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Abstract

A phase-field free-energy functional for the solvation of charged molecules (e.g., proteins) in
aqueous solvent (i.e., water or salted water) is constructed. The functional consists of the solute
volumetric and solute-solvent interfacial energies, the solute-solvent van der Waals interaction
energy, and the continuum electrostatic free energy described by the Poisson—-Boltzmann theory.
All these are expressed in terms of phase fields that, for low free-energy conformations, are close
to one value in the solute phase and another in the solvent phase. A key property of the model is
that the phase-field interpolation of dielectric coefficient has the vanishing derivative at both
solute and solvent phases. The first variation of such an effective free-energy functional is derived.
Matched asymptotic analysis is carried out for the resulting relaxation dynamics of the diffused
solute-solvent interface. It is shown that the sharp-interface limit is exactly the variational
implicit-solvent model that has successfully captured capillary evaporation in hydrophobic
confinement and corresponding multiple equilibrium states of underlying biomolecular systems as
found in experiment and molecular dynamics simulations. Our phase-field approach and analysis
can be used to possibly couple the description of interfacial fluctuations for efficient numerical
computations of biomolecular interactions.
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1. Introduction

The solvation of charged molecules such as DNAs and proteins in aqueous solvent (i.e.,
water or salted water) is a fundamental biological process. Implicit-solvent models provide
efficient predictions of the solvation free energies and equilibrium conformations of
underlying molecular systems [35]. In such a model, the solvent molecules and ions are
treated implicitly and their effects are coarse-grained. In a large class of implicit-solvent
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models, the solute-solvent interface that separates the solvent region from solutes is used to
calculate the surface energy and electrostatic energy. The later is often done by solving
Poisson’s or the Poisson—-Boltzmann equation with the dielectric coefficient close to 1 and
80 in the solute and solvent regions, respectively [7,16,27,38]. In a variational implicit-
solvent model (VISM) [19,20,44], one determines the solvation free energies and stable
equilibrium conformations by minimizing a macroscopic free-energy functional of all
possible solute-solvent interfaces, i.e., dielectric boundaries.

Let us denote by Q C R3 the region of an underlying solvation system; cf. Figure 1.1.
Assume that there are total N solute atoms located at X, ..., Xy inside © and carrying partial
charges Qq, ..., Qn, respectively. Assume also that there are M ionic species in the solvent,

and denote by c7° and g; = zje the bulk concentration and charge for the jth ionic species,
respectively, where z; is the valence and e elementary charge. Let I be a closed and smooth
surface, a possible solute-solvent interface, that encloses all x1, ..., Xy and that divides ©
into two regions: the solute region Q, (p stands for protein) and the solvent region ©, (w
stands for water). The VISM solvation free-energy functional is then defined for all such
solute-solvent interface T" by

FIT|=PVol(y)+10Area(T)+pu [, Ul@) dot g | = T IV0 P+ pro—xaV(8) | do. )

The first term here is the energy of creating a solute cavity in the solvent against the pressure
difference P between the solvent liquid and solute vapor. The second term is the surface
energy with j, being the constant surface tension. For simplicity, we neglect the Tolman
correction to the surface tension [40]. The third term is the energy of the van der Waals
(vdW) type interaction between the solute atoms x; (1 < i < N) and continuum solvent, where
O IS the constant bulk solvent density. The interaction potential U is often defined by

N

U(z)=>_ U (|z—=),

i=1

where each

is a Lennard-Jones potential, and all the parameters & of energy and ¢; of length are given.

The last term is the electrostatic free energy, where ¢ is the electrostatic potential, &r is the
coefficient of permittivity, o is a fixed charge density approximating the solute point

N
charges Zilei% with &; being the Dirac delta function at x;, xy is the characteristic
function of the solvent region Q,, and V() describes the ionic contribution to the

SIAM J Appl Math. Author manuscript; available in PMC 2016 February 12.



1duosnuen Joyiny 1duosnue Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Ll and LIU Page 3

electrostatic interaction. Here, ions are assumed to be in an equilibrium macroscopically;
and the equilibrium ionic concentrations are given by the Boltzmann distributions through
the electrostatic potential i/ [7, 27]. The potential ¥ is the solution to a boundary-value
problem of the dielectric-boundary Poisson—-Boltzmann equation

V-erVy—xoV (¥)=—p; nQ, (12)

Y= 0nofl, (13)

where ., is a given function on the boundary 992. The coefficient & is defined by

Ep(m):{ epeg  ifx € Q, w9

eweo iz € Ny,

where & and &, are the dielectric coefficients (relative permitivities) of the solute and
solvent regions, respectively, and & is the vacuum permittivity. In general, &, ~ 1 and &, ~
80. In the classical Poisson—Boltzmann theory,

M
V()= ¢ (e Puv—1),
j=1

where = 1/(kgT) is the inverse thermal energy with kg the Boltzmann constant and T
absolute temperature. Different forms of V () can be used for the linearized or size-
modified Poisson—Boltzmann equation [26, 45]. More complicated forms V = V(y, V)
involving both and Vi can be used to model effects such as the ionic concentration
dependent dielectric response but can also be more complicated for implementation
[2,23,29].

