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AN ELECTROSTATIC INTERPRETATION OF THE ZEROS OF
PARAORTHOGONAL POLYNOMIALS ON THE UNIT CIRCLE
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ABSTRACT. We show that if u is a probability measure with infinite support on the unit
circle having no singular component and a differentiable weight, then the corresponding
paraorthogonal polynomial ®,,(z; ) solves an explicit second order linear differential equa-
tion. We also show that if 7 # 3, then the pair (®,(z; ), ®,(2; 7)) solves an explicit first
order linear system of differential equations. One can use these differential equations to
deduce that the zeros of every paraorthogonal polynomial mark the locations of a set of
particles that are in electrostatic equilibrium with respect to a particular external field.
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1. INTRODUCTION

Given a positive probability measure p with compact and infinite support in the com-
plex plane C, one can constuct the corresponding sequence of orthonormal polynomials
{@n(z; ) }n>0 where @, (z; 1) is a polynomial of degree exactly n having positive leading co-
efficient, which we denote by k,(u). If we divide ¢, (z; i) by k,(u), then we obtain a monic
degree n polynomial, which we denote by ®,,(z; 1). We will often suppress the 1 dependence
in our notation if there is no possibility for confusion. Our study of these objects is motivated
by the fact that orthogonal polynomials have proven to be valuable tools in the study of
physical models.

The most well-studied collections of orthogonal polynomials come from measures of or-
thogonality supported on the real line and are known as orthogonal polynomials on the real
line (OPRL). Such polynomials have a variety of applications in spectral theory (see [31]),
potential theory (see [24]), and the theory of special functions (see [I5]). One of the key
features of OPRL is the three-term recurrence formula satisfied by the orthonormal polyno-
mials. Many well-known families of OPRL (including the Hermite polynomials, the Laguerre
polynomials, and the Jacobi polynomials) are polynomial solutions to particular families of
linear second order differential equations with polynomial coefficients. This property makes
these particular families of polynomials especially applicable as we will discuss later in more
detail.

A second collection of well-studied orthogonal polynomials comes from measures of or-
thogonality supported on the unit circle and are known as orthogonal polynomials on the

unit circle (OPUC). Just as OPRL has a close connection with self-adjoint operators, OPUC
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has a close connection with unitary operators (see [31]). In analogy with the three-term
recurrence satisfied by the OPRL, the monic OPUC satisfy the Szegd recursion:

D1 (2 p) = 2Pp(z; 1) — 0P, (25 1),
where ay, € D := {2z : |2|] < 1} and ®}(z) = 2"®,(1/Z). Therefore, to each infinitely sup-
ported probability measure p on the unit circle, we can associate the sequence {a;, },>o of
Verblunsky coefficients. A theorem of Verblunsky states that such a sequence also deter-
mines an infinitely supported probability measure (see [28, Chapter 1]). The utility and
applicability of the Hermite, Laguerre, and Jacobi polynomials inspired interest in families
of OPUC that are solutions to linear second order differential equations. To this end, Ismail

and Witte proved the following result in [16]:

Theorem 1.1 (Ismail & Witte, 2001). Let w(z) = e **) be differentiable in a neighborhood
of the unit circle, have moments of all integral orders, and assume that the integrals
/ !/
=1 2=¢ i
exist for all integers n. Then the corresponding orthonormal polynomials satisfy the differ-
ential relation

K
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Pn(2) =n

From this result, one can derive a second order differential equation to which ¢,(z) is a
solution; we refer the reader to [16] for details. The main purpose of our investigation is to
derive a comparable result for a related class of polynomials called paraorthogonal polynomials
on the unit circle (POPUC).

Given an infinitely supported probability measure p on the unit circle and a complex
number [ of modulus 1, we define the paraorthogonal polynomial ®,,(z; ;1) as the monic
degree n polynomial given by

D (2 By 1) v= 2Pn1(z3 1) — B _1 (2 1) (1)
Paraorthogonal polynomials and their zeros have received considerable recent attention from
the research community (see for example [2, 8 [17, I8, 19, 27, 29, 35, B7]). It is well-
known and easy to show that all of the zeros of ®,(z; ;1) are distinct and lie on the unit
circle. Furthermore, if 7 # [ are distinct complex numbers of modulus 1, then the zeros of
O, (z; B; u) and @, (z; 7; p) strictly interlace on the unit circle in that if x and y are two zeros
of ®,(z; ;) and [x,y] is the arc of the unit circle that runs from z to y in the counter-
clockwise direction, then [z, y]\{z,y} contains a zero of ®,(z; 7; ). Although paraorthogonal
polynomials are not orthogonal polynomials, they often serve as an appropriate analog of
OPRL in settings where the real line is replaced by the unit circle (see for example [I8], [35]).
One of our main results is the next theorem, which can be thought of as an analog of the
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Ismail and Witte result that applies to paraorthogonal polynomials. In fact, the theorem
applies to any degree n monic polynomial satisfying the relation (/1)) for some complex number
B. As in [28], we write a measure on the unit circle as a measure in the variable § €
[0,27). For brevity and because there is no possibility for confusion, we will suppress the
p-dependence of various quantities in our notation.

