochastic control problems with £f-expectations defined through BSDEs with
jumps, and they investigated their connection with an obstacle problem for an HJB equation.
Let us point out that the approach in [I0] is different from Peng’s method and allows the
authors to prove, in the case when the reward terminal function is only Borelian, a weak
dynamic programming principle.
Motivated by [34], B5], we study the following HIJB equation with Dirichlet boundary:

;Iel‘f; {L(z,v)u(z) + f(x,u(z), Vu(z)o(z,v),v)} =0, =€ D,

1
u(z) = g(x), =x€aD, M

where D is a bounded set in R?. In particular, if f = f(z,v), equation (I reduces to the
Dirichlet problem for the HJB equation studied, for example, by Lions and Menaldi [24]. In
[24], it was shown that the optimal cost of a control problem belongs to W1°°(D) and it is
the maximum solution of the HJB equation with Dirichlet boundary. For further research,
the reader is referred to [12] 21], 22].

In this paper, we extend the results of [24] to give a stochastic representation for the
viscosity solution of the HJB equation (II). To do this, we investigate the following stochastic
exit time optimal control problem: Consider the stochastic differential equation (SDE)

AX™ = b(Xg’x’vas)dS + O'(Xgm’vaUS)st’ s 20,
X(()lxﬂ) =xc Rda

where B is an R™-valued Brownian motion, b and ¢ are given functions satisfying suitable
assumptions, and v = {v,} is an admissible control taking values in a compact metric space
V € R¥. Let D be a bounded set of R* and Tz» be the first exit time of X0z from D. To
define our cost function, we introduce the nonlinear BSDE with random terminal time:

Tx,v

Tx,v
Y;O,m,v _ g(XO,x,v) + / f(Xg,x,v’ }/SO,x,v’ Zg,x,v’ US)dS o / Zg,x,vst’
t

Tx,v
ATz v tATz v



where f and g are given functions defined on R? x R x R™ x V and R¢, respectively. The well-
posedness of above BSDE was established first by Peng [33] and later extended by Darling
and Pardoux [9]; see also [5] 30 36]. Now we define the cost function J(z,v) := YOO’:B’U and
the value function u(x) := i%f J(z,v) for our stochastic exit time optimal control problem.

Our objective is to prove that the value function u defined above is the viscosity solution of
the HJB equation (II). The first step is to show some regularity results for u. Let us first recall
the results for the case f = f(s,z,v). In general, when D is bounded, the continuity of u is
not always true, see [20] page 278-279. Fleming and Soner [14] found a sufficient conditions
such that u is continuous (see Theorem 2.1 [14]) and Bayraktar et al. [4] weakened the
assumptions of [14]. If f = f(z,v) and o is non-degenerate, under some suitable assumptions
on D, the Lipschitz continuity of u was obtained by Lions and Menaldi [24]. They also
extended the results to the degenerate case in [25]. We mention that the results of [24] were
generalized by [II, B, 16} 18] under weaker assumptions. In this paper, motivated by [24], we
prove for non-degenerate o, that our value function u defined above is %-Hélder continuous.
Since our value function is defined through a nonlinear BSDE with random terminal time,
it is more general than that in [24]. To show the regularity, we need the stability property
of BSDE w.r.t. the perturbations, see the proof of our Theorem [I0l Instead of the Lipschitz
continuity as in [24], we get in our framework the %-Hélder continuity of wu.

In a second step we study the dynamic programming principle (DPP). As by now well
known, for f = f(s,z,v), the DPP holds, see e.g. [14] and [26]. For a cost function defined
by a BSDE with deterministic terminal time, the DPP was first shown by Peng [34]. Then
it was proven again by Peng [35] using the method of backward semigroup. We emphasise
that we cannot just follow the procedure of [35] to prove the DPP for our value function u,
because the terminal time of our BSDE (see () is the stochastic exit time of SDE (). This
stochastic exit time depends not only on the initial date = but also on the control process
v € V. We have to establish the following relation (see Lemma [I3])

u(x) = éIGI)f; Y = essinfveng’x’v,

which is not obviously at all. To prove this, we introduce the time-shift operator and make a
subtle analysis. For more details, see Section 4. With the help of above relation and Peng’s
backward semigroup method, we can show that the DPP is also satisfied, see Theorem [I2]

In Section 5, using the regularity property of the value function v and the dynamic
programming principle, we can show that u is the viscosity solution of the HJB equation ().
We emphasise that the random terminal time makes the application of the procedure of Peng
[35] more complicate, and so we need a special subtle approach, see e.g. Lemma 211

The paper is organised as follows: In Section 2 we formulate the problem. We introduce
our assumptions and recall existing essential results on BSDE with random terminal time.
Section 3 is devoted to the study of the value function, and in particular, its regularity. In
Section 4 the dynamic programming principle is established. Section 5 is devoted to the
proof that the function u is a viscosity solution of the HJB equation (Il) and we also have the
uniqueness of the viscosity solution for such HJB equation.



2 Formulation of the problem

Let (©,F,P) be the classical Wiener space: € := Cp(R4;R™) is the set of all continuous
functions from Ry to R™ starting from 0, F is the Borel g-algebra over €2, completed by the
Wiener measure P. In this probability space, the coordinate process Bs(w) = w(s), s > 0,
w € Q, is an R™-valued Brownian motion. We denote by F := {F;,t > 0} the filtration
generated by the Brownian motion B and augmented by Ap (the class of P-null sets of F).
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d
Through the paper, for d,m > 1, we use the notations |z|? := 3 22, for z € R?, and
i=1

d m
A2 =3 ) a?j, for A € RP>*m,
i=15=1
For z € R%, we consider the following SDE with control:

{ dx0®v — b(Xg’m’v,vs)ds + J(Xg’m’v,vs)st, 5> 0, )

Xg™ =z e RY,

where v = {v,} is an {F}-adapted process taking its values in a compact set V C R¥. The
coefficients b : R? x V — R? and ¢ : R x V' — R¥™ are supposed to be continuous and to
satisfy the following assumptions:

(Hp) There exists a positive constant L such that for all x,z1,29 € R v eV,

(1) |b(z1,v) — b(xe,v)| + |o(21,v) — 0(x2,v)| < Llz1 — 29|,
(@) |b(z,v)| +|o(z,v)| < L1+ [z]).

We denote by V the set of admissible control processes composed of all V-valued {Fs}-
progressively measurable processes. Then we know that under assumption (H;), equation
@) has a unique strong solution for each given v € V.

Let D C R? be a bounded domain. For each (z,v) € D x V, we define the first exit time
Tz Of X9V from the bounded domain D:

Tpw = nf{t > 0: XP™" ¢ D}, (3)

From the right continuity of {Fs}, we know that 7, , is a stopping time w.r.t. {F,}, see, e.g.
Dyknin [IT].
Given (z,v) € R? x V, let us consider the nonlinear BSDE with random terminal time :

Tx,v

f(Xg],x,v’ Y;O,x,vy Zg],x,v’ 'US)dS _ / Z;),m,vdB57 (4)

tATz v

Tz,v
Y0 = g(X05) + /
' tATz v
where f and g are given functions satisfying the following assumptions:
(H3) The function g : RY — R is continuous.

(H3) f:RIxRxR™xV — R is a continuous function which restriction on D x R x R™ x V/
is such that, for some constants L > 0, 5 > 0 and « (positive or negative), such that,



for all z, 21,29 € D, y,y1,y2 €ER, z,21.20 e RX™ v €V,

(@) |f(z,y,20) <[f(2,0,2,0)] + L1 + |y]),
(ZZ) |f($17y7 Zl,’U) - f($27y7 Z27v)| < 5(|3§‘1 - $2| + |Z1 - Z2|),
(1) (y1 — y2)(f (2,91, 2,0) = f(2,92,2,0)) < —alyr — ya|*.

Remark 1 From (H;)-(Hs) it follows easily that the functions b,o,g and f(-,0,0,-) are
bounded in D x V.

In addition to (H;)-(Hs3) we need some technical assumptions:

(H}) For each v € V, the set of regular points I' := {x € 9D : P(7,, > 0) = 0} is closed.

Moreover, there exists some g € R, such that sup Elexp(urs.)] < 0o.
xeD,weY

(Hs) For u introduced in (H}), we assume that pu > v := 5% — 2a.

In our paper, we focus on the case that o is non-degenerate and D satisfies a uniform
exterior sphere condition, which means

(Hy) (1) (Non-degeneracy) There exists a real number A > 0, s.t.

d
oo (x,v)).; aia; > Nal?, forallaeRd, ze€DandveV.
¥ J
ij=1

(2)(Uniform exterior sphere condition) There exists a constant p > 0, such that

for all y € dD, there exists § € R?\ D, s.t. DN{z e R¥: | —z| < p} = {y}.