Cheng et al. [9,10,12,41,44] developed a highly accurate, compact coupling interface
method for solving the dielectric-boundary Poisson—Boltzmann equation and a robust level-
set method to minimize the VISM functional (1.1). The normal velocity in the level-set
formulation is the (normal component of) effective boundary force defined to be the
negative variational derivative =orF [I'] : ' — R of the free-energy functional F[I'] with
respect to the location change of interface I'. Let n denote the unit normal to the interface T’
pointing from the solvent region €2, to solute region ©2,. We have [5,9-11,28,44]

SpF[T)=P+2vy0H T L ( a¢>2+1( Vg2 +V (¥) r
— = —Pw - — er— —(eweo—€pe onl’,
r "o p 2 \epe0  Eweo Ton 2 0T Eps0)IVE

where H is the mean curvature that is positive if {2 is a sphere and Vi = (I -=n ® n) V, with
| the identity matrix, is the surface gradient along T".
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While successful initially [9, 12, 22, 41, 44], the sharp-interface VISM needs to be improved
in several aspects. The most critical one is to include the description of fluctuations, both
around the solute-solvent interface and in the bulk solvent. Such fluctuations are particularly
crucial in the transition of one equilibrium conformation to another and in sampling different
states to accurately predict the free energies of underlying biomolecular systems. It is
certainly possible to describe interfacial fluctuations within a sharp-interface framework.
But several implementational difficulties can arise. For instance, the extension of normal
velocity in the level-set method can be hard for a moving fluctuating interface. Moreover,
fluctuations can nucleate and coalesce small bubbles (water regions) inside solutes, making
it hard to solve the dielectric boundary Poisson—-Boltzmann equation in a sharp-interface
formulation. In seeking for an alternative approach, we notice that initial theoretical and
computational studies of interfacial fluctuations using a diffused-interface approach seem
promising [3,17,24]. We therefore propose in this work a diffused-interface approach to the
solvation of charged molecules. In a slight different language, this is a phase-field approach
as it is well appreciated that the solvent-solute interface in a biomolecular system resembles
a liquid-vapor interface, and the solvent and solute can be regarded as two different phases
[6,42]. The phase-field approach has been widely used in studying interface problems
arising in many scientific areas, such as materials physics, complex fluids, biomembranes,
and cell motility, cf. e.g., [1, 13, 18, 25, 31, 37] and the references therein.

Our phase-field model is governed by the free-energy functional

20))
2

for all phase fields ¢ : 2 — R, where the electrostatic potential y, is the solution to the
boundary-value problem of Poisson—Boltzmann equation with a diffused dielectric boundary

V- e(¢)Vipy—(6-1)V (hg)=—pt nQ, @)

Y=o 0no. (18)

Here £> 0 is a small number. With a low free energy, a phase field ¢ should be close to two
values, say, 0 and 1, respectively, in the solvation region 2, except a thin transition layer that
represents the dielectric boundary. The sets {¢ ~ 0} and {¢ ~ 1} represent the solvent and
solute regions, respectively. With such a convention, the first term in (1.6) corresponds to
that in (1.1), describing the volumetric energy. The second term in (1.6), in which,

W (¢)=18¢"(1-9)°,

approximates the surface energy [30, 33, 39]. The third term in (1.6) corresponds to that in
(1.1), describing the energy of solute-solvent interaction. Finally, the last term in (1.6)
corresponds to that in (1.1), describing the electrostatic free energy. In this term, &) is
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defined to be a smooth function of ¢ that interpolates the piecewise constant dielectric
coefficient: £(0) = &yep and &(1) = ge9. We shall require that £(0) = (1) = 0. Note that the
electrostatic potential y, depends on ¢.

We study our proposed phase-field solvation free-energy functional (1.6), and the
corresponding relaxation dynamics. Our main results are as follows:

1.  We prove the well-posedness of the boundary-value problem of Poisson—
Boltzmann equation (1.7) and (1.8), and obtain some bounds for the electrostatic
potential; cf. Theorem 2.1;

2. We derive, first intuitively and then rigorously, the first variation of the phase-field
free-energy functional (1.6)

SoF161=2P 0= [A0=gIV(6)| +2pu (0= 1)U ~3¢ () Vul=26-1)V ()

cf. Theorem 3.1;

3. We consider the relaxation dynamics dip = —5,F[¢] for ¢ = ¢ (x, t) with t denoting
the time variable. Using the method of matched asymptotic analysis [4, 14, 15, 34,
36], we show that, in the sharp-interface limit, the normal velocity of the solute-
solvent interface is exactly the boundary force (1.5) in the original sharp-interface
variational approach; cf. Theorem 5.1.

Several remarks are in order. First, our diffuse-interface model (1.6) differs from our
previous one [30,43] significantly in that we use the Poisson—Boltzmann equation, rather
than the Coulomb-field approximation [8, 41] which requires no solution of partial
differential equations, to describe the electrostatic interaction. Second, our relaxation
dynamics 0y = =J,F[¢] is a non-conservative dynamics with respect to the phase-field
function ¢. In fact, the relaxation process can change the volume of solute region {¢ ~ 1}.
The amount of ions, however, are controlled through their bulk concentrations

¢;° (j=1,..., M)that are input parameters. Third, the surface energy term described by the
gradient-square and double-well terms in our phase-field energy functional (1.6) coincides
with the part in an effective Hamiltonian for the large-scale solvent density in the Lum—
Chandler—Weeks theory of solvation [32].

