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Abstract

The aim of this article is to elaborate and rigorously analyze a topological derivative
based imaging framework for locating an electromagnetic inclusion of diminishing size from
boundary measurements of the tangential component of scattered magnetic field at a fixed
frequency. The inverse problem of inclusion detection is formulated as an optimization
problem in terms of a filtered discrepancy functional and the topological derivative based
imaging functional obtained therefrom. The sensitivity and resolution analysis of the
imaging functional is rigorously performed. It is substantiated that the Rayleigh resolution
limit is achieved. Further, the stability of the reconstruction with respect to measurement
and medium noises is investigated and the signal-to-noise ratio is evaluated in terms of the
imaginary part of free space fundamental magnetic solution.
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1 Introduction

The concept of derivatives with respect to geometry or topology has played a significant role
in industrial and engineering optimization problems, especially for designing optimal shapes of
various products subject to industrial constraints M] Soon after its emergence ﬂﬂ], the idea
was embraced for imaging of diametrically small anomalies HE] and inverse scattering problems;
see, for example, E, @, |E, @, @, @, |ﬂ] and articles cited therein.

In topological derivative based imaging framework, a trial inclusion is created in the (inclusion-
free) background medium at a search point, furnishing fitted data. Then a misfit functional
is constructed using measurements and the fitted data. The search points that minimize the
discrepancy between measured data and the fitted data are then sought. In order to find its
minima, the misfit is expanded using the asymptotic expansions due to the perturbation of the
wave-field in the presence of an inclusion versus its characteristic size. The leading order term
in the expansion is then referred to as the topological derivative of the misfit, which synthesizes
its sensitivity relative to the insertion of an inclusion at a given search location. Its maximum,
which corresponds to the point at which the insertion of the inclusion maximally decreases the
misfit is therefore a potential candidate for the location of the true inclusion.

*Department of Mathematics, COMSATS Institute of Information Technology, 47040, Wah Cantt., Pakistan
(wahab@ciitwah.edu.pk).


http://arxiv.org/abs/1412.6667v2

The topological derivatives have been used heuristically in the context of imaging and non-
destructive testing lacking rigorous mathematical justifications, unlike in shape optimization
wherein they attracted enormous interest from mathematical as well as numerical view point.
For the first time, the stability and resolution analysis of the topological derivative based
imaging of small inclusions for the anti-plane elasticity was performed by Ammari et al. E]
Therein, it is elucidated that in order to get a stable and guaranteed localization with a good
resolution, the use of a filtered discrepancy is indispensable whereas the filter needs to be defined
in terms of a Neumann-Poincaré type boundary integral operator. The filtered topological
derivative functional is proved to achieve Raleigh resolution limit. Moreover, it is elucidated
that this topological sensitivity framework is stable and robust with respect to medium and
measurement noises, and with limited view measurements. It performs far batter than classical
imaging frameworks including back-propagation technique, MUSIC-type imaging and Kirchhoff
migration in worse imaging conditions.

The full elasticity case of topological sensitivity framework in a linear isotropic regime was
rigorously explained by Ammari et al. @] The study surprisingly indicates that the classical
framework does not guarantee a localization of the inclusion even with a filtered discrepancy
functional. Moreover, even if it is somehow able to locate the inclusion, the resolution of the
functional degenerates thanks to nonlinear coupling between shear and pressure components
at the boundary. In order to counter the coupling artifacts and to have a guaranteed local-
ization of small inclusions, a modified imaging framework was proposed based on a weighted
Helmholtz decomposition E] applied to the initial guess furnished by filtered topological deriva-
tive functional. The modified framework is then proved to be stable with respect to medium
and measurement noises. Furthermore, it achieves the Rayleigh resolution limit.

The aim in this article is to study a topological derivative based imaging framework for
detecting diametrically small electromagnetic inclusions from single and multiple boundary
measurements of the tangential component of scattered magnetic field over a fixed frequency.
It is assumed that the magnetic field satisfies full three dimensional Maxwell equations and
the inclusion is penetrable however homogeneous with electromagnetic parameters different
from that of the background medium. The work is focused on the analysis of the detection
capabilities of a filtered topological derivative based imaging functional wherein the filter is
defined in terms of a boundary integral operator. Precisely, the aim of the article is three-
fold: First to introduce a filtered topological derivative based imaging framework, then to
perform sensitivity and resolution analysis of the algorithm and finally to investigate its stability
with respect to measurement and medium noises. The potential applications envisioned by
the imaging of electromagnetic inclusions of diminishing size can be found in non-destructive
testing of small material impurities, medical diagnosis and therapeutic protocols, especially
for detecting and curing cancers of vanishing size and for brain imaging. It is worthwhile
precising that the problem of detecting small electromagnetic inclusions has been previously
studied by using MUSIC-type algorithms ﬂa], time reversal and phase conjugation techniques

|, reverse time migration ﬂﬁ], topological derivative based imaging [30], and asymptotic
expansion techniques B, @] For the imaging of thin electromagnetic inclusions and cracks in a
two dimensional setting, we refer the reader to @, @] for instance. We will restrict ourselves
only to the detection of the inclusion and will not discuss its morphology (shape, size and
material properties) in this paper. In this regard, we refer for instance to the recent results by
Asch and Mefire Nﬁ] and Bao et al. [13].

The rest of this article is organized in the following manner. In Section [ we collect
some notation and important results on electromagnetic Green’s functions, boundary layer
potentials and polarization tensors. The inverse problem under taken in this study is then



mathematically formulated. In Section[3] a filtered quadratic misfit is defined and its topological
derivative is evaluated using asymptotic expansion of the scattered magnetic field with respect
to the characteristic size of the inclusion. The sensitivity and resolution analysis of the imaging
functional is performed in Section @l Section [l is dedicated to perform stability analysis of
the topological derivative based imaging with respect to measurement noise whereas Section
deals with its stability with respect to medium noise. Finally, a summary of the results obtained
herein is provided in Section [7

2 Mathematical formulation

In this section, we introduce some notation and collect some basic results for electromagnetic
Green’s functions and layer potentials indispensable for this study. We also mathematically
formulate the inverse problem undertaken.

2.1 Notation

Let X C R? be a smooth domain with simply connected boundary X and v denote the outward
unit normal vector on 0X. We define the surface divergence of a complex valued vector field
u € C*(0X) for k € N by

divoxu = divalox — ([VUlox|v) - v, (2.1)

where U is a smooth extension of u to the whole space R3.
Let H*(X) and H (X) be the usual Sobolev spaces for s > 0. By H*(9X) the trace space
of H**1/2(X) and by H~* the L?—dual space of H*(0X) are denoted. Moreover, TH*(9X)
defines the tangential trace space of H*T1/2(X) under the action of the operator v, [u] = vxu|sx

and its L?— dual is denoted by TH~*(0X). We also define the Hilbert space
THS,(0X) == {u e (TH*X))® | divoxue HS(@X)} . (2.2)

Similarly, the dual space of TH3; (0X) is denoted by TH ;*(0X). Finally, we define the spaces
H(X;curl) and Hjo(X; curl) by

H(X;curl) := {u € (H*(X))* ‘ curlu € LQ(X)}, (2.3)

Hioe(X;curl) = {u e (HE (X)) } curlu € L%OC(X)} . (2.4)
Refer to HE, 11, @] and references therein for further details.
For matrices A = (a;)} ;—; and B = (b;;)} ;_;, the contraction operator ‘’ is defined by

A:B:= Zijzl ai;bi;, and the Frobenius norm || - || of A is defined by [|A| := VA : A.