Remark 2 Using the results of Khasminskii [17] or Lions and Menaldi [24)], we know that
(Hy) is stronger than (H}). Indeed, (Hy) implies the existence of a positive p such that (H})
holds. For the readers’ convenience, we give details in next section.

Now we apply the results of Darling and Pardoux; see Theorem 3.4 [9], or Lemma[ below (For
the readers’ convenience, we recall some results of [9] at the end of this section). Considering
Remark [, we have

Theorem 3 Suppose (Hy)-(Hs) (i.e. also (Hy)). Then, for each x € D and v € V, BSDE

{#) has a unique solution (YOuv Z0%v) ¢ M,%(O,Tm7v;R) X Mg(O,T%U;Rm). Moreover, the

solution belongs to M2(0,7;R) X MZ(0,7,.; R™) and E[ sup |y 2] < co. Here,
0<s<7z,v

for any real number 0, any stopping time T, and any Euclidean space U, Mg(O, T;U) denotes

the Hilbert space of progressively measurable processes {n(s)} s.t.

Inliz = E [ / e98|n<s>|2ds} <



Now let us introduce the cost function of our stochastic exit time control problem. Mo-
tivated by Peng [33] [34], we define our recursive cost functional on R% x V as

Tx,v
J(z,v) = Yoo’m’v =F [ (X0mvy 4 / f(xOme yhav z0wv g ds|,  (x,v) € RTx V,
0

Ta,v

where (Y00 Z02V) is the unique solution of BSDE @), and we introduce the value function
as
w(z) := inf J(z,v) = inf} Yol oz e RY (5)
ve

veY
One of our main objectives is to show that the value function u defined above is a vis-

cosity solution of the following generalised Hamilton-Jacobi-Bellman equation with Dirichlet
boundary:

;Iel‘f; {L(z,v)u(z) + f(x,u(z), Vu(z)o(z,v)),v} =0, =€ D,
u(z) =g(x), x€aD,

where, for u € C?(D) and (x,v) € D x V,

d

Z (007)s5(@, 8$Zax] +Zb z,9) ax

i,j=1 i=1

L(z,v)u(x) =

DO | =

)

For this end, we will first investigate the regularity of u; see Section 3.
Finally, at the end of this section, we recall some essential results of [9]. Let us first recall
the following well-posedness results for BSDEs with random terminal time; see Theorem 3.4

[9]:

Lemma 4 Let 7 be an {Fs}-stopping time and & be an Fr-measurable random variable in
R™. Let h: Q x Ry x R™ x R™™ — R™ be a function satisfying the following assumptions:

(A1) The map y — h(s,y,z) is continuous. There exist constants L > 0, 5 > 0, a (positive
or negative) s.t., for all y,y1,y2 € R, z,21.29 € R"™"™ a.s.,

(@) |h(s,y,2)] < [h(s,0,2)| + L(1+ |y]),
(ZZ) |h(8,y,z1)—h(s,y,z2)| §ﬁ|zl _Z2|7
(”Z) <y1 - y27h(suy17z) - h(37y272’)> S _a’yl - y2’2-

We also assume that, for some p > v = 32 — 20,
B |6+ 1)+ [ e lnge.0.0)%s ] < o0
0

Then there exists a unique solution (Y,Z) € M2(0,7;R™) x M2(0,7; R"*™) of the BSDE:

Y, =¢ +/ h(s, Y, Zs)ds — / Z.dB,, > 0. (6)
tAT tAT
Moreover, this solution belongs to M2(0,7;R™) x M2(0,7;R"™™), and E[ sup e"*|Y,|*] < oo
0<s<rt



Let us also recall the stability w.r.t. perturbations and the comparison theorem for BSDEs
with random terminal time; see Proposition 4.4 and Corollary 4.4.2 [9]. Here we adopt the
convention that Yy =Y, =&, Z; =0 and f(s,y,z) =0on {s > 7}.

Lemma 5 Suppose the triples (1,&,h) and (7',&', 1) satisfy the conditions in Lemma[]] with
the same «, B and p > B> — 2a. Then, for all B% — 2a < 0 < p, for the unique solution
(Y, Z) € MZ(0,7;R™) x MZ(0, 73 R™™) (resp., (Y', Z") € MZ(0,7'; R™) x M3(0, 7';R"™™)) of
BSDE (@) related to (1,&,h) (resp., (7, 1)), if we denote AY =Y =Y and AZ = Z -7/,
we have that

|AY (0)|* + C1E

/OT ' ¥ (]AY(S)\2 + \AZ(S)P) ds]

<FE Uge%/z _ g/eGT'/z(Z] +Cy'E /OTW % (s, Y (s), Z(s)) — I (s,Y (), Z(s))|" ds| .

Here C1,Cy > 0 are constant depending on the constants introduced in assumption (Aj).

Lemma 6 Under the assumptions of Lemma [3, for the case n = 1, 7 = 7/, h < I/ and
€<, we have Y(t) <Y'(t), a.s.

3 Regularity of value function

We begin with the following lemma; see Lions and Menaldi [24]. For the convenience of the
reader, considering the importance of the lemma, we give its proof here.

Lemma 7 Under assumption (Hy), if we have (Hy), then there exists a positive constant p
such that (H}) holds.

Proof. First, from Corollary 3.3 [I7] or Lemma 2.4 [24] we know that under the assumptions
(H1) and (Hy), there exists a constant > 0 such that sup, 5, Eel™v < oc.

To prove (H}), we also have to show that I' := {z € D : P(7,, > 0) = 0} is closed. We
claim that we even have I' = 9D. Indeed, for any fixed y € 0D, due to (Hy), there exists
7€ RYD,st. Dn{z:|§— 2 < p} = {y}. Now we introduce the function w(z,y) :=
e~kp® _ e‘k‘w_lﬂz, x € D, for some k > 0. It’s not hard to check that, for 1 <i,j <d,

ow ke 0w kle—d - oy ke
o, () = BT ) o= 2k k) g )e
and

L vwlr,y) = e (22 T (00", ) — 50) s — )
kS (00 )il v) + 26 T b, v) (@ — 1))

From the assumptions (H;) and (Hy), the boundedness of D and |z — | > p > 0, z € D, it
follows that, for k large enough, there exists a strictly positive constant fi, s.t.

—L(z,v)w(z,y) > fi, for all z € D.



Applying It6’s formula to w( 9 WY ) and taking the expectation, we obtain

tATy v
0< £ [uxi, )] <utn) -8 | [ pas]
0

and, thus, E[i(t A 7y.)] < w(y,y) = 0. Hence, from Fatou’s lemma we have E[fir,,] = 0.
Therefore, P(1y, =0)=1landycl'. =

Let us recall the definition of the value function

u(x) :ZgggJ(w,v)=gg§%°’x’”=gg§E[g(X%f‘iJ”)Jr /0 "0, Y0, 200 ) ds |

In the following part of this section, we will show that w is 1/2-Hélder continuous. Before
doing this, we present two auxiliary lemmas.

Lemma 8 Under the assumptions (Hy) and (Hy), for any real-valued stopping time é, we

have ) )
E “Xg’x’v — Xg’x ’U\2e_259 <l|z -2, =z € RY veV,
where
J = sup {1 TT(U(x7 U) B O'(.’L'/7 U))(UE'Z; U) - U(‘T/7 U))* + (.’L’ B .’L'/) i (b(‘ra U/)2_ b(.il'/, ’U)) } )
z,x' R4 veV 2 "T - ’ ‘Z’ -z ’

Proof. We apply It6's formula to | X0™ — X0%'¥|2¢=255 hetween 0 and G At. It follows that
E |:‘X97x7v _ XQ?II7U‘26—25(9/\I€):|
ont ont
N , ’
= |z — 2| + E[ {Tr(a(X?’x’U, v) — o(X270 0))(o(X0%? v) — o( X0 )
0

+2(X7Q:xyv _ XT(‘)v"E,7U) . (b(X97m7v7 ’U) _ b(Xgﬁvlvv’ 'U)) _ 25|X97m7v _ ngm,7v|2}e—26Tdr:| .