The rest of the paper is organized as follows: In Section 2, we prove the existence and
uniqueness of, and provide bounds for, the solution to the Poisson—-Boltzmann equation with
a diffused dielectric boundary that is given by a phase field. In Section 3, we derive the first
variation of the phase-field free-energy functional. In Section 4, we use the matched
asymptotic analysis to study the relaxation dynamics in a fast and the regular time scales. In
Section 5, we continue our matched asymptotic analysis for a slow time scale to show that
the sharp-interface limit of the relaxation dynamics is exactly the same as in the original
sharp-interface variational model.
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—Boltzmann Electrostatics with a Diffused Dielectric Boundary
We make the following assumptions:

(A1) The solvation region €2 is a bounded, connected, open set with a sufficiently
smooth boundary 9. All xy, ..., Xy are given points in Q. All P, y, a, &, and
&y are positive constants with &, < gy. The function pr € L>°($2). The function
Yo € whoo ();

(A2) The function U : R3\ {Xq, ..., Xy} — R is continuously differentiable and
bounded below. Moreover, limy_,,,U(x) = +oo for each i (1 <i < N) and limy_,
Ux) =0;

(A3)  The function e € CL(R). There exist positive numbers gmin, &max, and g;nax such
that &min < &) < &nax and |g/(¢)| < ey fOrall @ € R. Moreover, £0) = gy,
&1) = geo, €(0)=£(1) =0,and &(p) 20if0< p< 1;

’

(A4) The function V € C2(R). It i strictly convex. Moreover, V (0) = mingeg V(s) <
V(s) for any s # 0, V(+o0) = +00, and V/(+o0) = +o0.

Here are two examples of the function ¢ = &(¢) with all the desired properties.

Example 1.

EwED if¢p <0,
tan(rw(¢—1/2)) —tan(r(¢—1/2))
— Epépe “+eweoe .
e(¢)= Stan (= ($=1/2)) | o—tan(x(3=1/2)) if0<e<l,
€p€o ifp > 1.

In fact, this is a C°°-function. Moreover, for any integer m = 1, £M(¢) = 0 for all ¢ ¢ (0, 1)
and £M(¢) 0 forall ¢ € (0, 1).

Example 2.

EwE€0 lbe S 07
g(¢)=1 2(eweo—epeo)cosm+3(eweotepso) f0<p<L,
eno ifp > 1.

In what follows, we shall denote by C a generic constant that may depend on €2, g, .., and

ebut is independent of y ¢ H}(Q). We shall also denote by C(¢) a generic constant that can
depend on ¢ in addition to 2, g, 1., and . The following theorem is our main result in this
section:

For any ¢ ¢ H} () there exists a unique weak solution y, € H1() to the boundary-value
problem (1.7) and (1.8), i.e., ¥, = y, 0N 92 in the sense of trace and

SIAM J Appl Math. Author manuscript; available in PMC 2016 February 12.
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Tole(@) Vs - Vn+(o—1)>V () n] de=[ opsnde ¥y € HY ). @1)

Moreover, y,, € L°°(2) and

el SCOHBL ) o

X (pe11 95l <G (23

Loo(Q)

[0l <€ (141612, )+

Proof—We divide our proof in three steps.

Step 1: Let %; € HY(Q) be the unique weak solution to the boundary-value problem -V -
o)V 1//(/) P in Q and %, ¥so ON 0. This means that ¢, is the unique function in H1(Q)
such that g, = y., on 0 and

j‘na((zb)Viﬁd) -Vnde=[gpsnde Vne H& (). @5)

Since 0 < gnin < &) < gnax Tor all ¢ € R, we have by the standard elliptic theory (cf.
Theorem 8.3 and Theorem 8.16 in [21]) that ¢, € HL(Q) N L>°(Q), and

9ol Dol <€ )

Lo ()

Step 2: We define I: 7} (Q) — RU {400} by

(¢)

Iu=g | =57 IVu*+(¢=1)*V (utd,)| dz  Vu € Hy(Q).

It is easy to see that infuey(gm)”“] is finite. By the direct method in the calculus of
variations, there exists a unigque minimizer « ¢ Hg (Q) of | over Hg(Q).

By our assumption (A4) on the function V and by (2.6), there exists A > 0, independent of ¢,
such that V/ (4 + %) >1and V(-1 + %) <-1a..on . We prove that

lu] <A a e on{¢#1} @70

Defineuy : Q — R by

SIAM J Appl Math. Author manuscript; available in PMC 2016 February 12.
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—A ifu(z)<—A,
uy(z)=< u(z) if-A<u(z) <A
A ifu(z)>A.

Since I[uy] = I[u] and |[Vuy| < |Vu| a.e. 2, we have

Jo(6=1)*V (uthy) de=I[u]— [ o 2L |Vu[?de
< Iuyl- [P Vuy Pde
:fQ (¢—1)2‘/(u,\+1/1¢) dzx.