2.2 Problem formulation

Let D = pBp + zp be a small three-dimensional bounded inclusion with a smooth and simply
connected boundary 9D, permittivity €; > 0 and permeability p; > 0, where Bp is a regular
enough bounded domain in R?® representing the volume of the inclusion, zp is the vector
position of its center and p > 0 is the scale factor. The inclusion D is compactly supported in
the bounded open background domain Q C R? with a smooth and simply connected boundary



09. Let ¢g > 0 and po > 0 be the permittivity and permeability of € without inclusion D,
letting s := wy/eopo and ¢ = 1/,/€pio to be the background wave-number and speed of light
in the medium, respectively, where w > 0 is the frequency pulsation. We define the piecewise
constant functions i, and €, by

M1, .’BED, €1, CEGD,
x) = —and x) = — 2.5
to(@) {Mm zeRI\D, () {60, z e R3\ D. (25)

Furthermore, let D be of diminishing characteristic size and be separated apart from 02, that
is, there exists a constant dop > 0 such that

ing dist(x,09) > dp >0 and pr < 1. (2.6)
e

Let H, € Hioc(curl, Q) denote the time-harmonic magnetic field in § in the presence of D,
that is, the solution to

V x ('V x H,) — w?uoH, = 0, Q\ D,

V x (,'V xH,) —w?uH, =0, D,

(H,xv)" —(H, xv)” =0, oD, @)
' (VxH) " xv—e(VxH,) xv=0, 0D, '
IuOH;r v—umH; v =0, oD,

' (VxH,) xv=h, 9.

We also define the background magnetic field (in the absence of any inclusion inside )
Hj € Hj,c(curl,Q) as the solution to

VxVxHy—r’Hy=0, Q, (2.8)

€ (V x Hy) x v = h, . '

In this paper, we are interested in the following problem.

Inverse problem

Given the measurements H, x v for all x € 02, find the position zp of the inclusion D using
a filtered topological derivative based imaging framework.

A similar problem has been studied by Masmoudi et al. @] using topological derivative
based sensitivity framework by invoking an adjoint field. The aim here is to design and de-
bate the performance of topological derivative based detection framework applied to a filtered
quadratic misfit. Moreover, the approach adopted herein is based on the asymptotic expansion
of the scattered magnetic field with respect to the size of the inclusion.

2.3 Electromagnetic Green’s functions

Consider the outgoing fundamental solution g to Helmholtz operator —(A + k2) in R? given by

ei”‘m_y‘

- R? 2.9
9(x.y) yrp— r#y, xyeR’ (2.9)



and introduce the dyadic Green’s function I" by
1
De.y) =~ (L + 997 glau) (2.10)

where I3 is 3 x 3 identity matrix. The function I'(x,y) is the solution to
Vi %X Vg x T(x,y) — £’T(z,y) = —eody(x)I3, =,y € R3, (2.11)

subject to Silver-Mdiller condition

lim |z —y| [Vm x I'(z,y) x oY imI‘(m,y)} =0. (2.12)

|z —y| o0 |z — yl

Here 6y(-) = do(-—vy) is the Dirac mass at y and the operator Vx acts on matrices column-wise,
that is,
V x [I'p] :=V x [[]p, for all constant vectors p € R,

It is worthwhile precising that I'" possesses the following reciprocity properties in isotropic
dielectric materials; see [6, Sect. 2.2],

I'(z,y) =T(y,z) and Vg xT(z,y)=[Vy X I‘(y,w)]T. (2.13)

The following electromagnetic Helmholtz-Kirchhoff identities are the key ingredients to elu-
cidate the localization capabilities of the imaging functional proposed in the next section.

Lemma 2.1 (Sce [19, Lemma 3.2] ). Let B(0,r) be an open ball in R® with large radius r — oo
and boundary OB(0,7). Then, for all ,y € B(0,r), we have

/ (I‘(:I:, z))T I'(z,y)do(z) = —%%m{I‘(m, y)} + Q. y), (2.14)
oB(0,r)

where Q = (qij)szl is such that |qi;(z,y)| + |Vagij(x,y)| < Cr~! uniformly for all z,y €
B(0,7). Here and throughout this paper do denotes the surface element.

Lemma 2.2. Let B(0,r) be an open ball in R3 with large radius r — oo and boundary OB(0,r).
Then, for all x,y € B(0,r), we have

/8B(0 , (I‘(m,z) X I/(z))T(I‘(z,y) X u(z)) do(z) = —%sm{r(m,y)} +Q(z,y), (2.15)

where Q = (quj)szl is such that |Gij(x,y)| + |Vadsy, (2, y)| < Cr=! uniformly for all @,y €
B(0, 7).

The identity (ZTI5) can be proved trivially by mimicking the proof of Lemma 2] provided
in @, Lemma 3.2]. For the sake of completeness, we briefly sketch the proof in Appendix [Al

2.4 Layer potentials

We define the scalar single layer potential S* associated with domain X of a scalar field ¢ €
H*"1/2(0X) by
s"0l(@) = [ oeiwinl). R\ 0X, (2.16)
X
The vector single layer potential is defined likewise and still represented by S”* by abuse of
notation. We have the following result from m, Lemma 2.3].



Lemma 2.3. For all j € TH;*(0X)
V- S%[j](x) = S*[divaxj](x), = €R*\JX. (2.17)
Using S* and Lemma 2.3 we define the electric single layer potential for j € TH, d_ii/ 2((?X )
by
1

Si [i] (@) = 5"(3)(@) + 2z V" [dvoxd ) @) =~ | Tw.o)iwoly).  (219)

1/2
v

Moreover, for ¢ € TH,, /“(0X), we define the magnetic dipole operator P* by

Prpl(z) == x Ve x (g(z, y)Y(y)) do(y) x v(z), =€ IX, (2.19)

and the operator P. by
Prp](x) := P ¢ x v](x) x v(x). (2.20)
Then, following results hold.

Lemma 2.4 (See [31, Section 5.5] and [20, Section 6.3]). The operator P* is continuous

mapping from TH(;},Q(@X) to itself. The operator %I — P* is Fredholm of index zero from

TH(;},Q(BX) to itself, where T : TH(;},/Q((?X) — TH(;},Q(BX) is the identity operator. More-
over, for all ¢ € TH(;},Q(BX)

Prp] x v==P"[¢p x v]. (2.21)

Lemma 2.5 (See ﬂ2_1|, Lemma 2.6]). The electric single layer potential S§. is continuous from
THL?(0X) to Hie(curl, R®) and for all j € TH;;*(0X),

(VxV x—+’T)Sg[jl(z) = 0. (2.22)
Moreover, 8§, satisfies the Silver-Miiller condition.

Lemma 2.6 (See [20, Theorem 6.12], [31, Theorem 5.5.1] and [28, Section 5)). For all j €
TH(;iiﬂ(BX), the traces (SE[j] x v)* and ((V x SE[j]) x v)* are well defined and

(SE[J'] X V)i =0, (2.23)
((vag[j]) xu)i - (%IH%) (3. (2.24)

Here superscripts + and — indicate the limiting values at 0X from outside and inside X re-
spectively.

2.5 Polarization tensor

Let us define the piecewise constant function v by

R3\ X
(@) = {70’ z R\, (2.25)
X, IT€E Xu



where 79, v7x € C such that Re{yo}, Re{yx} > 0, and let v; be the scalar potential defined as
the solution to the transmission problem

Av; =0, R\ X)U X,
v — v =0, 0X,
+ —
% [ 9v; Ov; (2.26)
— — =0, 90X
2 () () -0 ox
vi(x) —x; — 0, |z| — oo.