Theorem 1.2. Suppose du(0) = w()2L is a probability measure on the unit circle, where
w is continuous on [0,27] (mod 27) and differentiable on (0,27) and let {a,}2, be the
corresponding sequence of Verblunsky coefficients. If p € C, then the polynomial y(z) =
®,(z; 5) defined by solves the following differential equation on any domain including

infinity or zero on which the coefficients are meromorphic:

l—n  h(z 6
o=y [ EE

Wiha(z: 5:0), bz =B 8)] 1 o p ; ) — na .
i [ e e (0 2Ga(2))Gal2) + Ju()(Du(2) — et 1)) |y(2),

]yu> @)

where

27 | * 0\12,,,/
o wna(€7)Pw'(0) db
Gnlz) s = Z/O (z —e?) 27
o2k (,i0\2, 1
. Ph1(€”) w' () df
D == A et
n(Z) ZZ/O (Z _ 610)61719 21
n =i [ TG B
n o (z — e?)ein—20 2

() = el =g 1 EGE YD) = 2 = yGalE):

and W{f, g] denotes the Wronskian of f and g (that is, W|[f,g] = fg' — gf’).

By allowing the parameter § to be arbitrarily chosen in C, we can apply our results to
a wide variety of polynomials including paraorthogonal polynomials and perturbations of
orthogonal polynomials without a precise understanding of the induced perturbation to the
measure of orthogonality.

In our applications of Theorem , we will focus on the case || = 1 so that the polynomial
®,,(z; B; u) is a paraorthogonal polynomial. Notice that if we set § = a;,_1, then ®,(z; 3; p)
is just the monic orthogonal polynomial ®,(z; ). In this case, Theorem yields a second
order differential equation solved by ®,(z;pu). If we set § = 0, then Theorem yields
a second order differential equation solved by z®, 1(z;u), which can be rewritten as a
differential equation solved by ®,,_1(z; u). There is no reason to think that the second order
differential equations solved by ®,,(z; i) derived by these two methods will be the same as
each other or the same as the one produced by the results in [16] if those results apply. In
fact, we will see by example in Section that these methods may yield different differential
equations. It is easy to see that the polynomial ®,(z; i) satisfies many differential equations
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if one allows the complexity of the coefficients to grow with n. Indeed, if
O71 (25 1) + P(2) @ (25 1) + Q(2) (23 1) = 0,

and R(z) is any entire meromorphic function, then

(23 1) + @, (25 1) (P(2) + R(2) P (25 1) + Pr(25 1) (Q(2) — R(2)P, (23 1)) = 0.

In the next section we will discuss applications of Theorem to electrostatics. In that
context, the coefficients in the second order differential equation determine the location of
charges that generate an electric field and the zeros of ®,,(z; 8; u) mark the location of charges
in equilibrium with respect to that field. It is not surprising that a particular configuration
of charges can be in equilibrium with respect to different electric fields, so from a physical
perspective, the lack of uniqueness of the differential equation is also expected.

An intermediate step in the proof of Theorem is of interest in its own right and can
be stated as follows:

Theorem 1.3. Suppose i is as in Theorem and 7,3 are distinct complex numbers.
The polynomials u(z) = ®,(z; 8, 1) and v(z) = ®,(z;7, 1) solve the following system of
differential equations on any domain containing infinity or zero on which the coefficients are

W (2) = v(2) (hng;_ﬁ;f)) —u(2) (hn(f;f;ﬁ)) )

meromorphic:

A5 —7) (5 —7)

The main restriction in the applicability of Theorems and is the requirement that
the measure be given by a continuous and differentiable weight function. However, for any
fixed n € N and § € 0D, the map from measures to degree n paraorthogonal polynomials
that map 0 to (3 is far from injective. In fact, in the pre-image of any such paraorthogonal
polynomial is a measure that satisfies the hypotheses of the above theorems. Indeed, we
have the following result, which is a consequence of the Bernstein-Szegé Theorem (see [28],

Theorem 1.7.8))

Theorem 1.4. Let p be a probability measure with infinite support on the unit circle and
suppose B € 0D. Then

ei(n—l)@ d@)

D, (z;8,m) =D, | 2385 — —— —
i) = (5P ey 3
where ©,_1(2) = @n_1(2; ).

The following result will be relevant for our applications and is especially useful when
combined with Theorem [1.4]

Proposition 1.5. Suppose w is as in Theorem[1.3
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i) If w'(0) = f(e) where f is analytic in a neighborhood of the unit circle, then the
functions Gy, Dy, and J,, (defined in Theorem can be analytically continued from
{z:]|z| > 1} to{z: |z| > r} for somer < 1.

i) If w'(0) = f(e”) where f is a rational function without poles on the unit circle,
then the functions G,,, D, and J, (defined in Theorem can be meromorphically
continued from {z : |z| > 1} to all of C as rational functions with no poles except
possibly at zero and the poles of f inside .

