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Abstract

Linear programming has played a key role in the study of algas for combinatorial optimization
problems. In the field of approximation algorithms, this islMilustrated by the uncapacitated facility
location problem. A variety of algorithmic methodologissch as LP-rounding and primal-dual method,
have been applied to and evolved from algorithms for thivlem. Unfortunately, this collection of
powerful algorithmic techniques had not yet been appliedblthe more general capacitated facility
location problem. In fact, all of the known algorithms witbag performance guarantees were based
on a single technique, local search, and no linear progragmalaxation was known to efficiently
approximate the problem.

In this paper, we present a linear programming relaxatich wonstant integrality gap for capac-
itated facility location. We demonstrate that the fundataktheories of multi-commodity flows and
matchings provide key insights that lead to the strong eglar. Our algorithmic proof of integrality
gap is obtained by finally accessing the rich toolbox of LBdaamethodologies: we present a constant
factor approximation algorithm based on LP-rounding.
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1 Introduction

We consider the metric capacitated facility locatiorF(iCproblem which together with the metric uncapac-
itated facility location (UL) problem is the most classical and widely studied variarfaoflity location.

In CFL, we are given a single metric on the sefatilities andclients and every facility has an associated
opening cosandcapacity The problem asks us to choose a subset of facilities to opeérassign every
client to one of these open facilities, while ensuring thafatility is assigned more clients than its capacity.
Our aim is then to find a set of open facilities and an assighriet minimize the cost, where the cost
is defined as the sum of opening costs of each open facilitytlmdistance between each client and the
facility it is assigned to. BL is the special case of K€ obtained by dropping the capacity constraints, or
equivalently setting each capacitydo.

In spite of the similarities in the problem definitions ofUand CG-L, current techniques give a con-
siderably better understanding of the uncapacitated arersbne prominent reason for this discrepancy is
that a standard linear programming (LP) relaxation givesesito-tight bounds for EL, whereas no good
relaxation was known in the presence of capacities. Far, On the one hand, the standard LP formulation
has been used in combination with most LP-based technigues, as filtering 7], randomized round-
ing [10, 32], primal-dual framework 18], and dual fitting [L6, 17], to obtain a fine-grained understanding of
the problem resulting in a nearly tight approximation r4fié).

For CFL, on the other hand, it has remained a major open problem t@afrethxation based algorithms
with any constant performance guarantee, also highlighted as Opdaten 5 in the list of ten open prob-
lems selected by the recent textbook on approximation itgos of Williamson and Shmoys3g]. This
question is especially intriguing as there exist constaatofr approximation algorithms forrC based on
the local search paradigm (see e3.q, 11, 20, 22, 30] and Sectionl.2 for further discussion of this ap-
proach). Compared to such methods, there are several ageanf algorithms based on relaxations. First,
as alluded to above, there is a large toolbox of LP-basedcigabs that one can tap into once a strong
relaxation is known for a problem. Second, LP-based algmst give a strongeper instanceguarantee:
that is, the rounded solution is compared to the found LRtisoland the gap is often smaller than the worst
case. This is in contrast to local search heuristics that gnarantees that the cost is no worse than the
provena priori performance guarantee assures. Finally, LP-based tedmare often flexible and allow
for generalizations to related problems. This has indeed lige case for the uncapacitated versions where
algorithms for UL are used in the design of approximation algorithms for otbkated problems, see for
example [, 18, 21, 26].

In this pursuit of LP-based approximation algorithms fapaeitated facility location problems, the cen-
tral question lies in devising a strong LP relaxation thatgorithmically amenableln fact, any combinato-
rial problem has a relaxation with constant integrality :gdye exact formulation, which is the convex hull of
integral solutions, has indeed an integrality gap of 1. H@xesuch formulations for NP-hard optimization
problems usually have insufficient structure to give enoumgights for designing efficient approximation
algorithms. The challenge, therefore, is to instead desiseP-relaxation that is sufficiently strong while
featuring enough structure so as to guide the developmesftioient approximation algorithms using LP-
based techniques, such as LP-rounding or primal-dual. Mexfrmulating one for the capacitated facility
location problem has turned out to be non-trivial. Aardadlefl] made a comprehensive study of valid in-
equalities for capacitated facility location problem amdgmsed further generalizations; the strength of the
obtained formulations was left as an open problem. Many e$¢hformulations were, however, recently
proven to be insufficient for obtaining a constant integyatiap by Kolliopoulos and Moysoglou §]. In
the same paper it is also shown that applying the Sheralimsdaierarchy to the standard LP formulation



will not close the integrality gap.

1.1 Our Contributions

Our main contribution is a strong linear programming retexawhich has a constant integrality gap for the
capacitated facility location problem. We prove its consiategrality gap by presenting a polynomial time
approximation algorithm which rounds the LP solution.

Theorem 1.1. There is a linear programming relaxatioMFEN-LP given in Figure3) for the capacitated
facility location problem that has a constant integralitggy Moreover, there exists a polynomial-time
algorithm that finds a solution to the capacitated facilipchtion problem whose cost is no more than a
constant factor times the LP optimum.

This result resolves Open Problem 5 in the list of ten opeblpros selected by the textbook of Williamson
and Shmoys33].

Our relaxation is formulated based on multi-commodity floWie will discuss in this section why the
multi-commodity flow is a natural tool of choice in designistyong LP relaxations for our problem, and
also how it plays a key role, together with the matching thgiorachieving a constant factor LP-rounding
algorithm.

One natural question that arises is characterizing thet éxiggrality gap of our relaxation. While we
prioritized ease of reading over a better ratio in the choicparameters for this presentation of our algo-
rithm, it appears that the current analysis is not likelyit@@ny approximation ratio better th&nthe best
ratio given by the local search algorithnig.[On the other hand, the best lower bound known on the inte-
grality gap of our relaxation i8, and the question remains open whether we can obtain anxamgaitoon
algorithm with a ratio smaller thahbased on our relaxation.

Open Question.Determine the integrality gap of the LP relaxation MFN-LP.

High-level description of MFN-LP. The minimum knapsack problem is a special case of capattitate
facility location: given a target value and a set of itemshwdifferent values and costs, the problem is to
find a minimum-cost subset of items whose total value is rotlesn the given target. Carr et &l] fhowed
that flow-cover inequalities3y, 8] yield an LP with a constant integrality gap for this probleim fact,
another aspect of our relaxation shares a similar spirth@setinequalities. The flow-cover inequalities for
the minimum knapsack problem say that, when any subset rokiis given for “free” to be part of the
solution, the LP solution should be feasible to the resigwablem. In this residual problem, the target
value is decreased by the total target value of the free jthersce, constraints of the residual problem can
be strengthened by updating the values of all items to be at the new target value.

In order to have a similar notion of residual sub-problemth@facility location problem, it is tempting
to formulate a sub-problem for each subset of facilitiesollaire open for free. Indeed the knapsack problem
suggests exactly this sub-problem, since in the reductimm the knapsack problem to the facility location
problem, items correspond to facilities. However, we takifarent approach. Observe that there are two
types of decisions to be made in the facility location problevhich facilities to open, and how to assign the
clients to these open facilities; we focus on the latter. \Bfedgemplate an assignment of a subset of clients
to some facilities, and insist that this assignment shoald part of the solution. We formulate the residual
problem on unassigned clients, update the capacity of eaulityf and reduce it by the number of clients
assigned for free to this facility. We now require that angsible solution to the problem must contain a
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Figure 1: Example of partial assignment. Squares repréaeifities of capacity 6; circles clients.

feasible solution to the residual problem. We call the assignt of clients for free partial assignmentas
they assign only a subset of clients.

