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Abstract

This paper proposes and analyzes an optimal preconditioner for a general linear symmetric
positive definite (SPD) system by following the basic idea of the well-known BPX framework.
The SPD system arises from a large number of nonstandard finite element methods for diffusion
problems, including the well-known hybridized Raviart-Thomas (RT) and Brezzi-Douglas-
Marini (BDM) mixed element methods, the hybridized discontinuous Galerkin (HDG) method,
the Weak Galerkin (WG) method, and the nonconforming Crouzeix-Raviart (CR) element
method. We prove that the presented preconditioner is optimal, in the sense that the condition
number of the preconditioned system is independent of the mesh size. Numerical experiments

are provided to confirm the theoretical results.
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1 Introduction

This paper is to design an efficient preconditioner for a large class of nonstandard finite element

methods for solving the diffusion model

—div(AVu) = f  in Q, (1)

u=g on Jf),

where Q C R? (d = 2, 3) is a bounded polyhedral domain, the diffusion tensor A : Q — R%*9 is a
matrix function that is assumed to be symmetric and uniformly positive definite, f € L?(Q) and

ge H2(09).
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Let 7; be a triangulation of Q, and F; be the set of all faces of 7,. We introduce a finite

dimensional space
My, = {pn € L2(Upe]:hF) : pup|F € Py(F) for all F € Fp, and uploq = 0}, (1.2)

with Py (F) denoting the set of polynomials of degree < k on F. Consider the following general

symmetric and positive definite (SPD) system for equation (1.1): Seek A, € My, 1, such that

dh(/\h; ,Uh) = b(,uh) for all Wp € Mh,k- (13)

Here dj(-,-) : My, x My, — R is an inner-product on My,  and by (-) : My, — R is a linear
functional on My, 4.

The first class of nonstandard finite element methods that fall into the framework (1.3) are
hybrid or hybridized finite element methods ([5, 35, 38, 39, 3, 14, 17, 18, 19, 4, 21, 20, 31]). Due
to the relaxation of the constraint of continuity at the inter-element boundaries by introducing
some Lagrange multipliers, the corresponding hybrid method allows for piecewise-independent
approximation to the potential or flux solution. Thus, after local elimination of unknowns defined
in the interior of elements, the method leads to a SPD discrete system of the form (1.3), where
the unknowns are only the globally coupled degrees of freedom describing the Lagrange multiplier.
In [3, 14], the Raviart-Thomas (RT) [37] and Brezzi-Douglas-Marini (BDM) mixed methods were
shown to have equivalent hybridized versions. A new characterization of the approximate solution
of hybridized mixed methods was developed and applied in [17] to obtain an explicit formula for
the entries of the matrix equation for the Lagrange multiplier unknowns. An overview of some new
hybridization techniques was presented in [18]. In [21] a unifying framework for hybridization of
finite element methods was developed. Error estimates of some hybridized discontinuous Galerkin
(HDG) methods were derived in [19, 20, 31].

The weak Galerkin (WG) method [42, 34, 33] is the second class of nonstandard approach that
applies to the framework (1.3). The WG method is designed by using a weakly defined gradient
operator over functions with discontinuity, and allows the use of totally discontinuous functions in
the finite element procedure. The concept of weak gradients provides a systematic framework for
dealing with discontinuous functions defined on elements and their boundaries in a near classical
sense [42]. Similar to the hybrid methods, the WG scheme can be reduced to the form (1.3) after
local elimination of unknowns defined in the interior of elements. We note that when A in (1.1)
is a piecewise-constant matrix, the WG method is, by introducing the discrete weak gradient as
an independent variable, equivalent to the hybridized version of the RT or BDM mixed methods.
For the discretization of the diffusion model (1.1) on simplicial 2D or 3D meshes, we refer to [30]
for a multigrid WG algorithm, and to [16] for an auxiliary space multigrid preconditioner for the
WG method as well as a reduced system of the weak Galerkin method involving only the degrees

of freedom on edges/faces.



Besides, some noncnforming methods, e.g. the nonconforming Crouzeix-Raviart element method
[23], can also lead to a SPD discrete system of the form (1.3). To this end, one needs to introduce
a special projection of the flux solution to the element boundaries as the trace approximation. We
refer to [12, 6, 13, 1, 29, 36, 28, 40, 48] for multigrid algorithms or preconditioning for the CR or
CR-related nonconforming finite element methods. In particular, in [13], an optimal-order multi-
grid method was proposed and analyzed for the lowest-order Raviart-Thomas mixed element based
on the equivalence between Raviart-Thomas mixed methods and certain nonconforming methods.

As far as we know, the first preconditioner for the system (1.3) was developed in [25], where
a Schwarz preconditioner was designed for the hybridized RT and BDM mixed element methods.
In [26] a convergent V-cycle multigrid method was proposed for the hybridized mixed methods for
Poisson problems with full elliptic regularity. By following the idea of [26], a non-nested multigrid
V-cycle algorithm, with a single smoothing step per level, was analyzed in [22] for the system
(1.3) arising from one type of HDG method, where only a weak elliptic regularity is required. In
[32], a general framework for designing fast solvers for the system (1.3) was presented without any
regularity assumption.

It is well known that the BPX multigrid framework, developed by Bramble, Pasciak and Xu
[10], is widely used in the analysis of multigrid and domain decomposition methods. We refer to
[7,8,9, 11,24, 27, 41, 46, 44, 45, 47] for the development and applications of the BPX framework.
In [43] an abstract framework of auxiliary space method was proposed and an optimal multigrid
technique was developed for general unstructured grids. Especially, in [44] an overview of multilevel
methods, such as V-cycle multigrid and BPX preconditioner, was given for solving various partial
differential equations on quasi-uniform meshes, and the methods were extended to graded meshes
and completely unstructured grids.

