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STATIC SOLUTIONS TO THE EINSTEIN-VLASOV SYSTEM WITH
NON-VANISHING COSMOLOGICAL CONSTANT

HAKAN ANDREASSON, DAVID FAJMAN, MAXIMILIAN THALLER

ABSTRACT. We construct spherically symmetric, static solutions to the Einstein-Vlasov
system with non-vanishing cosmological constant A. The results are divided as follows.
For small A > 0 we show existence of globally regular solutions which coincide with
the Schwarzschild-deSitter solution in the exterior of the matter sources. For A < 0 we
show via an energy estimate the existence of globally regular solutions which coincide
with the Schwarzschild-Anti-deSitter solution in the exterior vacuum region. We also
construct solutions with a Schwarzschild singularity at the center regardless of the sign
of A. For all solutions considered, the energy density and the pressure components have
bounded support. Finally, we point out a straightforward method to obtain a large
class of globally non-vacuum spacetimes with topologies R x S% and R x S? x R which
arise from our solutions using the periodicity of the Schwarzschild-deSitter solution. A
subclass of these solutions contains black holes of different masses.

1. INTRODUCTION

Schwarzschild’s construction of a static explicit solution in 1915 was the first example of
a solution to Einstein’s field equations in general relativity [27]. It has been found later
that the class of static, spherically symmetric, asymptotically flat solutions to Einstein’s
equations in vacuum consists only of that element [I3] making it necessary to consider
the non-vacuum field equations to construct further classes of spherically symmetric static
spacetimes.

1.1. Static solutions with Vlasov matter. In this work we consider matter described
as a collisionless gas. In astrophysics this model is used to study galaxies and globular
clusters where the stars, or the galaxies, are the particles of the gas and where collisions
between these are sufficiently rare to be neglected. The particles interact by the gravi-
tational field which the particle ensemble creates collectively. Within the framework of
general relativity the particle system is described by the Einstein-Vlasov system. The
mathematical investigation of this system was initiated by Rein and Rendall in 1992 [25]
in the context of the Cauchy problem and shortly thereafter the same authors provided
the first study of static, spherically symmetric solutions to this system [24]. Since then,
the Einstein-Vlasov system has been successfully studied in several contexts and many
global results have been obtained during the last two decades. We refer to [2] for a re-
view of these results but let us in particular mention the recent monumental work on this
system concerning the stability of the universe [26].

The purpose of the present work is to extend the class of static solutions to the Einstein-
Vlasov system to the case with a non-vanishing cosmological constant A. Several results
on static and stationary solutions to this system have been obtained in the case when
A = 0. The first result of this kind was provided in [24], where the authors construct
spherically symmetric isotropic static solutions with compactly supported energy den-
sity and pressure. The solutions are asymptotically flat and thus serve as models for
isolated, self-gravitating systems. Several generalizations of this result have since then
been obtained, in particular solutions with non-isotropic pressure, and solutions with a
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Schwarzschild singularity at the center, have been established, cf. [23, 21I]. An approac
by variational methods was developed by Wolansky [28]. The most difficult part in these
proofs is to show that the matter has compact support. A neat and quite general method
to treat this problem has recently been obtained by Ramming and Rein in [20]. How-
ever, this method does not straightforwardly apply to the situation we consider in this
work. The cosmological constant changes the structure of the equations and this implies
that inequality (1.23) in [20], on which this method is based, does not hold when A # 0.
Hence, we rely on a different method in this work. The results discussed above all concern
the spherically symmetric case. Let us point out that results beyond spherical symmetry
have been established. The existence of stationary axially symmetric solutions to the
Einstein-Vlasov system has recently been shown, cf. [9] and [10] for the non-rotating and
the rotating case respectively. In this context we also mention a result on static solutions
for elastic matter which has been obtained without any symmetry assumption [I].

1.2. Static solutions with non-vanishing cosmological constant. A specific class
of solutions has so far not been discussed which concerns the Einstein equations with a
non-vanishing cosmological constant A. The model solutions for the vacuum equations are
the Schwarzschild-deSitter and Schwarzschild-Anti-deSitter (Schwarzschild-AdS) solution
for A > 0 and A < 0, respectively. Einstein’s equations with non-vanishing A are of
significant physical interest, where the case A > 0 applies to a universe with accelerated
expansion [20], while the case A < 0 is relevant in the context of AdS-CFT correspondence
[18]. Concerning the Einstein-Vlasov system no existence results for the static Einstein
equations with non-vanishing cosmological constant are known. The aim of the present
paper is to prove existence of spherically symmetric static solutions to the Einstein-Vlasov
system with small positive or arbitrary negative cosmological constant. The solutions we
construct are in general anisotropic. The results provided in this work are as follows.

1.2.1. Globally regular solutions for 0 < A < 1. We construct globally regular static
solutions for small A > 0. The fundamental difference to the case of vanishing cosmological
constant is that for large radii the metric tends towards a cosmological horizon and
it is thus necessary to show that the support of the matter quantities vanishes before
the cosmological horizon is reached. We show that for small A > 0 the solutions we
construct are close to the solutions corresponding to the A = 0 case for which the matter
quantities have compact support, and in addition, the latter solutions obey a Buchdahl
type inequality. These facts imply that the support of the matter quantities can be
controlled also in the case when A > 0. It is then possible to continue the solution from
the vacuum region by a Schwarzschild-deSitter solution. This method yields a large class
of globally regular solutions which coincide with a Schwarzschild-deSitter solution outside
a compact set. The result is given in Theorem

1.2.2. Globally reqular solutions for A < 0. The case of negative cosmological constant is
a priori simpler since the cosmological term has a good sign which yields a monotonically
decreasing behavior of the lapse function. An energy argument following the general idea
of [23] is used to establish global in r existence yielding globally regular solutions for
general A < 0. The result is given in Theorem

1.2.3. Solutions with a Schwarzschild singularity for 0 < A < 1. To construct solutions
with singularities in the center, we start with the vacuum equations which can be solved
explicitly by the Schwarzschild-deSitter solution. This solution is considered until a radius
which allows to continue the vacuum solution by one which at the same point satisfies
the ansatz for the distribution function and eventually merges into a non-vacuum region.
It is shown that the support of the matter quantities is compact and outside the matter
region the solution can again be extended by a vacuum solution with mass parameter
corresponding to the interior mass of black hole and matter. As in the non-singular case
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these constructions only work out for sufficiently small A > 0. The result is given in
Theorem [B.5]

1.2.4. Solutions with a Schwarzschild singularity for A < 0. This point is similar to the
case A > 0 with Schwarzschild singularities. In particular a smallness condition for |A| is
needed as well. The result is given in Theorem

1.2.5. Solutions with topologies R x S? and R x S? x R. A significant generalization of
the results with A > 0 is presented in the final section. The periodic structure of the
Schwarzschild-deSitter space [17] allows us to consider solutions with regular massive
center, and solutions with central black holes, and glue them to a periodic Schwarzschild-
deSitter solution with a black hole region followed by another matter region - forming
a static space-time with two non-vacuum ends and a black hole (or several) in between.
The result is given in Theorem

1.3. Outline of the paper. This paper is organized as follows. In Section 2] we introduce
the notation and give a short review on the static Einstein-Vlasov system in spherical
symmetry. We discuss the anisotropic ansatz for the distribution function, variations of
which are used in this work. A Buchdahl type inequality, which applies to solutions of the
Einstein-Vlasov system, is then reviewed shortly as it is used later in the existence proof
for A > 0. The Einstein-Vlasov system in spherical symmetry with a specific ansatz for
the distribution function reduces to an integro-differential equation given in (2.24)). This
equation lies at the heart of the analysis in the paper. In Section [3| we prove existence
of globally regular solutions for small A > 0. The proof is divided into several steps
beginning with local in r existence in [3.1] a continuation criterion in existence for
sufficiently large radii to reach a vacuum region in and finally the proof of the existence
Theorem in[3.4] In Section[4]the existence of globally regular solutions for arbitrary A < 0
is proven along with a result (cf. Theorem which states existence for such solutions
outside a ball, which eventually is used to prove existence of solutions with Schwarzschild
singularities in the center. Section [5| begins with a generalization of the Buchdahl type
inequality, mentioned above, for solutions with Schwarzschild singularities. This result
is useful for the construction of solutions of this kind when A > 0. These solutions are
obtained in Theorem [5.5] Analogous solutions for the case of negative A are given in
Theorem Finally, Section [6] discusses the globally non-trivial generalizations of the
constructed solutions for A > 0.
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2. PRELIMINARIES

2.1. Setup and notations. We consider the Einstein-Vlasov system with cosmological
constant A € R. For background on this system we refer to [2]. For the spherically
symmetric, static Lorentzian metric g we use the standard ansatz

(2.1) ds? = —e2 ) de? 4+ P dr? 4 12492 + 12 sin?(9)dp?.
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Assuming in addition the matter distribution function f to be spherically symmetric and
static one obtains the reduced system of equations

v® af z® Of
2.2 L N R T Y s R |
22) V1+ [vf? 0z¢ TP B ’
(2.3) e PN —1) +1-7r*A = kr?y,
_2’\(2ru +1)—14+73A = &r?p,
27

’ and the matter quantities read

where k = 87, |v| = \/d;;v"07, v, =
(2.5) 0o = / f(z,v)/1+ |v|? dvtdv?de?,
R3

(2.6) p = f(z,0) 222 p? dvtde?do®.

r3 \/1+[v]2

There is an additional Einstein equation

(2.7) e~ <u” (u + i) (0 — X)) = KpT,

where

1 z x| dv
2.8 == ) P —
2:8) =g [ | e

The quantity o can be understood as energy density, p as radial pressure and pr as tan-
gential pressure. To ensure a regular center the following boundary condition is imposed

(2.9) A(0) = 0.

This condition will be used in the first part of this work but when we consider solutions
with a Schwarzschild singularity at the center it will be dropped. A detailed derivation of
the system (2.2)-(2.8) in the A = 0 case can be found in [25]. It will be seen below that
a solution of the reduced system — also solves the full system. Considering the
characteristic curves of the Vlasov equation one can simplify the system of equations.
Along these characteristic curves the quantities £ and L, given by

(2.10) E=e"\/1+4 02 =ee and L=|zxuv|?
are conserved (cf. [24]). Therefore any ansatz for the matter distribution f of the form
(2.11) f(z,v) = &(E, L)

solves the Vlasov equation ({2.2]), and this equation drops out from the system of equations.