Thus, from the definition of §, we have E [[Xg;i’v — Xgﬁ,’vlze_%(é“) < |z —2'|?, and letting

t — oo, we obtain from Fatou’s lemma and the continuity of X%%V in 1 that
E |:|X97$7U _ XQ,$I7U|26—25é:| < |l‘ _ l‘/|2
0 0 - ’

The proof is complete. m

Now we consider the function w introduced in the proof of Lemma [l Given y € 9D, we
let 7 € RN\ D be the element for which DN {z € R? : |j — 2| < p} = {y} (see (Hy)). For
2 € D and k > 0 we define as before w(z,y) := e #* —e=*le=il* | Let w(x) := infycop w(z,y),
r € D. Then w € WH*(D), w > 0 and w = 0 on dD. In particular, we have the following
lemma,

Lemma 9 We suppose (H1)-(Hs). We also assume that there exists a constant 0 such that
B2 —2a <0 <pandf < —2[5]T. Then there exists a constant pg > 0, such that

E[ee(Tzlyv/\T:c,U)/2 _ eGTz,u/2] < ﬂ”vw”“’x — x’\, xz, ¥ € D.
0



Proof. We observe that for § = 0, the lemma holds obviously. Now it is sufficient to consider
the case that § < —2[0]* and 6 < 0. Recall that w(z,y) := e *° — e %= 2 € D, k>0,
where g associated with y by (Hy). Similarly to the proof of Lemma [7] for any fixed 0, we
know that for k large enough, there exists a constant pg > 0, s.t.

—L(z,v)w(x,y) — gw(m,y) > g, for all z € D.

0,z,v

We apply 1t6’s formula to w(X i e y)e 0(sA72.0)/2 and take the conditional expectation. Then
tATz v 0 0 0
E[MO / € T/2d7" + w(Xt/\f"zzf'u ? y)e (t/\Tz’v)/2|‘FS/\Tz,v]
0
SN\Tz, v
—po [ (X )
0

tATz v 9
+E[/ (L(X2, 0. )w(XE% y) + =w(XO™, ) + p0)e2dr| Fsnr, ]

NTz,v 2

SN\Tz,v
Suo/ Py + w(XG5Y )l N2 > s
0
(7)

This means that g fotm””’” e 2dr + w(X?/\i:U,y) 0(tAT20)/2 ¢ > 0, is a supermartingale,
continuous and bounded on bounded time interval.
Recall that w(x) := infycpp w(z,y), x € D. Obviously, there is some Fiur, ,-measurable

random variable £, such that w(X? A y) = w(X by Arawr€). Then from () it follows

SN\Tz,v

SA\Tz,v
Mo/ 2y 4 (X0 ) B Te) /2
0

tATz v
> Eluo / I 2dr + w(XSEY, €I F ]
0

tATz, v
> ﬂw/ PP dr +w(Xp? ) TR F s ] P —as.
i , |

This shows that also g ngTz’“ e 2dr + w(X,? ,’\ﬁ;vv)ee(mﬁv”)/ 2t >0, is a supermartingale; it
is also continuous and bounded on bounded time interval. Therefore, from Doob’s optional
stopping theorem, it follows that, for x,2’ € D

tATz v
07 ’ x,v
E |:,u0/ 69T/2d7‘ + 'lU(Xt/\:f—:u)ee(t/\T /2 “B/\T 1 Nz
0
AT A Ta
- T a2y 0,0 AT )/2 £>0
< o e r 4+ w( tATy ,\TM) : , — a.s., > 0.
0

Taking the expectation on both sides and the limit as ¢ — oo (Recall that 7./, and 7, are
finite, P-a.s.), we get from the monotone convergence theorem

E[/LO/ ' e@r/2d,r,] < E[w(XOJCﬂ) )EG(TI/’U/\T%U)/ (XOLBU) 9717U/2].

Tzc’,v/\TfEﬂJ Tx,v
:c’,v/\TCD,U



Using the definition of 7, ,, we have w(XI5) = w(X?’g,E,’U) =0< w(XO’m,’U ). Thus,

Tx,v 2! v Tzly,u/\'f_xy/u

Tzly,u/\'f—x-y/u Tx,v

Elpo / T ] < B(X0,, ) ) 2 (X0

x’,v/\TzﬂJ

= Bl(w(X2", ) — w(XE )l T oA 2]

Tx’,v/\Tzv”

_ E[l{Tx/YUZszu}(w(Xowm ) o ’LU(X?—’?“U)66(7—1/7“/\7’0'“)/2]

Tac’,v/\TfEﬂJ z/ v

T ry y<m i (WX s, ) = (G )T 2]

Tx’,v/\TzﬂJ z/ v

07 ) 07 l7 6 2
= E[l{Txrw<Tz,u}(w(XT;i:/\Tz,u) - w(XTfo;)\Tz,u))e (Tat o/ \Ta0)/ ]

< EHw(XO,m,v ) — w(XO,:p/,v )|69(Tz/’v/\7'x’v)/2]

Tx/yv/\szu Tx/)v/\m,v

07 ’ 07 /7 6
é ||V’LU||OOE[|XT$7:/\TZW — XTx:’E,yXTz,u|e (Tz/’v/\Tx,v)/2:|’
where || - |00 := || - L= denotes the L>-norm over D. From Lemma B and § < —2[6]" we
h
ave E XO,x,v 0,z v O(Tyr yATz0)/2
H Tyl o NTzo Tz/’v/\Tx,v‘e ’ ' ]
0,2, 0,1/, 0 1z
S {EHXTxiE,z;U/\’Tz,'U - XTx‘;E,vj}\Tz,v|2e (Txl,UATx’v)]} S |x - ':LJ|'

Consequently, as 6 < 0, it follows 2%E[69(Tz’vvm’”'“)/2 —¥720/2] < ||Vwl|oo |z —2'|, from which
we obtain

0
E[ee(Tx/yv/\szu)/z i eGT’C'“/2] < ;—‘“kuoo‘x N x/"
Ho

]
Now we can give the following theorem to characterise the regularity of value function u(x).

Theorem 10 We suppose that the assumptions (Hi)-(Hs) are satisfied. We also assume
that g € W2>°(D) and there exists a constant 6 such that B? 20 <0< pandf < —2[6)".
Then there exists a constant C, such that for all z,x' € D, we have

[u(e) = u(e!)| < sup Y — V50| < Ol — |2
v

Proof. Applying Lemma [l and recalling ([l), we have

lu(z) — u(z")|? < sup |Y00’x’v - YOO’I,’UI2 <L + I,
veY

[ ’
where, for 82 — 2a < 0 < p, I := sup,eyp E |e%“v“g(X0’x’U) - eiTw’)vg(X%z,E;v)P] and

Tx,v

TCC’U\/Tx’,v ,

I2 = Sup C2_1E[/ eer‘f(XTQ7m7v7 YTO’:B’/U7 Zg’w’/L}’ UT) - f(Xg’x ’/U7 Y’;"()’:E’v? ZTQ7m7v7 UT)’2dT]'
veV 0

Since g € W2°°(D), using It&’s formula for Sobolev spaces (See, e.g. Chapter 2, Section 10

in Krylov [19]), it follows that (Notice that 6 # 0, since 6 < —2[6]™)

10



Il — SquevE [‘egm,vg(XO,x,v) N G%TII’UQ(X—E)’U;CIW)’z}

Tx,v 2! v

< supyey {35 [|edrg(XD1") — B oo g (X200 2]

T, Tzc,v/\Tz/7

+3E |:|6%Tx,’vg(X9;iE’lv7v) _ e%(’T:L‘,'U/\Tx/,U)g(XS;iBU/*Tz/’U)|2:|

T, w\Tyl 4 Ta, v\l o

+3E |:69(T,c,1,/\'rz/’v) |g(X0,x,v ) _ g(XO,m’,v )

x
<9 12 E L Q(T,m,/\TI/ )12
S 4SUPyey W ‘62 v ez ’ ’ SUPyey

_i_%E |:‘697':c,'u _ ee(Tz,v/\Tx/yu)‘] Supvev (”v‘q()0'(7U)HC2>O)

QT/ QTI»U T.,./
R (o8 — 8 2] sup, e (1£(, 0)g() + G902

B [ — L] | supey (199() (- v)]R)

(12,0 AT )| v 0,2, 0,2’ v 2 2
+3E [e sl X000 = Xp R PVl -
Recall that from Lemma [ we have
O(Tw, o NTr )| v 0,20 0,z' v 2 /12
Fe’\VTev/ Mgl v ‘XTJC»U/\TI/,U - XTJC»U/\TZ/W‘ < ‘.Z' — X ‘ .