We define the polarization tensor Mx (k) := (mi;)} ;_;,
ing on the contrast k := ~o/vx, by

ma; (k) = %/ 0 1. (2.27)

x O;

associated with the domain X depend-

Lemma 2.7 (See [§, Section 3.1]). The tensor Mx (k) is real symmetric positive definite if
k € Ry. Moreover, when X is a ball

3
C2%k+1

M (k) | X |Ts. (2.28)

3 Topological derivative based imaging framework

Let zg € Q be a search point. Nucleate a trial inclusion Ds = §Bg + zg inside the background
Q with permittivity €5 and permeability us defined by

{M27 $€D57

S 3.1
Ho, $6R3\D57 ( )

D
ps(x) == and e5(x) := {62’ T E L

€0, w€R3\D_57

where €9, 1o > 0. Let Hys be the magnetic field in the presence of inclusion Dj in € satisfying
a transmission problem analogous to that in (27). We collect Hs x v(x) for all x € 9Q and
define the discrepancy functional

i) = 5 [ |(57-77) [0, - 1) o] @

Here the subscript f substantiates the use of a filter (%I — 73"‘) in the cost functional. As
already established by Ammari et al. @, B] for the case of Helmholtz and elasticity equations,
the identification of the exact location of true inclusion using the classical L?—cost functional
over a bounded domain cannot be guaranteed, and the post-processing of the data is necessary.
We establish later on that guaranteed identification can be achieved using filtered discrepancy
functional Hy. It is emphasized that the post-processing compensates for the effects of an
imposed Neumann boundary condition on the magnetic field.

By construction, the search point zg relative to which the field Hs minimizes the functional
H[Hp| is a potential candidate for zp. In order to study the optimization problem ([B2), we
define the topological derivative of misfit H¢ as follows.

2
do(x). (3.2)

Definition 3.1 (Topological derivative). For any zg € Q and incident field Hy, the topological
derivative (imaging functional) of the misfit Hy[Ho|, hereafter denoted by OrH ;[Ho), is defined
by

_ OHy[Hol(2s)

6THf[H0](Zs) = 8(53)

(3.3)



Nota Bene: In the sequel, we systematically adopt the following notation for brevity.
0 €0 0 €0
Fo - Hir, — = €lr, fo - Por, — =€, Q= (2 — 1), ac:= (20 — 1),
“1 €1 2 €2

MY, = Mg, (p1r) b =Mg, (e1,) M :=Mp; (t2r), 5 = Mp; (e2)

The following asymptotic expansion of the scattered magnetic field due to the presence of
inclusion D, versus scale factor p, is the key ingredient to evaluate OrH s [Hy).

Theorem 3.2 (See [10, Theorem 1]). For all x € 99, and D, = pBp + zp satisfying ([2.0)

(%I—'P”) [(H, — Ho) x v](z) = p*k* (1, — 1)eg ' [T(2zp. ) x v(z) | M H(2p)
+ 0% (err — eyt [(VZD x I‘(w,zD))T x u(w)]MeDV x Ho(zp) + O(p%), (3.4)

where the term O(p*) is bounded by Cp* uniformly on x with constant C' independent on zp.

Remark that, from Theorem B2l we also have for all € 92 and zg € Q
1
(51— P“) [(Hs—Ho) x v|(x) = 53 k2a,eq? [T(zs, ) x v(z)| MgHy(zs)
T
+6%acey! [(vzs X I‘(:I:,zs)) X y(m)] MSV x Hy(zs) + 0%, (3.5)
Theorem 3.3. For all zg € Q and incident fields Hy,
OrH 1 [Ho) (25) = —%e{mzaHU(zS) M“Hy(2s) + acV x U(zs) - M5V x HO(zS)}, (3.6)

where the back-propagator U is defined by

U(z) = SilvxW](z) with W(z):= (%I — P”) [(H, —Hy) xv](z). (3.7)

Proof. Note that, by virtue of asymptotic expansion ([B.3]), for all zg € Q

1 1

H o] (=5) — 5 /m \ (51_ P”) [(H, — Hy) x v] (z)fda(z) =0 (5%

_ %{ /| (%z - pﬂ) (s — Hp) x 1] (2) (gz— P~) [(H, — Ho) x 1] <z>da<z>},

_ 53a, Re {/BQ [(st y I‘(z,zs))T % I/(Z)} M5V x Hy(zs) .W(z)da(z)}

€0

3,.2
0"k ay,

o Re {/89 I'(zg,z) x v(z)MgHy(zs) -W(z)da(z)} +0(6%), (3.8)

since (3Z — P*) [(Hs — Hp) x v] = O(6®) by Theorem B2
Recall that for any matrix A, and vectors u, v and w

[(Axu)v]-w=[(Ax u)TW} v=[AT(uxw)] v.



Therefore, we have
[D(z5, 2) x v(2)] MEHo(25) - W(2) = [(T(25,2))" v(2) x W(z)] - MEHo(25).
Moreover, from property (2.13) and symmetry of T,
/ I(zs,2) x v(z)MSH(zs) - W(z)do(z)
o0
= /asz I'(z, zS)(V(z) X W(z))da(z) -Mi¢Hy(zs) = —eoU(zs) - MGH(25). (3.9)
Similarly,
/BQ [(VZS x T(z,25))" x u(z)] €V x Hy(zs) - W(z)do(z),
= /(9Q [(st X I‘(z,zs))T X V(Z)}TW(Z)dO'(Z) - MgV x Hy(zs),
= /(9Q Vs x I(z,25)[v(z) x W(2)]do(z) - [M§V x Hy(zs)],
= —¢oV x U(zg) - M§V x Hy(zg). (3.10)
By virtue of B3) and (I0), expansion ([B.8]) renders
Hy[Hol(zs) — % /(9Q K%I - PN) [(H, — Hp) x v| (z)rda(z)
:533‘36{/@2a#U(zs) -MEHo(25) + a.V x U(zg) - MGV x Ho(zs)} +0(5%).  (3.11)

Finally, the conclusion follows by tending §% — 0. O

To conclude this section, we precise that thanks to Lemma and Lemma the back-
propagator U is the solution to boundary value problem

V xV xU(z) - x*U(zx) = 0, z € Q,
V x U@) x v(z) = (%zww) [y « (%z _ 7>~> (H, - Hy) x ]| (), @ e o0

(3.12)

4 Sensitivity and resolution analysis

In this section, we explain why should the topological derivative functional attain its maximum
at the true location zp of the electromagnetic inclusion D.

4.1 Imaging with single incident field

In order to ascertain the localization and resolution of the imaging function 9rH ¢[Hy], we
entertain two special cases for simplicity. Precisely, we consider the dielectric inclusions (po = g1
but €y # €1) and permeable inclusions (g # g1 but €9 = €1) only. The general case (ug #
and €y # €1) can be dealt with analogously, and the same conclusions hold but the analysis is
more involved.



Consider the case of a permeable inclusion. Let ez = €g thereby restricting drH ;[Ho] to
OrH s [Hol(25) = — 2a,Re {U(zs) - MEHy(z5)}
=r%e; 'a,Re {/69 I'(z,2zs) (v(z) x W(2))do(z) - M‘éHo(zs)} .

Note that

W) = (57 - P ) (8, - Ho) x 1] 2).
=p’k%eq " (p1r — 1) {I‘(ZD,Z) x v(z)| M Ho(zp) + O(p*).

Therefore, on injecting back the expression for W, we obtain

OrH [Ho)(zs) := p*rley 2O Re {MgHo(zs) - Ri(zs, zD)M’f,Ho(zD)} +O(p*), (4.1)
where
Cp = (e = Dlpzy — 1). (4.2)
- \T
Ri(z,y) = / (I‘(w, Z) % V(z)) (r(y, 2) % V(z))da(z). (4.3)
o0
Recall from Lemma 2.2] that for all x,y € Q far from the boundary 90, we have

Ri(z,y) ~ —eor” 'Sm{T(z,y)} (4.4)

Therefore, by substituting back the approximation of R;, we arrive at
OrH [Hol(zs) ~ —p°rPey 'O Re {M’éHO(zS) - Im{T(zs, zD)}M‘BHo(zD)} +O0(p*). (4.5)

On the other hand, if the inclusion is dielectric, that is, pu1 = po and we let po = po, the
topological derivative reduces to

OrHs[Hol(zs) = — aRe{V x U(zg) - MGV x Ho(zs)},

=y taRe {V X /89 I'(z,z5)(v(z) x W(z)do(z) - MgV x Ho(zg)} .

In this case, W admits the expansion

W(z) = p3661(elr -1) [(VzD X I‘(z,zD))T x v(z)| MSV x Ho(zp) + O(ph).