Proof. i) We present the proof for G,,; the proof in the other two cases is even easier. We
will make use of the fact that

[on ()P = @ (e )pn(e)e ™™
Therefore, we can write

Gy —i [P @)oo () f(e?) db 24 1(Q)pn1(¢)£(Q) d¢
@i /|< |

(Z _ ei&)eme o (Z — <)<n+1 o

If |z] > 1, then our hypotheses allow us to move the contour of integration to the circle

(5)

{C : |¢| = r} for some r < 1 and hence we obtain an analytic continuation of G,(z) to the
exterior of this circle.
ii) Given the form of G,,, D,,, and J,, it suffices to show that if R(¢) is a rational function

of t without poles on the unit circle, then when |z| > 1

/27r R<ei0) do
0

z— e 21
is a rational function of z with no poles except possibly at 0 and the poles of R inside D.

By using the partial fraction decomposition of R, this follows from the fact that if P is a
polynomial and m is a non-negative integer, then

27 0
P o P(0
/ Ple) & _ PO), 2] > 1,
o ~2—ev2r z
/% 1 A e 2| > 1, || > 1,
o e —aram | Lo o> 1, ] < 1.

O

By combining the previous two results, we conclude that every paraorthogonal polynomial
is a solution on all of C to a differential equation of the form ([2)) that has rational coefficients.
This will be especially relevant for our applications.

In the next section, we will discuss an application of polynomial solutions to linear second
order differential equations. In Section [3] we will prove Theorems [1.2] and The key idea
will be to use the Szeg6 recursion in several places to simplify various formulas. Finally, in
Section [4] we present some detailed examples that highlight the applications discussed in the
next section.
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2. APPLICATIONS

In this section, we will highlight some important consequences and applications of the
main results of the previous section.

2.1. Electrostatics. Orthogonal polynomials have proven to be useful tools when studying
the equilibrium positions of electrons that repel each other via the two-dimensional Coulomb
interaction. It was Stieltjes work that lead to the discovery that if n > 3 particles are confined
to the interval [—1, 1] interacting by means of a logarithmic (i.e. Coulomb) potential, then
the unique energy minimizing configuration consists of one particle located at 1, one located
at —1, and the other n — 2 particles located at the (distinct) zeros of a particular Jacobi
polynomial (see [32] B3] [34] and see [36] for a proof). The key step in the proof of this
fact is rewriting the equilibrium condition on a collection of points as a second order linear
differential equation that is solved by the polynomial with zeros at precisely those points
and then recognizing that a Jacobi polynomial with the appropriate choice of parameters
is a solution to this differential equation (see [36] for details). Further developments in the
electrostatic interpretation of zeros of orthogonal polynomials on the real line can be found
in [3, @, 12, 13, (14, 20].

Our main application of the results in Section [If will be to demonstrate that the zeros of
certain families of POPUC are the locations of points that are in electrostatic equilibrium.
We will use the convention (as in [I1]) that if a particle of charge ¢ is located at a point
a € C and a particle of charge p is located at a point b € C, then the force on the particle
at b due to the particle at a is 2pg/(b — a).

We will consider the problem of creating an electric field that will keep identical charges at
fixed points on the unit circle stationary. More precisely, suppose we are given a collection
{z1,...,2,} € ID. We will demonstrate a way to find a number m, a collection of points
{a;}, € C\ {z1,...,2,}, and a set of real charges {¢;}/", so that if a particle of charge
+1 is placed placed at each x; (j = 1,...,n) and a particle of charge ¢; is placed at a;
(¢ = 1,...,m), then the total force on the particle at each z; is zero (j = 1,...,n). In
other words, if we have a collection of identically charged particles all lying on a concentric
circle, we will demonstrate a way to construct an electric field that will keep these particles
stationary. The points {a;}", and charges {¢;}/*, comprise what we call a set of electric
field generators (in the language of [7], the charged particles at {z;}7_, would be called
mobile charges and the charged particles at {a;}™, would be called impurity charges). Tt
is important to keep in mind that the charged particles at the points {z; };‘:1 interact with
each other as well as with the electric field generators.

With our motivation now clearly stated, we provide the following definitions:
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Definition. i) Given a set of electric field generators {a;}!™, and {¢;}*,, we will say that

a collection of points {xy,...,z,} located on a smooth curve I is in I"-normal electrostatic
equalibrium if for each j = 1,...,n, the force at z; is normal to I' at z;.
ii) Given a set of electric fields generators {a;}™, and {¢;}I*,, we will say that a collection
of points {x1,...,2z,} C ID is in total electrostatic equilibrium if for each j = 1,... n,
i L i G _y (6)
gy —wy, —xy—ap
ki

Notice that if I" is the unit circle, then the I'-normal electrostatic equilibrium condition
can be rewritten as

n

m |2, | Y ! +Zm: q_a =0, i=1,2,....m, (7)

P J,’j — Tk - l’j
k#j

so it is clear that a collection of points on the unit circle that is in total electrostatic equi-
librium is also in dD-normal electrostatic equilibrium, but the converse is false. Indeed, it is
well-known and easy to show that n particles of identical non-zero charge placed at the n'”
roots of unity and subject to no external force are in dD-normal electrostatic equilibrium,
but are not in total electrostatic equilibrium.