2.2. Relevant results. In the following we discuss the known results for the Einstein-
Vlasov system with vanishing cosmological constant, A = 0, which are relevant for the
work presented in this paper. The existence of a unique solution p(r), A(r) to given initial
values (0) = po and A\(0) = 0 has been proved using the ansatz

(2.12) f(z,v) = ®(E)[L — Lol

where £ > 0, L > 0, Lo > 0, £ > —%, ¢ € L*((0,00)) for the matter distribution
f, cf. [23]. Furthermore, it can be shown that the support of the matter quantities is
contained in an interval [0, Rg], 0 < Ry < oo, if one takes a so called polytropic ansatz for
f. This ansatz has the form

(2.13) f(z,v) =¢ (1 — 5{)) L,

where ¢ : R — [0, 00) is measurable, ¢(n) = 0 for n < 0, and ¢ > 0 a.e. on some interval
[0,m1] with n1 > 0 and Ej is some prescribed cut-off energy, cf. [20]. Moreover, it is
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required that there exists v > —1 such that for every compact set K C R there exists a
constant C' > 0 such that

(2.14) ¢(n) <Cn’, nekK.
In [22] this result is generalized to anisotropic matter distributions of the form
(2.15) Fa,v) = colBo — EV[L — Lol

where k > 0, £ > —1/2 fulfill the inequality k¥ < 3¢+ 7/2 and ¢y, Eg > 0, Lo > 0. It is
shown in [22] that for sufficiently small Ly the support of f is contained in an interval
[Ri, Ro] where 0 < R; < Ry < oo and R; > 0 provided Lo > 0.

By direct calculation one shows that the matter quantities fulfill the generalized Tolman-
Oppenheimer-Volkov equation (TOV equation)

(216) P () =~ () (plr) + ofr)) — 2(plr) — pr(r).

Another result relevant for the proof presented here is a generalized Buchdahl inequality
[4], which is the content of the following lemma.

Lemma 2.1 (Theorem 1 in [4]). Let A\, u € C1([0,00)) and let o, p,pr € C°([0,0)) be

functions that satisfy the system of equations —, the condition (@) and such
that p + 2pr < 0. Then

2m(r) _ 8
2.17 < =
21 wp= <
where
(2.18) m(r)—47r/ s%0(s)ds.
0

Remark 2.2. The inequality holds for a more general class of functions, cf. [4].
Moreover, the inequality is sharp, and the solutions which saturate the inequality are in-
finitely thin shell solutions, cf. [4]. In [3] it is shown that there exist reqular, arbitrarily
thin, shell solutions to the Einstein-Viasov system such that the quantity 2m/r can be
arbitrarily close to 8/9. It should also be mentioned that Buchdahl type inequalities have
been obtained in the case of non-vanishing cosmological constant, cf. [0, [7]. These results
assume the existence of static solutions to the Einstein-matter equations with a cosmolog-
ical constant.

To prove existence of solutions of the static Einstein-Vlasov system with non-vanishing
A we make use of the results discussed above. To simplify calculations we define y :=
In(Ep) — p as in [20] so that e# = Ey/e¥. For the distribution function f we choose the
ansat

f(@,v) = ®(E,L) = cod (1 - é’;) L — L)’

= co¢ (1 —ee™¥) [L — Lol%,

$(n) = ]’
where k£ > 0, £ > —1/2 fulfill the inequality k < 3¢ + 7/2 and cg, Ey > 0, Lo > 0. For the
construction of globally regular solutions Lg has to be sufficiently small to ensure finite
support of the matter quantities [22]. When considering solutions with a black hole at the
center, there are positive lower bounds on Ly. The expressions for the matter quantities
o and p take the form

(2.20) o(r) = Go(r,y(r),  p(r) = Hy(r,y(r)),

1To be precise any ¢ that is of the kind of the ¢ in (2.13]) would meet the assumptions of the following
lemmas and theorems.

(2.19)
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where

1
00 B LO €+§
2.21 Gy(r,y :ccr%/ ¢ (1 —ee™¥ €2<€2—<1+>> de,
( ) s(r,y) £C0 e ( ) r2

0o 432
(2.22) Hy(r,y) = G r%/ 1) (1 — sefy) <€2 — <1 + LO>> " de,
20+ 3 VIt Lo/2 72

given in [23]. The constant ¢, is given by

1 Sf
(2.23) = 27r/ ds.
0 1—s

Lemma 2.3. The functions Gy(r,y) and Hy(r,y) defined in (2.21)) and (2.22)), respec-

tively, have the following properties.

(i) Gg(r,y) and Hy(r,y) are continuously differentiable in r and y.
(ii) The functions Gy(r,y) and Hy(r,y) and the partial derivatives 0yGy(r,y) and
OyHgy(r,y) are increasing both in r and y.
(iii) There is vacuum, i.e. f(r,-) = p(r) = o(r) = 0 if e ¥ \/1+ Lo/r2 > 1, in
particular if y(r) < 0.

Proof. By performing a change of variables in the integrals in (2.21]) and (2.22)) the differ-
entiability follows, cf. [23], Lemma 3.1. The monotonicity can be seen directly from the
structure of G4 and Hyg. The last statement is obvious since ¢(n) = 0 if n < 0. O

2.3. Main equation. From the Einstein equations (2.3) and (2.4)) one obtains the dif-
ferential equation for y

o /2
(224) ! ( ) 1= ATTQ o %f(;ﬂ 82G¢(37y(s))d3
2rA 1 [T,
< (rttatra) = 52+ 5 [ 2 Gutsu(eas)
0
A solution to yields a solution to the system ([2.242.6)). It should however be pointed
out that in order to obtain an asymptotically flat solution one needs to redefine Ey and p
as follows. Given an initial value yg, a solution y of equation is obtained having a
limit y(o0). By letting Fy := 1/y(c0) and e := Epy(r) we get a solution with the proper
boundary condition at infinity. Furthermore it should be mentioned that a solution to
the system provides a solution to all the Einstein equations. This is shown in
Theorem 2.1 in [25] in the case when A = 0. The proof is analogous in the case with
non-vanishing A. The equation is analyzed and solved in the remainder of this
work.

3. STATIC, ANISOTROPIC GLOBALLY REGULAR SOLUTIONS FOR A > 0

In this section we prove existence of globally regular static solutions with small A > 0.

3.1. Local existence. The following local existence lemma corresponds to the first part
of the proof of Theorem 2.2 in [24] for the case A = 0.

Lemma 3.1. Let ® : R? — [0,00) be of the form (2.19) and let Gy, Hy be defined by

equations and , respectively. Then for every yo € R and every A > 0 there
is a 6 > 0 such that there exists a unique solution yx € C*([0,0)) of equation (2.24)) with
initial value ya(0) = yo.
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Proof. We consider the equation ([2.24)) and integrate it using the initial condition y (0) =
yo. The following fixed point problem is obtained,

(3.1) ya(r) = (Tya)(r), >0

where the operator T' is given by

" K/2
S /0 1-— SQTA — &[5 02Gy(0,u(0))do
X <3H¢,(s,u(s)) - % + 3—12 OS 02G¢(o,u(o))da> ds.

This operator is considered on the set

(3:3) M= {u:[0,6] = R | u(0) = yo,po — 1 S u(r) po+ 1,

2 T
rA + ﬁ/ s°Gy(s,u(s))ds < c< 1,7 € [0,6]}.

3 ™ Jo
We note that M is non-empty if § > 0 is chosen sufficiently small. As carried out in detail
in the appendix, Section [A] it is shown that T acts as a contraction on M. This implies
(by the Banach fixed-point theorem) that there exists yp € M such that T'yx = ya.
Differentiability of y follows from the structure of T'. The differentiation with respect to
r yields that ya solves equation on the interval [0,d]. Away from the singularity
r = 0, standard existence and uniqueness results are applied to extend yx to a maximal
solution on an interval [0, R.). Obviously, the boundary condition at r = 0 is satisfied.
The regularity of the functions Gy, and H, implies that yp € C?((0, R.)), (cf. [23]) and it
can be shown that the second derivative continuously extends to r = 0 and ¢}, (0) =0. O

3.2. Continuation criterion. The solution y, exists at least as long as the denominator
of the right hand side of equation ([2.24)) is strictly larger than zero. The following lemma
formulates this assertion.

Lemma 3.2. Let yg € R and let R, > 0 be the largest radius such that the unique local
C2%-solution yp of equation (2.24) with ya(0) = yo exists on the interval [0, R.). Then
there exists Rp < R. such that

2 T
(3.4) lim inf (1 _rA K/ 82G¢(s,y,\(s))ds> =0.
0

Remark 3.3. Lemma[3.3 implies that the denominator on the right hand side of equation
becomes arbitrarily small on [0, R.), i.e. the numerator has no singular behavior
that would make the solution collapse as long as the denominator is larger than zero.

Remark 3.4. We can a priori not exclude the case R. = oo which would however not
occur due to the A term.