10



Therefore, OrH ¢ [Ho| becomes

01, [Hal z5) =p3e520me{ Veu x (e 28) [v12) x (Vo x Tz 20))T X 0()

X9)
pV X HO(ZD))}CZU(Z) - MGV x Ho(zs)} +0(p"),

:p3eozC€%e{ /(9Q (V2 x T(zs,2))" [V(Z) X ((Vz x T'(zp, z)) x v(z)

pV x HO(ZD))}CZU(Z) - MGV x Ho(zs)} +0(p"),

=p’e;CcRe {MESV x Ho(zs) - R2(zs,2p)MpV x HO(ZD)} +0(p"), (4.6)
where
Ce = (e —1)(e2r — 1). (4.7)

Ro(x,y) = /BQ (Vz x I'(x, z) x l/(z))T(Vz x T'(y, z) x l/(z))da(z). (4.8)

Note that, by virtue of the assumption (2.6]), and the Silver-Miiller condition, for all z,y € Q
away from boundary 02

Ro(x,y) ~k? /39 (W)T(I‘(y,z))da(z) ~ —meogm{l"(:c,y)}, (4.9)

where for the latter identity, Lemma 2.1 is invoked. Therefore, we conclude that

p3KCe

€0

OrHs[Hol(zs) ~ %e{ 5V x Ho(zs) - Sm{T(zs, z2p) }MpHV x Ho(zD)} +0(p*).

(4.10)

4.1.1 Sign and decay properties of topological derivative

For both dielectric and permeable inclusions,

€k [2 . , N 1
OrHs[Ho)(zs) < Sm{T(zs,2p)} = —Zf—ﬂ_ 530(57”)13 + jo(kr) (r vl — 513)] . (4.11)
where jo and js are the spherical Bessel functions of first kind and r := zg — zp with r := |r|

and & = r/r. Since j,(kr) = O(1/kr) as kr — oo (see, for instance [32, 10.52.3]), the functional
zs — OrH¢[Hol(zs) rapidly decays for zg away from zp and has a sharp peak when zs — zp
with a focal spot size of half a wavelength of the incident wave. Therefore, the resolution of the
imaging functional zg — drH[Ho|(zs) achieves the Rayleigh resolution limit. Moreover, it
synthesizes the sensitivity of H ;[Ho](zs) relative to the insertion of an inclusion at the search
location zg € Q. Heuristically, if the contrasts (e, — 1) and (ug, — 1) have the same signs
as (€1, — 1) and (p1, — 1) respectively, then the functional H;[Ho](zs) must observe the most
pronounced decrease at the potential candidate zg € () for the true location zp. In other

words, zg — m;f 5[%0} (zg) is expected to attain its most pronounced negative value; refer, for
, 126]

instance, to m,

26] for detailed discussions on sign heuristic.

11



Notice that both C, and C. are positive if the contrasts of true and trial inclusions have

same signs. Consequently, by virtue of the decay property, OrH [Ho](zs) = _8?;( 5[?)0} (zs)

assumes its maximum positive value for both dielectric and permeable inclusions when zg — zp.
Thus, the functional 0rH s[Hol(zs) possesses a sharpest decay and the functional Hy[Hol(zs)
decreases rapidly when the contrasts are chosen to have same signs.

4.2 Imaging with multiple incident fields

Let 01,65, --- .0, be n—equidistributed directions on the unit sphere and let
H) (z) =07 %" ®,  je{1,2,---,n}, Le{l,2} (4.12)
be the incident magnetic fields where Oj-"g are the polarization directions such that (6;, Hj‘ ! 9J‘ 2)

forms an orthonormal basis of R3. The incident fields Hé"z are the solutions to the Maxwell
equations

V x V x Hy — x*H) =0, Q, i3
hj’g(w) = eglv X (ﬁj"gei’“e?m) x v(x), 0. (4.13)
We recall that for n sufficiently large
LS inbT @) o 47T
— Y ~ — . 4.14
i T ol )} (114
Since (t9j,9jl ! HL 2) form a basis of R?, therefore H‘f’l(ﬁ‘f’l)T + Gj’Q(Gj’Q)T = (I3 — ;6] ) so
that
l i i ine;r(mfy)oL,l (QL,Z) l i I — 9 1/{0}‘(:1;71/)
n € j j " 3 )
=1j=1 j=1
l Z (:[3 _ —VVT> 1&0}(z7y)7
et
_ 1oor) L xm int(ey)
= (1 mwv) p e,
7j=1
4am
=—— I( 4.15
pos \sm{ T,y } ( )
Similarly,
2 n
1 irdT (m— W) 1.\ T 4
S e (g% 05) (0 % 0) ~ ——Sm{T(@y)}. (4.16)
(=1 j=1

Let us define the topological derivative for multiple incident fields by
1 2 n .
OrHys(zs) == > rHsH)(zs). (4.17)
[t
The following result holds
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Theorem 4.1. Let zg € Q, D = pBp + zp satisfy 2.8) and n € N be sufficiently large. Then,
1. for a permeable inclusion (eg = €1 = €2)
4mp3 K2

OrHys(zs) ~ Tcuﬂ?e{%m{r(zs,zp)}M% : Mg%m{r(zs,zD)}} + O(p*). (4.18)

2. for a dielectric inclusion (uo = p1 = p2)
Amp3K2C,

OrHs(zs) ~ ?E%e{gm{r(zs,zp)}l\/[}, : gSm{I‘(zs,zD)}} +O(p"). (4.19)

The constants C,, and C¢ are defined by (A2) and @) respectively.

Proof. When €y = €; = €3, for all zg € Q

1 2 n
OrHy(zs) = — Y > OrH[H))(zs),
7L€:1]:1
3.3 n Tl )
—_PEG ZZ%{M“HM zg) - Sm{T(zs,zp) } MY, HM(‘ZD)} +0(Y),

(=1 j5=1

P o oty W[50 o) e ot

€
0 :1]:1

Here we have made use of the fact that 6;- A; = 6,67 : A. Finally, {I8) follows immediately
by virtue of ([{I3).

In order to prove the other identity, we proceed in the similar fashion. Consider

2 n

== orHHY ) (2s),

(=1 j5=1

ZZ e{ M5V x H}'(25) - Sm{T (25, 20) M5V x H} (2) } + O(p"),

:IH

6T7{f ZS

zi:z; Re{ Mg (6 x 6;) - Sm{T (25, 20) M5, (6 x 07 ) 0= =20) L 1 O(p),

On further simplification, we arrive at

PR30,
Ory(zs) = — = me{sm{r(zs,zD)}M;) . M5
0
1 2 n T
1,2 1,2 1k0;-(zs—2=2
EZZ(@- x0;) (05 x 0;) et ===t L O(pt),
(=1 j=1
The proof is completed by invoking approximation ([Z.I6]). O

As an immediate consequence of Theorem 1] and Lemma 2.7 the following result can be
readily proved.
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Corollary 4.2. Let zg € Q, D = pBp + zp be an open sphere in R® such that condition (28]
holds and n € N be sufficiently large. Then,

1. for a permeable inclusion (eg = €1 = €3)

OrHy(zs) ~p°r2C,, ||Sm{T(zs, zp) }||* + O(pY). (4.20)
2. for a dielectric inclusion (uo = p1 = p2)

OrHys(zs) ~p*k2C, |Sm{T(zs, zD)}||2 +O(p"). (4.21)

The constants 6'# and C. are defined by

~ 367y p2C ~ 36me1e2C,
O# = ) 2 K |BD| |Bs|, Ce = )
€5(2p0 + 1) (200 + p2) €5(2€0 + €1)(2¢0 + €2)

|Bpl|Bs|. (4.22)

In rest of this paper, we analyze the stability of the multi-incidence imaging functional (£17])
with respect to medium and measurement noises.