The formula is a restatement of the fact that if we place particles of charge +1 at each
z; (j=1,...,n) and a particle of charge ¢; at each a; (i = 1,...,m), then the condition
is satisfied if and only if the force exerted on the particle at x; is normal to the unit circle
at x; for each j = 1,...,n (see [11, 22]). Similarly, the condition @ is satisfied if and only
if the force exerted on the particle at x; is equal to zero for each j =1,...,n (see [23]).

As in the case of the interval, orthogonal polynomials are a useful tool when studying
electrostatic equilibria on the circle. In [6], Forrester and Rogers use Jacobi polynomials to
find a collection of 2n points on the unit circle that is in dID-normal electrostatic equilibrium
when the electric field generators consist of a particle with charge p at 1 and a particle with
charge ¢ at —1. Their result assumes the added symmetry condition that each arc of the
unit circle connecting 1 to —1 contains an equal number of points.

Our main application is the following result:

Theorem 2.1. Given any collection of n > 2 distinct points {x1,...,z,} C JD, there exists

a set of electric field generators so that the collection {xy,... ,x,} is in total electrostatic
equilibrium.
In fact, given any n distinct points {z1,...,z,} C ID, we can write down an explicit

algorithm for finding the electric field generators. We proceed as follows:

e Step 1: Define the measure p,, on 0D by

1 n
Mpn = E Z 5;10]-7
j=1



and define 3 := (—1)"*' []}_, 7;.
e Step 2: Perform Gram-Schmidt orthogonalization on the linearly independent set

{1,z,...,2"1} in L*(OD, p,) to arrive at the sequence of orthonormal polynomials
{Loo1(zi 1), -, a1z 1)}

e Step 3: Define the probability measure

B 1 do
| on-1(e; pn)|? 2

dv, :

e Step 4: Calculate the quantity h,(z; 8; 8) for the measure v, in the domain {z : |z| >
1}. By Proposition[L.5] it will be a rational function S;(z)/Ss(z) for some polynomials
S1 and Ss.

e Step 5: Place a particle of charge —1/2 at each zero of S, a particle of charge +1/2
at each zero of Sy, and a particle of charge 1(1 — n) at zero.

The validity of the above algorithm will follow from the proof of Theorem [2.1} In order to
prove Theorem [2.1], we need to translate the equilibrium problem into a differential equation
so that we may apply the results of Section [I} The appropriate differential equation in this

setting is called a Lamé equation, which we now discuss.

2.2. The Lamé Equation. A generalized Lamé differential equation is a differential equa-
tion of the form

" - ti / S(Z>
y'(2) + (=) + g y(2) =0, (8)

(;Z_wi> Hj:l(z_wj)
where S(z) is a polynomial of degree at most m — 2. Suppose we can find a polynomial P(z)
of degree N with distinct zeros that solves (8)) and also satisfies P(w;) # 0 for i =1,...,m.
Let {p;}}_, be the zeros of P. It is easy to verify that

N
P'(p;) _ 3 2
P'(%‘) ' Dj — i
k#j

so setting y = P and 2z = p; in shows

N m

1 ti/2 :
oLy 2y J=1 N
v Pi — Pk TP Wi
k#j

We recognize this as the condition for total electrostatic equilibrium with external field
generated by a collection of charged particles located at {w;}",, where the particle at w;
carries charge t; /2. We will see that the proof of Theorem [2.1|follows from applying the above
reasoning to the differential equation in Theorem [1.2] under the appropriate hypotheses. To
this end, Proposition [1.5| will be essential.

There is an extensive literature on the topic of generalized Lamé differential equations and
their relevance to electrostatics. We refer the reader to the references [4} 20], 211, 22], 23], 25| 26]
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for further information. We also refer the reader to [3, 5], 9l [10] for further results concerning
applications of polynomial solutions to second order differential equations.

3. PROOFS AND CALCULATIONS

Proof of Theorems[1.9 and[1.3. Our proof begins very much in the same spirit as the proof
of [16, Theorem 2.1]. We begin by writing

do

@,(:0) = Zwk ) [ a0

e / A e e

211

N iwk('z)/ ' d%[%(e”;ﬁ)]mw(e)d_‘)”

We then integrate by parts to rewrite this as

[y

n—

B0 == ple) [ (0 Al o))

211
0

[
=l

n

=4 or(2) / @n(eze; B) [ewgok(e“’)w’(e) — 1w(0)e?P ) (e) + ey (ei?) o
= 0

[e=]

where we used the continuity properties of w. For each m € N, let us define K,,(z,t) :=
> o wilz );(t) to be the reproducing kernel for the measure p and polynomials of degree
at most m. By [37, Section 2.2, we can rewrite the above expression as