In this paper, we shall follow the basic ideas of ([10], [43], [44]) to construct a BPX precondi-
tioner for the system (1.3), which is, due to the definition of the discrete space M, 1, corresponding
to nonnested multilevel finite element spaces. We will show the proposed preconditioner is optimal.

We arrange the rest of the paper as follows. Section 2 introduces some notation and prelim-
inaries. Section 3 introduces and analyzes a general auxiliary space preconditioner. Section 4
constructs the BPX preconditioner and derives the condition number estimation of the precondi-
tioned system. Section 5 shows some applications of the proposed preconditioner. Finally, Section

6 provides some numerical results.



2 Notations and preliminaries

Throughout this paper, we use the standard definitions of Sobolev spaces and their norms and

semi-norms (cf. [2]), namely for an arbitrary open set D C R? and any nonnegative integer s,

H*(D) := {veL*D):0% € L*(D),V|a| < s},
Wlap = (Saicefol00P)E,  [oln = (g o [0,
We denote respectively by (-,-)p and (-,-)sp the L? inner products on L?(D) and L?(dD), and
respectively by [|-||, and ||-||,p the L%norms on L?(D) and L*(9D). In particular, (-,-) and |-||
abbreviate (-,-)q and |||, respectively.
Let 73, be a conforming shape-regular triangulation of the polyhedral domain 2. For any T € Ty,
hr denotes the diameter of 7', and we set h := maxypcp, hr. We define the mesh-dependent inner

product (-,-)n : M 1 x Ml x — R and the norm |||, : M x — R as follows: for any Ay, i € My, 1,
ot i= 3= e [ Nagans nlly 3= G (2.1)
TET or

We also need the following notation: for any u € L%(9T),
1
letlln o7 = b7 lellor »
1 .
ulnor = hp? ln—mr(Wlyr  with  mr(p) = g5 X 5 [em

1
uln = Crer, l0lf o),

where Fp := {F : F C 0T is a face of T} and |F| denotes the (d — 1)-dimensional Hausdorff
measure of F.

In the context, we use = < y to denote x < cy, where ¢ is a positive constant independent of h
which may be different at its each occurrence. The notation z ~ y abbreviates x < y < x. For the

bilinear form dp (-, -) in the system (1.3), we shall make the following abstract assumption.

Assumption 2.1. For any pun, € My, 1, it holds

dn(ttn, ) ~ |1nl}- (2.2)

Remark 2.1. This assumption is valid for many nonstandard finite element methods, as will
be shown in Section 5. We note that the Schwarz preconditioner constructed in [25] can also be

extended to the system (1.3) under Assumption 2.1.

Based on Assumption 2.1, we are ready to present an estimate that describes the conditioning

of the system (1.3).

Theorem 2.1. Suppose Ty, to be quasi-uniform. Under Assumption 2.1, it holds

Il S dn (s i) S 072 unlly s Vin € M. (2.3)



Proof. By Lemma 3.1 of [30], we have

2
linlly, < lun - (2.4)

Then the desired conclusion follows from Assumption 2.1 and the fact |2 <h=2|usl;. O

Remark 2.2. In Theorem 2.3 of [25], a similar result was derived in the two-dimensional case.

But the proof there could not be extended to three-dimensional case directly.

We define the operator Dy, : My, , — My, i by
(DpAns pin)n = dp(An, ) for all Ay, pp € My, g. (2.5)
Obviously, Dy, is an SPD operator and, from Theorem 2.1, it follows the condition number estimate
k(Dp) < h2, (2.6)

where k(Dy,) = % and Amax(Dh), Amin(Dr) denote the maximum and minimum eigenvalues
of Dy, respectively. In fact, with a slight modification of the proof of Theorem 2.1 of [30], we can

show that x(Dp) ~ h~2 holds under the condition that h is sufficiently small.

3 Auxiliary space preconditioning

In this section, we shall follow the basic idea of [43] to introduce a general auxiliary space precon-
ditioner for Dj. It should be stressed that we only require the triangulation 7, to be conforming
and shape regular.

Let V be a finite dimensional Hilbert space endowed with inner product (-,-) and its induced
norm |[|-||. Let S : V — V be SPD with respect to (-,-). We use (-,-)s to denote the inner product
(S-,-), and use ||-||g to denote the norm induced by (-,)s.

We choose the H'-conforming piecewise linear element space as the so-called auxiliary space
Vi, namely

Vi = {vp, € Hy(Q) 1 vp|r € P (T) forall T € Ty} (3.1)
Then we introduce two different prolongation operators that map V)¢ into My, ;, as follows:

° H,ll : Vg — My, is defined by

1
H,llvh|p = W/th for all F' € Fp, and vy, € Vi, (3.2)

o 117 : V,¢ — My, . is defined by

/ M3vpq := / vpg for all F € Fp,vp € Vi and g € Py (F). (3.3)
F F



Obviously, 1'[,1I coincides with H,QL in the case that k = 0. For the sake of convenience, in the rest
of this paper, unless otherwise specified, we shall use IIj, to denote both II} and I3 at the same

time. Define the adjoint operator, I} : M, , — Vi, of II;, by
(T pan, vn) i= (up, Hpvp) for all py, € My, and vy, € Vi (3.4)

Before defining the auxiliary space preconditioner, we introduce two linear operators, S;, and

th, in the following two assumptions.