5 Statistical stability with respect to measurement noise

The aim here is to substantiate that the imaging functional proposed in Section is stable
with respect to additive measurement noise. For brevity, the simplest model of the measurement
noise is entertained. Precisely, it is assumed that the accurate value of magnetic field at the
boundary is corrupted by a mean-zero circular Gaussian noise Nyoise : 92 — C3, with covariance
02 icos that is,

Hp(z) = H:}rue(z) + nnoise(z)a z €09, (51)
where H,, is the corrupted value of the magnetic field at the boundary.
Nota Bene. In the sequel, E denotes the expectation with respect to the statistics of the
noise. In this section, a superposed true indicates the true value of a quantity, that is, the value
without noise corruption.

We assume that my.ise satisfies following five properties.

1. The measurement noises at different locations on the boundary are uncorrelated.

2. The different components of the measurement noise are uncorrelated.

3. The real and imaginary parts of the measurement noise are uncorrelated.

4. The measurement noises corresponding to two different incident waves are uncorrelated.
5. All the noises corresponding to individual measurements have same variance o2 ;..

Then, under aforementioned assumptions, we have
—n7 2 /
E [nnoiSC(y)nnoisc (y ) } = Unoiscay (y )137 (5-2)

. —T
g |:,’71J]0ise(y)lrlljloise (yl) :| = U?loisoéjj,(sy (y/)I37 (53)
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where superposed j and j’ indicate respectively the j—th and j'—th measurements and ¢§;;: is
the Kronecker’s delta function which assumes the value 1 when j = 5 and zero otherwise.

The imaging functional drH s(z) is mainly affected by the additive noise during the back-
propagation step due to the construction of back-propagator in terms of the measurements at
the boundary. In the presence of measurement noise, for all z € € the back-propagator takes
on the form

1 1 true _ : v| (x)do(x
U(z) = — 5 0 I‘(:z},z)y(cc) X (51—73 ) [(Hp H0+77nolsc) X }( )d ( )7

:Utrue (z) + Unoise (z), (54)

where UY™® corresponds to the back-propagation of the noise-free data whereas U™°*¢ corre-
sponds to noise back-propagation and is given by

U™ (z) 1= _% , [(x, z)v(x) x (%z - P“) [Mnoise X V] (z)do (). (5.5)

Let us now discuss the statistics of U"°¢(z). We have the following lemma.

Lemma 5.1. The random field U"°(z), z € Q, is a mean zero Gaussian field with covariance

noise

E[Unosise(z)Unosise(z/)T} ~ _02 (4K60)—1gm{1‘(z, ZI)}7 VZ, Z/ e . (56)

The reader is refered to Appendix [B] for the proof. Lemma [B.1] indicates that U™ is a
speckle pattern, that is, a random cloud of hot spots having typical diameters of the order of
wavelength and amplitudes of the order of opeise/(21/K€0).

We are now ready to perform the stability analysis of the imaging functional OrH¢. For
brevity, we restrict ourselves only to the cases of permeable and dielectric inclusions, however
the results extend to the cases otherwise.

5.1 Stability analysis for permeable inclusions

Recall that the imaging functional for a permeable inclusion reduces to

(‘:)T'Hf (Z) = —

2 n
KQ’;LH Z Z Re { (Uture,j,é(z) + Unoise,j,@(z)) . MgHb"é(z)} , (5.7)

(=1 j=1

where superposed j and ¢ indicate the fields associated with incident wave H%’Z. It is straight
forward that the first term in the above expression with Ut®J¢ is identical to the one discussed
in Section and renders the true image obtained in the case without medium noise. The
second term introduces a corruption in the image due to the measurement noise. Albeit, the
main peak of the true imaging functional is buried in the random cloud of hot spots due to
noise, yet it is not altered. Let us compute the covariance of the corrupted image by

Cov(9rH(2), 0rHy(2"))

:m:;(;i i zn: E{%e{Unoisc,j,E(z) . {M@H%’Z(z)} }%e{Unoisc,j’,e’ (2) - [MZH%/’[(Z/)} H,
00=14,j'=1
H4a -

> e { [ )] B[ O R
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where we have made use of the assumption that yroise.dil and Unoised’st are uncorrelated.
Using the expression @12) for H, Lemma Bl and the approximation #I5), we obtain

Cov(aTHf( ), 0rHs(2"))

- - e LSS e [ )] {0 ) A )

=1 j=1
- _ GZUI%OISGKS ii%e{M“@J-"é . %m{l"(z Z/)}MMHJ-"ZemeJ‘T(z_z/)}
871260 == SYj ’ SYj ’
- 207 ik %e{%m{r(z 2 )M M F zz:zn: (QL z) mejT(z—z/)”
8n2eq ’ SAE S ) == ’
Waiagmsc 2§R m ey
_Teo e{\sm{I‘ z, 2 }M MSJm{I‘ z, 2 }}

This shows that the typical shape of the hot spots created by the additive noise are exactly of
the form of the main peak. Thus the perturbation in the image due to measurement noise is of
order oppise/ v2n and the typical shape of hot spots in the perturbation is identical with that
of the main peak of functional O7H related to accurate data. The main peak of OrHy is not
altered by the perturbations. Moreover, since the typical size of the perturbation is inversely
proportional to v/2n, the use of multiple incident fields further enhances the stability of the
imaging framework based on drH .
For a particular case of spherical inclusions, Lemma 2.7 yields

Cov(drHs(2), 0rHs(2')) ~ orisetk (2n) 1 |Sm{T (2, 2/ }H (5.8)

where
= _ 3Vmm|Bs| _ 3v7(jo — pa)|Bs|
B eo(2uo +p2) M €020 + p2)

It follows immediately from (58] that the variance of OrHy at zg is given by

Var(0rHs(zs)) ~ 0hgised., a,K 2(2n)7|Sm{T (2, 2 }H (5.9)
Therefore, the signal-to-noise ratio (SNR), defined by
SNR 1= 0T (zp)] (5.10)

Var [8T7‘[f (ZD)] 7
can be approximated by virtue of expression (£.9) and Corollary 2] as

SNR ~ Y 2nf<ap3CN'M 12v2n7kp3|Bp||po —

H%m{I‘(zD,zD)}H = ] H\rm{I‘ 2D, ZD }H (5.11)

a,uo'noisc E0(2,“0 + /Ll)gnmsc

Recall that

o~ €EOR 2 X A

\rm{I‘(zS, zD)} = —— | =jo(kr)I3 + ja(kr) [ TT" — —I3

4 |3
Therefore, the behavior of jy and jo for r — 0 dictates that \rm{l" (zp,2zD) } —eor(67) 3.
Consequently,
12 2p%|B —

V27 (2€0 + €1)0noise
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This elucidates that signal-to-noise ratio depends directly on the volume of the inclusion p®|Bp|,
the operating wavenumber s and the contrast pg — i1, and inversely proportional to the noise
standard deviation opeise-

5.2 Stability analysis for dielectric inclusions

For the case when D is a dielectric inclusion, we have

2
aTHf - Z

(=1 j=

n

1 me{v X (Uture’% (2) + U“"ise’j’é(z)) M5V x H{;f(z’)} }

Observe again that the first term corresponds to the true image in the absence of the noise as
for the case of permeable inclusions whereas the covariance of corrupted image is now given by

Cov (0rHy(2), 0rHs(2')),

2 n
% %e{E[V X UReised () . MV x HP(2)V x Unoised £ (z/) . MgV x Hé”e'(z’)J }
£,0=17,1=1

T on?

a2 2 n ) ) ) i i T )
=55 > Y Re{MEV x Hj'(2) - E |V x UMd(2)V < Uneif() | M5V x H' (/).