Proof. Assume

2 A T
(3.5) oA “/ PG y(s,ya(s))ds > 0
3 ™ Jo
for all r € [0, R;). Otherwise Rp < R. (with Rp characterized as above) occurs due to
the continuity of yp and G4 and the lemma follows. Assume now that the assertion of
the lemma does not hold, i.e. there is a constant a > 0 such that
A K

(3.6) 1-— =5 "7 /07" sGy(s,ya(s))ds > a
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for all r € [0, R.). First we show that this implies the existence of a C' > 0 such that for
all 7 € [0, R.) we have |y} (r)| < C. Therefore we consider

2rA 1

B0 A< T (o) + 5 +

5. T2 ; 32G¢(s,y/\(s))ds>.

Here it is used that Hy, and Gy are positive. It is obvious that the second term, %, is

bounded on the interval [0, R.). We show that the right hand side of (3.7]) is bounded on
this interval. Assume the opposite,

,

(3.8) limsup Hy(r,ya(r)) =00 or limsup/ s%Gy(s,ya(s))ds = 0.
r—Rc r—Re: JO

The second possibility implies limsup,_, g Gg(r,ya(r)) = co. On the interval [0, R.) we

have the upper bounds Hy(r, ya(r)) < Hg(Re,ya(r)) and Gy(r,ya(r)) < Gg(Re, ya(r)),

cf. Lemma . And since Hg(r,y) and Gg(r,y) are increasing functions in y

(cf. Lemma [2.3)) this in turn implies

(3.9) lim sup ya (r) = co.
r—Re

It follows that for all € > 0 sufficiently small there exists r € (R, — €, R;) such that
Y\ (r) > 0 which on the other hand implies

[, 2rA
(3.10) rHy(r,ya(r)) + 2/ 5°Gy(s,ya(s))ds < —,

7 Jo 3K
by equation for y\. This contradicts the assumption that either Hy(r,ya(r)) or
the integral [ s°Gy(s,ya(s))ds diverge as the right hand side of is bounded. Thus
|y ()| is bounded on [0, R,).
In the remainder of this proof it is shown that the solution can be continued beyond R,
which yields the desired contradiction. To achieve this, similar methods as in the proof
of Lemma will be used. For d,e > 0, 6 > ¢ define y. = yp(R. — €), the interval I,
containing R, by I. = [R. — ¢, R, — € + ¢], and

(3.11) uy(r) = { Z?ﬁ;* ! i[g};_ o

Consider the operator

(Teu)(r) = ye + / ' n/2

Ree 1= S0 8 (952G (0, u,(0))do

254 + 12/ 0*Gy(o, uy(a))da> ds
§7Jo

(3.12)
X (sHMs,u(s)) ~ 3

acting on the set

M, = {u:[€—>R|u(Rc—e):ys,yg—lgu(r) <y +1,
(3.13) 7“2A K

=N + 7“/0 52G¢(S,uy(s))ds <c<l,re Ie}-

Using (3.6) and |y} (r)] < C on [0,R.) for a C > 0 one can prove that T, acts as a
contraction on M.. In virtue of Banach’s fixed point theorem the operator 7. has a fixed

point y. € M, such that (yg)y defined by (3.11) solves equation (2.24)) on the interval
(0, R. — €+ d). But this contradicts the definition of R, and the lemma follows. O
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3.3. Existence beyond the non-vacuum region.

Lemma 3.5. Let ® : R? — [0,00) be of the form and let y be the unique global
C-solution of equation (M} in the case A =0 where y(0) = yo > 0, cf. [23]. As proved
in [23], f has bounded spatial support [0, Ry) where y(Ry) = 0 defines Ry uniquely. Let yy
be the unique C?-solution of equation with A > 0 and yx(0) = y(0) that according
to Lemma exists at least on an interval [0,0] for a certain 6 > 0 and let fo be the
distribution function corresponding to y.

Then yp exists at least on [0, Ry + AR| and the spatial support of fa is bounded by some
Roa < Ro+ AR if A and AR > 0 are chosen such that

y(Ro + AR)| N }

Cy (Ro + AR) ’ C, (Ro + AR)
holds. The constants Cy(r) defined in equation and Cy(r) defined in equation

are determined by the background solution y.

Remark 3.6. Note that the upper bound for A in is strictly larger than zero since
ly(Ro+AR)| > 0. This holds because the globally existing background solution y is strictly
monotone and we have y(Ry) = 0 by definition of Ry.

Proof. We define

(3.15) m(r) = 4m /Or s%0(s)ds, ma(r) = 4rm /Or s%op(s)ds,

(3.14) 0 <A <min {

(3.16) oir) = 1- 27’1(7")7 on(r) =1 7“23A B 2m7/}(r).

Consider the continuous function vs. Note that v (0) = 1. We define

(3.17) r* = inf{r € [0, R.) |va(r) = 1/18},

i.e., r* is the smallest radius where vy (1) = %8. Lemma sures that r* < R, i.e., r*
is well defined. Note that va(r) is the quantity in Lemma In addition, we define
(3.18) 7= sup{r € [0, Re] [ lya(r) = y(r)| < |ly(Ro + AR)|}.

The right hand side of this inequality is given by the background solution y, which exists
globally. Note that |y(Ro+ AR)| > 0 since y is strictly monotone, and y(0) = ya(0) = yo,
so 0 < 7 by continuity of y and yp. Let

(3.19) 7 = min{r*, 7}.

Choosing A s.t. (3.14)) holds, we will show that 7 > Ry + AR. We assume the opposite,
7™ < Rp+ AR, and consider the sum |gx () — o(r)| + |pa(r) — p(7)| on the interval [0, 7*].
By the mean value theorem we have

(3:20) lea(r) = o)l + Ipa(r) = p(0)] = (|0, Go(ro)l,, | + |0 Hor9)] | ) lya(r) = y(r)]

where uy,us € [y(r),ya(r)] are chosen appropriately. From the estimate (B.2)) in Appen-
dix B we have that for r < 7*

(3.21) loa(r) = o(r)| + lpa(r) = p(r)| < ACyn(7),
where Cyj, is defined in (B.2). Note that Cgyp(r) is increasing in r. Still on [0,7*] we

compute

r2A 2 A 81 [T
) = on ()] < 55+ Tima () = ()] = 55+ 7 [ son(s) = (o) lds

(3.22)
< ( 5+ 3(?*)2Cgh(f*)> A =: C,(F)A
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Since we have v(r) > % (Buchdahl inequality, cf. Lemma and A < % by

choice of A we can conclude

1 1/18 1
3.23 > —AC,(T") > = — —————C(7") > —
(323) 0a(1) 2 ) ~ ACU) > g = b R G 2
on [0, 7*] since C,(7*) < Cy(Ro + AR) because C,(r) is increasing and 7 < Ry + AR by
assumption.
We also consider the distance between y and yp on [0,7*]. Following the procedure
depicted in Section [B| of the appendix one obtains

lya(r) —y(r)| <A <3r2 + 2977 <H¢(r, Yo) + §G¢(r, y0)>>

(321) w72 (4 2800 (Hotrm) + 5Goran) ) ) [ Ctoinas

= C,(r)A < Cy(F*)A.

Since Cy(7*) < Cy(Ro + AR) and A < % on [0, 7*] by assumption, the relation

(3.25) lya(r) —y(r)| < ly(Ro + AR)

already holds. Equations @ and state that vy (7) > & and [ya(7*) — y(7*)| <
ly(Ro+ AR)|, respectively on the interval [0, 7*], which is a contradiction to the definition
of 7*. Thus we have 7 > Ry + AR as desired.

We have shown that y exists at least on [0, Rg+ AR] as the continuation criterion applies
and from equation ([3.25)) we already know that ya(Ro+ AR) < 0. Since yy is continuous
it has at least one zero at in the interval (R, Rp + AR). In particular there exists an
interval (Roa, Ro + AR) where y, is strictly smaller than zero. Ry is the largest zero of
ya in (Ro, Ro + AR). So the spatial support of fa is contained in the interval [0, Ry A)
and this implies the assertion. ]

3.4. Global regular solutions for A > (0. In the last two sections we have seen that
for suitably chosen A there exists a unique solution ya to equation (2.24)) on the interval
[0, Ry + AR] for some AR > 0. This solution uniquely induces a solution s, Ap of the
equations , on [0, Ry+AR] whose distribution function fj is of bounded support
in space. By gluing a Schwarzschild-deSitter metric to this solution one can construct a
global static solution to the Einstein-Vlasov system.

Theorem 3.7. Let ® : R? — [0,00) be of the form . For every initial value
po < 0 there exists a constant C = C(ug, @) > 0 such that for every 0 < A < C there
exists a unique global solution pup, Ay € C?([0,00)), fo € C°([0,0) x R3) of the static,
spherically symmetric Einstein-Vlasov system ([2.2))-(2.6) with 112(0) = po, and Ax(0) =0
such that the support of the distribution function is bounded. This solution coincides with
the Schwarzschild-deSitter metric in the vacuum region.

Proof. According to Lemmathere exists a C2-solution g, of equation on a small
interval [0,6]. In the proof of Lemma we saw that this solution can be extended at
least until » = Ry + AR for any AR if one chooses A small enough. Beyond the support
of o and py, thus for r € [Roa, Ro + AR], equation takes the form

(3:26) o =g (1- 5 - 2F)

where M = mp(Rp ). This equation is solved by the (shifted) Schwarzschild-deSitter
metric, whose corresponding y-coeflicient yg is given by

2
(3.27) ys(r) = 1 In <1 — T?)A — W) —In <€*>\(R0,A)> .
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The shift has been chosen such that y, can be extended by yg as a C?-solution of equation
on [0,00) using a modified ansatz for the matter distribution fy. Namely, for
r > Ry + AR we drop the original ansatz ® for fy and continue fp by the constant zero
function, i.e.

1—ee ¥ [L - Lo)%, re0,Ry+AR]
2 e + + ’ :
(3:28) fatw ) ={ 0, r> Ro+AR

Obviously fa is continuous since fa(r) = 0 already on (R A, Ro + AR) but %f/\(r,v) is
not continuous in general.
Via pp = In(Ep) — ya and

2A T
(3.29) A R H/ s°Gy(s,ya(s))ds

3 ™ Jo
one can construct a local solution pux, Ay € C2%([0, R..)) of ([2.3)), (2.4), where R, > Ry +
AR. This solution fulfills the boundary conditions Ay (0) = 0, ua(0) = In(Ey) — yo,
Ny (0) = 1y (0) = 0. We now see that Ey = e#(0.a) and continue pp and Ay with the
Schwarzschild-deSitter coefficients pg, Ag given by

A 2M

3.30 s _ p2xs _q _ & 27
(3.30) € € 3 .
in a continuous way beyond Ry + AR. From equation (3.26)) we deduce that also the
derivatives of up and pg can be glued together in a continuous way. The functions py,

Aa, and fj solve the Einstein-Vlasov system ([2.2)), (2.3)), (2.4]) globally. O

Remark 3.8. In the isotropic case, i.e. Ly = £ = 0 in the ansatz for the dis-
tribution function f, the matter quantities 0 and p are monotonically decreasing. This
implies that their support in space is a ball. In the anisotropic case however, so called
shell solutions occur, cf. [§]. The support of such matter shells is in general not connected.