Consequently, it follows from the convexity of V and our choice of A that

02> j'52(¢—1)2‘/(u—|—1/3¢) dz_fgz(¢_1)2V(UA+1/Af¢) dz
=L oXqusay (0=1) [V () =V Atdy)| det X ue - (6=1)° [V (uidy) =V (=A+3),)| da
> [oX(usap(@=1)V (0t ,) (u=A)de+ [ X fuc 3 (6=1)°V (= A+dy) (uF A de
> [oX(usap(0=1)  (w=A)dz+ [ o X uc—ry (9=1)*(—u—A)da
=[aX{Ju| >A}(>¢(;1)2| |u|—=Aldz

This leads to (2.7).

The minimizer u of I: H}(Q) — R U {400} is the weak solution to the Euler-Lagrange
equation

V- e(9)Vu—(6—1)°V (ut1,)=0 inQ,

Jo[£(@)Vu - Vit(e—1)"V (utdy)n] de=0 vy e H(Q). (g

This is true by (2.7) and the Lebesgue Dominated Convergence Theorem if

n € H(Q) N L>®(Q). For ageneral ¢ [} (Q), this is also true, since (¢ - 1)2V’(u+y/(;) €
L4(©) by (2.7) and since H} (Q) N L () is dense in 7 (Q). The convexity of V implies
that the weak solution « e F}(Q) defined by (2.8) is unique.

If we choose 7= u in the equation of (2.8), we obtain by (2.6), (2.7), and Poincaré’s
inequality that

SIAM J Appl Math. Author manuscript; available in PMC 2016 February 12.
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lal?, < Cf gy [(6=1)°V (utidy) u| do < Cfo(1+67) dz,

H1 (n)
leading to

<COA+H¢l L) @9

HL(Q) —

It now follows from the regularity theory (cf. Theorem 8.16 in [21]), (2.6), (2.7), and the
imbedding H1(Q) < L4() that

4l < =1V )l <€ (141012, ) <€ (141012, ) @0

Step 3: Let g, =u+ 1//(; Then y, = ., on 0Q2. Moreover, (2.5) and (2.8) imply (2.1). The
uniqueness of y, follows from the convexity of V and a usual argument. The estimates
(2.2)-(2.4) follow from (2.6), (2.9), (2.7), and (2.10).

3. First Variation of Free-Energy Functional

S Folecl@l00=[ [_
=/q [_

We calculate the first variation of the free-energy functional F - defined by (1.6). The first
variation of each of the first three parts in the functional F:can be obtained by routine
calculations. So, we focus on the electrostatic part

(¢)

Faeeldl:=/q | ——= V¥ [*+petvs—(0—1)"V (¢y) | dz, @31

where y, is the unique solution to the boundary-value problem (1.7) and (1.8). Heuristically,
if we denote by J, the “derivative” with respect to ¢ and d¢ the variation of ¢, and
“differentiate” both sides of the above equation, then we obtain by the chain rule and
product rule for differentiation that

2 56|Vips > —e() Vb - Vigthstptdstby —2(6—1)08V (15)—(6—1)°V' (104) 0505
5|2 —2(0—1)V (vy)| 50 d$+fszpf5¢1/1¢ dz—[o[e(8) Vb - Voythy+(6—1)"V ()01 dz

=Jo | ~Z2IVee ~2(6—1)V (v) | 66 da,

where in the last step we used the weak form (2.1) of the Poisson—-Boltzmann equation with
1= Sy, We then identify &,Feje f¢] as

SIAM J Appl Math. Author manuscript; available in PMC 2016 February 12.
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S Paecl 8=~ =L, 26— 1)V ().

We remark that —J,Feje, s [¢] is an approximation of the electrostatic part of the boundary
force —opF [I'] in (1.5) if ¢ ~ O in the solvent region and ¢ =~ 1 in the solute region. In fact,
the V-terms are similar, since the perturbation &g is localized at the interface. With our
notation, the unit normal n ~ -V ¢/|V ¢|. Moreover, () ~ &p. Therefore,

HIREE S/(T@‘VW/JMZ
7z ¢>] 8)Vis - "+ Ve
- )\erm n|*+5(epeo—eweo)|Vrdol*

8p€0 EwEQ

MIH

22
l\')l)—l

The final result is exactly the corresponding part in (1.5).

We now give a rigorous justification of our derivation. We recall that if G: #} (Q) — Risa

functional and if ¢, , € H2 (), then the first variation of G at ¢ in the “direction” 7 is
defined to be

5¢G[¢][n]:hmGW*t”]—GW] B

Sl TR Gle+t
=0 t dt|t:0 o+t

if the limit exists.

Theorem 3.1

Lety € HJ (). Lety, € HL() be the weak solution of the corresponding boundary-value
problem (1.7) and (1.8). Let s ¢ L>°(Q) N Hg (). Then

1.,
b9 Faceldlln=To | 53¢ @)V ~20-1)V ()| nde. @2)

To prove the theorem, we need the following lemma:

Lemma 3.2

Letp € Hy(Q)and p € L>°(Q) N Hy(Q) Lett € R with [t < 1. Let y, and w4y, be the
weak solutions to the boundary-value problems of Poisson—-Boltzmann equation (1.7) and
(1.8) corresponding to ¢ and ¢ + t, respectively. Then there exists a constant C = C(¢, ) >
0 that may depend on both ¢ and 7 such that

SIAM J Appl Math. Author manuscript; available in PMC 2016 February 12.
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<C@ml il <1.