=1 j=1

Using the arguments as in Lemma [5.1] it can be easily proved that

E [v x Unoised.l ()7 x Unoise-awf(zf)T} ~ _aﬁoisen(zxeo)*l%m{r(z, z’)}.
Therefore,

Cov(drHs(z),0rH(2"))

2 n I
afoﬁmse ZZ%e{MeSV « H‘OM(Z) . %m{r(z,z')} ESV X Hblvé(z/)}a

Sn*e {55
p — 7 - T

_ ot ZZ@%{ m{T(z,2) |Mg : Mg |V x By (2)] [V < By ()]},

8n<eq ==

a20'2 1 2 - 1.0 1.0 T GT( /)
_ € noise / € . € . , . s ikb; (z—z
_— Tﬂ)%e{%m{r(z,z )M : MS{E;_X; (65 % 0;) (6% 071) e |}
= J:

2 .2

:_E%%ﬁ_wqmquz}Mf <Sm{T(z,2)}},
€

where the use of the approximation ([IG]) has been made to get last identity. The analysis
above elucidates that the conclusions drawn in Section [l are valid for the case of dielectric
inclusions as well and functional OrH is robust with respect to measurement noise.

When D is a spherical inclusion, the covariance of the corrupted image turns out to be

Cov(drtys(z),0rHs(2)) ~ 0fgseack?(2n) 7 ||Sm{T (2, 2’ }H

where

s 3\/E€2|Bs|a _ 3V7leo — e2]|Bs|
T e0(2e0+e2) € €0(2¢0 +€2)
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Therefore, the variance of 97H for a spherical dielectric inclusion is given as
~ _ 2
Var(9rH s (25)) ~ 0pgisetek”(2n) " ||Sm{T (zs, z5) |- (5.13)
The signal-to-noise ratio in this case can be given as

3 \/ _
SNR ~ 12p |BD|I<L 27’L7T|60 €1|
60(260 + E1)0'noisc

H%m{I‘(zD,zD)}H, (5.14)

by virtue of Corollary B2l As in the previous section, the behavior of jo and jo when r — 0
suggests that

12\/ﬁp3|BD|K/2|EQ — €1|

SNR ~
\% 27T(260 + e1)0'noisc

(5.15)

6 Statistical stability with respect to medium noise

In this section, we aim to investigate the statistical stability of the imaging functional 0rH
with respect to medium noise. For simplicity, we assume that only one of the permittivity and
permeability parameters fluctuates around the background value at a time. The general case
of medium noise can be dealt with analogously but is more involved and is not presented for
brevity.

6.1 Fluctuations in permeability

Let the permeability of 2, denoted by p(x) throughout in this section, be fluctuating around
the background permeability such that

p(x) = po (1 + (), (6.1)

where 7(x) represents a random fluctuation such that the typical size of +, denoted by o, is
small enough so that the Born approximation is valid. We emphasize that v is a real-valued
function.
Nota Bene. Throughout this subsection, we term the homogeneous medium with parameters
(€0, 110) as the reference medium, and the random medium without inclusion as the background
medium still denoted by 2 by abuse of notation. Further, superposed 0 indicates a field in the
reference medium and any field otherwise is related to the random medium with or without
inclusion henceforth.

Let G? and G be the reference and background dyadic Green’s functions with Neumann
type boundary conditions, that is, the solutions to

Vaz % Vg x GOz, y) — kK2GO(x,y) = —cody(x)l3, €, 6.2)
(Vo x GO(z,y)) x v(z) =0, o0, '
and
Ve X Va X G(z,y) — (1 +7(2)):2G(z, y) = —€ody(z)I3, €, 63)
(Vz x G(z,y)) x v(x) =0, oN. '

The following result holds and can be proved by similar arguments as in ﬂ, Theorem 2.28].
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Lemma 6.1. For all x € 022 and y € ), we have

1
(5 + ’Pf’()) Gz, y) =Tz, y). (6.4)
The following Born approximation is valid
2
Gla.y) = G'@,y) - — | G, 2)1(2)G"(z.y)dz + (o). (6.5)
0 Ja

Moreover, we also have
14,2
Ho(a) = Hi(a) - = [ G%(e,2)(xH}()dz + ofc). (6.6)

The back-propagator U is now constructed as follows,

U) == [ @ 9v(a) x (%z - 7>~70> (H, - HY) x o] (z)do(z).  (6.7)

Note that the back-propagation step uses reference fundamental solution and the reference
magnetic solution since the background solutions are unknown. This substantiates that the
back-propagation step transports not only the true scattered field but also the first scattering
source (under Born approximation) due to fluctuations, thereby generating a spatially dis-
tributed contribution in the image. Further, the background Green’s function G is not known
exactly but up to a first order approximation. Therefore, the back-propagation using reference
Green’s function G° may affect the principle peak of the imaging functional around zg ~ zp.

We express H, — HY) as the sum of two terms H, — Hy and Hy, — H)) and subsequently
invoke Lemma and Born approximations (G.0)—(G.6). Therefore,

U(z) = —% . I‘O(w, z)v(x) x (%I — 73”’0) [(H, — Ho) x v](x)do(x)
_ % o Iz, z)v(x) x (%I - P“=0) [(Ho — HY) x V] (x)do(z),
1 1
= o o Iz, z)v(x) x <§I — 73”’0) [(HS —Hjf) x ’/] (z)do(z)
+ K—Q Iz, 2)v(x) x (%I - 73"”"=0> [ GO(-,y)v(y)(HY — HY)(y)dy x 1/] (z)do(x)
€ Joo Q
(2
5 [ st (5770 | [ @By <o @sta) + ol
0 Joo Q

=T+ 15+ T35+ O(O’V),

where 17, Ts and T35 represent the first, second and third term on the right hand side respectively.

Note that T3 is exactly the reference back-propagator defined in [B.7). Therefore, we will
denote this term by U™ (z). From [L1, Theorem 2.1], we have (H) — HY) = O(p*). Conse-
quently, the second term 75 is of the order 0(07p3) and is neglected henceforth. Finally, by
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using Lemma [2.4] Lemma and Lemma 2] respectively, we have

Ty :I:—% " (I(x, 2) x u(m))T <%I+ Pf"o) [/Q GO, y)v(y)HY (y)dy | (z) x v(x)do(z),
S @WwJ)XW@XV@DT/FW%yW@Hﬂ@MMM@%
€0 Jon Q
*H—Q Oz, 2 T r o(x 0
S [ | [ 1) dote)| W

_——/ y)Sm{T(y, =) Y (g)dy

Therefore, we conclude that U(z) = U"¢(2) + Ur°¢(2) + O(0.,p?) + o(0,), where Ur©ise ig
defined by

Uroise(z) = _6ﬁ +(y)Sm{T (y, z) VHY(y)dy. (6.8)
0Jq

The expansion of U(z) clearly shows that the back-propagator in the random medium is
approximately the sum of reference back-propagator and the error term due to clutter. The
reference back propagator U™ produces the principle peak of OrH s, that is, without medium
noise. The back-propagator U™¢ generates a speckle field corrupting the reconstructed image.
In rest of this subsection, we restrict ourselves to the case of permeable inclusions and dielectric
inclusions for simplicity in order to analyze the speckle field generated by U¢. Further, the

situation when there are multiple incident fields of the form (£I2) is taken into account.

6.1.1 Speckle field analysis for permeable inclusions

Let us compute the covariance of speckle field due to back-propagation of UP°s¢:3:¢. We have

Kda n
Cov (00 (2), 0rH1(2)) = 3
0,00=17,j' =1
E [Re {0t (z) . MEHY (2) | Re {Umomes 0 (2) MERDT (N0 )], (69)

for all z,2’ € Q, where Hg’j’é are the incident fields of the form [{@I2]). First of all, we invoke

63, @:QD and @I3) to get
- ZZUnmse,], MMHO,], ( )

Z 17=1
2 n
K _— )
== GO_RZZ/QV )Sm T (y, 2)} HY? (y)dy - MEH) 7 (2),
(=1 j=1
2 n
eonZZ/ﬂv Im Ty, 2)} : MEH 7 (2) {Hg’]’é(y)} dy,
(=1 j=1
K 1 2 n -
2 [ ot e[S T
(=1 j5=1
47
~ — | (y)Q, [ML(y, z)dy,
€ Ja
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where Q. is a non-negative real valued function defined for any 3 x 3 real matrix A by
Q,[A](y, 2) = Sm{T(y, 2)} : ASm{T"(y, 2)}.