4. STATIC, ANISOTROPIC, GLOBALLY REGULAR SOLUTIONS FOR A < 0

4.1. Local existence. In this section an existence lemma for A < 0 is stated for small
radii. This lemma corresponds to the first part of the proof of Theorem 2.2 in [24] for the
case A = 0.

Lemma 4.1. Let ® : R? — [0,00) be of the form and let Gy, Hy be defined by
equations (2.21) and (2.22), respectively. Then for every yo € R and every A < 0 there
exists a & > 0 such that there exists a unique solution yn € C%(]0,0]) of equation
with initial value yx(0) = yo.

Proof. The proof works in an exact analogue way as in the case A > 0. O

4.2. Globally regular solutions for A < 0. For negative cosmological constants the
global existence of solutions can be proved in an analogue way as done in [23] for the case
A = 0. After establishing the local existence of solutions analog to the A > 0 case, we show
that the metric components stay bounded for all » € Ry with an energy estimate. This
will yield the global existence of solutions of the Einstein-Vlasov system with negative
cosmological constant. In the next step we show by virtue of a suitable choice of an ansatz
for the matter distribution f, that the matter quantities p and p are of bounded support.
In the following theorem the existence on spatial intervals of the form R\ [0, rp), for ro > 0
is included for the purpose of applying the same theorem to the construction of static
spacetimes with Schwarzschild singularities in the center (cf. Section [5.2)). The solutions
of interest here are those where the radius variable takes values in all of R.
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Theorem 4.2. Let A < 0 and let ® : R? — [0,00) be of the form and let Gy and
Hgy be defined by equations and . Then for every ro > 0 and po, Ao € R there
exists a unique solution Ay, pup € C([rg,00)) of the Einstein-Viasov system (2.2)-(2.6)
with pa(ro) = po and Ay (rg) = Ng. One has A\g =0 if ro = 0.

Proof. We use an energy argument similar to [23]. Let yp € C?([ro, o + 0]) be the local
solution of equation with ya(rg) = In(Ep)e 0. If rg = 0 the existence of this
local solution is established by Lemma and in the case rg > 0 the existence of a local
solution follows directly from the regularity of the right hand sides of and . Let
[ro, Rc) be the maximal interval of existence of this solution. By up = In(Ep) — ya and

A r3 2 (r "
—2X\p _ 1 _ 2 _To\ _2(T0(;_ —2x 2
(4.1) e 1 3 (7“ " > " <2 (1 e ) +47T/7’o s G¢(s,y/\(s))ds>

one constructs a local solution pp, Ay € C%([ro, Re]) of equations (2.3) and (2.4). We
define

(4.2) wa(r) = —% + %3 (—;"OZ; + g—; (1 - e*%) + /0 s2gA(s)ds> .
The Einstein equation implies

(4.3) p (r) = dmre® 20 (pa (r) + wa(r))

By adding equations and we have

(4.4) (HA(r) + Na(r) = 47re® 20 (po(r) + 0a(r)).

We assume R, < oo and consider the quantity e#AT24 (py + wy) on the interval [%, Rc).
On this interval, in particular away from the origin, a differential inequality will be estab-
lished that will allow us to deduce that both up and Ay are bounded on [%, RC). Using

the TOV equation (2.16|) we obtain for r € [%, RC)

i (e#AJr/\A (pA + wA)) — ebatAa (_QPA _ 311)7/\ _ L + 2prA + QA)

dr T r 4mr T r
(4.5) < Cpetntia — 1 (pa + wy) eHatAia
PA + wp
——
=:Cy

In the course of this estimate we have used that ﬁ, pra(r)/r and pp(r)/r stay bounded
for r € [Ze, R.). The constant Cs is bounded since wy (r) > 0 for negative A. It follows

d
(4.6) 3,0 <€“A+’\A (pa + wA)) <Cy = A+ <o
r
Equation (4.3) implies that p/y (r) > 0 and therefore pp(r) > po. We also have
2 2
r4|A| - 3+ RZIA| -
- 3
This in turn implies Ay > —oo and we deduce from equation (4.6) that both pua and
A are bounded on [%, RC). This allows to continue pup and Ay as C?-solutions of the
Einstein equations beyond R, which contradicts its definition. So R, = co. U

(4.7) e”PM <14

We prove in the following theorem that the distribution function in the previous theorem
is compactly supported which yield physically reasonable solutions.

Theorem 4.3. Let ® : R? — [0,00) be of the form and let ug € R , ro > 0 and let
s pia € CH([rg, o0)), f(z,v) = ®(E, L) be the unique global-in-r solution of the Einstein-
Viasov system (2.2)) — (2.6) with negative cosmological constant where pux(0) = po such
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that yo = In(Ep)e "0 > 0. Then there exists Ry € (g, 00) such that the spatial support of
fA is contained in the interval [ro, Rp).

Proof. Due to Lemma we have vacuum if ya(r) < 0. By assumption we have
yA(0) > 0. In the following we show that lim, o, ya(r) < 0. Since ya is continuous and
monotonically decreasing, this implies that y, possesses a single zero Ry and the support
of the matter quantities pp and py is contained in [0, Ry).

We define yyac,n by

1 r2A
(4-8) Yvac,A = Yo — 5 In (1 - 3> .
So we have
K/2 2rA
(4.9) e (r) = =25 (-52)
3

and Yvac,A(0) = ya(0) = yo. Furthermore, since y)(r) < yi,.(r) Which can be seen
immediately by means of equation ([2.24)) we have

r?[A]
3

and the theorem follows. O

1
(110) () < thaea(r) =0 — 51n (14 1) 25 oo <0

Remark 4.4. The solution coincides with Schwarzschild-AdS for r > Ry if the continuity
condition

(4.11) pa(Ro) = In(Ep) — ya(Ro) = 1ln < — @ — W)

1s fulfilled, where M = 4w fORO s20a(s)ds. So if yo is given, the corresponding value of Eg
in the ansatz ® for the matter distribution f can be read off.

5. SOLUTIONS WITH A SCHWARZSCHILD SINGULARITY AT THE CENTER

In this section we construct spherically symmetric, static solutions of the Einstein-Vlasov
system with non-vanishing cosmological constant that contain a Schwarzschild singularity
at the center. We consider both the case with a positive and a negative cosmological
constant. The construction for the case A > 0 makes use of the corresponding solutions
with vanishing A. In the following we will call this solution, where A = 0, a background
solution. The global existence of the background solution is proved in [23]. The matter
quantities belonging to this background solution are of finite support.

5.1. Matter shells immersed in Schwarzschild-deSitter spacetime. The construc-
tion of the solution with A > 0 can be outlined as follows. In the vacuum case, i.e. when

the right hand sides of the Einstein equations (2.3) and (2.4) are zero, the solutions are
given by

-1
(5.1) ) =1 — A - 2M07 A1) = <1 - A B 2M0> , T >TBA
3 r 3 r

where rpga is defined to be the black hole event horizon, i.e. the smallest positive zero of
1—7r2A/3 — 2My/r. If one chooses Lo and My appropriately and A sufficiently small the
following configuration is on hand. For small r > rp, one sets f(z,v) = 0 and the metric
is given by Schwarzschild-deSitter. Thus one has the coefficients . Increasing the
radius r one reaches an interval [r_a, 7] where also an ansatz f(z,v) = ®(E, L) of the
form yields vacuum, i.e. Gy (r,y(r)) = Hg(r,y(r)) = 0. In this interval it is possible
to glue to the Schwarzschild-deSitter solution a non vacuum solution solving the
Einstein-Vlasov system. It will be shown that the matter quantities pp and p of this
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solution have finite support. Beyond the support of the matter quantities the solution
will be continued again by Schwarzschild-deSitter.

For negative cosmological constant, globally defined solutions can be constructed as well.
Like in the case above, the black hole is surrounded by a vacuum shell which is on its part
surrounded by a shell containing matter. In the outer region, we again have vacuum.
Before we consider the system with A # 0 we establish a Buchdahl type inequality for
solutions of the Einstein equations with a Schwarzschild singularity at the center. This
inequality is relevant for the proof of existence of solutions of the Einstein-Vlasov system
with A > 0.

Lemma 5.1. Let A\, u € C'([0,00)) and let o,p,pr € C°([0,00)) be functions that satisfy
the system of equations with a Schwarzschild singularity with mass parameter
My > 0 at the center, and such that p + 2pp < 0. Then the inequality

2(Moy +m(r)) 8

. < -

(5:2) r -9

holds for all r € [%M@,OO) where m(r) is given by

(5.3) m(r) = 47‘(‘/ s2o(s)ds.
2M,

Proof. For the prove of the lemma we apply techniques that are already used in [19]
to prove the Buchdahl inequality for globally regular solutions without Schwarzschild
singularity. Only the steps that differ from the proof of Theorem 4.1 in [19], or Theorem
1 in [5] for the charged case, will be described in detail.

By integrating the Einstein equation over the interval (%, r) we obtain

M T
(5.4) e =1- Mo (1 = 672)\()) = 87r/ s20(s)ds,

4r r J9Mq

where A\g = A (%). Since we have vacuum on (2M0, %) on this interval the metric is
given by the Schwarzschild metric and one can compute Ag explicitly. One finds that

—on _q _ 2(Mo+m(r))

(5.5) e

We plug this into the other Einstein equation (2.4]) and obtain the differential equation

1 My + m(r)
! - - I e S
(5.6) w(r) = [ 20k () (47rrp+ 2 ) .
We now introduce the variables
2(M,
(57) xr = M’ Yy = 87.‘.7,21)(7,).

r

Note that x < 1 and y > 0. The first inequality must hold true since otherwise the metric
function A would not stay bounded. Next we let 8 = 2In(r) and consider the curve
(:E (66/2) Y (66/2)) parameterized by £ in [0,1) x [0,00). In the following a dot denotes
the derivative with respect to 5. Using the Einstein equations and the generalized TOV
equation one checks that x and y satisfy the equations

(5.8) 8rrlp = 2i+x,
(5.9) 8rrip = v,

2
(5.10) 87r'r2pT = u¢+y+m

2(1 — ) 11 —=)
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By virtue of these equations ([5.8]) — (5.10|) the condition p + 2p7r < o can be written in
the form

(5.11) Br—-2+yr+2(1-2)y< _a(m2,y)7 o= 32% — 22 + 9% + 2.