While the residual instance would be again an instance ofdpacitated facility location, with fewer
clients and facilities with reduced capacities, it is naacl whether restricting a feasible solution of the
original problem forms a feasible solution to the residuabpem. In fact, it does not. The partial assignment
reduces capacities at facilities which the feasible smtutinight have used for clients remaining in the
residual instance. To be concrete, consider a feasiblgradtsolution depicted in Figuréa and a partial
assignment in Figuréb. Note that client was not assigned by the partial assignment, but in the ralsidu
instance, it cannot be assigned to facilityas the original solution indicates. The partial assignninest
already assigned enough clients to reduce the capacitycitifyfai, to zero in the residual instance. But
observe that the fact that clieptould not claim its original place means that some othentheas taken its
place; therefore, that client must have left behind its sgammewhere else (at facility in this example).
Thus we would want to assign clieritto facility i; in the example. But how can we enable such an
assignment in general? Our relaxation allows additiongkeedo be used for assignments in the residual
instance. In particular, we make edges corresponding tgéngal assignment available to be used to
“undo” the partial assignment; observe that what we are ramkihg for is not a direct assignment of
clients to facilities butlternating pathsstarting at each client in the residual instance to a fgailith spare
reduced capacity. We model this problem asudti-commodity flovproblem where every unassigned client
demands a unit flow to be routed to a facility with residualamafy. In fact, it is crucial for obtaining a
strong LP to use multi-commodity flows to model these assgits) as we will see in Sectidh

For the interested reader, we further relate our relaxatigorevious works by demonstrating in Sec-
tion 2.3 how it automatically embraces two interesting special saseluding the flow-cover inequalities
for the knapsack problem. In addition, we show how our rdlaradeals with a specific instance, for which
the standard LP has an unbounded integrality gap.

LP-rounding algorithm. In Section3, we give an algorithmic proof of constant integrality gapprg-
senting a polynomial-time LP-rounding algorithm. An imsting feature of this algorithm is that it does not
solve the LP to optimality. Instead, we will give a roundinggedure that either rounds a given fractional
solution within a constant factor, or identifies a violatedquality. This approach has been previously used,
see for example, Carr et aB][and Levi et al. P3].

As is the case for flow-cover inequalities, we do not know \Wwhebur relaxation can be separated in
polynomial time. However, our rounding algorithm estdindis that it suffices to separate it over a given
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partial assignment in order to obtain a constant approximatgorithm: in a sense, such limited separation
is already enough to extract the power of our strong relaratiithin a constant factor. That said, it remains
an interesting open question whether our relaxation caej&rated in polynomial time. Another interesting

open question would be whether there exists a different l2Xa&on that can be solved in polynomial time

and used to design a constant approximation algorithm.

Given a fractional solution consisting opening variable@ndassignment variableghe first step our
rounding algorithm takes is very natural: we decide to odetha facilities whose opening variables are
large, say, at Iea%t. The cost of opening these facilities is no more than twieecthst paid by the fractional
solution. Now, we find an assignmentroabximumrmumber of clients to these facilities while maintainingttha
the assignment cost does not exceed twice the cost of fnattolution. If we manage to assign all clients
to the integrally opened facilities, we are done since bdutitbnnection cost and facility opening cost can be
bounded within a constant factor of the linear programminigt®n. Else, we obtain a partial assignment
of clients to the opened facilities. We use this partial grasient to formulate the multi-commodity flow
problem described earlier. Recall, in the multi-commodibyv problem, each unassigned client has a flow
commodity which it needs to sink at the facilities using lal&ging paths. Assume for simplicity, that in the
partial assignment all facilities that we opened in the tsp are saturated. Now, in the multi-commodity
flow problem, a client can only sink flow at facilities with siinfractional value because the facilities
with large fractional value have zero capacity since theysaturated by the partial assignment. Thus, the
flow solution naturally gives us a fractional assignmentashaining unassigned clients to facilities which
are open to a small fractional value. In the last step of therahm, we round this fractional solution
obtained via the flow problem. But why is this problem any eatian the one we started with? Since each
facility opening variable is at mo%t, the fractional solution can use at most half the capacigngffacility
in the residual instance. Thus the capacity constraintsi@rstringent and we can appeal to known soft-
capacitated approximation algorithms which approximas# while violating capacity to a small factor (two
suffices for us). Indeed, such algorithms can be obtainedunyding the standard linear program and we use
the result of Abrams et al2]. This also implies that an immediate improvement to ther@ximation ratio
of our algorithm would be possible by providing an improvégbathm for the soft-capacitated problem.

In summary, we have used techniques from the theory of roaitimodity flows and matchings to for-
mulate the first linear programming relaxation for the capéed facility location problem that efficiently
approximates the optimum value within a constant. Our psedd_P-rounding algorithm exploits the prop-
erties of the multi-commaodity flows obtained by solving tieehr program and we give a constant factor
approximation algorithm for the problem. Our results fertlopen up the possibility to approach the ca-
pacitated facility location problem and other related jpeols using the large family of known powerful
LP-based techniques.

1.2 Further Related Work

Uncapacitated facility location. Since the first constant factor approximation algorithm @i was
given by Shmoys, Tardos and Aard&l], several techniques have been developed around thisegpnobl
Currently, the best approximation guaranted @&8 is due to Li P5]; see also ¢, 17]. On the hardness
side, Guha and Khullerlff] shows that it is hard to approximaterUwithin a factor of 1.463.

Local search heuristics for capacitated facility location All previously known constant factor approxi-
mation algorithms for €L are based on the local search paradigm. The first constaat fgmproximation
algorithm was obtained in the special case of uniform caigsc{all capacities being equal) by Korupolu



et al. [20] who analyzed a simple local search heuristic proposed bghkuand Hamburge2P]. Their
analysis was then improved by Chudak and WilliamsbH &nd the current bestapproximation algorithm

for this special case is a local search by Aggarwal et3}l. For the general problem #Z), Pal et al B(]
gave the first constant factor approximation algorithmc8ithen more and more sophisticated local search
heuristics have been proposed, the current best being rat lecal search by Bansal et ak]jwhich yields

a b-approximation algorithm.

Relaxed notions of capacity constraints. Several special cases or relaxations of the capacitatdiyfac
location problem have been studied. One popular relaxasidhe soft-capacitated problems where the
capacity constraints are relaxed in various ways. The ataniihear program still gives a good bound for
many of these relaxed problems. Shmoys et3] §ives the first constant factor approximation algorithm
where a facility is allowed to be open multiple times, lat®proved by Jain and Vazirani§]. Mahdian

et al. 28] gives the current best approximation ratioXfwhich is tight with respect to the standard LP.
Abrams et al. 2] studies a variant where a facility can be open at most ongehlke capacity can be violated
by a constant factor. We also mention that in our approximnagilgorithm, we use this variant of relaxed
capacities as a subproblem. Finally, another special casehiich the standard LP has been amenable to is
the case of uniform opening costs, i.e., when all facilitiage the same opening cost. For that case, Levi et
al. [24] gives a5-approximation algorithm.

We also mention that LP-based approximation algorithmsckvigio not solve the linear program to
optimality have been used in the works of Carr et8hbind Levi et. al. P3]. In a similar spirit, many primal-
dual algorithms do not solve linear programs to optimalggg e.g.4, 12]), while finding approximate
solutions whose guarantee is given by comparison to a fleadital solution.

Finally, we note that Chakrabarti, Chuzhoy and Khartijauged a collection of flow problems to obtain
improved approximation algorithms for the max-min allacatproblem.

2 Multi-commodity Flow Relaxation

We present our new relaxation for the capacitated facitibation problem in this section. Let us first define
some notation to be used in the rest of this paper. &k the set of facilities an® be the set of clients.
Each facility: € F has opening cost;, and cannot be assigned more number of clients than its itapac
We are also given a metric cosbn F U D as a part of the inputz;; denotes the distance betweea F
andj € D.