2
' (2;0) = i/o D, (e”; B)K,_1(z, eza)e_ww'w)g

mo . . . , do
nn®) | (FRrale) + ETGE) Bl pul) g
= z’/o% @, (e B) K1 (2, ele)eww'(e)g +n®, 1 (2)(1 — Ban_1), (9)

It follows from [37, Section 2.3] that (with ¢ = )

Fn—1Pn-1(Q)Pn(2; 54) 7 (Pn-1(¢)

Kn1(z,() = p— where Be 3 (0
n—1
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If we plug this into @ and simplify (using also the fact that ¢, _1(¢) = ('™ ({) when
¢l = 1), we get

_ 2m (I)n iG; "9 ;«Li 6
P! (2 8) = Pp1(2) (n(l — Bagp_1) + izmn_l/o (e (f)_wefge));fne (e )g)

— 1K (s o (I)"( s B)w'(0)pn—1(e’ )d@
n—l(bn—l( )/0 (

o — eze)ez(n 1)6 oI

= ©p1(2)(n(1 = Bon1) + 2Gu(2) + BDn(2)) — ®}_1(2)(Ju(2) — BGa(2)), (10)

One can also derive (10)) from (9) by using the Christoffel-Darboux formula (see [30, Section
3]) to replace K,_1(z;¢€%).
The relation . holds for all values of § € C. Let 7 € C be distinct from 8. Equation

easily implies

D, () = ﬁ‘bn(Z;zT()ﬁ—_fT‘I;n(Z; B o5 (2) = O (2 BT) :;Pn(Z; 7)
If we plug this into ((10)), we get the following system of ODE’s:
RPNy (SRS O AC IR AN R
o (o ) (T = Bon) +2Gn(2) + BDu(2)) | (Jn(2) = BG(2))
‘I)f(’m( 5 7) e )
04(s7) = ) (L) G £DACD) | (TG
B . T(n(l = Tan_1) + 2Gn(2) + TD,(2))  (Ju(z) — TGR(2))
ot -7 P

This completes the proof of Theorem [I.3] We continue with the proof of Theorem [1.2]
Equation yields the following formula for ®,,(z;7):

B.(215) ((n(1 — Bacs) + 2Gu(2) + AD(2)) — 2(u(2) — BGu(2)))

25— 7)) (= 8) + ) ) -
B(n(1 — Batnr) + 2Gn(2) + ADA(2)) — (Jul2) — BGa(2))

(13)
We can use to write
0, (257) = (@1 90205 - (55614
@ (2;8) (B — T)Wha(z; 8; B), 2] + hu(2; B; B) (273 B)) (14)
0 8)W (5 8, 73 50 s 5 )
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If we substitute into , then the resulting differential equation is
2B —17)
ha(2; 83 8)?

(2 8 Bz 73 B)) + (22 BYW T3 B: B), (227 5)]) (15)

ha(2 8; 7)(2(8 — 7). (25 ) + Pu(z; B)ha(2: 73 8)) _ .
This ODE holds for all 7 € 9D (even at 3 if || = 1), so we can integrate both sides of this
differential equation around 0D with respect to d7/(27i). To do so, we will use the fact that
7 = 1/7 and apply the Cauchy Integral Formula. Performing this lengthy calculation gives

the ODE:

(‘PZ(Z; B)2(B — T)hn(2; B85 B) 4+ @) (2; 8) ((B — T)W ha(2; 8; 8), 2]

0=—282°P;(2; 8) + 2P;,(2 { 2 W}j e 5?)5) 4 (23 —B; 8)
5 (nl1-+ B 1) = 0 (2) — 20 (2)/9)]
%(am{‘zw[ W(ﬁg "; BN (2285 8) [ + 2Gn(2)]

_ 5( (n(1 = Batn_y) + 2Gu(2) + BDa(2)) (n = 2Ju(2)/ )

+ 2(Jn(2) — BGL(2)) (nau—1 — Dy(2)) )] :
After some simplification, this can be rewritten as . O

In the proof of Theorem , the calculations up to equation are very similar to those
in the proof of [16, Theorem 1.2]. However, our approach involving the system of first order
equations given by and differs from the approach used in [16], which involves raising
and lowering operators. In the next section we will see how these differing approaches result
in different differential equations (even in the case 8 = a,,_1), exemplified by the fact that
the differential equation we derive depends on whether one chooses |z| < 1 or |z|] > 1 when
evaluating the required integrals.

Proof of Theorem[2.1]. First recall from [28, Theorem 2.2.13] that any collection of n distinct
points on the unit circle is the zero set of a paraorthogonal polynomial on the unit circle.
By Theorem [I.4] we may assume that the measure of orthogonality satisfies the hypotheses
of Proposition [L.5]i.

If 11 is a measure that satisfies the hypotheses of Proposition[L.5ji, then all of the coefficients
in the differential equation in Theorem are rational functions. Therefore, the ODE ([2)
can be written

Y. Y/ I—n h/n(zaﬂvﬁ) !/, Ql(z) .



12

for some polynomials @1(z) and Q2(z). Since h,(z; 8; ) is also a rational function, we can
write it as S1(z)/S2(2) for some polynomials S; and S;. With this notation, we can rewrite

(D) o

R Y/ Y I—n o Si(z) S/( ) ! (. Q1<Z) .
If {kjm ifgls) are the zeros of S; (j = 1,2), then we have
deg(S1) deg(S2)
N V7 1 I/, Ql(z) .
0= (2 ) + > ,ﬁm mZ: | BEH G ).