From now on the proof is analogue to the proof of Theorem 1 in [5] for the charged case.
One defines the quantity

(3(1 —x) + 1 +y)?
1—z

(5.12) w(z,y) =

and shows that since 0 < z < 1 and y < 0 this quantity is bounded by 16 along the curve
(z,y) with an optimization procedure. The inequality w < 16 is already equivalent to

2(Mo +m(r)) < 8

r =9
%, oo) and the proof is complete. O

(5.13)

for all r € [

Remark 5.2. In the case when My = 0 it is known that the inequality is sharp, cf. [
and [19]. For the purpose of this work the bound is sufficient and we have not tried
to show sharpness.

In the course of the proof of Theorem we will need a continuation criterion for the
solution of the Einstein equations, namely the following statement.

Lemma 5.3. Let A > 0, ug € R and Mg, rg > 0. Let Gy and Hy defined by equations
(2.21)) and (2.22)). Then the equation

1

!
KA = 3
— A 2 _ 7”70 _ 2 T .2
(5.14) 13 <T r) v <M0+47T frgs G(b(sa#A(S))dS)
1 T
X <4TFTH¢(S’:U’A(S)) —A <; + 6,,;%) T72 <MO + 471'/ 52G¢(5,MA(S))(18>>
70

has a unique local C?-solution up with wu(re) = po with mazimal interval of existence
[r0, Re), Re > 0. Moreover, there exists Rp < R. such that

(5.15) lim inf (1 - /; (7‘2 - rg) - % <M0 + 4w / S2G¢(S,MA(S))dS)> =0.

T‘—}RD T 0

Proof. The local existence of a C%-solution of equation follows from the regularity
of the right hand side. Basically one is in the situation of Lemma i.e., the case with
a regular center and A > 0, except for the fact that there are additional terms containing
ro and My. But on a finite interval [rg, R.) these terms are bounded and well behaved,
i.e. the proof can be carried out in an analogue way. ([

Remark 5.4. Lemma implies that if the denominator of the right hand side of equa-
tion (5.14) is strictly larger than zero on an interval [ro,r), then pup can be extended

beyond r as a solution of (5.14)).

The following theorem states the existence of solutions for A > 0 with a Schwarzschild
singularity at the center.

Theorem 5.5. Let ® : R? — [0, 00) be of the form with Eg = 1 and let Lo, My > 0
such that Ly > 16M3. Then there exists a unique solution ux, An € C?((rpa,00)),
f € C%(rpa,00) x R?) of the Einstein-Viasov system - for A > 0 sufficiently
small. The spatial support of the distribution function fa is contained in a shell {ryn <
r < Rop}. In the complement of this shell the solution of the Einstein equations is given
by the Schwarzschild-deSitter metric.
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Remark 5.6. In the course of the proof one will come across the fact that in one of
the vacuum regions, either r < ryip or r > Rop, the component pvac given by e2Hvac =
1-— ’“QTA — ¥ of the Schwarzschild-deSitter metric will be shifted by a constant. But this
shift is just a reparametrization of the time t [23]. Thus the shell of Vlasov matter causes

a redshift.

Proof. In the first part of the proof we consider the black hole region and show that the
chosen parameters lead to the configuration depicted in Figure [I] Then we make use of
the existence of a background solution and construct the desired solution py.

B TBA T—A

black hole vacuum matter vacuum

Figure 1 — Qualitative sketch of a black hole configuration surrounded by a shell of matter

We define the functions

(5.16) a(r) = \/1— 2];40\/1+f§,
(5.17) ar(r) = \/1—7"2A— QMO\/HLO.

Moreover, we define r_ and r to be the first and second radius where a(r) = 1, respec-
tively, and rp := 2Mj to be the event horizon of the black hole. Since Ly > 16M§ we
have rg < r— < ry (cf. [23]). Note also that ry > 4My > 12 M.

Since 9M§A < 1 by assumption (A is chosen to be small), there exists a black hole horizon
rga of the Schwarzschild-deSitter metric with parameters My and A. It can be calculated
explicitlyﬂ by

2 1 T
(5.18) TBA = ——— COS | = arccos (—SMO\/ A) +—=].
VA 3 3
2 : : d _ 1
To assure oneself of that one has chosen the right zero, using {- arccos(z) = — e one checks
o (L [ w 1 3My
. I'Hospital .. Zsin (3 arceos ( 3MO\/K) + 3) 3/1—(3MoVA)2 2VA
/{Hno TBA = lim = 2M.
—

A=0 1/ (2\/K)
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Note that rp < rpa. We construct an upper bound to rgx. Set v(r) =1 — 2];40.

o(rps) = /TBA V(s)ds + v(rg)

b =0
TBA
(5.19) > / ( inf v’(s)) ds = (rga — )V (rBA)
re SG[T’B,TBA}
= TBASTB+ v,(TBA)
v'(rpa)
A short calculation yields v(rgp) = T%TAA and v'(rpp) = 2Mo - QOne also checks by explicit
TBA

calculation that dgﬁ" > 0. So the distance

(5.20) TBA — TB S —_

between the two horizons can be made arbitrarily small if A is chosen to be sufficiently
small. In particular we need A to be small enough to assure rpy < r_.

Next we define r_5 and r; 5 to be the first and second radius where ay(r) = 1. Note that
a(r) > ap(r) for all r € (rpa,rc), where r¢ is the cosmological horizon of the vacuum
solution, thus the second positive zero of 1 — 72A/3 — 2My/r. Between r_ and 7, the
function a(r) has a unique maximum at r = 7, given by

 Lo—/I2— 12031,
5.21 _ _
(5.21) " 2M,

We consider the distance between a?(r) and a(r) at this radius #:

/\2 L
(5.22) a2(7) — a3 (7)] = A g 0,
Choosing A sufficiently small one can attain |a?() — a3 (#)| < a?(#) — 1. This implies that
ap(r) — 1 has exactly two zeros in the interval (r_,r;). This in turn yields the desired
configuration

(5.23) 2Mo =1 <7TBA <T— <T_pA <T <7Tgpp <Tq.
In the vacuum region [r_p,7r4a] the function ap(r) coincides with the expression

e valr), /14 % Lemma 1) implies that therefore for r € [r_a,rya] also the

ansatz ® for the distribution function f yields oa(r) = Gy(r,ya(r)) = 0 and pa(r) =
Hy(r,ya(r)) = 0. So at 7 = ry one can continue f by the ansatz ® in a continuous way
and for r > r1p the Einstein equations lead to the differential equation

1
_A(p2 A} 2 (ria (] _ o2 T2
1—5(r - S (1 —em?h0) +4n quS oa(s)ds

roor TLA _ 4 [T
X (47TTPA —A <3 + 6:3) + ;? (1 —e 2’\0) + o) /”A S2.QA(S)ds>
where A\g = A\(r4p).
There exists a background solution pu € C?((2Mp,00)) to the Einstein equations with
A =0 (cf. [23]). For r € (2My,r4a] this solution is given by the Schwarzschild metric
and for r > ry 5 as a solution of equation with A = 0. The background solution is
continuous at rp if

(5.25) ”TA (1 - e*%) — My,

pa =

(5.24)
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Furthermore, the background solution p has the property that there exists Ry > 0 such
that u(Ro) = 0 which implies that the support of matter quantities ¢ and p is contained in
the interval (ry, Rp) (cf. [23]). In the remainder of the proof we show that using properties
of this background solution i one obtains a global solution s of equation . We set

1 r2 A 2M,
5.26 = “Inf1- 22
( ) HOA 9 n ( 3 T+A> )
1 2M,
(5.27) o = p(rea) = 3 In (1 - 0> .
T+A

In the following we seek for a solution up of equation on on an interval beginning
at r = rya with the initial value pop at given in that we can glue to the vacuum
solution on (rpa,r4+a]. Note that poa < 0. Since there are no issues with an irregular
center the local existence of up on an interval (ria,74a + 0], 6 > 0 follows from the
regularity of the right hand side of equation . So let (2My, R.) be the maximum
interval of existence of uy. We define

(5.28) v (r) = 1-— % (MO + 4 /T 52Q(5)ds> ,

Al o Tia 2 T
(5.29) vpmoAa(r) = 1— s\, My + 477/ s“oa(s)ds
THA

r

as the denominator of the right hand side of equation (5.24). We set

1 12y
) Avp = — L g
(5.30) V0 1= g UMA(T4A) TERERT

and define the radii

r* =inf {r € (r4a, Re) | vaoa(r) = Awvg },

7 =sup{r € (r4a, Re) | [pa(r) — pu(r)] < p(Ro + AR)},

and set 7 := min{r,7*}. Note that u(Ry + AR) > 0 since u(Ro) = 0 and p is strictly
increasing. We assume that r < 7* and calculate |u(r) — ua(r)|. To make calculations

more convenient, we extend ¢ and p on [0,2My] as constant zero such that integrals of o
and p over (r4,r) can be replaced by integrals over (0,r). First we calculate

(5.31)

-1
1 2 A r2 A 2M,
(5.32) o — poa| = =In |14 A= (1 - AZ 270 =: Coa(r).
2 3 3 TH+A

We write
() — pa(r)]

T ! s
< /T+A ora(®) [4778‘]%(8) —p(s)|— A (3 + ;—2A>

25 [ Ploa(o) - slolaaas
! / (smspte) + 5 [ Petenae) [ o -

We would like to apply the generalized Buchdahl inequality (Lemma to the back-
ground solution p on the interval [rip,00). We have that rip > 7 > 3My > 9/4M.
The crucial condition is the existence of a vacuum region on (2M0, %Mo]. But this is

(5.33)

ds + Coa(r)
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ensured by virtue of the assumption Ly > 16 M2 which implies r; > 4Mj. So the differ-
ence |u(r) — pa(r)| can be further simplified and estimated. Using similar estimates as in
Appendix B we obtain an inequality of the form

(5.34) () = pa(r)| < Calr) + C(r) /OT (Ip(s) = pa(s)| + le(s) — ea(s)]) ds

where C(r) is increasing in r, Cz(r) is increasing both in A and r and we have Cx(r) =0
if A = 0. Note that the constants are fully determined by My, Lo, ¢ and u.
In virtue of the mean value theorem, the sum |px — p| + |oa — 0| can be estimated as

(5.35) pa(r) = p(r)| + [oa(r) — o(r)] < C- [pa(r) — u(r)l;

where the constant C' is determined by the derivatives of Gy and Hy. A Grénwall ar-
gument yields |ua(r) — pu(r)| < Cua(r) implying |oa(r) — o(r)] < Cya(r) with certain
constants Cgp and Cpx.