. . 0 [4 .
Now we are going to estimate E|ez™v — e3(Tew/\o'w) |2 and E|efer — (720 o 0)| | Using

Lemma [, it’s not hard to obtain that there exist constants C > 0, independent of x,2’,v,
such that

E |:’eg7':c,v _ e%(T’”'“/\Tz”v)lz} < 2F |:‘e%’7—:c,'u _ eg(vav/\Tz/,u)‘] < C]a: i x/‘7

and

E |:’697—z,u _ e@(Tz,u/\’Tz/’v)’:| - B [‘e%m,v 4 eg(m’”/\q—w’,v)”e%m“ - e%(Tz,u/\Tx/’v)’

< 2E|eg”’” - e%(T’”'“/\Tx’»v)| < Clz —2'].
Finally, let us compute . For § < —2[6]", we denote ¢y := —2[6]T — 6 > 0. Then, using
Lemma [§ it follows
Tx,vVTxl’v ,

[2 _ Slelg C2_1E[/0 eGr’f(Xg,x,v7 Y;O,:z:,v7 Z7(n),:z:,v7 Ur) _ f(XB,:c ,1)7 Y;ﬂO,x,v7 ZTO,’I’U, Ur)’2d7‘]

v

T;CVUVTI/’U

<supuey G B[ DR X0
0

[e.9]
—12 —cor ,—2[8] T (rA(Tz,0 VT )| v 0,2, 302w 2
< SUPyecy C2 /8 E[/O € € v ’XT/\(Tz,u\/Tx/’v) XT/\(TZ,’UVT;-”U)’ dr]
00 2
<l|z - x’|202_152/ e dr < |z — a2,
0 2€0
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Therefore, there exists a constant C' > 0 such that, for all z,2’ € D,
lu(z) —u(2")| < Clz — x’]1/2.
]

Remark 11 Let us point out that we can follow the approach of [Z])] to show the reqularity of
u. However, the method of [24)] needs the boundedness of f, and translating this method to our
framework, we cannot show that u is Lipschitz continuous, but only 1/2-Hélder continuous.

4 Dynamic programming principle

In this section, we will establish the dynamic programming principle (DPP) for our stochastic
exit time optimal control problem. The main idea is to extend the stochastic backward
semigroup introduced by Peng [35] to BSDEs with random terminal time.

For (z,v) € R? x V, we recall SDE (@) and the definition of the exit time 7., (see (@)).
Then, for a given stopping time © and a real valued JF,,  ,re-measurable random variable 7
satisfying E[et™=|n|?] < 400, we know from Lemma [ that the following BSDE

5 Te,w\NO 5 5 TewANO
Y;O,mw =7 +/ f(S,Xg’x’v, Y;O,:c,v’ Zg,:c,v’,us)ds o / Zg,x,vst’ t> 0’
tATz,w NO tATz, v NO
has a unique solution (Y%%v Z0.x:v) ¢ M,f(O,Tm, A O;R) x M,f(O,Tm, A ©;R™). Moreover,
this solution belongs to Mi(O, Tew N O;R) X ME(O, Tzo A O;R™) and we also have

E[ sup e,u3|?80,x,v|2] < 00.
0<s< 72, vNO

0,z,v Y

We define the backward semigroup by setting G g ] = YSOA’ifU, and for simplicity we

denote G(T)a’ff/’\@[n] = }700’:”’1’. Then obviously, for the solution (V%% Z%%.v) of BSDE (@), we
have
Yot = QLR lg(XLNN)] =GR e[V thg) = GR o [Ye ™, (8)

since Y20V = YO Now we give the main result of this section.
T, v NO €]

Theorem 12 We suppose (Hy)-(Hs) are satisfied. We also assume that g € W*°(D) and
the existence of a constant § such that 8? —2a < 6 < p and 0 < —2[8]*. Then, for any
stopping time © such that EeM® < oo, we have

u(z) = inf Ggfv’z/)\@ [u(XO’x’v )].

veY Tz,vNO
(Recall that u(z) := glellf; Y see [@)).

Proof. The theorem can be obtained directly from the following Lemmas [[H] and [

To state the Lemmas [[5] and [[6 we have first to establish two results. For this end, for
a given stopping time O, we define the time-shift operator mg : 2 — €,

To(w)s == w(O(w) + s) —w(Ow)), we N

12



(Recall that Q = Cp(R.;R™)). We also introduce the filtration 79 := o{B® := Bg,, —
Be, 0 <r <s}VNp, s>0, and we denote by Vg := Lof@(O, +00; V') the set of all V-valued
{]:S@ }-progressively measurable processes. Then we have, with the identification of drdP-a.e.
coinciding processes,

Vo = V(o) := {v(me), v € V}. (9)
Indeed, on the one hand, for any v € Vg, there exists a non-anticipating measurable function
U: Ry x Co(Ry;R™) — V, such that v, = v(r, B®), drdP-a.e. Let ¢, := v(r, B), r > 0. Then
v €V and 9(mg) = (-, B®) = v, drdP-a.e. Thus, with the identification of control processes
which coincides drdP-a.e., we have Vg C V(mg). On the other hand, for all v € V, there exists
a non-anticipating measurable function v : Ry x Cy(R;R™) — V, such that v, = v(r, B),
drdP-a.e., and v(mg) = v(-, B®) € Vo. This means that Vo O V(ng). Therefore, @) is
proved.

Lemma 13 Under the assumptions (Hy)-(Hs), for a given stopping time © such that Eet® <
oo and for any € € L?(Feo,D) and v €V, we consider

t t
XO&w _ ¢ /@ B(XOEY u,)ds + /@ o(XOEY v )dB,, t> O, (10)

and we define 7o ¢, = inf{t > O : Xt@’g’v ¢ D}. Then we have, for € =x € D,

u(z) = ;Iel)f; Y = essin Ueng’x’v, P-a.s., z €D,

where (Y®&v, 2984V s the solution of the following BSDE, fort > ©,

TO,¢,v TO,¢,v
}/1567577‘) — g(X®7£7U) + / f(X?7§7v, Y;@vgvv’ Z?vgvv’ Us)ds _ / Z?vgvvst‘ (11)
t

TO,¢,v
¢ AUCR¥ tATO ¢ v

We will cite (I0) and (I1) as SDE and BSDE with initial data (O, &), respectively.

Proof. Applying an argument similar to that for Lemma [7 and using Eet® < oo, one can
show that Fet™®.2v < oo. Then following the proof of Theorem Bl we can show that }@G’x’v
is well defined.

Step 1: Let us first show that, for v € V,

x,v x,v x,v ,x,v(') ,m,ve ,x,v@
(X0 Yoz (rg) = (X Oy O Z@mTy >, (12)

where (X,f@)’x’ve , Yt(@)’x’ve, Z,f@)’x’ve) is the unique solution of SDE (2] and BSDE ({]) driven
by B® with control v® = v(7g), i.e.

t t
x @ _ gy / b(X(©= 1) ds + / (X017 o2)dBY,
0 0

T(©),z,v
Y;(®)7I7U® — g(X(Q),m,ve) + / f(XS(G),:c,v@ ’ Y;(@),:c,v(a’ Zg@),x,vg , U?)dS
t

T(©),z,v
AT(©),,v

T(©),z,v
- / A : S}
t

AT(@),z,v

13



o —
where 7g) ;0 = inf{t > 0 : X,f@)’x’v ¢ D}. Indeed, as aforementioned, for any given
v € V), there exists a non-anticipating measurable function v : Ry x Co(R;R™) — V
such that v = (-, B), ds x dP-a.e. Then comparing both (X", Y,*" Z2*")(re) and

© (] ©
(Xt(@)’w’v ,Yt(®)’m’v ,Zt(@)’x’v ), we obtain ([I2]) easily from the uniqueness of the solution to

above system of equations. Related with, we get
T(©),2,0® = (TI,U)(WQ)' (13)

Step 2: We recall that we work on the classical Wiener space (€2, F,P), where Q :=
Co(Ry;R™), P is Wiener measure and F := B(Q2) VANp. Then a given stopping time © : ) —
R, defines the following canonical decomposition:

(Q7F7 ]P)) = (9/7 fl? ]:P)/) ® (Q//7 ‘F//7]P)//)7

where ' = Q" = Q, P/ := P, (Bro denotes the stopped Brownian motion Birg =
wt AOWw)), w e Q), P’ := Pgo =P, F' = B(Q) VNp and F" = B(Q) V Npr. For
w e Q, we have w = (W', w") € Q' @ Q" where W' (s) = wro(s) = w(s A O(w)) and W”’(s) =
w(OWw) + s) — w(O(w)), s > 0. This leads for (W', w") € @ ® Q" to the identification
w(s) =w'(s)+w((s—OW)T), s > 0.

Recalling now that v = v(+, B), we set

0 (s,w") = (s + O(W), ', "), w=(w,u").

We observe that, for all w’ € €/, 9% is a measurable, non-anticipating function over R x €.
This has, in particular, as consequence that o (-, B) € V.
We claim that for P’-almost all w’ € Q, P-a.s.

v (S] ,x,ﬁ“’/ .,B® O,m,f)‘*’l B
XSTU (W) = X O OBR) — (x e OBy (g ), > 0. (14)

Indeed, recall that

X®,$,U _ Ot b X@,x,v ot O,z,v
oy — T+ o (XY, vg)ds + . o(X ", vg)dBs.