Assumption 3.1. Let Sy, : My, — My, be SPD with respect to (-,-)n and satisfy the following

estimates: for all py, € My,

(Shitns bndn S (Dyy iy pn) s (3.5)

linls+ S Srer, bz linlh or - (3.6)
Assumption 3.2. Let E; : V¢ = Vi be SPD with respect to (-,-) and satisfy the estimate
(Brvnyvn) ~ lvnllq  for all v, € Vi
Then we define the general auxiliary space preconditioner B,? : My, — Mp, ;. by
BS = ), + 11, B,IT,. (3.7)

Remark 3.1. We note that the Jacobi iteration and the symmetric Gauss-Seidel iteration satisfy
Assumption 3.1 if T}, is conforming and shape regular, while the Richardson iteration does if Ty

s quasi-uniform.

Remark 3.2. The preconditioner B,? was also analyzed recently in [16] for two types of WG
methods, where Ty, is assumed to be quasi-uniform. In our analysis below we only require Ty, to
be conforming and shape reqular. We refer to Theorem 2.1 of [/3] for a more general result for

auziliary space preconditioning under quasi-uniform meshes.
For the auxiliary space preconditioner B,?, we have the following main result.

Theorem 3.1. Under Assumptions 2.1, 3.1 and 3.2, it holds

k(B Dy) S 1, (3.8)
where K(B}?Dh) = Amaz(By Di) and )\maI(B,Cth) and )\mm(B,?Dh) denote the mazimum and

Amw(B}CL:Dh) ’

minimum eigenvalues of B}?Dh, respectively.

Remark 3.3. Since we only require Ty, to be conforming and shape reqular, Theorem 3.1 is not a

trivial application of Theorem 2.1 in []3].



Before proving Theorem 3.1, we introduce a key ingredient operator P, : My, ;. — V)¢ as follows:

For each node a of Ty,

ZTewa mr (pn)
ZTEwc,, 1

0 if a € 09,

if a is an interior node,
Phuh(a) =

where w, denotes the set of simplexes that share the vertex a.
Lemma 3.1. For any p, € My, , it holds

|Prpinlr, S pnln,

_ 2
> R I =T Po)Anlly or < lenl?-
TeTh

(3.9)

(3.10)

(3.11)

Proof. For any T € T, we use N(T), wr to denote the set of all vertexes of T" and the set

{T" € Ty, : T'" € wq for some a € N(T)}, respectively. For a € N(T), if a € Q, then we have

h3 2 lmr () — (Pupn)(@)|?

Shi > Ima, () — me, (n) |

T1,T2€wq
T ,T> share a same face

_ 2
<hz! > [mry (n) — mr, (6) | 57, no,
T1,Ta€wq
T1,T> share a same face

<hz! 3 <|uh —ma, ()51, nor, + l1n = m, (uwnamm)

T1,T2€wq
T1,T> share a same face

_ 2
Sth Z [k — me (a5
T Ewaq

S Z |.uh|i,6T"

T Ewgq

If @ € 99, suppose that F' C 99 is a face of T such that a € 9F. Since up|an = 0, we have

W2 lme (i) — (Pan)(@))* = B2y (un)|* ~hg' lme () | 5
<hz! e — mr ()| 5

§|Mh|i,aT-
In light of the above two estimates, we immediately get
R N mr(pn) = (Papn) (@) <> |unlf o7
aeN(T) T €wr

Since mq(pp) is a constant on T, it follows

|Prpnli o = Imr(un) — Pupnl? 7
< hp? mr(un) — PhNhH2T (by inverse estimate)
ShE Y aenr) Imr(pn) = (Papn)(a)?
S rcwr |Mh|}2l,aTu (by (3.12))

(3.12)



which implies

\Popinlio = > [Papnlizr S lunlr,
TETh

i.e., the estimate (3.10) holds.
We recall that Fr is the set of all faces of T'. For any F' € Fr, we use N (F) to denote the set

of all vertexes of F'. Since

2
lma(un) = W Pupnllop = > llmr(un) = T Papn 3
FeFr

Shg! Z Z |ma(pn) — Popn(a))®  (by (3.2) and (3.3))
FeFr aceN(F)

ShEt Y imar(un) = Papn(a)]®

aceN(T)
Shr Y lmliz,  (by (3.12)
T'€wr
we get
en = T Papan |5 S herlinl7, or + e (un) = T Papn |57
S D bl or-
T €wr
Therefore,
2 2
(T =T Pl = > b (T =T Po)unllfr S B2 lualr,
TETh
i.e. (3.11) holds. g

Now, we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. For any T € T}, standard scaling arguments yield
|Hhv|h,6T ~ |’U|11T for all v € Pl(T) (313)
Define Dj, := I} DpI1),. Then, for any v, € V¢, we have

(ﬂvh,vh) = (IIop, Mpop) D,

~ Y rer, Mavnlj o7 (by Assumption 2.1)

~ ZTeTh |Uh|%,T (by (3.13))
~ (Eilvh,vh), (by Assumption 3.2)
ie.,
(B;lvh,vh) ~ (Eflvh, vp) for all vy, € Vi (3.14)

By the definition of B,?, it holds, for any un € My, i,
(B Dupin, 1) Dy, = (ShDnfin, i) o, + (BuIL, Dppu, I, Dy
N ||Mh||2Dh + (BVhHZDth,HZDhuh) (by Assumption 3.1)
S, + (Dn TI Dy, 1 D) (by (3.14))

P —~ =1 2
< lanllh, + [ Dn” g |
h



which, together with

yields

Thus it follows

(D1, T, Dypin, vn) 5.
lvnll 5,
(ton, pon) p,,
lvall 5,
lpnllp, Mhvnllp,

lvall 5,

~ -1
Dh H%Dhﬂh‘

__ = Ssup
h UhEVhC

= Sup
Vh EV}S

N

UhEV}S

el p, »
(B Dipin, pin) 0y S Ninllp,  for all pun € M .