(17)

Once we show that ®,,(z; 8) and Q2(z) do not share any common zeros, then our discussion
in Section [2.2] implies the desired result.
Notice that since p satisfies the hypotheses of Proposition i, we can rewrite as

{1 -n R!(z; 8; B) Ry(2)h,,(2; B; B)

0= a(=0) + } ¥ (25 9) + [ T Ra=)] ®u(z:8), (18)

ha(2; 83 B) hn (23 B; B)
where R; and Ry are rational functions without poles on the unit circle. Now, suppose for
contradiction that @y has a zero zy € 0D that also satisfies ®,,(2; 3) = 0. It follows that
Q1/Q2 has a pole at zy, which implies h! (z; 5; 8)/hn(z; 5; 8) has a pole at 2z (since Ry and
R, have no poles on dD). Notice that h, (z; 5; 3)/hn(2; 5; 8) must have a simple pole at zg
and hence

[Rl(Z)h;(Z; 3;8)
ha(z; B3 B)
has a removable singularity at zy,. However,
1— h! (z; 5;
2 ha(z8:8)
has a simple pole at zy (by the Gauss-Lucas Theorem), and hence the right-hand side of
is a rational function with a pole at zy, which means it is not the zero function. This is our

+ Ra(2)| (51

desired contradiction. O

We conclude this section by providing an explicit justification for the algorithm for finding
the set of electric field generators outlined at the end of Section . From [28, Theorem
2.2.13], we know that with u, and /8 defined as in Step 1 of the algorithm, the polynomial
2®,,_1(z; pn)—BP*_(2; 1) vanishes precisely at {z, ..., 7,}. The Bernstein-Szegé Theorem
implies ®,,_1(z; i) = Pp_1(2; 1) (v, is defined in Step 3 of the algorithm). Therefore

2 @1 (25 ) — B(I)n 1(25 pin) = (23 By ).

Since v, satisfies the hypotheses of Proposition [I.5fi, we can make the conclusion as in Step
4 of the algorithm, and shows that ®,(z; ;1) solves an ODE of the proper form to
justify the placement of charges as in Step 5.
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4. EXAMPLES

In this section, we will consider applications of the results in Section [2] to specific proba-
bility measures on the unit circle.

4.1. Example: Lebesgue Polynomials. Let p be Lebesgue measure on the circle. In this
case a;,—1 = 0 and w is constant so w’ = 0. Let us also assume § = 1, so that ®,,(z; §) = 2" —1
and h,(z; 8; 8) = n. With this choice, the right-hand side of becomes

1 —
n(n —1)2""% 4 nz"! ( n) =0,

z

exactly as predicted. We see that particles of charge +1 located at the n'” roots of unity are
in total electrostatic equilibrium when the external field is generated by a charge of %(1 —n)
located at the origin.

4.2. Example: Degree One Bernstein-Szego Polynomials. In this case, let us write

1—[¢* df
1= Ce®|* 2

dp(0) = < 1.

Some properties of this measure are given on [28, page 85], but there are some typos in the
information there, which we will correct. If one sets ¢ = re?¥ and defines the Poisson kernel

by
1—r?
P.(z,y) =
(z,9) 1+ 72— 2rcos(z —y)

as on [28, page 27], then it holds that du(0) = P,(6, —gp)%. From this, it is easy to verify
by direct computation that the Verblunsky coefficients satisfy oy = ¢ and a,, = 0 for n > 1.

The orthonormal polynomials {p,(z; i) }n>0 for this measure satisfy
( ) P 52’“71
Pnlzi ) = ——="
V1=|¢)?

We can explicitly calculate the ODE satisfied by ®,,(z; ), though for notational conve-
nience, we will specialize to the case ( = 1/2. The computations are lengthy, but each step
can be handled using only simple contour integration and Fourier expansions. Indeed, if we
assume |z| > 1, then we calculate:

1 2(2%2—1)
Gn(2) = —5— Di(2) = oo
() z2(22 = 1) (2) (22 — 1)2zn1
With this knowledge of G,,, D,,, and J,,, we can write

L B _nz”(2z — 1)2 + 2(22 — 1)2’" + 226(22 - 1) . —Pl,n(z)
hn(z,ﬁaﬁ) _B Zn(QZ— 1)2 - 6P27n(2)7

Jn(2) =0.

where

Pia(2) = 2"(22 — D)(n(22 — 1) + 2) + 228(2* — 1), Pyn(2) = 2"(22 — 1)?,
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If we write
n+1

P, (z) =4nz H(z — Din)s

j=1
then we can apply formula and write

9 n+1 1 Ql (Z)
0 = @(58) + ( STERPIE —m) V(5 6) + SIS, (19

where )1, and ()2, are polynomials. Theorem implies that if we place a particle with

charge +1 at 1/2 and a particle with charge —1/2 at each point {p;,}7*{, then n particles

with charge +1 located at the zeros of ®,(z; ) will be in total electrostatic equilibrium.