One can choose A small enough such that for all r € (r4, Rp + AR] we have

(5.36) lua(r) — p(r)| < p(Ro + AR).
Moreover, we consider the difference

Q712
3

3
TiA
T

(5.57) ont ()~ vaaoa (1) < 3 |17~ Con(r)

Lemma implies vy, (r) > § for all r € (ry5,00). Choosing A sufficiently small, such
that for all » € (rya, Ro + AR] we have |vag, (1) — vaa(r)| < 75 one obtains vaa > &
on (rya, Ry + AR].

So altogether, one has deduced that #* > Ry + AR if A is chosen sufficiently small. This
implies that ya exists at least on [0, Ro+AR] by Lemmal[5.3and also that pux(Ro+AR) >
0. From the latter property one deduces that there exists a radius Rypy > Ry such that
for all r € [Roa, Ro + AR] we have gp(r) = pa(r) = 0. On this interval, we can glue
an appropriately shifted Schwarzschild-de Sitter metric to ps. This yields the desired
solution defined on (rpp, 00). O

Remark 5.7. To see that the solutions constructed in Theorem[5.5 are non-vacuum, one
checks that for r > ryx one has

2

(5.38) %a/\(r) <0 and (r) <O0.

d a2

Since ap(r) corresponds to e YA this implies that for some r > rip the quantity

e v, /1 4 % < 1 which in turn implies by Lemma that ox(r),pa(r) > 0

for some r > ry,.

Remark 5.8. In contrary to the metric without a singularity at the center, the metric
with a Schwarzschild singularity does not coincide with the not shifted Schwarzschild-de
Sitter solution for r > Rop. This can be seen as follows. We have

(5.39) P (r) > liln (1 -5

- 2dr

Certainly, the mass parameter M of the vacuum solution, that is glued on in the outer
region, s larger than My. This implies

(5.40) 1— =
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for allr € (rpa,rc). So there is no ansatz ® for the matter distribution that yields a met-
ric component up that connects the two vacuum solutions without any shift. But by suit-
able choice of ® and Ey one can determine whether the inner or the outer Schwarzschild-
deSitter metric is shifted. For the maximal C?-extension of the metric constructed in
Theorem we will need the aolution to coincide with the not shifted Schwarzschild-
deSitter metric for r > Roj.

5.2. Matter shells immersed in Schwarzschild-AdS spacetimes. We construct so-
lutions of the Einstein-Vlasov system with a Schwarzschild singularity at the center for
the case A < 0. The result is given in the following theorem.

Theorem 5.9. Let ® : R? — [0,00) be of the form and let Lo, My > 0
such that Ly < 16M¢Z. Then there exists a unique solution s, \n € C?*((rpa,o0)),
f € C%(rpa,0) x R3) of the Einstein-Viasov system - for A < 0 and |A]
sufficiently small. The spatial support of the distribution function fa is contained in a
shell, {ryn < 1 < Rop}. In the complement of this shell, the solution of the Einstein
equations is given by the Schwarzschild-AdS metric.

Proof. We define rp := 2Mj to be the Schwarzschild black hole horizon of the background
solution and rgp to be the black hole horizon for the Schwarzschild-AdS with A < 0,
i.e. the smallest positive zero of 1 —r2A/3 — 2My/r. Define also the functions

(5.41) a(r) = \/1 - 2];40 \/1 + %

7’2A 2M0 LO

Moreover we define r_ and r4 to be the first and second positive zero of a(r) — 1, respec-
tively, as well as r_p and r4, to be the first and second positive zero of ay(r) — 1. The
assumption Ly < 16MO2 assures that rp < r— < ry but a priori r;pA = oo and r_j = oo
are possible. However, we show that the configuration is

(5.43) rpA < T_p < Tip < 00.

First, we observe that a(r) < 1 for all » > r; and also that ax(r) > a(r) for all r € Ry
since A < 0. So we have rg, < r_p < r— < ry < rip. It remains to show that
r4A < 00. This is done by showing that for |A| sufficiently small the functions a and ap
are sufficiently close at a radius r + Ar, Ar > 0 such that apr(ry + Ar) < 1. So we
consider the difference |a%(r) — a?(r)| at the radius ry + Ar:

ro+Ar)? + Ly

3 .
Choosing |A| small one attains this difference to be smaller than a(ry + Ar) — 1 which
implies r4p < 74 + Ar < oo.
Given this configuration we construct a global solution of the Kinstein-Vlasov
system in the following manner. For r € (rpa,r4a] we set f(z,v) =0 and

(5.44) a3 (ry + Ar) — a®(ry + Ar)| = |A| (

(5.45) ua(r) = %m <1 A

For r > ry we set f(z,v) = ®(F, L). Since also ®(E, L) = 0 on the interval (r_p,744)
the distribution function f is continuous and the metric coefficient pp is given by the
ODE with A < 0 for all € (r_,00). The initial value Ag of Ay is determined by
the continuity criterion

(5.46) ”TA (1 - e*%) — My,
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The last step of the proof is to assure for the existence of a solution with the desired
properties of the Einstein-Vlasov system on [rya, 00) with initial values Ag given by
and pg = pp(r4a), given by equation . But this is already implied by the Theorems
4.2l and (4.3 O

6. SOLUTIONS ON R x S3 AND R x S2 x R

In Sections [3.4] and we constructed spherically symmetric, static solutions of the
Einstein-Vlasov system with small positive cosmological constant A. For small radii the
A-term plays only a minor role. This was crucial for the method of proof. However, the
global structure of the constructed spacetime is substantially different when A > 0 and
shows interesting properties. In particular, it allows for solutions with different global
topologies.

The following theorem gives a class of new solutions to the non-vacuum field equations
with non-trivial global topology. These solutions are constructed from pieces consisting
of solutions constructed in Theorems B.7] and 5.5

Theorem 6.1. Let A > 0 be sufficiently small and let M, = Rx S? and Mo = Rx S? xR.
The following types of static metrics solving the Einstein-Viasov system exist on these
topologies.

(i) There is a class of static metrics on M1, which is characterized in Figure @ In
regions I and IV a metric in this class coincides with two a priori different solu-
tions of the type constructed in Theorem with identical total mass, but possibly
different matter distributions and radii of the support of the matter quantities Ry
and R and reqular centers. The metric in regions II and III is vacuum.

(ii) There is a class of static metrics on 1, which is characterized in Figure @ A
metric in this class consists of two regular centers with finitely extended matter
distribution around each of the centers of equal mass but possible different matter
distributions and radii Ry, Ry of the type constructed in Theorem[3.7. These two
regions are connected by a chain of black holes of identical masses (the diagram
shows the minimal configuration with one black hole).

(iii) There is a class of metrics on Mo, which is characterized in Figure . The space-
time consists of an infinite sequence of black holes, each surrounded by matter
shells of possibly different radii and positions. In regions IV, VII, X and XIII these
solutions coincide with those constructed in Theorem [5.5. The necessary condi-
tions on the masses are M;‘l = Méfb, Mfl = MZ,B? and M64+M542 = Mfl +MP,

where Mg, i = A, B, denote the mass parameter of the black holes and ng,
1 = A, B, j = 1,2 denote the quasilocal mass of the matter shells defined in

equation .

Remark 6.2.

(a) The black hole masses in the third class of solutions in the previous theorem can
be pairwise different. Only the total mass of black hole and matter shell have to
agree pairwise, cf. condition in (iii) above.

(b) Combinations of the classes (ii) and (iii) yield similar metrics on M3 = R x R3
with a reqular center followed by an infinite sequence of black holes.

(¢) The second class of solutions could also be generalized by adding matter shells
around the black holes. The mass parameters then have to be adjusted.

(d) When crossing the cosmological horizon or the event horizon of a black or white
hole the Killing vector 0; changes from being timelike to spacelike. This means
that the maximal extended spacetime contains both static and dynamic regions that
are alternating. This holds for all constructed classes.



22 H. ANDREASSON, D. FAJMAN, M. THALLER

r=o00, 4"

Tlg

§ile

r=o00,9"

Figure 2 — Penrose diagram of the maximal C2-extension of a metric constructed as spher-
ically symmetric solution of the Einstein-Vlasov system. Region I corresponds to the region
0 < r < r¢. The metric is extended in an analogue way to the standard extension of the
deSitter metric. The gray lines are surfaces of constant r.

r=o00, 97T r=20 r=o00, 971

1§ite

Figure 3 - Penrose diagram of the maximal C?-extension of a metric constructed as spher-
ically symmetric solution of the Einstein-Vlasov system. Region I corresponds to the region
0 < r < r¢. In this region matter (represented by the shaded area) is present and the metric
is regular. This metric is extended with the Schwarzschild-deSitter metric that leads to a
periodic solution. The periodic course stops when a matter region appears again preventing
the metric from being singular at » = 0. The gray lines are surfaces of constant r.

Proof. We outline now the construction of the spacetimes given in the previous theorem.
For the first two classes of spacetimes we consider solutions of the Einstein-Vlasov system
with a regular center. Let (ua, Aa, fa) be a static solution of the spherically symmetric
Einstein-Vlasov system with positive cosmological constant A defined for r € [0, r¢) such
that the support of the matter quantities is bounded by a radius 0 < Rgp < r¢. The
radius r¢ denotes the cosmological horizon. On [Roa,7¢) there is vacuum on hand and
the metric is given by the Schwarzschild-deSitter metric with the ADM mass M as
mass parameter. The ADM mass M is then given by

Roa
(6.1) M = 47‘(‘/ s2on(s)ds.
0

If 9M?A < 1, the polynomial 73 — %r + % has one negative zero and two positive ones.
The largest zero of this polynomial is defined to be the cosmological horizon r¢. Moreover,
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Figure 4 — Penrose diagram of the maximal C?-extension of a metric constructed as spher-
ically symmetric solution of the Einstein-Vlasov system. The solution coincides with the
Schwarzschild-deSitter spacetime in the vacuum regions and the black holes are surrounded
by shells of Vlasov matter (gray shaded domains). Notably the black holes do not necessarily
have the same mass. The grey lines are surfaces of constant r.

rn 1S the negative zero, and rpa the smaller positive one. In terms of the ADM mass M
and the cosmological constant A these zeros can be calculated explicitly. Note that the
Buchdahl inequality for solutions with A # 0 [6] implies rpa < Roa.