Amaz(BSDp) < 1.

On the other hand, by Theorem 1 of [15], we have, for any Ay € My, i,

(B Ay A

= inf

—~ 1
(S ins n)n + (Bn vn,vn)

prtpvR=Ap

N

2 2
I = Ta Pu)Anlls -+ + 1 PuAnll,

< Z h? (I — HhPh))\hH,QLaT +|Pudnllg  (by Assumptions 3.1-3.2)

TETh

2
S nllp, »

which implies

(by Lemma 3.1)

Amin(BSEDp) > 1.

(3.15)

(3.16)

(3.17)

As a result, the desired estimate (3.8) follows immediately from (3.16) and (3.17). This finishes

the proof.

4 BPX preconditioner

4.1 Preconditioner construction

Suppose we are given a coarse quasi-uniform triangulation 75. Then we obtain a nested sequence

of triangulations {7; : 0 < j < J} through a successive refinement process, i.e., 7; is the uniform

refinement of 7;_; for j =1,2,.

diameter of the simplexes in 7;. For each triangulation 7;, we define V¢ by

Vi={ve HY(Q) :v|r € P(T) for all T € T;},

..,J. We use h; to denote the mesh size of T;, i.e., the maximum

(4.1)



and let {¢;; :1=1,2,---,N,} be the standard nodal basis of V¢, where Nj is the dimension of
VE. We set {ni:1=1,2,...,M} to be the standard nodal basis of My, . Set h = hy, T, = Ty
and V¢ = V7.

With the operators IIj, (defined by (3.2) or (3.3)), II} (defined by (3.4)), the nodal basis,
{#jii=0,1,...,N;}, of Vf, and the nodal basis, {n; : i = 1,2,..., M}, of My, we define the

BPX preconditioner (in operator form) for the operator Dy, given in (2.5) as follows:

M
Bupn =W~ (pnomi)wms + Y B (W pn, 653)Tagyys for all py € My, (4.2)
i=1 (4,i)eA

where A := {(j,7) : 0 < j < J,1 <i < Nj}. It is trivial to verify that By, is SPD with respect to
<.’ '>h-

Remark 4.1. We shall prove in the next subsection that both H}L and Hi lead to optimal precon-
ditioners in the case k > 1, although numerical results in Section 6 show that H,% is much more

efficient. We note that 113 was also used in [26], [22] and [32] to construct multilevel methods for

HDG methods.

4.2 Conditioning of B, D,

In this subsection, we shall use the framework of auxiliary space preconditioning introduced in
Section 3 to analyze the BPX conditioning of By, Dj,. For the sake of convenience, in this subsection

we assume

pi € span{n;} foralli=1,--- M.

We define two SPD operators Sy, : My, 1, — Mp j, and EI 1 Vg = V)¢, respectively as follows:

M

Shptn = h*~% ZO%, niynni for all pp € My, g, (4.3)
i=1
Byon = > h2 v, ¢5:)¢54  for all vy, € Vi, (4.4)
(ji)EA
Apparently we have
By, = Sp, + 11, BIIL,. (4.5)

Thus, according to Theorem 3.1, to show x(BpDp) < 1 it suffices to prove that Sp, and EI satisfy

Assumption 3.1 and Assumption 3.2, respectively.
Lemma 4.1. The operator Sy, defined by (4.3) satisfies Assumption 3.1.

Proof. For any pp, € My, 1, by using the same technique as in the proof of Lemma 2.4 in [16], it is

easy to verify
hd72 5
(Sy 'y pn)n = _ inf T sl - (4.6)
ST

10



By a standard scaling argument, it holds ||n;||, ~ h%. Then from (4.6) it follows

(S tins ) ~ B2 = inf_uh > il - (4.7)

i Hi=

Further more, since 7;, is shape regular, a standard scaling argument also yields ), ||[L1H}21 ~

I3, will2. Thus it holds
(S s ) ~ W72l (4.8)

and the desired estimate (3.6) follows from (4.8) immediately by the quasi-uniform assumption of
Th.
The thing left is to prove (3.5). In fact, from

(Dnpin, pn)n ~ lpnli  (by Assumption 2.1)
- 2
S

S (S, s ndn,  (by (4.8))

which implies immediately (Sppun, pn)n < (Dgluh, tn)n- Hence, (3.5) follows immediately. O
The following lemma follows from Theorems 3.1-3.2 of [14].
Lemma 4.2. The operator By, defined by (4.4) satisfies Assumption 3.2.

Finally, thanks to Theorem 3.1, we obtain immediately the following main conclusion for the

BPX preconditioning.
Theorem 4.1. Under Assumption 2.1, it holds
K(BhDh) 5 1, (49)

where Dy, and By, are defined by (2.5) and (4.2), respectively.

4.3 Implementation

We recall that {n; : 1 < i < M} is the standard nodal basis of M, ,, and {¢;;:¢=0,1,...,N;} is
the standard nodal basis of Vi for j=0,1,---,.J. For each pp, € My, 1, we use fip, € RM to denote
the vector of coefficients of j;, with respect to the basis {11,712, ...,n1}. Let Dy € RM*M he the

stiffness matrix with respective to the operator Dy, defined in (2.5) with
X;;Dhﬁh = (Dhuh, 77h>h for all )\h,uh S Mh,k-
Then it follows from Theorem 2.1, or the estimate (2.6), that

K(Dh) < h=2.