The variables of our relaxation is the p&it,y) where we refer tac € [0,1]7*? as theassignment
variablesand toy € [0,1]” as theopening variables These variables naturally encode the decisions
to which facility a client is connected and which facilitidgat are opened. Indeed, the intended integral
solution is thatx;; = 1 if client j is connected to facility andz;; = 0 otherwise;y; = 1 if facility < is
opened ang; = 0 otherwise. The idea of our relaxation is that every pargalgnment of clients to facilities
should be extendable to a complete assignment while onhgukie assignments af and openings ofj.

To this end let us first describe the partial assignmentsibathall consider. We then define the constraints
of our linear program which will be feasibility constraimiemulti-commaodity flows.

A partial fractional assignmemt = {g;; }ic 7 jep Of clients to facilities isvalid if

VjGD:Zgijgl, Vie}':Zgingi and Vie}",jeD:gijZO.
ieF Jj€ED



demandi;, =1- 3%, » gij,

capacityz;, ;, ) _
» capacity capacityy;, d;,
J1 — Vi Ui = 2Ljep i) —
| Zl ) Zl
—{ 49 it
i im
Jn
capacityg;,, j,,

Figure 2: A depiction of the multi-commaodity flow netwoMFN(g, x, y).

The first condition says that each client should be fractipaasigned at most once and the second condition
says that no facility should receive more clients than ifgac#ty. We emphasize that we allow clients to be
fractionally assigned, i.eg is not assumed to be integral. As we shall see later (see Lexr8hdhis does
not change the strength of our relaxation but it will be caoneet in the analysis of our rounding algorithm
in Section3. We also remark that the above inequalities are exactly-thatching polytope of the complete
bipartite graph consisting of the clients on the one sidethadacilities on the other side; each client can
be matched to at most one facility and each faciliban be matched to at mdst clients.

The constraints of our relaxation will be that, no matter heevpartially assign the clients according
to a validg, the solution(x, y) should support a multi-commodity flow where each cligitecomes the
source of its own commodity, and the demand of this commodity is equal to the amount bghwhis “not
assigned” byy, 1 — >, » g;;. The flow network, whose arc capacities are given as a fumctig and the
solution(x, y), is defined as follows (see also Figuie

Definition 2.1 (Multi-commodity flow network) For a valid partial assignmeng, assignment variables
x = {z;j}icr jep, and opening variabley = {y;}icr, let MFN(g, z,y) be a multi-commodity flow
network with|D| commodities, defined as follows. Note that some arcs mayzesweapacities.

(a) Each clientj; € D is associated with commodifyof demandi; := 1 — 3, ~ g;j, and its source-sink
pair is (5%, j%).

(b) Each facilityi € 7 has two nodes andi’ with an arc(i, i) of capacityy; - (Ui — >_.cp 9ij)-
(c) For each clientj and facility 7, there is an arqj*, ) of capacityz;;, an arc(4, j*) of capacityg;;, and

an arc(7, j') of capacityy;d;.

Remark 2.2. Intuitively, the bipartite subgraph induced Ky*};cp U {i};c 7, marked with a shaded box
in Figure 2, is the interesting part of the flow network:i'};c» and {j'} ;cp are added to this bipartite



graph purely in order to state thatis a sink with “double” capacities: a commaodity-obliviouggacity
yi - (U; — Zjep gi;) and a commodity-specific capacijy; for each clientj € D.

Let us give some intuition on the definition MFN(g, x,y). As already noted, the demawd =
1 — > .7 gi; of aclientj equals the amount by whichis not assigned by the partial assignmgn(This
demand should only be assigned to opened facilities. Toverefacility i can accept at mosf;d; of j's
demand which is eithed; or 0 in an integral solution. Observe that such a constrainteémh client and
facility, cannot be imposed by a single-commodity flow pesbl Multi-commodity flow problems, on the
other hand, allows us to express this constraint as a contyrspkecific capacity of;d;, as denoted by arc
(', 4*) in Figure2.

Now consider theommodity-obliviougapacities of the facilities. Thietal demand an opened facility
i can accept is its capacity minus the amount of clients aedida it in the partial assignmemgt and
a closed facility can accept no demand. Therefore, the t#aiand a facility; can accept is at most
yi(U; — Zjep gi;). The arc capacity;; of an arc(j,4) says that clienj should be connected to facility
i only if z;; = 1. The reason for having arcs of the fol#) j) of capacityg;; is discussed in Sectioh 1:
these allow the alternating paths for routing the remaimiegnand and are necessary for the formulation to
be a relaxation.

We are now ready to formally state our relaxation MFN-LP @&f tlapacitated facility location problem
in Figure3. Note that the only variables of our relaxation are the assignt variablesc and the opening
variablesy. While it is natural to formulate each of the multi-commeditow problem using auxiliary
variables denoting the flow, our algorithm will utilize thguivalent formulation obtained via projecting
out the flow variables. This projected formulation is a rakion where the only variables are assignment
variablesx and the opening variables

minimize  ¢(z,y) ::Zoi-yﬂr Z Cij * Tij,
ieF i€F,j€D

subjectto = MFN(g, x, y) is feasible Vg valid;

x c (0,177 y e 0,1]7.

Figure 3: Our relaxation of &..

In Lemma2.3we show that the constraints of MFN-LP can equivalently befdated over the subset
of valid partial assignments that are integral. MFN-LP daaréfore be seen as the intersection of the feasi-
ble regions of finitely many multi-commodity flow linear pmagns and is therefore itself a linear program.
At first sight, however, it may not be clear that MFN-LP is aeltion, or how we can separate it. We will
answer these questions in the rest of this section.

2.1 Integral Partial Assignments and Separation

We first present a useful lemma that allows us to considerthelyalid assignmenig that are integral, i.e.,
{0, 1}-matrices. This lemma follows from the integrality of thenatching polytope.

Lemma 2.3. For any(x,y), MFN(g, x, y) is feasible for all validg if and only ifMFN(g, x, y) is feasible
for all valid g that are integral.



Proof. Itis clear that if the flow network is feasible for all valiglthen it is also feasible for the subset that
are integral. We show the harder side. SuppddeN(g, ,y) is feasible for all validg that are integral
and consider an arbitrary valid assignmerthat may be fractional. We will show thalFN(g, x, y) is
feasible.

Construct a complete bipartite graph with vertidés) D and interprely as the weights on the edges of
this complete bipartite graph. Agis valid, we havezjep gij < U; foreachi ¢ Fand)_,_rg;; <1 for
eachj € D. In other wordsg is a fractional solution to thgé-matching polytope. By the integrality of the
b-matching polytope (see e.g3]]), we can writeg as a convex combination of valid integral assignments
g', g% ...,8", i.e, there exishi, Ao, ..., A, > 0suchthad ;_, \x = Landg = > ;_; \ig".

Now, let £* denote the feasible flow fafIFN(g*, x,y), and choosef = >, A\, f*. Observe thayf
is a feasible solution tdIFN(g, x,y), since all the capacities and demandVifN(-, x, y) are given as
linear functions of. O

A natural question is whether MFN-LP can be separated inohyjal time. While we currently do not
know if this is the case, we will establish in this paper tht fieasibility constraint o FN(g, «, y) can be
separated for any fixagl and that this is sufficient to find a fractional solution wlagsst is within a constant
factor from the optimum: in a sense, this oracle enables exti@ct the power of our strong relaxation
within a constant factor. The following lemma states thecleralt follows from known characterizations
using LP-duality of multi-commaodity flows and its proof caa found in AppendiXA.

Lemma 2.4. Given g* in addition to (x*, y*) such thatMFN(g*, z*, y*) is infeasible, we can find in
polynomial time a violated inequality, i.e., an inequalityat is valid forMFN-LP but violated by(x*, y*).
Moreover, the number of bits needed to represent each deaffiof this inequality is polynomial inF
|D|, andlog U, whereU := max;cr U;.