Then, the covariance of the speckle field can be approximated by
Cov (6TH +(2), aTﬂrzf(z')) ~ 16m%a2 ke, / | Cu:9)Q, M)y, 2)Q, ML #')dydy,
X

where C,(y,y’) = E[y(y)y(y’)] is the two-point correlation function of the fluctuations in
permeability. The function zg — Q,[M%](zs, zp) is maximal for zg = zp and the focal spot
of its peak is of the order of half the operating wavelength.

Note that Q,[Is](y, z) = [|Sm{T(y, ) }||*. Therefore, for the case of a spherical inclusion,
thanks to Lemma 2.7 we have

1 2 n

=YD U (z) - MEH T (2) =
n

=1 j=1

bu /Qw(y)Qw[h](yabZ)dy. (6.10)

Ap

cov(aTHf(z),aTHf(z')) ~ B2t //Q XQCﬂ(y,y’)Q,Y[Ig](y,z)QV[Ig](y',z’)dydy’, (6.11)

where

_ 127 (po — pi2) | Bs|
€5 (2p0 + p2)

by : (6.12)

The expression (6.10) elucidates that the speckle field in the image is essentially the medium
noise smoothed by an integral kernel of the form ||Sm{T'°}||? . Similarly, (611 elucidates that
the correlation structure of the speckle field is essentially that of the medium noise smoothed
by the same kernel. Since the typical width of Sm{I°} is about half the wavelength, the
correlation length of the speckle field is roughly the maximum between the correlation length
of medium noise and the wavelength, that is, of the same order as the main peak centered at
location zg ~ zp. Thus, there is no way to distinguish the main peak from the hot spots of
the speckle field based on their shapes. Only the height of the main peak can allow it to be
visible out of the speckle field. Unlike measurement noise case discussed in the previous section,
the factor \/n disappeared. Therefore, the functional drHy is moderately stable with respect
to medium noise. Moreover, the main peak of drHy is affected by the clutters, unlike in the
measurement noise case. Thus, 07H; is more robust with respect to measurement noise than
medium noise.
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6.1.2 Speckle field analysis for dielectric inclusions

In order to compute the covariance of the speckle field generated by the back-propagation of
Uroise for a dielectric inclusion, we first note that

2 n
1 . .
=NV x U (z) - MV x Hy 7 (2)
n
(=1 j=1

2 n
K T — .
== 2N [ w)Ve % am {0y ) P () MY < HE =)y,
con 5= /e
2 n
K , —
=— — ZZ/ YY)V x %m{I‘O(y,z)} MgV, x (Hg’J’Z(z)Hg’]’é(y) ) dy,
NS i=Ye
2 n
= — i QY 0 . l L.l(pl,l zn@?(z—y)
€0 QFY(y)Vz . \rm{I‘ (y,z)} ’ <n ;;97 (94 ) dy,
47 ~ .
~ — | (y)Q[M§](y, 2)dy,
€ Ja

where é'y is a non-negative real valued function defined for any 3 x 3 real matrix A by

éV[A](y,z) =V, x %m{I‘O(y,z)} MGV, x %m{ro(y,z)}dy.
Therefore, the covariance turns out to be

167T

Cov (0rH(2), 0rHy (2))) = //  Culy¥) M5y, 2)Q, M5y, 2')ydy

Finally, note that év [I3)(y, z) = |Sm {T°(y, z)} ||, thus for a spherical dielectric inclusion

2 n
1 o , b ~
=3V X U () MEV x HP (2) = / 7 () Q, [Ts](y, 2)dy, (6.13)
€ JQ

(=1 j=1

Cov(ariy(2). 005 (=) <2 [ C(y.9)0, Ma)(w.2)0, Lally' 2 )dydy. (6.14)
QxQ

where the constant b, is defined by

127(eg — €2)|Bg]|

b =
€2(2€0 + €2)

(6.15)

The conclusions drown in Section still hold in this case and the imaging functional is
moderately stable.
6.2 Fluctuations in permittivity

Let us now investigate the stability of the imaging framework with respect to medium noise
when the permittivity, hereafter denoted by e, is fluctuating randomly around the reference
permittivity. We assume that the fluctuating background permittivity is such that

e Ha) = e '[1 + a(z)], (6.16)
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where « is a random fluctuation. It is again assumed that the fluctuation is weak so that the
Born approximation is appropriate. We will make use of the same conventions as in Section [6.1]
for reference and background media, and fields.

The equation for the magnetic field with fluctuating permittivity is then given by

VxVxHy(z)—&’H,(z) = -V x a(z)V x H,(x). (6.17)

Since the Born approximation is appropriate thanks to assumption of weak fluctuations, we
have H, ~ Hg — H,l)7 where Hg solves the reference problem and H,l) solves

V xVxH\(z) - k*H)(x) = -V x a(z)V x H)(z). (6.18)

Consequently, we have

H,l)(w) = % ) Gz, y) (V x a(y)V x Hg(y)) dy, (6.19)

where G%(z,y) is given by (G.2).

Following the analysis in Section [G.I] it can be noticed that the back-propagator, again
defined in terms of the reference fundamental solution and associated reference solution, consists
of two terms, one leading to the true image whereas the second giving rise to a speckle field
corrupting the image thanks to permittivity fluctuations. Using analogous arguments and
manipulations as in the permeability fluctuation case, the noise back-propagating term turns
out to be

" 1

Unoise () ~ - sm{ro(y, z)}v x a(y)V x HY(y)dy. (6.20)
€OR JO

6.2.1 Speckle field analysis for permeable inclusions

For a permeable inclusion, the speckle field generated by drHy at z € Q is given by

2 n
Ty 303U ) Mg )}

(=1 j=1

o 2%6 {/Q sm{ro(yJ)}V x ay)V x HY (y) - Mgﬂng)dy} (6.21)

KEQM
J

Since S{I"(y,2)} is symmetric, we have

ReEQN

2 n
1 , —7—
Ty~ — S5 Re {/ sm{FO(y, z)}M‘SLHg’M(z) -V x a(y)V x Hg"ﬂ(y)dy} .

=1 j=1 Q

Further, on assuming that a(z) = 0 for all  in the neighborhood of boundary 992 and using
the Green’s theorem, the above expression simplifies to

ii%e { /Q v, x Sm{I‘O(y,z)}MgHg’j’e(z) - a(y)V x Hg’j’l(y)dy} :

(=1 j=1
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After straight forward calculations and the use of approximation (ZI5])

1= e { [ a)QuMEly.2)du |
where for any 3 x 3 real matrix A, the real valued function Q, is defined by
Qu[Al(y, z) := Vy x Sm{T°(y,2)}A : Vy x Sm{T°(y,2)}.
Consequently, the covariance of the speckle field turns out to be

1671'2a2

COV(aTHf( ), 0rH(2') //Q . 0 (¥,9)Qa[M5](y, 2) Qu [M](y', 2)dydy’(6.22)

Moreover, since Qq[Is](y, z) = ||Vy x Sm{I’(y,2)} ||27 for a spherical inclusion

COV(aTHf(Z)aaTHf(Z/)) =by /QXQCa(y7y')Qa[Ia](y,Z)Qa[Is](y',Z')dydy', (6.23)

where Cy(y,y’) := E[a(y)a(y’)] is the two point correlation of fluctuation a. The expression
©23) is very similar to that studied in (6I4]). As already pointed out in Section [EIT] the
speckle field is indeed the medium noise smoothed with an integral kernel whose width is of the
order of wavelength.