11



By the definition, (3.2), of I, there exists a matrix Z; € RM*Ni for j =0,1,---,.J, such that

Uy (@)1, @j2s - -5 jN;) = (M1, M2, -+ s 1ar )L (4.10)

We set T, € RM*M t0 be the identity matrix. From the definition, (4.2), of By, it follows, for any

pn € My, 1,
M
BuDppn = 0> (Dupnsnidnmi + b3, Dapin, 65.0) by
=1 (.i)eA
M
=12 (Dupnymidnni + > b N Dnpin, Ty i) nTlng i
i=1 (G.i)eA

Thus, in view of (4.10), we have
BnDypn, = BrDujin, Ypn € My g, (4.11)

where By, a preconditioner for Dy, is given by

J
By =T, + > W (4.12)
k=0
From Theorem 4.1 it follows
H(Bhph) 5 1. (413)

This means that the matrix By, is an optimal preconditioner for the stiffness matrix Dy,.

5 Applications

We begin by introducing some notation. For any T' € T, let V(T') and W(T) be two local finite

dimensional spaces. Define

Vi i={ve L2(Q) cop|r € V(T) for all T € Tp},
Wh = {1’ (S [L2(Q)]d : Th|T & W(T) fOI' 3,11 T S 7;1}

Then we introduce another local space as follows:
M(OT) :={p € L*(T) : p|r € Pp(F) for all F € Fr}.
We recall
My, g, := {pn € L*(Fpn) : pn|r € Pp(F) for all F € Fj, and puplaq = 0}. (5.1)

For the sake of clarity, in what follows we assume g = 0 for the model problem (1.1).

12



5.1 Hybridized discontinuous Galerkin method

The general framework of HDG method for the problem (1.1) reads as follows ([21]): Seek
(uh, )\h,O'h) eV, x Mh,k x Wy, such that

(Cah, Th) + (uh, dthTh) — Z <)\h,Th -’n,>(9T = 0, (5.2&)
TETh
— (v, divpop) + Z (ar(PPun — An),vn)or = (f,vn), (5.2b)
TeThH
Z <0‘h n — OZT(PQQ’LL}L — Ah)7ll/h>6T = 0 (52C)
TETh

hold for all (vp, i, Tn) € Vi X My X Wy, where C = A~1, divy, is the broken div operator with
respective to the triangulation 75, n denotes the unit outward normal of T', P2 : HY(T) — M (9T)
denotes the standard L2-orthogonal projection operator, and ar denotes a nonnegative penalty
function defined on 0T
For any T' € T}, we introduce two local problems as follows.
Local problem 1: For any given A € L2(9T), seek (uy, o)) € V(T) x W(T) such that
(Cox,7)r + (ux,divr)r = (A, 7 n)ar, (5.3a)
—(v,divey)r + (ap Plux, v)or = (arX,v)ar, (5.3b)
hold for all (v,7) € V(T') x W(T).
Local problem 2: For any given f € L*(T), seek (uf,o¢) € V(T) x W(T) such that
(Coys,m)r + (ug,divr)r =0, (5.4a)
7(07 leUf)T + <05ijé)uf7 U>8T = (fa U)Tv (54b)
hold for all (v,7) € V(T') x W(T).
Theorem 5.1. [21] Suppose (un, An, on) € Vi, x M, 1 x Wi, to be the solution to the system (5.2),
and suppose, for any T € Ty, (ux,,ox,)|lr € V(T) x W(T') and (us,of)|r € V(T) x W(T') to be
the solutions to the local problems (5.3) (by replacing \ with A\p) and (5.4), respectively. Then it
holds
op = Oy, +0y, (5.5)

and A\, € M, 1, is the solution to the system (1.3), i.e.

dn(Mns ptn) = bn(pn) — for all pp, € My g,

where

dn(Mns pn) = (Con,y o)+ > {ar(PRux, = An), PRug, — pa)or, (5.7)
TeTh

bh(ﬂh) = (fa uHh)? (58)
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and, for any T € Tn, (up,,ou,)|lr € V(T) x W(T) denotes the solution to the local problem (5.3)

by replacing A with pp,.

We list four types of HDG methods as follows.
Type 1. V(T) = P(T), W(T) = [P.(T)]* + Pu(T)x and ar = 0.
Type 2. V(T) =P 1(T) (k= 1), W(T) = [Px(T)]? and ar = 0.
Type 3. V(T) = Py(T), W(T) = [P.(T)]¢ and ar = O(1).
Type 4. V(T) = Poar(T), W(T) = [P(T)]* and ar = O(hy).

Type 1 HDG method turns out to be the well-known hybridized RT mixed element method
([3]), and Type 2 HDG method turns out to be the well-known hybridized BDM mixed element
method ([14]). For both Types 1-2 HDG methods, it was shown in [25] that Assumption 2.1
holds.

Type 3 HDG method was proposed in [21] and analyzed in [20]. In [22] it was shown that
Assumption 2.1 holds for this method.