Then using 0 (s, B®(w)) = (s +O(w'),w’, B®(w)), we have for P/-almost all o’ € ', P-a.s.,

XG5, ) =+t ( / " @ i, B))ds) W)+ ( / 7 (X050, B))st> (),

(C] S}

t t
=x+ / b(ngsvv(w/, .), {;w’(s, B@))ds + / O'(ngsvv(w/’ .), {;w’(s, B@))dB?,
0 0

t > 0. From the uniqueness of the solution we get

Xg)ft’v(w', ) = Xt(®),:c7ﬁ“’ (.B%) >0 P-a.s., P'(dv)-a.s.

Then (I4)) is obtained by combining the above equation with (I2)).

14



We emphasise that, from above discussion, we know that for any stopping time 7, it
follows that

Xghh (W, ) = X©wt :B°) Pg.s., P(dw)-a.s. (15)

Moreover, for P’-almost all ' € ', P-a.s.
7020w ) = (Tm,ﬁw’(,B))(W@(w’)) +OW) = T(©),z,0<'(-,B®) T o(w). (16)
Indeed
Towe(w',") = inf{t >0 : X7"" ¢ DH',) = inf{t > 0: X5 (', -) ¢ D} + O(W),

and using (I3) and ([I4]), we obtain P’ (dw’)-a.s., P-a.s.,

Toun(w, ) =nt{t >0: X" 0P ¢ D (rep) + O)
= (T,00(,3)) (TO(W1)) + O(W)
= T(©),z,0'(,B®) T o(w').

Step 3: In this step we prove that P'(dw’)-a.s., P-a.s.,

67 ) 97 7Aw, '7B(_) 07 7Aw, '7B
YEE (W, = YO LBy 0m bBhy g ), t >0,

Using([I3]) and (I6]), the equation

TO,z,v TO,z,v
@,I,’U — ” 97 ’ 97 ) 97 ’ o 97 ’ 97 ’
Y@+t - / f(Xs IU7Y:9 xvvzs xvvvs)ds_/ Zs xvdBS_‘_g(X'r@i’i)?
(@-i—t)/\T@,z’v (@—I—t)/\T@,z’v

t > 0, takes the form

T ’

S (©),,0% (-, BO) 5’ (. BO®) «,0 o o

Yoii'(W) = / FXOm07 OB YO (o ), 251 (W), 6 (s, BO))ds
tAT

(©),z,0¢' (-,BO)

T xy/ﬁw/ ., @ o "LL)/ . (=
_/ ST 2 (W B + g(X @ LB >,

@—‘rs T ! Ie)
(©),z,0%' (-,BO)
INT (6 0 (-, 89)

P-a.s., P'(dw')-a.s., and the uniqueness of the solution yields that

Ygﬁ’v(w’, D) = Y;(G)’x’ﬁw ("B@), P-a.s., P'(dw')-a.s.

Finally, (I2) allows to conclude. Remark that in particular, for ¢ = 0, we have
0,z,v ©),z,0%' (-,B® 0,z,0%'(-.B
Yo (w') = YOt O = (e OBy (g ), P (dw)-as. (17)

(Recall that Y®® ¥ is Fo-measurable).
Step 4: Finally, we have

u(z) = %Ié£ A essinfveng’x’v, P-a.s.
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Indeed, let v € V. Then due to (IT), Yg’x’v(w’) = Yoo’x:ﬁw -B) (To(w), P'(dw')-a.s. Recalling
that 0 (-,B) € V, o' € @, and u(z) as well as Yoo’x’v, v € V, are deterministic, it follows
that )

Yg’x’v(w) = Yg’x’v(w') > essinfﬁev(Yoo’x’v)(ﬂ@(w/)) =u(z), P(dw)-a.s.

i.e., for the essential infimum under the probability P,
essinfveng’x’v > u(x), P-a.s. (18)

On the other hand, let ¢ > 0 and v € V be such that Yoo’m’v < u(x)+e (Recall that Yoo’m’v
is deterministic). Then, for ¥ which is a measurable, non-anticipating function on Ry x Q
such that v = v(+, B), drdP-a.e., using (7)) we have

u(@) + e > Y20 = (V) 0P (o) = YEOU(W),  P(dw)-as.

and hence, for w = (w',w"), P(dw)-a.s. Here, v € V is defined as follows: for some arbitrarily
fixed vg € V, for w = (', w"),

vo, s €[0,0(w)],
v(s,w) = v(s,w’,w") = )

(s — OW),w") =0(s — O(W'), B (w)), se[0W),o0).
Consequently, with respect to the essinf under P,

u(z) +e > essinfveng’x’v, P-a.s.,
and taking into account the arbitrariness of € > 0, we obtain

u(z) > essinfveng’x’U, P-a.s.

Combined with (I8]), this yields the relation we had to show. m

Lemma 14 Under the assumptions of Theorem[I3, let © be a stopping time with Eet® < oo
and & € L?(Fo;R?Y). Then, for allv € V, we have

w(€) <YSHY, P-as. (19)
Conwversely, for all € > 0, there exists v* € V, such that
w(E) +e> Y8 Pas. (20)
Proof. Let &, ¢ € L?(Fo;R?%). Then with the notations introduced in the proof of Theorem
M3 we have £(w) = £(w') and &' (w) = €'(W'), for w = (W', W") € Q'@ Q". Therefore, for Y&V
and Y9£'¢ defined in Lemma [[3 similarly to (I7) we see that
0,6 0).6(w'),5* (-,B® 0,6(w'),5¢ (-,B
e & (W) = YO( )E(w"),04 (-, B®) _ Y, §(w"), 04 ( )(WG(w’))7 P (do)-a.s.,

and

YW = Yy ENTCED _yDEDI B g ), P (A )-as.

16



Then, for all v € V, P'(dw’)-a.s.,

[CREY 0. v
Yg : (W) =Yg : (w')

N ‘ <Y007§(w,)7ﬁw 6B Yoofl(w,)’ﬁw (.7B)> (W@(w'))‘

_ Yoo,aw’),ﬁ“(nB) - Yoo,s'(w’m“(-,B)

where we used the fact that for fixed ' € Yoo,g(w'),@w “B) and YOO’EI(“/)’{}w CB) are deter-
ministic. On the other hand, from Theorem [I0] it follows

‘%o,aw'm“(-ﬁ) _ YR CB) < ole(w) — €W,

for a constant C' independent of w’ € €. Consequently, for all £, ¢ € L?(Fo;R?) and v € V,

hﬁﬁbwﬁﬂvgcﬁ—éwa P-a.s.

Thus, in order to prove ([I9), we only need to show that u(§) < Y®® ,5,1;7 P-a.s., for all &
taking the form £ = "7, 14,2;, where {4,}2°, is a partition of (Q, Fg) and z; € R?, i > 1.
Following the argument of Peng [35], the uniqueness of the solution of SDE and BSDE with
initial data (0©,¢) yields

[e.9]
67570 . @,ZBi,U
Yo = E 14,Yg .
i=1

From Lemma [[3 we know u(z) = essinfveng’x’v, z € R?. Hence,

[e.9] oo o0
W@ =u(Y law) =Y lau(e) <Y 14 Y™ =Yg, Pas.
1=1 1=1 i=1

We have proved ([[3). Now let us show 20). For ¢ € L?*(Fo;R?) we construct the random
variable 1) := Y% 14,7; € L*(Fo;R%), where {4;}5°, is a partition of (2, Fg) and z; € R,

1> 1 s.t. ) )
IS
_ < (Z

where C' is the constant as in Theorem [[0l Then, from the 1/2-Holder continuity of u(x) and
YS! w.rt. 2 we have

u(§) —u(n)] <

6 97 b 97 K 6

5 Y& -Yg <3 as. (21)
From Lemma 3 we know u(z) = essinfveng’x’v, P-a.s. Thus, for every i > 1, there
exist a sequence {v"/};>; C V such that u(z;) = inf;> Yg’x“vw, P-a.s. We define T'; ; :=
{u(a:) +§ > Y} € Fo, j > 1. Then Ty := Ty, Tyj = Dy \ U Ty, j > 2, is a
partition of (Q, Fg). Let v"¢ := 2]21 Ir, ;o € V. Then, following again Peng’s argument
[35], we have Yg’xi’vl’s =2 ;>11r Yg’mi’vw. Thus

0,0 O,z;,vI
Y@ ¢ = Z 1Fi,jY® ¢ < Z 1pmu(xi) +
i>1 i>1

=u(z;) + -, P-a.s.