HY(Q) —

1Vg1tn—1s |l

Proof—By the weak form for , and that for ¢y, cf. (2.1), we have for any ¢ ¢ HJ(Q)
that

’

Jale(@) Vs - VEH(@=1)°V (g)C] do=[ o ¢ da,
Jale(@Htm Vg - VCHGHN—1)"V (ga) ¢ da=[ s ¢ da.

It follows from these two equations with &= y,+t,, = 1, the property of ¢, and the convexity
of V that

Emin ||V(w(f)+t7]_w¢) ||2

L2(9)

< [oe(@)V (Wgyin—1s) - V(gym—1g) d
=[ae(@)V Uy 1ty - V(¥g1in—1s) dx—[e(@) Vg - V(Ygyin—10y) dx
=—[ ol (e(@+tn)—e(@)]V Uity - V(Ypttn—1g) dx
+[ae(d+tn) Vg ity - V(Wgrtn—g) dz—[oe(0) Vg - V(Ygrtn—1by) dx
:—fQ[(5(¢+t77)—5(¢)]v¢q§+tn V(Ygyin—1g) dx
—Jal (¢+t77—1)2/—(¢—1)2] V/(¢¢+tn) (Vgtin—ve) dz
—[o(@=1)2[V (Vi) =V (¥4)] (Vgrtq—1s) da
< —fg[(€(¢+tn)—e(¢))]w¢+m -V (Wpytn—1bg) dx
—f/g[ (6+tn—1)"—(6—1)*] V' (Vp1t) (Yprtq—e) dz
< el g 19l 9 o=,

+@[tllIn( =D, o FEIT o IV @m0t n—s]

L2(Q) L2() L2(9)

Since |t| £ 1, we have by (2.2) and (2.4) that both ||w¢+tn||H1(Q) and ||V, + tr)|lLooq) are
bounded by some constants that can depend on ¢ and 7. An application of Poincaré’s
inequality then implies the desired inequality.

Proof of Theorem 3.1—For any t with [t| < 1, we denote by ., the weak solution to
the boundary-value problem (1.7) and (1.8) with ¢ + trp replacing ¢. Setting

Ygytn—g € HZ () as the test function in the corresponding weak formulation for Yortip
we obtain

Jart Woyin—g) dz=[qe(d+tn) Vg itn - V (Vg ytn—1p) d$+fg(¢+t77—1)zlvl (Yprtn) Wy rtn—1g) dx
=3 L ae(@+t0) (IVsitn]*+ Vo 11— Vs P~ Vs |?) da+ [ o (34t0—1)"V (Vg pn) (Pg g 1n—2) d.

Consequently, by the definition of the functional Feje - (cf. (3.1)), we have

SIAM J Appl Math. Author manuscript; available in PMC 2016 February 12.
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Foe e[ o+tn]—Fee 4]
=/a [ - E(d)—;rm) \Vtn|*+ E(g(ﬁ) Vb >+t (Vostn—1bg)
—(¢+H=1)V (g 1) +(6—1)V ()] dz
=fn%€(¢+tn) |V¢¢+tn_vw¢‘2d$ (3.3)
—[a3le(¢+tn)—2(0)]|Vipy[*da
—[o[(¢+tn=1)*~(6-1)*] V(¢py) dz

—fu(¢+t77—1)2 [V(W>+tn)—v(¢¢)—v/(¢¢+tn)(¢¢+tn—¢¢)] dx
:ZAl(t)—AQ(t)—Ag(t)—A4(t),

where A;(t) (i =1, ..., 4) denote the corresponding integrals.

By Lemma 3.2, we have

‘ A (2)
t

Emax 2
< — < — — 0.
‘_ g Vet Vsll,, S COME— 0 ast =0 @4

Since 7 € L*(£2), we have for a.e. x € Q that
1 ’ ’
lelottn)—e(@)]=e (o+0tn)n — e (¢)n  ast — 0,

where 8= &X) € [0, 1]. The Lebesgue Dominated Convergence Theorem then implies that

lim Aa(t)
t—0 ¢t

1
=Ja5e (0)|V|*ndz. (35)

Similarly, since ¢, € L>°(2) by Theorem 2.1,

lim As(t)
t—0 ¢

=[q2(6—1)V (pg)ndx. (36)

Let a € R and define g(b) =V (b) = V (a) — V1{b)(b — a) for all b € R. Note that g(a) = 0 and
g1b) = -VAb)(b - a). By Taylor’s expansion,

g9(b)=g(a)+g (a+p(b—a))(b—a)=—pV" (a+u(b—a))(b—a)®,

where p = p(b) € [0, 1]. With a = y,,and b = y,, we obtain by (2.4), the Cauchy-Schwarz
inequality, the imbedding H1(€2) < L4(2), and Lemma 3.2 that
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~ )‘ < S fg(¢+f77 D[ty = o[ *d

< f"||<¢+tn D2 L [ eren—tsl

OB | (5rtn-1)%] , . [Ysn—ol
—0 ast—0.

L2(Q) L4<ﬂ) 3.7

H(9)

Now (3.2) follows from (3.3)-(3.7).

The next theorem provides the formula of first variation of the solvation free-energy
functional Fdefined in (1.6). It follows from Theorem 3.1 and routine calculations. We
thus omit the proof.