Type 4 HDG method was proposed and analyzed in [31]. The proof of Assumption 2.1 can

also be found there. For completeness we sketch the proof here.
Lemma 5.1. Let T € Tp,. For any given X € M (9T), it holds
(C o, 001 + (ar(PPux — N), PPux — Nor ~ [Al} o7 (5.9)
Proof. We first show
het A= Mor S loally + |[ad (Pfus = )| (5.10)
where A = == [, A In fact, from (5.3a) it follows
(Vuyx, 7)r = (Cox, T)r + (Pluy — A\, 7 -n)ar for all 7 € W(T). (5.11)
Taking 7 = Vuy in (5.11), we immediately get
urlir S loall + hp? || Plus — All,p (5.12)

Define \ := A — X and iy := ‘—;‘ Jux, then we have

A u)or = (N ux — Ga)or

< [~

1
Shi )\H lux|1,T

1 ~ 1
<h§AH ( ‘lipa —AH ) by (5.12
~ p o H0'>\HT+ aT( TUN ) or Y(‘) )
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This estimate, together with

orT

yields

~112 JO ~
HAH = (M = P2uy)or + (N, Pluy)or

= (M A = PRun)or + (A un)or
S hi AH (loally + o (Pur =), ).
which implies (5.10) immediately.
Second, we show
loally + [|ad (PR = NS bz 3= Ao (5.13)

In fact, taking 7 = o) in (5.3a), v = uy — X in (5.3b), and adding the two resultant equations, we

obtain
2

1 ) —
[ctenl], + ot run -2,

= </\ — /\, o) TL>6T + <O¢T(/\ — /_\)7 Pj‘?u,\ — /_\>6T

< HAJHMHUAHWHaé(A—MHaTHa%(PT%mHM
T A T
S he? A= Aop (loally + [ad(PRur =) ).
which implies
loally + [|ad (PR =2, S bz 3= o (5.14)
By noticing that the above estimate also indicates
Jod s - A>HaT < Ha?@% R P R

the estimate (5.13) follows immediately. Then, from (5.10) and (5.13), it follows
(Clon, o0)r + {ar(PRuy — N), PRux — Nor ~ ht ||A = A|| .- (5.15)
A standard scaling argument shows
Aot ~ bz X=Xy (5.16)
which, together with (5.15), indicates the desired estimate (5.9). O

Based on Lemma 5.1, it is trivial to derive the proposition below.
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Proposition 5.1. For Type 4 HDG method, Assumption 2.1 holds.

Remark 5.1. It has been shown in [17, 18] that, when A is a piecewise constant matriz and k > 1,
the bilinear form dy(-,-) arising from the hybridized RT mized element method, i.e. Type 1 HDG
method, coincides with that arising from the hybridized BDM mized element method, i.e. Type
2 HDG method. Then any preconditioner for Type 1 HDG method is also a preconditioner for
Type 2 HDG method, and vice versa.

Remark 5.2. In [22], a first analysis of multigrid method for Type 3 HDG method was presented.
However, it was required there that that the model problem (1.1) admits the regulartiy estimate
lulliy a0 < Canllflla1.q with a € (0.5,1] and Co, being a positive constant that only depends
on a and Q. We note that our analysis in Section 4 for the BPX preconditioner does not require
any regularity assumption. In [32], a more general framework for designing multilevel methods for

HDG methods were presented and analyzed without any regularity assumption.

5.2 Weak Galerkin method

At first, we follow [12] to introduce the discrete weak gradients. Let T' € T,. We define Vi, :
L*(T) — W (T) by

(Viv,q)r = —(v,div @) forallv € L*(T) and g € W(T) , (5.17)
and define V? : L2(0T) — W(T) by
(Vb 1, @)1 == (u,q -n)or  for all u € L*(9T) and q € W(T). (5.18)
Then we define the discrete weak gradients V,, : L*(T') x L*(0T) — W (T) with
Vo(v,p) :=Viv+ Ve forall (v,u) € L*(T) x L*(dT). (5.19)
Hence, the WG discretization reads as follows: Seek (up, A\p) € Vi, X M, such that

(AV y(un, An), Vo (vn, pin)) + Z (ar(P2up, — M), P2uy, — pn)or = (f,vn) (5.20)
TeThH

holds for all (vp, un) € Vi, x My, i, where ap denotes a nonnegative penalty function defined on
oT.

We shall follow the same routine as in the previous subsection to show a new characterization
of the WG method. We introduce two local problems as follows.

Local problem 1°: For any given f € L*(T), seek us € V(7)) such that

(AVup, Vi,0)r + (arPpug, Ppo)or = (f,0)7 (5.21)
holds for all v € V(T').
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Local problem 2’: For any given A\ € L?(9T), seek uy € V(T') such that
(AViux, Viv)r + (arPluy, P2v)or = —(AVLA, Viv)r + (ar, Pv)er (5.22)

holds for all v € V(T).

Similar to Theorem 5.1, the following conclusion holds.

Theorem 5.2. Suppose (up, M) € Vi, x Ml i to be the solution to the system (5.20), and suppose,
for any T € Tr, uy and wy, to be the solutions to the local problems (5.21) and (5.22) (by replacing
A with \p, ), respectively. Then it holds

up = ux, + uy, (5.23)
and A, € My, i, is the solution to the system (1.3), i.e.

dn(Mns ptn) = bn(pn) — for all pp, € My,

where

dn (s pin) = (AV o (U, ), V(s pn)) + D (ar (PPun, — An), PR, — pn)or,
TETh
(5.24)
b(pn) = (f,up,)- (5.25)
We consider two types of WG methods ([12]):
e Type 1. V(T) = P.(T), W(T) = [P.(T)]? + Px(T)x and ar = 0;
o Type 2. V(T) = Po_1(T) (k > 1), W(T) = [Po(T)] and ar = 0.
In both cases, we can prove that Assumption 2.1 holds.
Theorem 5.3. For Type 1 WG method, Assumption 2.1 holds.
Proof. For T € Ty, define o := V,(ux, A, )|7. Then from (5.22) it follows
(Ao, Vi v)r =0 for all v € V(T),
which implies
divPr(Ae) =0, (5.26)
where P¥ : [L?(T)]¢ — W(T) denotes the standard L2-orthogonal projection operator. By the
definition of V,,, we have
(Ao, o)r = (P} (Ac), Vi (ux,, An))T
= —(div(P;'(Ad)), u,)r + (PF'(Ac) - n, An)or
= (PFH(Aa) -n, A\, — mr(\n))or (by (5.26))
< he? [|[PrA(A) || 7 1An — mr ()l or