2.2 MFN-LP is a Relaxation of the Capacitated Facility Locaion Problem

We show in this subsection that MFN-LP is indeed a relaxation
Lemma 2.5. MFN-LP is a relaxation of the capacitated facility location probie

Proof. Consider an arbitrary integral solutiqee*, y*) to the facility location problem. By Lemma.3
we only need to verify thablFN(g, =*, y*) is feasible for each valid integral assignmentLet g be an
arbitrary valid integral assignment.

Now we consider a directed bipartite gragh= (V, A), of which one side of the vertex setli and on
the other side, each facilitye F appears iny; - U; duplicate copies. Consider the following two matchings
M, and M, on these vertices.

e For each clieny, M; has an edge betwegrand (a copy of) for whichz7; = 1. There will always
be a copy ofi sincey; > z7; = 1. We will also ensure that a single copy of a facility does renteh
more than one incident edge: this is possible due to the tgmamstraints or{z*, y*).

e For each(s, j) such thatj;; = 1 andy; = 1, M has an edge between a copy of facilitand client
Jj. Note that no client will have more than one incident edgeesin,_ ~ §;; < 1. We will also ensure
that a single copy of a facility does not have more than oniglémt edge. This is possible since

> jep Gij < Ui



Now we orient every edge if/; from clients to facilities; edges if/> are oriented in the opposite direction.
Ais defined as the union of these two directed matchings. Bioitel/; andM, are matchings, every vertex
in G has indegree of at most one and outdegree of at most one. Hee@an decomposa into a set of
maximal paths and cycles. Moreover, sindg matches every client, none of these maximal paths will end
at a client. Reinterpret these paths as path®@md.F, instead of on the duplicate copies of facilities. Let
‘P denote the set of these (nonempty) paths.

We will now construct a feasible multi-commodity flow &fiFN(g, *, y*). We consider eack € P.

If P starts from a facility, ignore it; otherwise lgtbe the starting point of? andi the ending point:
P = (4,11, jo2,12,...,Jk,1). If dj = 0, we ignoreP; otherwise, we push one unit of flow of commaodity
along P, staying within the shaded area of Figiei.e., the flow is pushed along®, i1, j5, i2, . .., ji, ©).
When we arrive at, further push this flow along, 7/, j*), draining the flow aj’: this is legal since the flow
is of commodityj. We repeat this until we have considered all path®inWe claim that this procedure
yields a feasible multi-commodity flow.

First, note that each arc iA maps to an edge of capacity 1MiIFN(g, *, y*). SinceP is a decompo-
sition of (a subset of{l, capacity constraints ofj®, ) and (i, j°) are satisfied from the construction. Now
consider the capacity df,i’). Each time we encounter a pathe P that starts at some client and ends at
i, one unit of additional flow is sent over this arcyjf = 0, there will be no such path iR. If y* = 1, there
are at most; — Zjep 9;; paths inP ending at;, since)M, matches exactlEjGD g;; copies ofi out of U;
in total. This verifies that the capacity constraint(@n’) is also satisfied. Finally, ar@’, j%) is used only
when we proces® € P that starts frony and ends at. This is true for at most one path # since there is
at most one path starting from each client (note that ther@@aduplicate copies of clients #); moreover,

P can end at only if y* = 1 (otherwise, there are no copiesidh G). The capacity constraint di, j*) is
therefore also satisfied.

Demand constraints are also satisfied: suppigse 1 for somej € D. This meangj does not assign
to any facility, and therefor@/, does not match. Hencej has indegree of zero and outdegree of on@'in
and thusP contains exactly one path that starts frgm O

Intuitively, the above proof can also be interpreted a®bedl: given an arbitrary partial assignment and
integral solution, consider the shaded area of Figurdy saturating every arc in this area, we obtain a
feasible single-commodity flow where every client generateinit flow either at its original position or at
the facility it is assigned to by. While this flow satisifies every commodity-oblivious cajpgcit may
not be immediately clear why it also satisfies the commoslitgeific capacities; here we can appeal to
the integrality ofy*, because in this case every facility with nonzero commeoalitjvious capacity will
automatically have the full commodity-specific capacity oSuch an argument, however, would not extend
to a fractional solution (to the standard LP for example)ichilustrates the strength of our relaxation.

2.3 Comparing MFN-LP to Standard LP and Knapsack-Cover Inequalities
In order to facilitate our understanding of the new rela@twe demonstrate how it relates to other formu-

lations for the capacitated facility location problem.

Standard LP. We shall show that the constraint thstFN(g, x,y) is feasible forg = 0 already is
sufficient to see that our relaxation is ho worse than thedstahL P relaxation. The standard LP relaxation
uses the same variablés, y) as MFN-LP and is formulated as follows:



minimize Z 0; *Y; + Z Cij * Tij,
€L 1€F,j€D

subject to Tij < Y Vie F,j €D; D)
Z(L’ij =1 V] € D; (2)
1€EF
Z zij < yiU; Vie F; (3)
Jj€D
O<zy<l1 4

Consider arbitraryz*, y*) that make®FN(0, x*, y*) feasible. Sincg = 0, the support oMFN(g, *, y*)
is acyclic and the flow of each commodity can be decomposediths with no cycles. In particular, every
path for commodityj € D will be in the form of j* — i — i’ — j* for somei € F. Observe that this implies
that the only commaodity that has nonzero flow(gf, i) is j; let this flow bez;;. Now we claim thatz, y*)
is a feasible solution to the standard LB} follows from d; = 1; (1) follows from the capacity constraint
on (7', j*). Finally, Zjep z;; equals the total (regardless the commodity) incoming flow this in turn is
bounded from above by U; from the capacity constraint ofi,’). This shows thafz, y*) is feasible to
the standard assignment LP. Observe tktatominatesz and therefore the lower bound on the optimum
given by MFN-LP is always no worse than the standard assighihfe

Knapsack-cover inequalities. Consider a special case where the metricfoand D is constantly zero:
i.e., every facility and every client are “on the same sp®5 there is no connection cost, the problem
reduces to simply selecting a set of facilities that as a ehak enough capacity while minimizing the total
cost: this is the minimum knapsack problem. Each facilitprresponds to an item with weight and cost
o0;; |D| corresponds to the demand of the knapsack problem. Usingotiagion of the capacitated facility
location problem, the knapsack cover inequalities due to &al. [8] are written as follows:

3" min(U, D~ Siea Ui) - 9i = D] — YyeaUsn VA C Fsuchthaly,, Ui < |D).
i€eF\A

Now each of these inequalities are implied by our relaxatibat S be a set of any _,_ , U; clients
andR := D\ S. Considerg that fully assigns every client i to the facilities inA, thereby saturating
those facilities, and does not assign any clientgtinNote thatd; will be zero for every; € S and one
for everyj € R. Now we choose a feasible soluti¢a, £) to (8)-(9) as follows: for each facility € A, if
Ui > |D| =3 ica Uiy selly joy :=1forall j € R;if Uy < |D| -3 ;4 Ui, setl; iy := 1. All other (’s are
setto zeroz; := 1forall j € R; z; := 0 forall j € S. Now (10) implies the knapsack cover inequalities.

Example. We give a simple integrality gap example for the standard hdPsdnow how our linear program
strengthens the linear program c¢at off the fractional solution. Consider the following instandettoe
capacitated facility location problem. Here we have twadlitss i, andi, each with capacity. and opening
costs aré) and1 respectively. There are + 1 clientsj, ..., j,+1. The distance between any two points,
either facility or client, is zero. Thus all facilities antents sit at the same point. Consider the following
fractional solution(z*, y*) where we have;;, = 1 andy;, = % z} ;. = 747 foreachl <r <n+1and

T3 = HLH for eachl < r < n 4 1. Itis quite simple to verify thatx*, y*) is a feasible solution to the
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standard LP and cost;Ls}H while the cost of the optimal solution isgiving us an unbounded integrality gap
for largen. We now show how this fractional solution can & off using our stronger LP. We also note
that, for this instance, the knapsack cover inequalitiessaough to obtain a good approximation.