Figure 1 is a Mathematica plot illustrating this phenomenon when n = 22 and g = —1.
m N -
| Y [ J -
[ ]
[ °
[ ]
[ ]
] () -
°
. ®
o "
® *
] ®
[ ]
°
m © u
°
[ ] |
[ °
°
| L ° "
. u

FIGURE 1. The squares show the location of the zeros of ®99(z; —1) and the
circles show the non-zero zeros of P 95(z) when = —1. The point {1/2} is
marked by a diamond.

Notice that the functions G, (z), D,(z), and J,(z) are all holomorphic on D also. If we
assume |z| < 1 and n > 2, then we calculate

1 2277222 — 1)
Dn = Oa Jn = T ano
2-2 ) ) (z —2)2
With this knowledge of G,,, D,,, and J,, we can write
Bz(z — 2)(n(z —2) — 22) — 22"(22 — 1 P (2
) = BC 20D 239 222 1) Pua)
Z(Z - 2) PZ,n(z)

Gn(2) =

where

Pio(2) = Bz(z — 2)(n(z — 2) — 22) — 22"(2* — 1), Py (2) = 2(z — 2)?,
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If we write
n+1
P, (z) = -2z H(z — Din)s
=1
then we can apply formula and write
pmwp+ (0 S L e« 2ea ) )
n I P 5 — 2 j:1 5 — an n b Q27n(Z) n b 9

where )1, and )2, are polynomials. Reasoning as above, we conclude that particles of
charge +1 located at the zeros of ®,,(z; ) are in total electrostatic equilibrium when subject
to the external field generated by a charge of +1 at 2, a charge of —1/2 at each p,,, and a
charge of %(2 —n) at the origin. Figure 2 is a Mathematica plot illustrating this phenomenon
when n =22 and f = —1.

.o mLo ..

® =n n®
o * me
. 05
° "e
| ] He
' 71‘0 7(‘).5 O.‘S 1‘0 1‘5 x
u e
o . e
n
n
L _— - [ ]
[ ] L
FIGURE 2. The squares show the location of the zeros of ®95(z; —1) and the
circles show the non-zero zeros of Pj99(z) when § = —1. The point {2} is

marked by a triangle and the origin is marked by a diamond.

Since a charged particle at the origin exerts a force on a charged particle on the circle that
is normal to the unit circle at that point, then if we remove the charged particle at zero from
this example, the zeros of ®,(z; 5) are still in D-normal electrostatic equilibrium.

4.3. Example: Sieved Degree One Bernstein-Szegé Polynomials. In this case, we
consider measures of the form
1—[¢]> db

du(l) = —————— 1, M eN.
W) = g <1, Me
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For this measure, the Verblunsky coefficients satisfy a1 = ¢ and o, = 0 for n #% M — 1
(seeﬂ [28, page 84]). Again, for the sake of clarity, we will specialise to the case of ¢ = 1/2
and derive the second order ODE for ®,(z; ). The calculations are very similar to those
in Example 4.2, so we present fewer details here. The only additional tricks we use are the

1 _i 1 1 1
§ET—w) & Ma \E—atMEmiM = ¢ )
M & 1
M _1 Z re2wij/M _ 1’

J=1

formulas

which are easily checked. When |z| > 1 and n > M, we have

M 2M (M — 1
B R
z(22M —1) (22M — 1)2zn—M

o 2M 2M B(22M — 1)
hn(zvﬁvﬁ) _ﬁ (Tl"‘ 9., M _q + (2ZM _ 1)2Zn—M) :

If we perform an analysis similar to that of the previous example, then we deduce the

Gn(z) =

Jn(Z) = 07

existence of a polynomial P, ,,(z) given by

n+M
Pl n = M H z _p]n
for some C' € C so that ®,,(z; ) satisfies
M n+M
2 Ql n(z>
", _ (o , . B) —
Pz 0)+ (JZl z— 2_1/Me2m'j/M Z — Py, n) (= 0)F Q2,n(2> u(z6) =0,

where ()1, and ()2, are polynomials. Therefore, particles located at the zeros of ®,(z; /)
- each carrying charge +1 - are in total electrostatic equilibrium when the external field is

created by a particle of charge +1 at each of {271/Me2mid/MYM

1, a particle of charge —1/2 at
each of {p;, n}j ', and a particle of charge (1 — M) at the origin. If we remove the charge

at the origin, then the zeros of ®,,(z; ) are in dD-normal electrostatic equilibrium.