Wl M
Wl M
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Consequently, if we put v° = o 1,0 = D1 2]21 1Ampiiji’j € V, then we have
S0 14, YT = Y™ (see, e.g. [35]), and from above inequality combined with (ZI)

it follows - -
u(€) >u(n) —§5=u(X 2 lazi) —§ =270 lau(zi) — §

0 0,z;,v"¢ € £ _ oo 0,z;,v"¢ 2e
= > e 1a,(Yg —3)—3=2it11aYs -3
— 677771}5 2e ®7§7v5 g 2 __ ®7§7v5
=Yg —3 2Ys 3 =Yg

3
Therefore, we have found a v® € V, such that (20) holds. =

Under the assumption of Theorem [I2] we have the following both lemmas concerning the
sub- and super-dynamic programming principle.

—¢, P-a.s.

Lemma 15 Let © be a stopping time with Eet® < co. Then, u(z) > ;Iel\f) Gox elu (ngvi/)\@)]

Proof. Recalling the definition of our value function and that of the backward semigroup
(see (@) and (8)), we obtain

_ 0,z,v __ 0,x,v 0,z,0\] — 0,x,v Oxv
u() = inf ¥y = inf G20 [g(X20)] = Inf G2 g [V Re -
From the uniqueness of the solution of the SDE and the BSDE with initial data (7, A
0,X va’i/’\@) combined with Lemma [[4] (I9) we get

Te,wNO, x0mv

e 0N (X(T)zxvz(a) P-a.s.

0,z,v
Te u/\@ T, v NO

Finally, the comparison theorem for BSDEs (see Lemma [6) yields

T,“,/\@Xoxv

ERRNCTL ] > inf GOZ v/\@[ (XOwU )]

0,
u(x) = inf GO inf R

ey T 7J/\®[ T, v NO

Lemma 16 Under the same assumption as in Lemma I3 we have

u(x) < inf G276 [u(X776)]

Proof. From Lemma 4] [20), we know that, for arbitrary e > 0, there exists v® € V such
that

v
Tz 'u/\()7

02,0 Te,wN\O, x0
(XT U/\®) = YTz,u/\Q

Then from the comparison theorem for BSDEs it follows that

0.z,
Tz,v/\G,XT;UI;\@,UE
Tz, v/\®[ Tz, v NO

. 0,z,v OZEU 0
sl > — .

With the help of Lemma [B] and the definition of backward semigroup we deduce that there
exists a constant C' independent of € s.t.

6 6
Tz U/\()7 0,z,v ERUCH XTZ NG
—el > ;Iel)ijTz nelYr, he ] - Ce.

Te,wN\O, x0
inf G276, e
UEV x,v x,v

18



One the other hand, as already indicated in the proof of Lemma [I5],

Tz, wA\O, XO “ UAO,U]
)

0, 0, 0
u(z) = ;gf)G MA@[Y xXG)] = mf GTfUUA@[ Ta w0 AO

so we have that, by combining the above estimates,

Txu/\@Xoxv ve

inf GV [ (ng’wﬂ@)] > inf GO V) — Ce > u(z) — Ce.

Py, sz/\@ Py, Tzu/\®[ T, v NO

Finally, since ¢ is arbitrary, the proof is completed. m

Remark that the Lemmas [[3] and [I6] just prove Theorem

5 Generalized HJB equation with Dirichlet boundary

In this section we consider the following generalized Hamilton-Jacobi-Bellman equation with
Dirichlet boundary:

;g‘f; {L(z,v)u(z) + f(z,u(z), Vu(z)o(z,v),v)} =0, =x€ D, )
u(x) =g(x), z€0D,

where D is the bounded domain in R?, and V is the compact metric space in R¥, introduced
in Section 2. For v € C?(D) and (z,v) € D x V, we have put

d

Z(Ug*), (z, 8332(9%] —i—Zb (x,v) 8:5

i,j=1 i=1

L(z,v)u(x) =

N =

7

and we suppose that the coefficients b, and f satisfy the assumptions (H7)-(Hs) and that
g€ C(D).

First, let us recall the definition of a viscosity solution of (22]); see Crandall, Ishii and
Lions [7] for more details.

Definition 17 (i) A continuous function u : D — R is called a viscosity subsolution of (23),
if u(z) < g(x), for all x € OD, and if, for any p € C*(D) and any local mazimum point x of
u — @, it holds that

;g‘f; {L(x,v)¢(x) + f(z,u(x), Vo(r)o(x,v),v)} >0, =€ D\aID.

(i1) The function u is called a viscosity supersolution of (22), if u(z) > g(z), for all x € D,
and if, for any ¢ € C%(D) and any local minimum point x of u — @, we have

;Iel‘f; {L(z,v)p(x) + f(z,u(z), Vo(x)o(x,v),v)} <0, x€D\aD.

(iii) The function u is said to be a viscosity solution of (22), if it is both a viscosity subsolution
and a viscosity supersolution of (22).
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Remark 18 Standard arguments show that it is sufficient to consider test functions in Def-
inition [T7 which belong to C3(D), see for instance [23] Remark 1.9 or [15] Proposition 2.2.5.

In this section we assume that

(Hg) f(x,y,z,v) is Lipschitz continuous w.r.t. y, uniformly on (x,z,v), i.e. there exists a

constants L > 0, such that, for all (z,z,v) € D x R™ x V, y1,y2 € R,
|f(3§‘,y1,Z,U) - f($,y2,z,v)| < f/|y1 _y2|

We would like to show that the value function u(x) (see (@) of our stochastic exit time
optimal control problem introduced in Section 2 is the viscosity solution of (22)). Motivated
by the BSDE approach of Peng [35], we first give several auxiliary lemmas. First, for arbitrary
but fixed p € C3(D), we set

F(x,y,z,v) := L(z,v)p(x) + f(z,y + p(x), 2 + Vo(x)o(z,v),v),

(z,y,2,v) € R x R x R™ x V. Recalling that X%®? is the solution of SDE () and the
stochastic exit time 7, is defined in (B]), we consider the following BSDE with random
terminal time 7, , A €, for an arbitrary but fixed 0 <e < 1:

Yl;O,x,v;s —0.

Tx,v/\E

1;0 ; 0 1;0 ; 1;0 ; 1;0 ;
{ _d}/sx »L,V3€ — F(stxvv’}/sv 71‘71)78, st 7x7v7€’vs)d8 _ st 71‘7”78st’ 0 S s é T,:U,’U A 6,

(23)

Lemma 19 Under the assumptions (Hy)-(Hg), BSDE (23) has a unique solution (Y 50%:vi,

ZE0veE) ¢ M,%(O,Txﬂ) Ne; R) x M,%(O,Txﬂ) Ne;R™). The solution also belongs to Mg(O,Txﬂ) A

g;R) x Mﬁ(O,TLv Ae;R™) and satisfies E[  sup e“5|}@1;0’x’v;5|2] < 0o. Moreover, we have
0<s<Ty w/\E

1;07 k) ; 07 k) 07 k) 07 k)
sz/\'rjjvai = Gs,fg:q,/\a [(ID(XT;CU,[/)\E)] - @(Xs/\airzvl\a)a s 20, P-a.s. (24)

Proof. It is direct to verify that F'( 2’“, Yy, z,v) and 7, , A€ satisfy the conditions of Lemma
Al So we know that BSDE (23)) has a unique solution (Y 1:0:®:vie z1i0@vie) ¢ Mg (0, 7z wAE; R) X
M,f(O, Tz N E;R™). Moreover, the solution belongs to Mi(O, Tz NE;R) X Mi (0,720 Ae; R™)

. 1;0,2,v;
and satisfies B[ sup |V 0" ?] < o0,
0<s<Te v /e

It remains to show (24]). We recall that GS:Z:;UU/\E [gp(XBfU’})\a)] = ﬁ?fﬁa, where (Y #0:@:vie,
7#:0:2::€) ig the solution of the following BSDE
»;0,z,vE 0,2,0 v 9;0,z,vie p;0,x,05E ;0,z,v;e
{ —dY; = f(Xs, Y5 VA ,Us)ds — Z4 dBs, 0<s< 7A€,

p;0,x,v5 0,z,v
YTZ,U/\s - SD(XTI,H/\E)'

Therefore, we only need to show that j{%’f’cj/)\f —p(Xx? Ay one) = }gﬁ?;"jﬁi?a. But this relation
holds true, it can be verified easily by applying It6’s formula to @(Xg’x’v) and by considering
that at terminal time 7, , A €, Yﬁiffgv;a — o Sﬁ;xj/’\a) =0= Yéﬂ’fﬁf;a. [
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Lemma 20 For the solution (Y20:5:vi€ 7202.v:€) of the following simple BSDE

_dYs2;0,x,v;€ _ F($, sz2;0,m,v;e’ Zg;O,x,v;s’vs)dS o Zg;O,m,v;est’ 0 <s< e A e,
2;0,x,v;e (25)
Y’rz,v/\a = 07
there exists a constant C independent of v, € and © € D, such that
‘Yvol;O,x,v;a . Y02;0,x,v;a’ < CE%, (26)
and
Tz, w/\E ) ) ) ) 3
B [/ (|Ys2,0,ac,v,€| + |Zs2,0,x,v,€|) ds} < Cez. (27)
0

Proof. Let us first show (26). As b and o are bounded over D x V, we have for all € > 0,
veEV,z €D andp>2,

t P
E | sup |Xl?’x’v—:17|p < 27 'E | sup /b(XS’m’”,vs)ds
te[0,e] te(0,e] 1/0
t . P (28)
+2P~1E | sup /U(Xs’x’”,vs)st
te[0,e] 1J/0
< CpePl?.