Consider the partial assignmegit defined as follows. We @fm = 1for eachl < r < n. Thus we
have assigned clients to facility:; and saturating it. The only facility that can serve the uiggesl client
is io. Consider the flow network defined by this instance. The dgpatarc (i, 5% ) is i, and demand
of clientj,1is1—>",c» gi*jn+1 = 1. Since all flow reaching® must go on this arc, we must hayg > 1.
Thus the fractional solution must cost at least one.

3 Approximation Algorithm

In this section, we describe our approximation algorithrd prove Theoren.1: 1

Theorem 1.1 (restated) There exists a 288-approximation algorithm for the capateid facility location
problem. The cost of its output is no more than 288 times ttimapcost of MFN-LP.

The algorithm is based on rounding a given fractional “sohitto MFN-LP. However, as we do not
know how to solve MFN-LP exactly, we give ralaxed separation oracle that either outputs a violated
inequality or returns an integral solution obtained from fifactional solution by increasing the cost only by
a constant factor. A similar approach has previously beed bg Carr et al.§] and later by Levi et al.3].

Algorithm overview. Our algorithm first guesses the cost of the optimal solutMEN-LP using a
binary search For each guess, saywe run an ellipsoid algorithm. At each step of the ellipsaligbrithm,
we obtain a fractional solutiofw*, y*), possibly infeasible. We then first verify the boundary ¢aaists
0 < z*,y* < 1 and the objective constrainfz*, y*) < ~. If (x*, y*) violates one of these inequalities,
we output it and continue to the next iteration of the elligsalgorithm. Otherwise, we either construct
a so-called semi-integral solution (defined below) or ougpwiolated inequality showing infeasibility of
the flow networkMFEFN(g*, =*, y*) for someg*. In the final step, our algorithm rounds this semi-integral
solution into an integral solution by increasing the cosatmpnstant factor.

We remark that the main step of our algorithm exploiting tinergyth of MFN-LP is the step for finding
a semi-integral solution or outputting a violated inegiyajfsummarized in Theorer@.3). An interesting
detail is that our rounding algorithm only needs that thetimndmmodity flow network is feasible for a
singleg* in order to output a semi-integral solution. Once we havenai-ggegral solution, the rounding
is fairly straightforward using previous algorithms foiftscapacitated versions. We now first define semi-
integral solutions and describe the rounding to integrhltEms in Sectior8.1. We then continue with the
proof of TheorenB.3which is the main technical contribution of this section.

3.1 Semi-Integral Solutions: Definition and Rounding

The idea of semi-integral solutions is that they partitiba facilities into two sets: the sétof integrally
opened facilities and the sgtof facilities of small opening. Clients may be fractionallgsigned to both

The cost function includes two components, facility opgrinsts and connection costs. Optimizing the parameterist&n
the same worst case performance for both components willteaignificant improvements in the constant obtained abBug
such methods will not lead to improvement o%eapproximation due to local searchi [

2\We remark that the relaxed separation oracle can also sibgplysed with the standard optimization version of the adlighs
method, which would not involve a binary search.
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facilities in 7 and.S. However, there is an important constraint regarding ttsgament to facilities in
S (condition {ii) in the definition below). For each clierjt it says that at most g; fraction of ;'s total
assignment to facilities i can be assigned toc S. This will allow us to round semi-integral solutions by
using techniques developed for the standard LP relaxation.

Definition 3.1. A solution(z, y) is semi-integralf it satisfies the following conditions.
() (x,y) satisfies the assignment constraints, i.e., for eachD, >, Z;; = 1 and for eachi € F,
> iep Lij < GiUi.
(i) Foreachie F,§; =1org; < 3. Letl = {i:j; =1} andS = F\I.

(i) Foreachj € D, letd; = ¥, ;. Then we havé;; < §:d; for eachi € S andj € D.

We now describe the procedure for rounding the semi-integplution to an integral solution. All
facilities in I, whose opening variables are set to one in the semi-integgt@ince, are opened. Consider the
residual instance where each client has a residual de@anadmount to which it is not assigned to facilities
in I. This residual demand is satisfied by facilitiesSneach of which is open to a fraction of at m@st
by the semi-integral solution. Conditiong and {ii) of the semi-integral solution imply that the residual
solution is a feasible solution to the standard LP for thedted instance. Since the opening variables are set
to a small fraction in the residual instance, we can use arpoappation algorithm for the soft-capacitated
facility location problem which rounds the standard LP. &n 3)-approximation algorithm for the soft-
capacitated facility location problem returns a solutiomose cost is no more thantimes the cost of the
optimal fractional solution and violates the capacity of apen facility by a factor of at most. We give
the algorithm our residual instance as input where we saalendhe capacities by a factor gfbut scale
up the opening variables by the same factor. Observe thangsds eacly; < % for each facility: € S,
we obtain a feasible solution to the standard LP. Here wehes@ &, 2)-bicriteria approximation algorithm
due to Abrams et al2] to complete our rounding to an integral solution.

Lemma 3.2. Given a semi-integral solutiofz, y), we can in polynomial time find an integral solution
(z,y) whose cost is at mo8tc(z, y).

We give the formal proof of Lemma.2in AppendixB.

3.2 Finding a Semi-Integral Solution or a Violated Inequalty
We are now ready to describe and prove the main ingredientirafominding algorithm.
Theorem 3.3. There is a polynomial time algorithm that, givén*, y*), either
e shows thatz*, y*) is infeasible foMFN-LP and returns a violating inequality, or
e returns a solutionx, y) such that(z, g) is semi-integral and(z, ) < 8c(x*, y*).

Note that the above theorem together with Len@raimplies Theoremnil.1 with the claimed approxi-
mation guarante® - 36 = 288.

We prove the theorem by describing the algorithm togethén it8 properties. For an overview of the
algorithm, see also Figuré The algorithm consists of several steps. First, we rountheparge opening
variables ofy* to obtain modified opening variablgg. We define

L if yi >
’ yr, otherwise
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Let I be the set of facilities that are fully open by I := {i € F : y; = 1}. S denotes the set of facilities
that are open by a small fractiof::= F \ I.

Given that our algorithm is going to open all the facilitiesZi we will try to find a partial assignment
g* that assigns as many clients to these facilities as possithlide at the same time ensurimg does not
become too costly compared4d. To this end, we will derivg* from a maximunmb-matching in a bipartite
graph onF andD whose edges are capacitated2ay’. LetG = (D, I, E)) be the complete bipartite graph
whose bipartition is given by the clienf3 and the opened facilities An arc(j,7) wherej € D andi € I
is given a capacity dtz7;. This is to ensure that the cost of the matching is within éofacf 2 compared to
the original assignment cost. Every clignbas a capacity of one and each facilitg I is given a capacity
of U;. Let z denote a maximum fractionadtmatching ofGG. Note that the matching may not be integral
because of the capacities on the edgesz Assa maximum fractional matching, its residual netwéfkvith
arc set{(j,7) : zi; < 2z7;} U{(i,7) : 25 > 0} has useful properties that we describe below. In particiflar
we consider amnsaturatectlients, i.e.,> .., z;; < 1, thenj has no path i to a facility  with remaining
capacity, as that would contradict thats a maximum matching.

We shall now formalize these properties. Let us call a cliest D saturatedif » .- z; = 1, and
unsaturatedtherwise; define

Iy = {i € I : iis reachable i{ from some client: that was unsaturatég
Dy :={j € D : jis reachable irH from some client that was unsaturatéd

Similar to clients, a facilityi € I is calledsaturatedif 3., 2;; = U; andunsaturatedotherwise. The
following lemma summarizes three useful observations and H.

Lemma 3.4. The following must hold.

(&) Any facilityi € Iy is saturated, i.e.zjGD zij = Uj.
(b) Ifie I\ Iyandj€ Dy, zjj = 2z7;.

(c) fieIyandj € D\ Dy, 2 = 0.