4.4. Example: Single Non-Trivial Moment. In this case, we consider the measure given
by
dg |1 —¢??df
du(0) = (1 — 0)— = ————.
() = (1= cos(9)) - = =2
For this measure, the Verblunsky coefficients satisfy o, = —(n + 2)™! (see [28, page 86]).
The monic orthogonal polynomials are given by

1As in the previous example, we use the table on page 85 in [28] with P, (6, ¢) replaced by P,(8, —¢).
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From this, it follows that
Zn+1 -1
Culz=1) = ———
which has zeros located at the (n+ 1)* roots of unity, except one. This means that particles
of charge +1 located at the zeros of ®,(z;—1) are in dD-normal electrostatic equilibrium
when the external field is generated by a single particle of charge +1 located at 1 (see also

[6] or [I, Theorem 3] with p = 1 and ¢ = 0).

With the above formulas, and the fact that x, = /2222, we calculate (for |z| > 1)
Gn(2) = n(n j— 1)z i . _Z‘f_ n2’
Du(2) = n(n—i 3 n? 4 ; n? 4 2n ;ka‘n B Z:i] |
nlz) = Zn(T_L:— 1) :Zié - ;kk)zl '

With this knowledge of G,,, D,, and J,, we can write down h,(z;3;3) as a ratio of two
polynomials, but the expression is extremely lengthy. For notational convenience, we consider
only the case f = —1:
n(nz""? — (n+2)z""+24+1)  P,(z)

(n+1)zrt1(2 —1) T Pya(2)

where
Pia(z) = —n(nz""? — (n+2)2"" 4 2+ 1), Pyp(z) =(n+ 12" (2 —1).

If we write
n+1

Pia(z) = =n(z = 1) [ (= = pjn):

=1
then the differential equation of Theorem [I.2] becomes

— P - 2 - 1 I an(z) .
0= (I)n(z7 _1) + (; o JZI P _pj,n> q)n(zu _1) + an(z) (I)n(za _1)7

where )1, and ()2, are polynomials. Reasoning as above, we conclude that particles of
charge +1 located at the zeros of ®,(z;—1) are in total electrostatic equilibrium when the
external field is generated by particles of charge —1/2 at each p;,, and a particle of charge
+1 at the origin. Figure 3 is a Mathematica plot illustrating this phenomenon when n = 14.
For the sake of comparison with the results in [16], let us compute the differential equation
from Theorem [1.2] when setting 8 = a,_1 so that ®,(z;8) = ®,(z). This example was
considered in [16, Example 1] and it was shown there that the polynomial ®,(z) satisfies

) + @n(z)% ~0.

—-n 3

() + 0 e) (-

z 1—=2
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.
(1

FIGURE 3. The squares show the location of the zeros of ®14(z; —1) and the
circles show the zeros of P 14(2) except z = 1. The diamond is located at the
origin.

In our calculations, we find (using Mathematica to simplify the expressions)

b -1 -1 n(z"3(n+1)? — 2"2(2n% + 6n+3) + 2" (n+ 2)* — 2 — 1)
n | % ; = :
n+1' n+1 2t (n+1)3(z — 1)3

One can then calculate

h, (2 =55 ) 1 N 3 "2 (n+1) = 2" (n+2)+ D (z(n+ 1)+ (n+ 2))
ho (755 =5) 2 1=z 2("B(n+1)2 = 22202 4+ 6n+3) + 2" (n+2)? — 2 — 1)

and observe that the differential equation we derive is different than the one found in [16].
As mentioned in Section |1} this distinction is not unexpected.

If we define G,,, J,, and D,, for z € D, then for n > 2 we have

Gol2) = n(n_——il—l) _k_o (5(n% + 1 — (k + 1)2))] |
D, (2) = ﬁ _k_o (F(k—3n+1)%) |,
Jn(z) = n(n_——fl—l) _n2z” + k_o (Z"((k+n+1)*—2n— 2n2))] :

With this knowledge of G,,, D,, and J,, we can write down h,(z;3;3) as a ratio of two
polynomials, but the expression is extremely lengthy. For notational convenience, we consider
only the case f = —1:

o ("4 — (4 2)z4n)  P(2)
(2 =1, 1) = CESICE T Pon(z)
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where
P (z) = n(z" 4 2" — (n 4+ 2)z +n), Pyp(z) =(n+1)(z—1),

If we write
n+1

P n(z) =n(z—-1) H(z — Din)s

j=1
then the differential equation of Theorem [1.2] becomes

. V7 1— ek 1 ’. QLn(Z) .
0_®n(z7_1)+ ( e _]Z_;Z—pj,n) CI>7‘L(Z7_1)_+_m(bn('z?_l)v

where )1, and (2, are polynomials. Reasoning as above, we conclude that particles of
charge +1 located at the zeros of ®,(z; —1) are in total electrostatic equilibrium when the
external field is generated by particles of charge —1/2 at each p;,, and a particle of charge
%(1 —n) at the origin. Figure 4 is a Mathematica plot illustrating this phenomenon when
n = 14.

L4 °
o n
= - ®
° n
u °
)
® ]
-
[ ]
]
- o
g n
m
° .. = °
° [ )

FIGURE 4. The squares show the location of the zeros of ®14(z; —1) and the
circles show the zeros of P;14(2) except z = 1. The diamond is located at the

origin.
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