Theorem 3.3

Lety € Hj(Q)andy € L®(Q) N Hy(Q) be such that
[o(0—=1)?Udz<oco and [on*U dz<oo.

Let y, € H1(2) be the unique weak solution to the boundary-value problem (1.7) and (1.8)
corresponding to ¢. Then

2Pot LI (6)+2pu(6-1)U - (j)

SpFe[dlln=/q {70§V¢'V77+ V¢¢|2—2(¢—1)V(¢¢)] 77} dz.

If in addition @ € H2(2) then the integral of V¢ - V7 becomes that of —Ags. Therefore, we
shall denote

5] 1=2Po—0 [ 80— 117 (0)] +20u(0-DU-Z L [TuP-20- 1V (0. @)

and call it the first variation of F:at ¢.

4. Relaxation Dynamics: Fast and Regular Time Scales

We now consider the relaxation dynamics dip = —5,F 4 ¢]. By Theorem 3.3, this dynamics is
described by the following initial-boundary-value problem for the phase field ¢ = ¢(x, t) and
the corresponding electrostatic potential = ¢(X, t):

1, 1.
09==2P 6430 |§A0=gW (8)]| ~2pu(6=1)U+52 (GIVUL20-DV (D). @

V- e(@)V—(6—1)°V (¥)=—ps, (42)
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¢=0 ondQ), @3)

V=1poo 00N, (4.4)

together with some initial condition for ¢. If the solution ¢ = ¢(x, t) and = y(X, t) are
smooth, then we have by (1.6), (3.8), the chain rule, and integration by parts that

L[ t)]=[ 000 04 Fe[ 8] dz— [ o[(6) VU - VOh—psdyib+(¢—1)°V (1) 9] da
=—[o(8i¢)*dz <0,

where the vanish of the second integral follows from the weak formulation for (4.2) with the
test function dy. Therefore, the energy decays, explaining the terminology “relaxation
dynamics”.

Assume 0 < &< 1. We expect that, after a short time period, the solution ¢ will take the
value close to 0 or 1 in most of the region €, due to the fast reaction described by the term
—(L/HW1 ). Moreover, in the regions {¢ ~ 0} and {¢ ~ 1}, the leading-order term of the
electrostatic potential should solve the boundary-value problem (4.2) and (4.4), as the
electrostatic relaxation is instantaneous: there is no d;y term. In the subsequent long time
period, the relaxation dynamics is mainly the motion of the interface that separates the two
regions {¢ ~ 0} and {p = 1}. It is reasonable to assume that the early fast time scale is
determined by the basic reaction-diffusion equation

at¢=5A¢—§W/(¢),

as again the electrostatic relaxation is instantaneous. Perturbing the unstable constant
equilibrium solution ¢y(X) = 1/2 by dexp (ik - x + at) with |4 < 1, we find the most
unstable mode k. = 0 and the corresponding fastest growth rate a(kc) = O(1/&). Therefore,
the fast time scale is t/£. The next time scales are the regular time scale t, a slow time scale
&, and so on.

Let us first consider the fast time scale T = t/£ We assume that
¢<mat):¢0<maT)+€¢1 (.t, T)+52¢2($7T)+ e, (45)

w(ma t):”l/JO(ﬂ% T)+£7/}1('T7 T)+€2'lp2(ma T)+ cery (4.6)

where ¢ = ¢i(x, T) and o = wi(x, T) (1 =0, 1, ...) are smooth and bounded functions
satisfying the boundary conditions
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;=0 (Z 2 O)v Yo=Yo0, and ;=0 (2 > 1) on 9. (4.7)

Substitute @ and win (4.1) by these expansions and match terms with the same orders of &
At the leading order O(&™1), we obtain a1 ¢y = =W {¢p). This equation has two stable
fixed points 0 and 1. So,

forany z € , ¢o(z,T) — 0or 1 exponentially asT — co. (4.8)

Similarly, placing our expansions into (4.2), we obtain the leading-order O(1)-equation

V - e(¢0) Voo —(¢o—1)2V (t0)=—pr. (4.9)

This is exactly (4.2), as expected. More equations corresponding to other higher powers of &£
can be obtained but they provide less useful information. We therefore need to examine the
next time scale, the regular time scale.

We assume that, at the regular time scale, the solution ¢ and y have the expansions

Oz, t)=do(z, t)+Edy (z, 1) +E2o (2, )+ - -,
¢($7 t)zwo(flf, t)+§¢1(113, t)-l—waz(rE, t)_|_ e

where ¢ = ¢i(x, t) and »; = yi(x, t) (i=0, 1, ...) are smooth and bounded functions that
satisfy the boundary conditions (4.7). Note that these are functions of (x, t), different from
those of (x, T) in (4.5) and (4.6). Substituting ¢ and win (4.1) by these expansions and
matching the terms with the same orders of & we obtain the first two equations

o) W' (60)=0,

O(1):  Brpo=—2Pdo—W" (¢0)d1—2pw(d0—1)U (4.10)

+%5’(¢0)\V¢0\2+2(¢0—1)V(¢0)- (4.11)

Note that Eq. (4.2) does not involve any time derivatives. Thus, substituting ¢ and win (4.2)
by their expansions, we obtain the same equation (4.9) in the leading order.