Proof. We first prove §). Suppose toward contradiction that there exists a facilite Iy that is not
saturated. By the definition dfy there exists a client that is unsaturated arids reachable fronk in H.
Therefore there exists an alternating path froto 7 which contradicts that the chosen fractional matching
z was maximum.

We now prove ). By the definition ofDy, there exists an unsaturated cliégrguch thatj is reachable
from k in H. Therefore, any facility such that;; < 2z7; is also reachable frorh and therefore part ofy.
The proof of €) follows from the fact thati, j) ¢ H sincei is reachable from an unsaturated client grisl
not. Thereforez;; = 0. O

Now the valid partial assignmept is constructed as follows:

Zij ifiely
« ) Zij ifiEI\IH,jED\DH
9% =0 ifiel\Inje Dy

0 ifies.

()
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Note thatg* is defined in terms of. This will allow us to analyze the flow network using the pradjgs of
z described in Lemma3.4.

Once we have this partial assignment, the algorithm veiiifid§FN (g*, =*, y*) is feasible. If not, we
invoke LemmeR.4to find a violated inequality and Theore3rBholds. Otherwise, the algorithm proceeds to
construct a semi-integral solution using this partialgmsient. For the rest of this section, we will assume
thatMFN(g*, *, y*) is feasible. Note that the feasibility MFN(g*, *, y*) guarantees the feasibility of
MFN(g*, z*,y’) sincey’ > y*.

Claim 3.5. If MFN(g*, z*, y*) is feasible and)’ > y*, MFN(g*, z*,y’) is feasible.

Proof. Consider a feasible flow favIFN(g*, =*, y*). Observe that it is feasible f&f[FN(g*, *,y’) as
well, since the arc capacities dFN(g*, z*, y) is nondecreasing ig while the demands remain the same
since they depend aji. O

We have now made our choice @f that satisfies the following three key properties which hedpound
(z*,y*):

1. g* < z < 2z* and therefore(g*) < 2¢(x*);

2. g* assigns clients only to the fully open facilities, i.e.,ifties in I;

3. g~ satisfies the property formalized by Lemi®®. (Note that Lemm&.6is proven for our carefully
constructed partial assignment. It does not hold in gerierarbitrary partial assignments.)

Let f denote the flow certifying the feasibility 8iFN(g*, *, y’). We decompos¢ into flow paths where
we letP;; denote the set of flow paths carrying non-zero flow frgito ;¢ that use the ar¢i,’). That is,
these are the paths which take flow frgnand sink it ati. Let f(P) denote the flow on a patR € P;;.
For eachi € 7 andj € D, we leth(i, j) = ZPGPU f(P) denote the amount of flow that cliepisinks at
facility i. For any subseX C F andj € D, letalsoh(X,j) := > ;. x h(i, j), i.e., the total amount of flow
that client; sinks at facilities inX.

Lemma 3.6. There exists a feasible flow to the multi-commodity flow @NIFN(g*, =*,y’) such that
each clientj € D sends at least half its demand to facilitiesdni.e., (S, j) > % =1(1-Y.cr g57)-

The proof of this lemma can be found in Sect®2.1

Observe that the flow satisfying the conditions in LemBi@can be obtained in polynomial time by
adding additional linear constraints to the multi-comntpdiow linear program foMFN(g*, *,y'). Let
f denote such a flow. The algorithm now proceeds by using thig tilodefine a semi-integral solution
(z,9y). Lemma3.6guarantees (S, j) > d;/2; hence we define the semi-integral solution by scaling up thi
assignment by a factor of at mastThis ensures that each client assigns all its denagnd S and that it is
a semi-integral solution. Formally, we construct the sertggral solutionz, y) as follows:

)L if i €I . 955 ifiel,jeD,
YT oy, ifies; 4260 it ic g e,

where we defin ((;ﬂj)) to be0 if h(S,j) = 0. Fori € S andj € D, we havei,;; = h(i, ;) - % < 2h(i, §)

from Lemma3.6. This allows us to bound the total cost of soluti@n g ).
Lemma 3.7. The solution(z, ) is semi-integral and(z, y) < 8c(x*, y*).

The above lemma finishes the proof of Theor@® Its proof is fairly straightforward calculations and
can be found in SectioB.2.2
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3.2.1 Proof of Lemma3.6. Existence of a Nice Multi-Commodity Flow

In this section, we prove Lemn&®6, i.e., we show there is always a flgfvas a solution tdIFN(g*, z*, y')
satisfying the conditions of the lemma.

By definition, any clientj € D \ Dy is saturated. Moreove},,_» g5 = Y icr %ij = 1. Thus, every
client j whose demand is non-zero MFN(g*, z*,y'), i.e.,d; :== 1 = >,z g5; > 0,isin Dy. On the
other hand, for each € Iy we have} ;. g;; = >_,cp2; = U; Where the last equality follows from
property @) of Lemma3.4. Thus the commodity-oblivious capacity gfi.e., the arc capacity dfi, '), is
yl(U; — Zjep gz-*j) = 0. In summary, every client with nonzero demand is iy, and drains its flow at
facilities in I \ Iy or at facilities inS. Now for anyj € Dy, we have

di=1-) gh=1- 2z;> Y zj= ), 2 ©

ieF i€ly i€\l i€l\Ig

where the second equality follows from the definitiongof the inequality follows from the fact thatis a
fractionalb-matching satisfying capacity onejaand last equality follows from Conditiom) of Lemma3.4.

Consider a feasible floyf to MFN(g*, z*, y’), decomposed into paths and cycles. We will call these
paths and cycleow pathsandflow cycles respectively. Without loss of generality, we can assunag¢ th
there exist no flow cycles, and every flow path sends nonzenodioit. The following claim simplifies our
proof by letting us ignore the less interesting part of the fl@twork.

Claim 3.8. We can assume without loss of generality that no flow patte@mnodek® for k € D\ Dy.

Proof. For an arbitrary clienk in D\ Dy, consider nodé® in the flow network. Among its incoming arcs,
every arc(i, k°) coming fromi € Iy has zero capacity, singg; = 0 from Property €) of Lemma3.4.
Arcs fromi € S also have zero capacities (s&)( Thus, the only incoming arcs & that have nonzero
capacity are arc§, k°) wherei € I\ Iy.

Now we examine each flow path one by one and modify them, tigetefining a new flow. Suppose a
flow path P starts atj* and ends aj’. We truncate this path at the first facility in\ 7 on the path, say
ig, and then send the flow directly to the sijtkby appendindio) — i, — j* at the end. If the path does not
contain any; € I \ Iy, we do nothing. We are making no other changes to the flow pattisiding the
commaodity and the amount of flow on them. Once this modificatias been applied to all the paths, no
flow path uses any arc of forffi, k*) wherei € I \ Iy; the flow paths, therefore, cannot encounter ahy
such thatc € D\ Dy. Recall thatt € D\ Dy has zero demand and hericecannot become the first (or
last for k') node in a flow path.

We claim that this modification maintains feasibility. Obsethat the demand of each client is still
satisfied since we have only rerouted the flow on a differetit fram j° to j*. The arcs on which the flow
may have increased are the afts’) wherei € I\ Iy and the arc$i’, j*) wherei € I\ Iy andj € Dy.

It is easy to verify that an arc of the latter type, &y j!), has its capacity constraint satisfied: the arc’s
capacity isy/d; = d; and clientj pushes at most; units of flow. Let us now consider an arc of the first
type, (i,i") for i € I\ Iy. Note that, after the truncations, the only incoming areedeives flow on are
the ones frony € Dy . The total incoming flow ta can therefore be bounded by the total capacity of these

arcs, which is
doan< Y 2= H<Ui- Y #=Ui— Y g (7)

J€DH J€DH J€DH JED\Dpy JED\Dpy

where we use the fact thaf; = 2z7; if i € I\ Iy andj € Dy from Lemma3.4 for the first equality,
the fact thatz is a fractional matching with bound; at facility i for the second inequality, and for the last
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equalityg;; = z7; if i € I\ Iy andj € D\ Dg. The feasibility of the truncated flow now follows from that
the capacity of ar¢i, ') is y/(U; — ZjeD gl.*j) =U; — Zjep\DH g5 O

We proceed to prove that there is a flonddFN(g*, x*, y’) satisfying the properties of Lemnga6.