Case (i): Consider Figure [2l This spacetime can be obtained in an analogue way to the
standard procedure to compactify the deSitter space as described for example in [I7]. In
the following, this procedure is carried out in detail. The metric is given as a non-vacuum
solution of the Einstein-Vlasov system for r € [0, r¢), corresponding to region I in Figure
as discussed in Theorem In this region we have

(6.2) ds? = —e2de? 4+ XM dr? 4 12492 + r? sin?(9)dp?.

In the first step we introduce coordinates Uy, V; that transform the region R x [0, 7¢) x S?
into the left triangle (region I) in Figure [2l The coordinates usually used to compactify
the vacuum deSitter metric as for example described in [I7] will do. They are given by

ro—nr —_t ro—r t
(6.3) Ur =4/ € e, Vi=—y /S —eic
ro+r rc—+r

and can be compactified via the transformations p; = arctan(Ur), g1 = arctan(V;). The
left part of Figure [5[ shows the transformed region R X [0, r¢) in the py, gr-coordinates.

pbc qc prv qv

yrvy
//////

F=Roa F=00,7

Figure 5 — Construction of the spacetime shown in Figure [2] We use three coordinate charts
to compactify the spacetime. Regions that are shaded in the same orientation are covered by
two of the coordinate charts simultaneously, thus there coordinates can be changed. The gray
areas are matter regions and the dashed lines correspond to r = rgx. We distinguish between
r and 7 to emphasize that there are different spacetime regions that cannot be covered by a
T T
]

single chart (¢, 7,1, ¢). All coordinates p and g take values in [—5, 5
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The support of the matter (i.e. the matter distribution f) ends at a radius Rgp. For
r > Roa the metric is merely given by the Schwarzschild-deSitter metric

2 2
2 r°A  2M 9 dr 2 12
(64) dS——<1—3—r>dt +W+Tdﬂ ROA§T<Tc.

At r = r¢ there is a coordinate singularity of the metric that we want to pass. For
this purpose we express the metric in other coordinates that do not have a singularity at
r = r¢ being defined on the region where r € [Rgp,7) (region I in the middle part of
Figure . These coordinates are given by

_ _ -1 _ _ -1
(6.5) Uc = \/(ro D= e S0, Vo= _\/(TC =)' e <o,

(T—TBA)'Y (?”—TBA)'Y

where §¢ = >0 and v = 0<vy< 1ﬂ They are used in the standard

T
eI A=A, 330"
compactlﬁcatlon procedure of the Schwarzschild-deSitter metric. For details, see [12] or
[14]. In the new coordinates the line element of the Schwarzschild-deSitter metric (6.4])
reads

4A52
(6.6) ds* = —

Clr—rp)> 7 (r—rpa) T dUcAVe 4+ r2d9? + r2sin(9)de?, > Roa.

Note that here r is seen as a function of Us and V. The coordinates only take values
in {(u,v) € R?*|u > 0,v < 0}. We extend them to R?. This extension gets beyond r¢.
Again, the spacetime region covered by the coordinates Us and Vo can be compactified
using the transformation pc = arctan(U¢), gc = arctan(Ve). The middle part of Figure
shows the region covered by Ugs and V7, each taking values in R, in the po, go-coordinates.
The line element can be extended to the whole area covered by Ucs and Vi in an
analytic way. In the region where r € [Roa,7¢) the coordinate charts and
overlap and one can change coordinates (the shaded areas in the left and middle part of
Figure [5)). The transformation law is given by

o y—1 3-—2Ar2
Uc(Ur) = \/(7”0 s “uy,

(6.7) o) ,
(ro +r)(r —mr,)7—1 32224
Velh) = \/ - (r—rpa)? e o V.

Region IV in Figure |2 corresponds to a second universe that also can be equipped with
Schwarzschild coordinates (t,7). We distinguish between r and 7 to emphasize that the
charts (¢,7) and (£, 7) cover different regions of the spacetime. Geometrically these regions
look equal. This will be different for the second class of spacetimes . In the region
7 € [Roa,rc) (region IV in the middle part of Figure |5)), in terms of the #, #-coordinates
Uc and Ve are given by

(6.8) Uc = —\/(rc Gl DL - 0, Vo= \/(7“0 — N - )

(F —rpA)Y (F —rpA)?

To get a compactification of the whole region IV, including 7 < rp, we introduce coordi-
nates similar to (6.3]), namely

(6.9) Uy =

ro—T

T —
O e *C Viv = =
ro+r Te+T

covering the region characterized by 7 € [0, 7¢). This region can again be compactified via
p = arctan(U), ¢ = arctan(V'). This yields the right part of Figure [5} For 7 € [Roa, r¢)

T‘%«A oM -0
3 re
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the coordinates can be changed using an analogue law as . On the spacetime region
represented by the middle part of Figure [5| the line element can be expressed by .
Since both, in region I and I'V the metric can be brought into the form via coordinate
transformations also the energy densities are identical in these regions. This of course
implies that in both regions the mass parameter is equal.

Case (ii): Now we come to the spacetimes characterized by Figure (3| For the construction
of a C?-extension of the metric (6.2)) at least five coordinate charts are necessary. Figure |§|
illustrates this construction. Again we begin with the region r € [0, r¢) where the metric

Figure 6 — Construction of the spacetime shown in Figure (3] On regions that are shaded in
equal directions two coordinates are defined and one can change between them. All coordi-
T T

nates p, ¢ take values in [—5, 5}.

is given by (6.2). In the same way as described above one expresses the line element
in other coordinates pc, qc that avoid the singularity at r = r¢ and cover the region
ron < 1r < rc. The line element as given by can be analyticallyﬁ extended onto the
regions I - IV in Figure[6] From now on the procedure differs from the one above. Regions
I and IV are not supposed to be geometrically identical but region IV shall be a vacuum
region thus the metric will be given by Schwarzschild-deSitter everywhere. Certainly,
the line element of the Schwarzschild-deSitter metric being given in terms of the
coordinates Ug, Vo now shows a singularity at r = TBAH This coordinate singularity can
be overcome by virtue of the coordinates

(610) UB — \/(T - TBA)(T — Tn)ﬁ—l eﬁ’ VB _ _\/(T - TBA)(T — ’rn)ﬁ_l B_ﬁ,

(rc —r)P (rc —1)P

where 0p = =£4— > 0 and 8 = ;555> > 1. The coordinates are defined on the
THA (Arg—1)ép
middle part of Figure [l This is part of the standard compactification procedure of the
Schwarzschild-deSitter metric, cf. [12] or [I4]. Alternating the coordinate charts (Uc, Vo)
and (Up, Vp) this procedure can be continued an arbitrary amount of times extending
the spacetime to additional black hole and cosmological regions. This periodic extension
stops if for r < r¢ the metric is not given by a vacuum solution of the Einstein equations
but again by the solution of the Einstein-Vlasov system. There is no coordinate
singularity at »r = rpp and also a regular center at » = 0. So a regular expression of the
line element by the coordinates is possible again, leading to region X in Figure
This region now is geometrically identical to region I in Figure |3| (and also in Figure
In the extension procedure just described the expressions for the coordinates and
used to pass the coordinate singularities at » = rgp and r = r¢ in the vacuum
regions of the spacetime .#; depend on A and M. So the identification of corresponding
regions in the different coordinate charts, e.g. I or IV in Figure [} is only possible if the

“In matter regions the regularity of the metric is C? as provided by Theorem in vacuum regions
the metric is analytic.
5By abuse of notation we use r for the radius coordinate in every region of the spacetime ..
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parameters A and M are equal in all regions of .#;. In terms of the notation of Figure
this implies My = Mo.

Case (iii): A maximal extension of a solution to the Einstein-Vlasov system on the man-
ifold .#5 as characterized by Figure {4 i.e. spacetimes in class , can be obtained in a
similar way. Starting point is the region rppn < r < r¢. On this interval the existence of
a unique solution to a given ansatz for f is established by Theorem [5.5] The solution on
hand can be understood as a Schwarzschild-deSitter spacetime with an immersed shell of
Vlasov matter supported on an interval (r4, Rop). Two mass quantities are important.
On the one hand one has the mass parameter My of the black hole at the center. On the
other hand M that is defined to be
Ron
(6.11) M = My + M,, M,= 47r/ s%on(s)ds.
T4A
This quantity represents the sum of the mass of the black hole and the shell of Vlasov
matter. As constructed in Theorem for rpp < r < rip the metric is given by a
shifted Schwarschild-deSitter metric
2 2

(6.12) ds® = —C <1 - T3A - 2M°> A+ de o

T/ e(i-g o)
with the mass My of the black hole as mass parameter and the shift C' > 0. For Rgp <
r < r¢ the metric is given by the Schwarzschild-deSitter metric with mass parameter
M.