6.2.2 Speckle field analysis for dielectric inclusions
In this case, the speckle field generated by drH s at z € Q is given by

2 n
1 . _
Ty i=— S me{v x Unoisedl(z) . MGV x Hgvﬂ(z)},
=1 j=1

3 Re {/ V. x %m{[‘o(y,z)}v x a(y)V x HO9 () - M5V x Hg’j’e(z)dy} ,

Jj=1

ZK
a)
o
S
~
S &Mw

" e {/ v, x %m{ro(y,z)} ( <V x Hg’j’l(z)) -V x a(y)V x Hg’j’l(y)dy} .

ReEQM
0 (=13

Letting « to be zero near 9€) and using Green’s theorem, we simplify the above expression to

2 n
1 : ——
Ts ~ — Z %e{/ Vyxvyx%m{ro(y,z)} ESVXHS’J’Z(z)-a(y)Vng’J’E(y)dy},
KJEOnl:lj:l [¢)
S wed [ am{r M V x HO(y) (V x B (2)) d
oSS [ {0 ot o) < E (% < 2) 0}
=1 j=1

Finally, invoking approximation (£I0]), we arrive at

7TI€2 ~
g el /Q 7 (y)3a M) (y, 2)dy, (6.24)

€0
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where Q, is a non-negative real valued function defined for any 3 x 3 real matrix A by
QulAl(y. 2) = Sm{T"(y, 2) }M5 : Sm{T°(y, 2) }dy.

and as a consequence,
Cov (00 (2), oM (=) ) = b2k / Ca(.4)0alMS](y, 2)Ca[M5(y, ). (6.25)
QxQ

The results for the a spherical dielectric inclusion are evident from the previous analysis.

7 Conclusions

In this paper, we investigated a topological derivative based electromagnetic inclusion detection
algorithm using the measurements of the tangential components of scattered magnetic field, con-
sidering a full Maxwell equations setting. It is elucidated that the topological derivative based
imaging functional behaves like the square of the imaginary part of a free space fundamental
magnetic solution and attains its maximum at the true location of the inclusion with Rayleigh
resolution limit. The detection algorithm is proved to be very stable with respect to measure-
ment noise and moderately stable with respect to medium noise. Moreover, it is indicated that
multiple incident waves significantly enhance the stability of the functional. Albeit, the case of
a single inclusion is discussed herein, the results extend to the case of multiple inclusions with
a common characteristic size.

A Proof of Lemma

We recall from HE, Lemma 3.1], that for all constant vectors p,q € R® and =,y € B(0,r)
2ieop - %m{I‘(:B, z)}q

:/ (F(:B,Z)p v(z) x V, xT(z,y)g —v(z) x V, xT'(x,z)p I‘(z,y)q) do(z),
oB

:/313 ( [I‘(m,z)l) X I/(Z)} [V xT(z,9)d] — |V, X I‘(:B,z)p} -[T(z,y)q x v(z)] )do’(z),

(A1)
Moreover, in the far field where » — 0o, we have
L(xz,y)p = O(r '), (A.2)
9 -1
8—%“% yp = O@ ), (A3)
Ve x T(z,y)p + ivl(z,y)p x v(x) = O(r ?), (A4

0

(5o o oM < )

By virtue of the estimates (A2]) and [A4]), the expression (AJ]) renders

I
o)
—~
ﬁI
V)
~—
—
>
(@)

/(?B(O,r) (I‘(m,z) X u(z))T(r(z,y) X V(z))da(z) = —%sm{r(w,y)} LO0 Y. (A6)
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The above relation also shows that |g;;(z,y)| = O(r~1). The estimate for |V.g;;(x, y)| can be
proved analogously using (A4) and (A5). This completes the proof.

B Proof of Lemma [5.1]

First of all note that, since nyeise is @ mean-zero circular Gaussian random process, U"**¢(z) is
also a mean-zero circular Gaussian random process thanks to linearity. Moreover, its covariance
can be calculated for all z,2’ € Q as

E UnoiSE(Z)U“Te(Z')T} :%E{/BQ I(z, z)v(x) x (%I_ 'Pﬁ) [Mooise X V] ()do(x)
(/69 Tz, 2" )v(z') x (%I— P“) [Moise X V] (m/)dg(w/))T}
:l% Zz_: (B.1)

where E,, :=E {ja(z)Jﬁ(z’)} for all p,q € {1,2} with

Ji(2) ;:é /8 (T(@.2) x v(a))T (nnoisc(m) X V(w)) do(x), (B.2)
J2(z) := /asz (T(x, 2) x v(x)" P~ Nnoise X V] (x)do(x). (B.3)

Let us now analyze each term individually. Note that

Bnle?) =7 [ (F@.2) (@) x v(@)]"E [frone(®) (laoe(a’)

T(@, =) x (@) x 1@)do(x)do (),

2

— Tnoise z,2)|" T(z, 2 )do(x .
=T /m[r( 2))" (@, #)do (), (B.4)

where in order to obtain the latter identity, expression (2] has been invoked. Assuming,
z,z' € Q far from 09 and utilizing the Helmholtz-Kirchhoff identities, we obtain

4k)'Sm{T(2,2")}. (B.5)

Ell(z7 zl) == 6Oamolbe(

Now, remark that
(V x (¢13))" p = =V x (¢p),
for any constant vector p and any smooth function ¢. Therefore,
Va X (9(Y, @) Muoise(y) X ¥(¥)) = = [V x (9(4, 2)T3)]" (Muoise(y) x v(v)),
==& [Vy xT(@,2)]" (Mnoise(y) X 1(y)).
= 6" [Vy xT(y,2) x v(y)]" Mnoise(y)-
Consequently, for y € Q far from boundary 0f2

K

P [nnoise X V] (w) = % /@Q F(y7 w)nnoise(y)da(y) X V(ilt) (B6)
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By virtue of (B, we have

E12(Z Z 260 ///89)3 w Z X I/( )) X V( )]TE nnoise(w) (nnoise(y))T

T(y,z")[[(z',2") x v(x')] x v(z')do(y)do(z)do(x'),

= e 2) [Ny, 2)) T, 2)do(x')do
a 2e0 //(39)2 I‘(y7 )[F(y’ )] F( ’ )d( )d (y) (B?)

Invoking Helmholtz-Kirchhoff identity, we get

2 .
Ei2(z,2") ~ M/ {imI‘(y,z)}%m{ﬁr(y,z')}da(y). (B.8)
2/412 a0
Similarly, third term E3(z, 2’) can be evaluated and appears to be
2 -
Eoi (2, 2') ~ M/ %m{fd‘(y,z)}{mI‘(y,z’)}da(y). (B.9)
26% Jaq

In order to explicitly calculate E4(z, 2’), we observe by invoking (B.6)) that

E[P* (oo * ] ()P oiee X V] Wﬂ

:lz_zE [//352)2 F(y7 w)'r]noise(y) X I/(w) [I‘(y', wl)'r]noise(yl) X V(:BI)} ! dO’(y)dU(y/)‘| y

T

// D(y,2) % W(@)]" B [t one @) | T 27) % 7@ )do(y)do(y),
89)2

Tt [0y, )t @) 57 oty
o)

€0
Therefore,

Ega(z, ) = // s T 2) X (@) E [P 52T (@) (P e x #] (=)

') x v(a')do(x)do(x"),

Tncise_ ///aﬂ ) x v(@)T [Ty, z) x v(z)]"

[C(y,z') x v(z"|T(z, 2") X v(z')do(x)do(z')do(y),

2
:%_2/ Sm{wT(z, ) }Sm{ Ty, 2') }do(y). (B.10)
k o0
Adding all the contributions E,, (for p,q € {1,2}), we obtain the covariance of Unise
nosise WT} _ 0121015e(\ { / }
E|U (2)U (2) ey Sm4T(z,2")

+ ;’2;% /(9Q {mr(%z)}sm{ﬁr(y,z')}da(y)

0.2

+ % /BQ %m{nl“(z, y)}sm{ﬁl“(y, z’)}do(y)-

€0
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Finally, the result follows by the fact that for any complex number Z

2Sm{iZySmi{iZ} — ZSm{iZ} — Sm{Z}Z = 0.
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