If no client has positive demand, there is nothing to prover &y X C D, letd(X) := ZjeX d;
denote the total demand of clients ¥. ConsiderJ C D defined as the set of clients that have nonzero
demand and send the smallest fraction of their demand ts ik Formally, let

a= -r?iiloh(s’j)/dj and J={jeD:h(S,j)/dj =a,d; >0}
J:aj
We shall show that itv < 1/2 then we can modifyf so that we either decrease the cardinalityJobr
increasex. A flow that minimizes the lexicographic order Gf«, |.J|) must therefore have > 1/2 which
proves the lemma. We remark that here we are only considdong consistent with Clain3.8, i.e., no
flow path passes through a nokfewith £ € D\ Dy. Also note that a minimuna exists because is a
continuous function of flow, and the set of feasible flowsN8FN(g*, *,y’) is compact.

Now suppose that < 1/2. Note that/ C Dy sinced; > 0 impliesj € Dg. Then, by the definition

of J,
SohINInj) = (L=a)d(]) > d()/2> > ai;

jeJ i€\Ig,jeJ

where the last inequality follows fron6). In other words, the total floy_ .. ; 2(I \ Ip, j) from clients in
J to facilities in1 \ I is strictly greater than the sum of capacities. \ ;,, ;e 27; of the arcs from clients
in J to facilities in1 \ I.

Therefore, not all the flow paths originating frafncan ented \ Iy directly from.J. That is, for some
jeJ, k¢ J, andi € I\ Iy, there exists a flow patR that starts frony® but enters via k°. Let P; denote
the subpath betweeji andk®, and we have? = j5 — P, — k* —i — i’ — jt.

By Claim 3.8 we havek € Dy \ J and the demand afy, is positive by 6) and the fact that;;, > 0
since P carried non-zero flow. This together with¢ .J, implies thatk sends strictly more than fraction
of its demand to sinks i§. Letwvy,vs, . .., vy be the sinks irb to which k sends nonzero flows. Sinéecan
send at mosty,, flow to a facility v € S, we have

l )4
dey;i > ady = Zy;L > o
i=1 i=1

Moreover, agi sendsxd; units of flow toS, it sends at mostd; units to{v1, ..., v} C S; therefore, there
exists some sink € {v1, ..., v/} to which;j sends strictly less thayj,d; units of flow. LetQ be a flow path
along whichk sends flow ta, written asQ) = k* — Q1 — v — v’ — k! for some subpatky; .

Now we “exchange” the suffixes @t and@ by a small amount. To be precise, we choose a sufficiently
smalle > 0, and decrease the flow dhand(@ each by, but increase the flow oR’ = j° — P —k* — Q1 —
v—uv'—jtandQ’ = k*—i—i'— k' by e. P andQ’ will be introduced as new flow paths if they do not already
exist. Note that this satisfies the demand constraintse sirchave only changed the intermediate vertices
between the same pair of source and sink. We further claitrvtbacan choose a positivethat satisfies
the capacity constraints. Observe that every ar’iand Q" was used in? andQ, except for(v’, j*) and
(', k). For other arcs, the exchange only changes commaodity typksapacities remain honored. Recall
that j sends strictly less thagi,d; units of flow tov, and thereforév’, j*) was not previously saturated: if
we choose a sufficiently smallits capacity will not be violated. Fdi’, k'), its capacity ig/;dy, = dj since
i € I\ Iy; hence its capacity constraint cannot be violated as lowgessatisfy the demand constraints.
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Note that this change lefssende more flow to.S while decreasing the total amount of flawsends to
S by e. Sincek was sending strictly more thawd; units of flow to.S, we can choose > 0 so that both
j andk will send strictly more thamx fraction of their demands t§' after this modification. This either
decrease§/| by 1, or increasea. Finally, observe that our modification did not introducg andes;® for
j € D\ Dy back and therefore Clai®.8can still be assumed.

3.2.2 Proof of Lemma3.7: Bounding the Cost of the Semi-integral Solution

In this section, we prove Lemn®a7. First, we verify that &, ¢) is semi-integral. Let us first verify Condi-
tions (i) and {ii) of semi-integrality. We havé; = 1 for eachi € I andy; < % foreachi € S = F\ I.

For anyj € D, we have
7 A dj - h(z7])
d] :inj :Zji :dj.
icS i€S h(S’])
Note thath(S, j) = 0 impliesd; = 0. For eacly € D andi € S, we have

dj . h(Z,j)
h(S,7)

Tyj = <2h(i,j) =2 Y f(P) < 2id; = fid; = gid;

PcP;j;

where the first inequality follows from Lemnia6 and the last inequality follows from the fact that the
capacity of ardi’, j*) is y;d; and all paths inP;; contain this arc.
Now, let us verify the assignment constraints. For eyesyD, we have

g h
DEg =D g+ e ” =2 g +di=1
1€EF i€l €S el

where the last equality follows from the definition®f. For everyi < I, we have

S dy=> g5 <Ui=Ui

j€D JED

where the inequality follows from the fact thgt is a fractional matching with bound; at facility i. For
eachi € S,

Zx”—zdjh <Zzhu—2ZZf ) < 2 U = s

j€D je€D je€D JED PEP;;

where the first inequality again follows from the fact thés, j) > % and the next inequality follows from
the fact all the paths in the sum use the @re’) which has capacity.U; andy; = y for eachi € S.

Now it remains to verify the cost diz, y). First we havey; < 4y’ for eachi € I andy; = 2y} for
eachi € S. Thuswe havg . - 0;7; < 4, r o;y;. Now we bound the assignment cost of assignmient
Firstly, the assignment cost to facilities ircan be bounded by the cost gf which is smaller than cost of
2x*. To bound the assignment cost to facilitiesSinlet us consider the flow problem and assign egsto
each ardj*,¢) and(i, %), and zero to all other arcs. Observe that this together \Wéhriangle inequality
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implies that every patt® € P;; has cost:(P) > ¢;;. Thus we have,

D odg <Y 2h(i) <20 Y epf(P)<2 > Y e(P)f(P)

i€8,jED i€8,jED i€S,j€D PEP;; i€S,j€D PEP;;
<2 > | D P+ D P <2 Y el 2al) =6 Y eyl
i€F,j€ED P:(jsi)eP P:(i,j%)eP i€F,j€ED i€F,j€D

where the last inequality follows the fact the capacity af @r, ) is z7; and the capacity of ar@, j°) is
g;; < 2x3;. Thus the total assignment cost is at nﬁ)ﬁig,jep cijzy;. Thus we have(z, g) < 8c(z*, y*)

and Lemma3.7 holds.
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Input: Fractional solutior(x*, y’).
Output: Either a violating constraint or a semi-integral solutiany).

1. LetG = (D, 1, E) be the complete bipartite graph whose bipartition is givertband I. An arc
(j,1) wherej € D andi € I is given a capacity az7;. Every clientj has a capacity of one and each
facility ¢ € I is given a capacity ol/;.

2. Letz denote the maximum fractional capacitatechatching on the capacitated bipartite graph

3. Let H denote the support of the residual network of the fractionatchingz. In other words
H ={(j,1) : 2ij < 223} U{(i,4) : 25 > O}.

4. Letaclientj € D be calledsaturatedif 3, ; z;; = 1 andunsaturatedbtherwise. Let

Iy = {i € I :iis reachable irH from some client that was unsaturatéd
Dy = {j € D: jisreachable ifff from some client that was unsaturatéd

5. Foreach € Fandj € D, we let

Zij ifiely
« )z fiel\Iy,jeD\ Dy
Y% =Y0 ifiel\Iy, je Dy

0 ifies

6. SolveMFN(g*, z*,y*) using Lemma.4.

e If LemmaZ2.4gives a violating constraint, return it.

e Else letf denote the feasible flow satisfying the guarantee in LeririaThen return(z, g)
defined as follows.