Now, we apply Lemma [5 to the BSDEs (23] and (25]). Then for all § € (3% — 2a, 1] and for
some constant C' independent of v and &,

T, v/\E
E |:/0 698 (D/sl;O,:c,v;a o Y;2;O,x,v;a|2 + |Z81;0,x,v;a o Z82;0,x,v;a|2) dS]
Tx,v/\E
< CE |:/ GQSIF(XS’I’U, ~YS2;0,90,1);67 Zg;O,x,v;ayvs) o F(x,}/f?o’x’”;a, Zf?o’x’”ﬁ,vs)\zds} )
0

As we know from Lemma [T that there is a positive p > 0, we can take a positive 6 in above
inequality. Moreover, from the assumptions (H;), (H3) and (Hg), we have

|F(Xg],x,v’ sz2;0,m,v;e’ ZS2;0,x,U;€’ Us) o F(ﬂj‘, sz2;0,x,v;€’ Zs2;0,m,v;€’ 'Us)|
C(1+ [z)(|X™Y — 2] + |X$™Y — 2P?)

C(XI™ — | + X" —af?), 0< s < Ty

IN

IN

(Recall that D is bounded). Therefore,

Tx,v/\E
E [/0 (|Y;1;0,:c,v;a . }/82;0,x,v;5|2 + |Zsl;0,:c,v;a . Z£2;0,:c,v;a|2) ds

< (Ceet*FE
te(0,e]

sup (| XY — zf? 4+ | X200 — x\4)] < Ceele(e + &2).
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Consequently, recalling that both YOI;O’:E’U;€ and YOZO’:E’U;€ are deterministic, we have

‘Yvol;O,m,v;e - Yv02;0,m,v;e‘ _ ‘E [Yvol;o,m,v;e - Y02;0,x,v;5]

T, v/\E
— ‘E |:/0 (F(Xé),m,v’ }/slgo,x,v;s’ Zsl;O,m,v;e’ 'Us) _ F($, sz2;0,m,v;e’ Zs2;0,x,v;€’ US))dS]
Tx,v/\E
<CE [/0 (1X2%Y — g + | X" — zf?) ds]

Tz, v/\E
er Uo ([yomve — y2omwe| 4 |zl0zme _ g20aoe)) dé}

1

1 7'1-,1;/\8 2
+ E) + Cez2 {E [/0 (‘}/;1;0,96,1);6 _ YS2;0,I,U;6’2 + ’Z;;O,x,v;a _ Zg;O,x,v;aP) ds] }

[NIES

IN

Ce(e
Ces.

IN

Now we are going to prove (7). For this end, we apply It6’s formula to |Y&%*"¢|2. Recalling

that F(z,-,-,v) has a linear growth in (y, z), uniformly in (x,v) € D x V, we obtain

20 ) T, v/\E
BV [ g0 ar
Tz, /\S
T, v/\E
— 9E / YT2;0,QU,U;€F($7}/;2;0,32,11;57 Z?;O,m,v;ejvs)dr
Tz, 0/\S
Tz, w/\E
S 20E / |Y;2;O,x,v;€| (1 + |}/r2;0,x,v;€| + |Z3;O,x,v;€|) dr
Tz, 0/\S
Tz, v/\E T, v/\E
< CElru/A(e—s)]+CE / Y5050 2 dr | 4+ 1B / | ZE0E P dy
Tz, v/\S Tz, /\S
Tx,v/\E 1 Tz, /\E
< Ce+CE / ’YT2;O,x,v;a’2dT+ _/ ‘ZE;O,x,v;anr )
Tz,v/\S 2 Tz, /\S

Thus, there exists a constant C' independent of ¢, such that for all s € [0, €],

2.0 Tz, w/\E 20 9
; 7:’07’0;E 2 1 7‘r7v;€
R A R
Tz, v/\S
Tz, v /\E € 20
< Ce+CE / [y ZE02ve 2dr | < Ce+ CE { / Y H’X’fﬂzdr} ,
Tz, /\S s

and the Gronwall inequality yields

K

2:0 ) Tz, w/\E
Y on e + / | 202 Pdr | < Ce.
Tx

Tz
w/\S
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Then, from (28]

Y2;0,x,v;€
Tz, /\S

2|

| <»

Tx,v/\E
/ |F(l‘, }/7“2;0,90,1);&’ ZE;O,SC,’U;E’ vr)|dr
.

z,v/\S

<CFE

Tz, w/\E
/ (1 + ’YT2;O,:c,v;a‘ + ‘ZT?;O,:c,v;aD d?‘] <(Ce, sE€ [O,E].
-

z,v/\S

On the other hand, we obtain from the latter estimates

Tx,v/\E Tx,v/\E 2
E |:/ ’ZE,O,x,v,anT} — E / ZE,O,Z‘,U,adBT
0 0

IN

7-1',11/\8 ) | |
2e |:/ ‘F(m, Y;Q;O,x,v;a, ZE?OJ/‘W;E, Ur)| d7’1| + 2‘}/02,0,95,1;75’2
0

IN

Tz, w/\E
CEE |:/ (1 + ’YE;O:%UEI + ‘23307171};6‘)2 dT:| + 2062 S 062.
0

Therefore,

Nl

Tz, w/\E To,v/\E
E/ (|Ys2;0,:v,v;€| + |Zs2;07m7v;€|) ds < Ce? + 6% {E |:/ |Z3;0,x,v;€|2d,r,:| } < Ce.
0 0

Now we define
Fo(z,y,z) := inf F(x,y,z,0).
veV

With (H;)-(Hg) we can check that F(x,y, z,v) is Lipschitz continuous in z,y, z, uniformly
w.r.t. v (we denote the Lipschitz constant by Lg). Moreover, for arbitrary v € V,

F(z,y,z,v) > F(x,0,0,v) — Loly| — Lo|z|
> 32‘f/F(x,O,O,U) — Loly| — Lol#|
= Fp(2,0,0) — Loly| — Lo|z|-
Let us consider the following BSDE
— Y30 = <F0(x, 0,0) — Lo|y30=?| — Loyzg”%ovx’”\) ds — Z59"UdB,, 0< s < TpuAe,

3;0,z,
Y’rz,v/fav =0.
(29)
By setting Y200 = 0, 220"V = 0, for s € (720 A€, €], we have that (29) is equivalent to the

following BSDE
_dy's3§0,$ﬂ} — 1{SS7—Z’U/\€} <F0($, 0,0) o LO|YV33;O7:E7U| o LQ|z§§O,$,U|> dS _ ZL?;O,-'E,UdBS’ s € [0,5],

Y3;0,m,v -0
- =0.

(30)
We need the following lemma
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Lemma 21 Under the assumptions (Hy)-(Hg) we have
y30ew < y2Omve  for all s € (0,750 Ag], v €V, P-a.s. (31)
Moreover, for x € D\ D, there exists a constant C' independent of ¢ and v such that
|Y03;0,:c,v B Y04;0,x| < C’sg, (32)
where Y50 s the solution of the following ordinary differential equation

Yo (Fo(a;, 0,0) — Lo\n”‘?ovx\) ds, sel0,e,
(33)
Yv€4;0,x — 0.