S HAO'HT [An|nor,
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which shows immediately

(Ao, o)1 < [Mnlhor (5.27)
On the other hand, for any 7 € W (T'), from the definition of V,, we have
(o, 7)r = (Vuw(ux,, An), T)r
= —(ux,,divr)r + (T -1, M\p)or
= (Vux,, T)r + (T -n,\p — un,)or,

which yields

(0 —Vuy,,T)r = (T -n,\, —uy, )or- (5.28)
Taking 7 € W/(T) in (5.28) with

Jpm-ng = [.(An—un,)q forall F e Fr and q € Pp(F), (5.20)
; .

JpT Vv = for all v € V(T),
we have
2
[An = un, llor = (0 = Vun,, 7)r = (0, 7)1 < [lofr [Ty

1
S hillollp 1An —ux, llor

1
where we have used the estimate ||7|; < h7|[|An — ux, |5, Which is a trivial result by applying

~

the famous Piola mapping. The above inequality leads to
1
1An = wnllor S b llofly - (5.30)

Similarly, taking 7 € W(T') in (5.28) with

JpT-mg = 0 for all F € Fr and q € Py(F), (5.31)
T Vo)r = (Vuy,,Vo)r forallve V(T),
we have
lun, e S llolp- (5.32)
Since by a standard scaling argument it holds
1A = mz (M) lor ~ inf [An = cllor, (5.33)

we have
[An — mT()‘h)HaT ~ inf [|An — C||6T
ceR
S AR = un, [l g + inf [lux, —cllar
ceR

1
S A = un, lop + hglus, 17

1
2

<hilolly,  (by (5.30) and (5.32))
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which, together with (5.27), yields

(AV y(ux, s An), Vi (ux, s An))r ~ [An|n,o7- (5.34)
As a result, the desired estimate (2.2) follows immediately. This completes the proof. O
Remark 5.3. Similarly, we can show that Assumption 2.1 holds for Type 2 WG method.

Remark 5.4. If A is a piecewise constant matriz, the two WG methods are equivalent to the
hybridized RT mixed element method and the hybridized BDM mixed element method, respectively.
We refer to (Remark 2.1, [50]) for the details.

5.3 Nonconforming finite element method

In this subsection we take Crouzeix-Raviart element method [23] as an example to show that the
theory in Section 4 also applies to nonconforming methods.

At first, we introduce the Crouzeix-Raviart finite element space £§'F as follows.

LR = (v, € L*(Q) : vp|r € PL(T),VT € Tp,, vy, is continuous at the
gravity point of each interior face of 7;, and vanishes at the (5.35)
gravity point of each face of 7, that lies on 9Q}.

As we know, the standard discretization of the Crouzeix-Raviart element method reads as follows:

Seek uy, € EER such that
(AV un, Viop) = (f,on)  for all vy, € LEF, (5.36)

where Vv, is given by

Vivnlr := V(vp|r) forall T € Ty,

We define an operator ﬁh : ESR — Mp,0 by
~ 1
Mpop|p = —/ v, forall F e Fy. (5.37)
|F| Jr
Obviously, ﬁh is a bijective map, and its inverse map ﬁ,:l : Mpo — EgR satisfies
/ ﬁ;l,uh = / pun, - forall F € Fp, and pp, € My, 0. (5.38)
F F
By denoting py, := v, and Ay, = ﬁhuh, the system (5.36) is equivalent to the system (1.3), i.e.
dn(Ans pin) = bp(pn)  for all py € My, o,
where

dh(Ans pin) == (AV LI N, VAT ), (5.39)

bu(pn) = (f. 10, ).
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By using standard scaling arguments, it is easy to verify that Assumption 2.1 holds in this

case.

Remark 5.5. We use dng and d§" to denote the bilinear forms defined in (5.7) and (5.39),
respectively. When A is a piecewise constant matriz, we can show that for Type 4 HDG method
(k=0), dng =df". In fact, in this case we have, for any T € Ty,

M(OT) :={p € L*(0T) : pu|r € Py(F) for each face F of T},
V(T) = B(T), W(T) =[BT, ar =05
From (5.3b) it follows
(ar (PP (ux = X), Pfv — por =0 for all (v, ) € V/(T) x M (0T).
Thus, in view of (5.7), it holds
4™ (M, i) = (Con,,0,). (5.40)
On the other hand, it follows from (5.3a) and (5.38) that
(Copy )7 = (pn, T - nYor = (I, ', T Moz = (VIL, i, 7)1
holds for all T € W (T). Since C = A~ is a constant matriz on T, the above equality means
Vhﬁ,jluh =Coy,. (5.41)
Thus, in light of (5.40)-(5.41) and (5.39) we have
A (A, i) = (AVIL N, VI an) = dST (A, ).

Remark 5.6. As shown in [17, 18], when A is a piecewise constant matriz, the stiffness matriz
of dp(-,-) arising from the lowest order hybridized RT mized finite element method, i.e. Type 1
HDG method (k = 0) in Subsection 5.1, is the same as that arising from the Crouzeiz-Raviart

element method.