A {1 if i e I A {g;j ificl,jeD

Y7 oy ifies T\ e S,jeD

Figure 4: Overview of algorithm for Theoref3.
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A Formal Proof of Separation Lemma

We give the formal proof of Lemma2.4.

Lemma 2.4. Giveng* in addition to (x*, y*) such thatMFN(g*, *, y*) is infeasible, we can find in
polynomial time a violated inequality, i.e., an inequalitpat is valid forMFN-LP but violated by(x*, y*).
Moreover, the number of bits needed to represent each deaffiof this inequality is polynomial inF|,
|D|, andlog U, whereU := max;c r U;.

Proof. Supposey* is not integral. Since thé-matching polytope is integral, we can decompg¥eénto a
convex combination of polynomially many integtaimatchings{g; } 1 <i<,. Note that such a decomposition
can be found in polynomial timelp]. As was seen in the proof of Lemn2a3, at least one of these integral
gi;'s renderdMFN(g;, *, y*) infeasible. Hence, from now on, we will assugteis integral, since otherwise
we can find in polynomial time an integrg) for which MFN(g;, =*, y*) is infeasible.

Note that the graph topology ®FN(g, x,y) does not depend ofy, x, y): some arcs may have zero
capacities depending alg, x,y), but the underlying digraph dfIFN(g, x,y) is defined independently
from (g, z, y). Itis only the capacities of these arcs that are definedr@eaf) functions ofg, x, y). Let.A
denote the set of arcs MFN(-, -, -) andP; the family of all j* — j paths. Let,(g, z,y) be the capacity
of arca € Ain MFN(g, z,y) andd;(g) be the demand of client Note thatd;(g) does not depend an
ory.

As Onaga 9] and Iri [15] showed, it follows from Farkas’ lemma thefFN (g*, «, y) is feasible if and
only if for all z € }Rf and/ € }Rf} satisfying

5 <> lo, VjeD,PeP;and (8)
aceP
0<z¢£<1, )
the following holds:
S dig)z <Y calgt @yl (10)
Jj€D acA

Thus, asMFN(g*, *, y*) is infeasible, there exis{z*,1*) such that

<y 6, VjeD,P e Py
a€eP
0< 2z 0 <1,

> di(g)z > ) calgt Ty

Jj€D acA

Our separation oracle finds sugt, I*) by solving the following LP:

minimize " ca(g®, 2%y ) — Y d;(g%)%,
acA j€D
subjectto  8) — (9).

Note that this LP can be solved in polynomial time by using§ljia’s algorithm as the separation oracle.
We will in particular find an extreme point solution to this.LP
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Now we have
> di(g)2 > > calg Ty

J€D acA

but on the other hand, any feasible solutiany) to MFN-LP has to satisfy

> di(gh) < calg” m,y), (11)

Jj€D acA

since this is a necessary condition tdi*'N(g*, x, y) to be feasible. Thus we outputk) as a violated
inequality. Recall that,(g*, x,y) is a linear function in(x, y); hence {1) is a linear inequality iz, y).
Now it remains to verify that each coefficient dflj can be represented ply (|.F|, |D|,log U) bits.
d;(g) is a constant that is either 0 ord,(g*, x, y) is a linear function ir{z, y) where every coefficientis an
integer between 0 arid. Finally, note that every coefficient o8and @) areO(1); hence, as we have cho-
sen(z*, £*) as an extreme point solutiofz*, £*) can be represented jroly(|.F|, |D|) bits. Thus, {1) can
be written as a linear inequality ifx, y) where every coefficient is represented usiady (| 7|, |D|,log U)
bits. O

B Rounding a Semi-Integral Solution to an Integral Solution

We present in this appendix how to round a semi-integralti®oitto an integral solution using known bi-
criteria algorithms for the soft-capacitated problem vgigneral demands.

Lemma 3.2 Given a semi-integral solutiofiz, y), we can in polynomial time find an integral solution
(z,y) whose cost is at mo86e(z, g).

Proof. Let (z,y) be a semi-integral solution. We consider the residual intgtaon facilities inS, where
each clientj € D is assigned to these facilities by the fractioncfk;f: > ies Tij. Using this residual
solution, we now formulate an instance with general demasdsllows.

In the capacitated facility location problem with generahthnds, in addition to the standard input of
the GFL, we are also giver?j > 0for each clieng and goal is to open a subset of facilities and assign clients
to facilities (possibly by splitting demand among multiféeilities) such that total demand assigned to an
open facility is no more than its capacity. The objectivection is the sum of cost of opened facilities and
cost of the assignment. The cost of assigninrgmount demand of clientto facility i is d - ¢;;. Figure5
shows the standard LP relaxation for the facility locatisolgfem with general demands. We will call this
program LRemand We denote the capacity of facilityby U to differentiate it from the capacities in our
problem.

The following theorem follows from Abrams et &]|

€S

Theorem B.1([2]). Given a feasible solutiofw, y) to LPgemand there exists a solutiofiz, y) such thaty
is integral and satisfiekPgemandif U] is replaced by2U/. Moreoverc(z,y) < 18¢(x, y).

We now complete the proof of Lemn#2 using TheorenB.1. Consider the facility location problem

with fractional demands created by facilities Shand demandl; = d; = Y icsTij < 1 for each client
j € D. LetU! = %i. We decompose the semi-integral solutign¢) into (&%, 9°) € [0,1]%*? x [0, 1]°
and(z”,97) € [0,1]7*P x {1} by naturally restrictindz, ) to I andS, respectively. Thenz®, 2g°) is a
feasible solution to Li2manga Observe that here we use the fact m%ltg % for eachi € S and therefore we
have2g)f < 1 and the upper bound constraints are satisfied. Feasibiltheaest of the constraints follows
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minimize Z 0iYi + Z CijZij
ieF iEF,JED
subjectto » “w; = dj, VjeD
i€F_
djyi > i, Vie F,jeD
Uy > Y @i, vieF
jeD
yi < 1, VieF

from semi-integrality of(z, ). We run the algorithm from Theorei®.1 on (£°,2¢°), and it returns a
solution (2°, %) such thaty® € {0,1}7 is integral and capacity constraints are satisfied withaeisf
2U! = U;. Moreover,c(z°, 5°) < 18¢(27,29°) < 36¢(2°, §°).

We concatenatéz’, §) € [0,1]7*P x {1} and(z°,9°) € [0,1]°*P x {0,1}° to obtain(z',y) €
[0,1]7%P x {0,1}7. Observe that nowz’, 4) satisfies the following constraints.

1. yisintegral.
2. Foreachj € D, we have},  » 7, = e/ 3L + Y e =1—dj +d; = 1.
3. Foreach € F,we have)_, ., 7;; < U; if g; = 1 and}_, p 7;; = 0 otherwise.

Now we solve a minimum costmatching problem to find an integral assignment of clieot&tilities
which are opened by. We let F' denote the set of facilities witl; = 1. We form a bipartite graph with
clients inD on one side and facilities if’ on the other side. The cost of edge between F andj € D
is ¢;; and solve the following linear program as given in Fig@relt is straightforward to see that' is a
feasible solution to this linear program. The integralifyttee b-matching problem implies that there exists
an integral solutiorx such that(z) < ¢(&’).

minimize Z CijTij
i€F,j€D

subjectto Y zi; = 1, VjeD
ieF
Z Tij < U; VieF
Jj€D
x > 0.

Figure 6:b-matching Linear Program.

Together withy, we obtain thatz, y) is a feasible solution to the capacitated facility locatgablem
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c(z,y) <
<
as claimed.
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