The two critical horizons, rpp and r¢ can be given explicitly as zeros of the expression
r2A 2m(r)
L= - =

—|—r2dQ2, rBA < T < Typ

But it is important to note that the mass parameter m(r) does not

stay constant throughout the whole interval (rpa, Roa). The black hole horizon rpp is
characterized by My and the cosmological horizon ro by M. This has to be kept in mind

when choosing coordinates to construct an extension of the metric on .#5 as illustrated
r2A _ 2m(r)
3 r

in Figure |7l We distinguish between the zeros of 1 — when m(r) = My and

Figure 7 — Construction of the spacetime shown in Figure The middle part shows a
Schwarzschild-deSitter spacetime with an immersed matter shell for rgn = rpg < 7 < re.
The left and the right part show the adjacent vacuum region containing several coordinate
singularities. On regions that are shaded in equal directions two coordinates are defined and
one can change between them. All coordinates p, g take values in [—% g]

m(r) = M and call them rpgg, rco or rg, rc, respectively. Note that rpg = rpa. Consider
the metric on the region rpg < r < r¢ being part of region VII in Figure 4] or the middle
part of Figure The metric shall be extended to the left (regions IV, Vg, Vlyw) and
to the right (regions VIIIg, IX@, X) as a vacuum solution until the next matter shell
appears. So the coordinate transformations have to be chosen with respect to the radii
rp and r¢ belonging to the current mass parameter in the respective spacetime region.
Three coordinate charts are needed to extend the metric beyond the black hole and the
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cosmological horizon. First we compactify the region rgy = rpo < r < r¢ using the
coordinates

_ _ B8—1 o _ B—1
(613) Ug = \/(T TBU)(T rn) eﬁ’ Vg = _\/(T TBO)(T Tn) efﬁ'

(re —r)? (ro —r)°

where dpg = 2% > 0 and 8 = W > 1. These coordinates give rise to
BO C BO

pp = arctan(Up) and gp = arctan(Vp). This region is depicted in the middle part of

Figure[7] The spacetimes characterized by Figure [ show two types of connected vacuum

regions. The first type is characterized by r < 7, (inside the matter shell) and the

second one by r > Ryp (beyond the matter shell). To extend the metric to the region

inside the matter shell (and the black hole) one uses the coordinates

_ _ Bo—1 _ _ Bo—1
(6.14) Upo = \/(r rpo)(r =) \/@« rpo)(r =)0 gt

(rco—1)g (rco —1)g

where dgg = 1_%%3 o> 0 and By = (/\’”202% > 1, and the corresponding compactifica-

tion ppo = arctan(Upy), gpo = arctan(Vpp). These coordinates are valid for 0 < r < 74 5.
The black hole horizon can be crossed using the usual arguments of the extension of the
Schwarzschild-deSitter metric as for example done in [I7,[12],[14]. This is illustrated in the
left part of Figure |7l The region beyond the matter shell (and the cosmological horizon)
can be reached via the coordinates

(6-15) Uc = _\/(TC - 7“)(7’ — rn)’y_leiﬁ, Vo = \/(TC _ T)(T _ r”)v_l 67%7

(r—rg)Y (r—rp)Y

with ¢ = 2% > 0 and v = 7— 55, 0 <y < 1. These coordinates extend the metric
ré (1-Ar%)oc

to the area Rop < r < oo, shown in the right part of Figure [7]
On the connected vacuum regions the metric is given by only one expression even though
vacuum extends onto several regions of .#5, e.g. regions VII, VIIIg, IX¢ and X. This
implies that the coordinates Upg, Vg or Uc, Vo have to be given by the same expressions
or , respectively (modulo sign, cf. [17, [12], 14]) which in turn implies that the
mass parameter has to stay the same on these connected vacuum regions. For the vacuum
region with r > Rga this implies M64 +M§‘2 = MOB + Mfl (notation of Figure. On the
region characterized by r < r, this is always granted because the mass is entirely given
by the black hole mass My. Finally the shift constants C' > 0 of the vacuum metric have
to coincide in this region (IV and VII in Figure [4)). They are determined by the matter
shells surrounding the black hole and are equal in particular if these shells have the same
shape which implies M, 541 =M g‘?. ([

APPENDIX A. PROOF THAT T ACTS AS A CONTRACTION

In order to show that the operator T, defined in acts as a contraction on the set M,
defined in , one has to check

(a) u=yo € M,

(b) ue M = Tu e M, and

(c) Jae (0,1)Vu,v € M : ||Tu=Tv|[oos < allu—vl|co,s, Where ||.[|oo,s = Sup,jo5)(-)-
(i): Consider u = yp. Only the second critical condition

2 r
(A1) rA L “/ $2Gy(s,u(s))ds < c
3 T 0

is relevant. We calculate

2 T 2 2 A

5% <
3 o 3 =¢
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for § small enough.
(ii): We have to guarantee that yo — 1 < (Tu)(r) < yo + 1 and

2 A T

T2y H/ s2Gy(s, Tu(s))ds < c.

3 ™ Jo
By choosing ¢ sufficiently small, one can achieve the domain of integration in 1" to become
arbitrarily small and these properties follow.
(iii): We calculate

[Tu = Tvl 0.5

= ' /2 S S,u(s)) — S, V(s
] e ))da< (Hy (3,0(5)) ~ Hi(s ()
+Si2 Os o*(Gy(o, u(0)) — G¢(o,v(0)))da>
<8H¢(SU( —_— /0G¢av )d)
/2 - /2 ds
X( _527/\_* o 02Gy(o,u(0))do —siA & [y 02Gy(o,v(o ))da)] o8

Since Gg(r,u), Hy(r,u), 0uGy(r,u), and 0, Hy(r,u) are strictly in u increasing functions,
we have

sSup H¢(T7 u) = H¢(T, Yo + 1) = Hsup(r)v
ue[yoil’y0+1]

sSup G¢(T’, u) = G¢(T, Yo + 1) = Gsup(r)y
u€[yo—1,y0+1]

sSup ‘a H¢(7’ u)‘ - ’a H¢(r Yo + 1)| - sup(r)
ue[yofl’y0+1]

sSup ‘a G¢(T u)‘ - ’a G¢(7’ Yo + 1)’ - sup(r)
ue[yofl’y0+1]

We can estimate the first summand in the following way:

/T K/2
0 —SiA—fotﬂG(z,au( ))do

X (S(H¢(s7u(s)) — Hy(s,v(s))) + 512/0 0*(Gylo,u(o)) — G¢(a,v(a)))da)ds

< o (i (5) + Glapl®)) u =]
=91 —c)2 \ew sup 4 Vlleos:

Next, we consider the second summand:

/Or <3H¢(S,U(S)) 2;;\ 1 SU2G¢(0,U(U))dU)

0

K/2 K/2
X — A p ds
— SR 8 [P02Gy(o,u(o))de 1 — =R =& [F02Gy(0,v(0))do
T 2N 1 K282
< /o s <Hsup(7“) e + 3Gsup( )) mds Glup(r) lu = vl

6

K254 2A 1
< — 4 _ .
s <Hsup<5> =+ 3Gsup<5>)asup<>uu Olloos
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So we get in total

K 1
— < . ! al 2
ITu = Tolloc,s < (4(1 - (Hsupw) * Sasupw)) 5

K2 20 1

__~ _AA L A ! 4 _ '
f % <Hsup(5) ot SGbup(5)> Gl (6)0 )HU Vsos

If one actually wants to calculate § one can make use of the estimate

Gy(r,u) = cw*%/ ¢(1—ee V) <52 - (1 + g)) de
1/ 1+L0/7‘2 r
o0 1
(A.2) < CgT‘%/ ¢(1—ee¥)e? (52 - 1)€+2 de
1
and the analogue one for Hy to obtain a polynomial in 6.

APPENDIX B. ESTIMATE OF |ga (1) — o(7)| + |pa(r) — p(7)]

The following calculation is valid for r € [0, 7] ( ) > %

(Buchdahl inequality, cf. [4]), 1 — ﬂTA 2mA(T) > 15 and |ya(r) — y(r)] < |y(Ro + AR)],
AR > 0 where Ry is defined to be the (ﬁrst) Zero of the background solution y. Since

(B.1) fea(r) —o(r)[ + pa(r) — p(r)]

S( sup  |0uGo(r,u)|+  sup |8uH¢(r,u)l> lya(r) = y(r)l
uelya (r)y(r)] uefya (r).y(r)]

we calculate

lya(r) —y(r |</ ly' (s s)|ds
</ :
- s2A 2m
0 [ 11—~ %
<727
sA
x| oo |+ slHg(s,un () — Ho(s,y(s))

+5 [ #1Gon0) ~ Golo y<o>>|da>

I

1 [ 5 4 47
+ <sH¢(s,y(s)) + 32/0 o G¢(a,y(a))da> (1 BT R Qm(s)> ]ds.

3 S s

~~

Ip)

We estimate I; and Iy separately:
‘s 1 S
I = /52/ 02|Gy(0, ya(0)) — (0, y(0))|dods
0 0
< / / G(0,9(0)) — Go(o,y(0))|dods
0 0

< 1 [ [Goloua@)) - Golo,y(o)ldo.
0
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Lo 47 4
2 = 1_8271\_27”;\(5)_1_2%(3)
2A S
< 47-18-9. (‘93 + 8?” %G (o, yn(o)) — G¢(a,y(0))!d0>
0

IN

6487 <523A + 87s /S |Gg(o,ya(0)) — G¢(U,y(0))|da> .
So using that y is decreasing we havg

lya(r) = y(r)]

< A/Or (63 + 2167s3 <H¢(7“, Yo) + %Gd,(r, yg)>> ds

T2 /O Hoy(5,yn () — Ho(s, y(s))|ds

7’3 "
+ (72m + 51847r2§ <H¢(r, Yo) + é%(r, ya))) /0 [Go(s,ya(s)) — Go(s,y(s))|ds

<A <37~2 + 54mr? <H¢(7“, Yo) + %ng(ra Z/O)>>
+ <727rr + 1728723 <H¢(r, Yo) + %Gqs(?”, yo)))
X /OT(IH¢(S, ya(s)) — Hy(s,y(s))| + [Go(s,ya(s)) — Gg(s,y(s))[)ds

< AC:(r) + Co(r) /0 " (lpa(s) — p(s)] + oa(s) — ofs)) ds

The derivatives with respect to y of Gy(r,y) and Hg(r,y) are strictly increasing both in
r and y. And since |ya(r) — y(r)| < |y(Ro + AR)| we can write

u€ya(r)y(r)] u€lya(r)y(r)]

( sup [0, Gy(r,u)| +  sup laqus(RU)\)

<0G (7", )y iy o+ ARy + [0uH (P, W)y 1 1y(Ro+aR) | = C3-
So we have obtained that equation (B.1]) is of the form

[pa(s) = p(s)| + loa(s) — o(s)] < Ca(r)A + 05(?")/0 (Ipa(s) — p(s)| + [ea(s) — o(s)]) ds
Note that Cy(r) is strictly increasing. Gronwall’s inequality yields

(B:2) (loa(r) = o(r)| + Ipa(r) = p(r)]) < Ca(r)elo 0% = Oy (r)Ae" ") = Cyp(r)A.

Note that Cyp(r) is increasing when r is increasing.
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