Remark 5.7. From Remarks 5.4-5.6, we know that when A is a piecewise constant matriz and
k =0, the four methods, namely Type 1 and Type 4 HDG methods in Subsection 5.1, Type 1
WG method in Subsection 5.2, and the Crouzeiz-Raviart element method, lead to the same bilinear

form dp(-,-), and hence share the same optimal preconditioners.

6 Numerical experiments

In this section, we report several numerical examples in two-dimensions to verify the theoretical

results of Theorem 4.1 and Theorem 3.1. We only consider the problem (1.1) with the diffusion
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tensor A = I, where I is the identity matrix. We test two types of HDG methods, i.e., Type 3
HDG method (k = 0,1) with a7 = 1 and Type 4 HDG method (k = 0,1) with ap = h' for all
T € Tp,. We refer to [22, 32] for more numerical results of Type 3 HDG method.

Example 1. We set 2 = (0,1) x (0,1) (a square domain) with the initial triangulation 7y (Figure
1). We produce a sequence of triangulations {7; : j = 1,2,---,10} by a successive refinement
procedure: connecting the midpoints of three edges of each triangle.

For each j = 5,6,---,10, we set T, = T;, and let D and B, be defined by (2.5) and (4.2)
respectively. Suppose we are to solve the system Dpx = by, where by is a zero vector. Taking
xo = (1,1,...,1)" as the initial value, we use the famous preconditioned conjugate gradient method
(PCG) to solve this system with the preconditioner Bj,. The stopping criterion is that the initial
error, i.e. \/m, is reduced by a factor of 1076,

In the case k = 0, the prolongation operators H,ll and H,QL are equivalent, so we have one BPX
preconditioner. In the case k = 1, we have two different BPX preconditioners since II} and II are
not equivalent, and we compute both cases. The corresponding numerical results, i.e. the number
of iterations in PCG, are listed in Table 1.

Example 2. The only difference between this example and Example 1 is that we set Q = (0,1) x
(0,1)/[0,1)x{0.5} (a crack domain) with the initial triangulation 7o (Figure 2). The corresponding
numerical results are presented in Table 2.

Example 3. This example is to verify Theorem 3.1 for graded triangulations. We only consider
Type 3 HDG method. For simplicity we only highlight the difference between this example and
the previous two examples.

We set Q = (—1,1) x (—1,1) and define A(z,y) = diag(a(x,y), a(z,y)) with

1, -1<x<0, -1<y<0;
7, <<l —-1<y<O;
17, O<x<l, O<y<l;

3, —1l<z<0, O0<y<l1.

We show the first two triangulations 7y and 7; in Figure 3 and produce a sequence of graded
triangulations {7; : j = 0,1,---,25} in a successive way: T;41 (j = 2,3,---,24) is obtained
by refining the smallest square containing the origin in 7; (in 77, the vertexes of the square to
refine is in red color) as what has been done from 7 to 7;. 725 is shown in Figure 4. For each
j =5,10,15,20, 25, we set 7, = 7; and, in the definition (3.7) of B,?, we set Sy, to be the standard

symmetric Gauss-Seidel iteration and set By = A,:l, where A,:l : V¢ — Vi¢ is defined by
(Apup,vp) = (AVup, Vo) for all up, v, € V.

The corresponding numerical results are presented in Table 3.
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Figure 1: 7o (left) and 77 (right) on square domain

Figure 3:

To (left) and 77 (right)

Figure 2: 7o (left) and 77 (right) on crack domain

Figure 4: Tas

ke Ts Te Tr Tg To Tio ke Ts Te Tr  Tg To Tio
0 dof 6080 24448 98048 302704 1571840 6280408 O  dof 6080 24448 98048 392704 1571840 6289408
20 20 20 20 20 19 20 20 20 20 20 19
1 dof 12288 49152 106608 786432 3145728 12582012 1  dof 12288 49152 196608 786432 3145728 12582012
m} 54 57 59 60 61 62 m} s4 57 59 60 61 62
n? 31 32 33 34 4 35 n? 31 32 33 34 4 35

Table 1:

Type 3 HDG method

Type 4 HDG method

Numerical results for the Example 1 (dof denotes the number of degrees of freedom)

ke Ts Te Tr T To T1i0 ke Ts Te T7 Tg To T10
0 dof 7568 30496 122432490624 1064288 7860732 0  dof 7568 30496 122432490624 1964288 7860732
26 26 27 21 27 27 26 27 21 21 27 27
1 dof 15360 61440 245760 983040 3032160 15728640 1  dof 15360 61440 245760 983040 3932160 15728640
I} 55 58 50 61 62 63 I} 55 58 59 61 62 63
n7 33 34 3% 36 36 37 n7 33 3 3 36 36 37

Type 3 HDG method

Type 4 HDG method

Table 2: Numerical results for Example 2

ke Ts Tio  Tis  T20 T2s
0 14 14 14 14 14
1 mn} 2 26 27 26 26
1 n? 18 18 18 18 18

Table 3: Numerical results for Example 3

From Tables 1-3 we have the following observations.

e For all the examples, the numbers of iterations in PCG are independent of the mesh size.
This means the proposed preconditioners are optimal. Besides, the prolongation operator I17

behaves better than H,ll in the case k = 1.
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Example 1 admits the full elliptic regularity, while Example 2 only admits the regularity
estimate [ull;,, o < Ca0llfll,_1,o With a € (0, 1). These two examples confirm that the

proposed BPX preconditioner is optimal. This is conformable to Theorem 4.1.

Example 3 confirms Theorem 3.1, where the triangulation 7, is not quasi-uniform.
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