Proof. Comparing 25) and 29]) and using Fy(x,0,0) — Loly| — Lo|z| < F(z,y, z,v), for all
v € V, Lemma [A] yields (BI]). To complete the proof, it remains to show (32).
First, one can check that the solution of (33]) is given by

4:0 LLOFO(‘Ta()?O)(l _e_LO(E_S))7 FO(‘Taoyo) 207 s € [07‘5]7 ( )
Yg; [ — 34
=Fo(2,0,0) (k0= — 1), Fy(2,0,0) <0, s€[0,e].
Obviously, |Y:"%| < C(e — s) < Ce, s € [0,£], and

| Fo(2,0,0) — Lo Y50 = (Fo(x,o, 0)eloE=s)| < celoE=) < ¢, sel0,e]l. (35

By applying It6’s formula to |[Y25%"Y — Y59 |2 we deduce from @0) and (@3), that
15
E |:’ng3;0,x,v - sz4;0,x’2 + / ’Z;};O,x,deT’fs]
S

Tz, v/\E
= —2rgn | [T ey a0 o) - s 1 2200 ar 7
s

+2F

15
/ Y40 By (,0,0) — Lom*ovﬂ)drrfs]
T, v/\E

€ €
< 2(L0 + Lg)E |:/ |Y'T3;075E7v o }/;4;07I|2dr|‘7_-s:| + %E |:/ |Z§§0,$,U|2dr|]_—s:| + 20252.
S S
Thus, there exists a constant C independent of € and v, such that
15
E [|Ys3;07$7v o Ys4;079ﬂ|2|]:s} + %E [/ |Z§;O,x,v|2dr|fs]
S
>
< 2(Lo+ L§)E U |y, 30wy — YTA‘?va|2dr|}'s] + Ce?,
S
and the Gronwall inequality yields

€
E |:|}/83;0,:c,v o }/84;0,x|2 +/ |Z§;O,x,v|2d,r,|}-s:| < 062, = [0,6].
s
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Consequently, Y20 — V5% < Ce, s € [0,¢], and

£
E [/ ]Z,?’;O’x’vpdr} < Ce?.
0

Using the equations (B0) and (B3) again, and recalling (35]), we have

3;0,z, 4;0, 3;0,z, 4;0,

Tz, w/\E
< pop | [T qvEon - v 220 | 4
0

€
/ |Fo(,0,0) — Lo|Y*0%||dr
Tr.v/\E

€ 1/2
sup |Ys3;0,:v,v _ Ys4;0,:v| + Ces {E [/ |Z§;O,x,v|2dr] } + CEJe — e ATy
0

s€[0,¢]

< (CeFE

< CE% + CEE[l{Tx,vga}]-

Noticing that for x € D\ dD we can assume that there exist a §y > 0, such that dist(x,dD) >
0o > 0, then from (28)), we have, uniformly in v € V,

Ellr, ,<ey] = P(120 <€) <P( sup |X0%v — ] > §g) < 4E sup [X0%Y — x|t < O
T s€[0,e] ‘50’ s€[0,¢]

30901)_ 4090

Consequently, |Y | < Ces. m

Remark 22 For z € 9D, we don’t have (33). Indeed, as proved in Lemma[7, under assump-
tion (Hy),
0D =T :={x€ 0D :P(ry, >0) =0}, forallveV.

Consequently, T, = 0, (Y3020 73020y — (0,0), s € [0,¢], while Y0 = %Fo(m,O, 0)(1 —
e~Lo(E=9)) if Fy(2,0,0) > 0 and Y7 = L Fy(2,0,0)(el0E=2) — 1), if Fy(x,0,0) < 0,
s €[0,¢] (see (34)).

Now we can give one of the main results of this section.

Theorem 23 We suppose that the assumptions (Hy)-(Hg) are satisfied. We also assume
that g € W2>°(D) and there exists a constant 6 such that % — 2a < 0 < p and 6 < —2[5]T
Then the value function defined by (A) is a viscosity supersolution of (22).

Proof. Let us first check that u(z) > g(x), for x € 9D. Indeed, we have u(x) = g(z). This
is because for € D, from above remark, we have 7., = 0, for all v € V. Then, from the
definition of the value function and the solution of the BSDE ({), we have u(z) = g(z).

Now we suppose that ¢ € C3(D) and u — ¢ achieves a local minimum (w.l.o.g. we can
assume it to be a global one) at x € D\ dD. Then we have 7., > 0, a.s. We may also
suppose that u(z) = ¢(z), and hence u(z) > (), for all Z € D. Then, given an arbitrary
e > 0, by the dynamic programming principle (see Theorem [I2]) it holds

plr) =ulw) = inf G270 (X270,
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and from the comparison theorem for BSDEs (see Lemma[B]) and u > ¢ on D we have

. 0,z,v 0,z,v . 0,z,v 0,z,v
inf (GO [p (X070 = ela)) < inf GRT (X250 = () = 0.

Hence, from Lemma [I9 it follows that in£ Yol;o’m’v;e < 0, and we can find ¥(-) € V depending
ve

. It 3
on & such that Y;"%*" < ¢2. Thus, from the Lemmas 20 and Z1 3T) we obtain
3;0,2,0 2;,0,2,7; 3
Yvo z,0 < Yvo T,0;€ < Ced ’

and Lemma 2] ([32)) yields that Y04;0’x < 2063, Using the explicit expression (34]) for YO4;0’m,
we obtain

1
7 Fo(@,0,0)(1 — ¢ < Ce?, if Fy(x,0,0) >0,
0

and 1
7 Fol,0,0)(¢"° — 1) < Ce?, if Fy(z,0,0) < 0.
0

Consequently, dividing both sides by ¢, and taking the limit € \, 0, we get always

Fy(z,0,0) = Hel\f/ F(z,0,0,v) <0.

Recalling the definition of F', we see that the latter relation is nothing else than
inf {L(z,0)p(z) + [ (z,u(x), Vo(z)o(z,v),v)} <0, x€D\ID.
ve

We complete the proof. m

Now we are going to show that u is a viscosity subsolution.

Theorem 24 Under the assumptions of Theorem [23, the value function defined by ([f) is a
viscosity subsolution of (22).

Proof. For x € D, we have u(z) = g(z). We suppose that ¢ € C3(D) and u — ¢ achieves
a global maximum at z € D\ dD. Then we have 7., > 0, a.s. As before, we may also
suppose that u(r) = ¢(x). Hence u(z) < ¢(Z), for all # € D. We have to prove that
gg‘f/ F(x,0,0,v) > 0. Let us suppose that it’s not true, i.e. there exists some constant mg s.t.

inf F(x,0,0,v) < —mg < 0. (36)
veV

The dynamic programming principle (see Theorem [[2)) implies that

. 0 0
p(z) = u@) = inf G277 [w(X2T0)]
Then, from the comparison theorem for BSDEs (see Lemma [f]) and u < ¢ it follows that

. 0,x, 0,x, : 0,z, 0,z,
inf (G [P (X200 — ela)) > inf LT [u(X2500)] = () = 0,
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and from Lemma we have YOI;O’W_”5 > in\f) YOI;O’:E’U;€ > 0, where v € V is such that
ve

F(2,0,0,0) = Fy(x,0,0) = in‘f/ F(2,0,0,v). From Lemma 201 (26]), we obtain
ve

}/—02;0750717;6 Z _ng (37)
Taking into account that
] - T, 5 /\E _ ~
Yv02,07:c7v,€ - B |:/0 F(a;, }/;2;0,:(:,1);57 Zg;O,x,v;ajv)dS] 7
we get from the Lipschitz continuity of F in (y, z), [36) as well as Lemma 20 (27))
) - Tz, 0/\E B B

Yv02,0,ﬂc,v,€ < E [/ (F(m,0,0,@) + C|}/s2;0,gc,v;s| + C|Zs2;0,m,v;€|) d8:| ( )
0 38

< —moE [T25 Ne| + Ces < —mpeP (15 > €) + Ce.

Comparing [B7) and (B8), we have _Oe3 < —moelP(1p5 > €) + C’eg, which implies that

—2Ce? < —moP(7, 5 > €). Taking the limit as € \, 0, we have 0 < —mgP (7,5 > 0) = —my

(Recall that z € D\ 9D). But this means mg < 0, which is in contradiction to (36). m
Combining Theorems 23] and 24] we have

Theorem 25 We suppose that the assumptions (Hy)-(Hg) are satisfied. We also assume
that g € W2°°(D) and there exists a constant 0 such that 3% — 2o < 0 < p and 6 < —2[8]*.
Then the value function defined by (A) is a viscosity solution of (23).

Finally, we also have the uniqueness of the viscosity solution of HJB equation ([22]) in the
class of 1/2-Holder continuous functions on D.

Theorem 26 We suppose that the assumptions (Hy)-(Hg) are satisfied. Then HJB equation
(22) has at most one viscosity solution in the class of 1/2-Hélder continuous functions on D.

Proof. To prove the theorem, it is sufficient to show that if uy (resp. wug) is a 1/2-Holder
continuous subsolution (resp. supersulotion), then u; < wg for all x € D. One can check
easily that under assumptions (H1)-(Hg),

F = —z}g‘f/ {L(z,v)u(z) + f(z,u(z), Vu(z)o(z,v),v)}

satisfies the assumptions of Theorem 3.3 [7]. The proof is complete. ®
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