Eqg. (4.10) implies that ¢ = 0, 1, or 1/2. By (4.8), we must have ¢y =0 or 1. Since ¢p =0 on
092, we have ¢y = 0 near 092. By the assumption (A2) on the function U in Section 2 and

(4.11), ¢ cannot be identically 0 in . Thus, both {¢g = 0} and {¢p = 1} are nonempty. But
¢p is a continuous function. This means that our above expansions for ¢ and yare valid only

in the outer region, i.e., the union of Qg(t):z{m € gz, t) = 1} and
Q; (t):={z € Qu¢(z,t) ~ 0}. The region QZ(t) contains all the points x; (1 <i<N). The
boundary of the region €2, () contains the boundary of €.
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We assume the inner region, a thin transition layer of width O(&) that is complement to the
outer region, centers around the closed and smooth interface I' {t) = {x € @ : ¢(x, t) = 1/2}

enclosing Qg(t). This interface is the perturbation of a closed and smooth interface I'(t) that
is also inside the inner region and that does not depend on &£ We assume that all the
principal curvatures of these interfaces are O(1) with respect to £ — 0. For a given point x in
the inner region, we denote by s(x, t) the signed distance from x to T'At), positive interior and
negative exterior of the interface. This is a smooth function depending on & such that |Vs(x,
t)] = 1. Let Px € T'At) be the projection of x onto T'{t), defined by [s(x, t)] = |[x = Py||. (We
use the Euclidean norm and distance.) The projection P; depends on & For &> 0 small
enough, one can expect that the projection Pix € I' {t) is unique. We shall assume so.
Consequently, the vector x — Py(x) is normal to I" {t) at Pyx.

We shall show that, to the leading order with respect to £ — 0, the interface I'(t), or
equivalently the interface T'{t), does not move at this time scale. To this end, let us
introduce a local coordinate system for the inner region [14, 15]. Consider an open
neighborhood D(t) in R3 that covers an O(&)-neighborhood of a part of LAY). Let Q) C R2
be a smooth domain and ®(;, t) : Q(t) — D(t) N I'At) a smooth parameterization of the patch
of interface D(t) N T'At) such that the coordinate lines y; = 0 (i = 1, 2) are exactly the lines of
principal curvature and the coordinates y1 and y, of y = (y1, y2) € Q(t) are the corresponding
arc lengths of these lines on T'{t). Then any point x € D(t) of the inner region can be
expressed uniquely as

r=0(y,t)+E{2(t)n(y, 1), (4.12)

where ®(y, t) is exactly the projection of x onto T'(t), z(t) = s(x, t)/& and n(y, t) = Vys(x, t) is
the unit normal to the interface I'At) at the projection ®(y, t), pointing from the exterior to
interior of the interface I'{t). We shall denote by J = J (y, t) the Jacobian matrix of the
mapping @(-, t) : Q(t) — D(t) N T'At). This is a 3 x 2 matrix at each pointy = (y1, y») with
the jth column being the vector ayj d(y, t) (j =1, 2). These columns are orthonormal vectors
and are tangent to the surface I'{t). Note that all D(t), ®(y, t), J (, 1), z(t), and n(y, t) can
depend on & Both ®(y, t) and J(y, t) are O(1) with respect to £ — 0. Note also that the z
component of the (z, y) coordinate is a global variable, independent of the parameterization
®(-, t) of the patch of interface D(t) N T't).

The relation (4.12) determines locally y = y(x, t) and z = z(x, t) as smooth functions of x and
t. In particular, z(x, t) = s(x, t)/& Let v = v(y, t) and H = H(y, t) be the normal velocity and
mean curvature of the point ®(y, t) € T'At) defined by v(y, t) = 0i®(y, t) - n(y, t) and H(y, t) =
Vy - n(y, 1)/2, respectively. We have for any x related to (z, y) by (4.12) that

Vez(z,t)="n(y,t), (4.13)

Agpz(z, t)=26 ' H(y,t)+0(1), (4.14)
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Oz (z, t):—f_lv(y, t), (4.15)

Vay(z, t)=J(y,t)+0(). (4.16)

Eq. (4.13) follows from n(y, t) = V,s(x, t) and &(x, t) = s(x, t). Eq. (4.14) follows from the
fact that ayjn is the jth column of J multiplied by the jth principal curvature; cf. (2.3) in [15].
Fixing x and replacing z(t) by s(x, t) in (4.12), differentiating both sides of this equation with
respect to t, and then dotting with the unit vector n = n(y, t), we then obtain (4.15). Finally,
Eqg. (4.16) follows from a formula for Vyy in Lemma 2.1 of [15]. With these, we further
obtain by a series of calculations that, for any smooth functions f = f(x, t) and f = f(E, y, 1)
that satisfy f(x, t) = f(i, y, t) with x and (z, y) related by (4.12),

Vo f=(IVy+E'n8,) f+O(€), (@17)
AL f=(¢ '2HO.+€ 202,) f+O(1), (4.18)

O f=(—¢ ' 0,) f. (4.19)

We now assume that the solutions ¢ = ¢(x, t) and = (X, t) have the following expansions
in the intersection of D(t) and the inner region [4, 34, 36]:

¢($’ t):%0(27 Y, t)"’f%l (27 Y, t)+§2(]~5~2(2, Y, t)"_ T
w(‘r? t):w()(z) Y, t)+§w1(za Y, f)+521/’2(27 Y, t)+ Tty

where x and (z, y) are related by (4.12), and all go,~: (ﬁ(~z, y, t) and %; w,(z, v, )(@{=0,1,...)
are smooth and bounded functions. Substitute ¢ and win (4.1) with these inner expansions,
apply (4.17)-(4.19), and group terms of the same orders in terms of powers of &

Equating the terms of the order O(¢&2), we get &(p)(d; u0)? = 0. Since ¢p = 0 or 1 in the
outer region, we can assume that the set of points in the inner region at which ¢ =0 or 1 has
the Lebesgue measure zero. Thus, by our assumption (A3) in Section 2, é((poj # 0 almost
everywhere in the inner region. Consequently, 9, m{: 0 in the inner region. With this, we
obtain at the next order O(&™1) that

—00.00=10 [02.00-T (&y)] . @a20)

By matching the inner and outer solutions, we have (p0~(Z, y,t) = 0ifz— —occ and g/)0~(Z, y, 1)
— 1if z — +oo. Moreover, since (po~i5 smooth and bounded, we have also that 0, (po~—> 0as
Z — —oo or co. Therefore, multiplying both sides of (4.20) by 0, <p0~and integrating over z
from —oo and oo, we obtain
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Z=00

0% (0:60) dz=0 | 5(0.60)"-Wd)| | =0

Zz=—00

Hence v = v(y, t) = 0. Therefore, at the leading order of & the interface does not move at the

regular time scale. However, in the next long time period measured by a slow time scale, the
interface still moves. Note that all these results depend only on the global variable z but not

on the local variable y, i.e., not on the parametrization (-, t) : Q(t) — D(t) N T'A?).

5. Relaxation Dynamics: Slow Time Scale and Sharp-Interface Limit

We now consider the slow time scale 7= £ and obtain the leading order of the normal
velocity for this interface motion. Based on the previous analysis, we assume at each zthe
system region (2 is divided by a closed and smooth interface I'(7) into two regions Q(z) and
0*(7), outside and inside of I'(7), respectively. We assume the principal curvatures at any
point of I'(z) are of order O(1) with respect to £ — 0. We have ¢~ 0in Q7 (z) and ¢~ 1in
Q% (7). Moreover, all x; € Q*(7) (1 <i <N). Hence Q*(z) approximates the solute region Q,
and Q(7) approximates the solvent region Q.

We assume that in the outer region—the region outside an O(¢) neighborhood of T'(z)—the

solutions ¢ and  have the expansions

(32, t):¢0($, T)+§¢1(.’12, T)+§2¢2(377 T)+ S
(‘ra t):%(l‘a T)+€”¢J1(f’ 7)+f27/)2($: T)+ T

< e

where ¢ = (X, 7) and g = (X, 7) with 7= & are smooth and bounded functions that
satisfy the boundary conditions (4.7). Plugging these into (4.1) and comparing the terms of
the same orders of & we obtain

o™ 0=W'(¢o), (1)

Similarly, we have by (4.2) that

O(1):  V-e(¢o)Vpo—(do—1)°V (0)=—ps. (52)

By (5.1) and the boundary condition for ¢y, we get ¢ = 0 in the Q7(7) part of the outer
region and ¢p = 1 in the Q*(z) part of the outer region. In particular, as & — 0, ¢g converges
to 1 and 0, inside and outside T'(z), respectively.

We now consider the solutions ¢ and 1 in the inner region, an O(&)-neighborhood of T'( 7).
As before, we introduce a local coordinate system for the inner region. Let s(x, 7), P «(X),
D(7), Q(7), ® = ®(y, 7), J=J(Y, 9,z=12(7), n=n(y, 7), H=H(y, 7), and v = v(y, 7) be all the
same as those in Section 4 with zreplacing t and T'(7) replacing T" (1), respectively. We
relate a point x € D(7) in the inner region to the local coordinates (z, y) by
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=0 (y,7)+E2(T)n(y, 7). (5.3)

We still have (4.13), (4.14), and (4.16) with t replaced by z. Eq. (4.15) is changed now to
0:z(x, 7) = —v(x, 7). If f(x, 7) and f(i, y, 7) are two smooth functions and f(x, 7) = f(E, Y, 7)
with x and (z, y) related by (5.3), then (4.17) and (4.18) still hold true; but (4.19) is changed
t0 0 = (&9, - vd,) .

We assume now the following local expansions in the inner region:

(zy, )+ Tty

¢($ t) O(Z’yﬂ-)"_f%l(%yﬂ') ¢
7/) (Z Y, )+ )

5 :(’% 5
1#(% t):"/}O(z’ Y T)+€?P1(Za Y, T) §

where gq; gq(z, y, 7) and 1//,; m(z, y, 7) (i=0, 1, ...) are smooth and bounded functions, and
x and (z, y) are related by (5.3). We also have by (5.3) that

U(e)=U(®(y, 7)+E2(r)n(y, 7))=Uo(y, 7)+O(§).

where Ty(y, 7) = U(®(y, 7). If x = ®(y, 7) € T'(2) then Ty(y, 7) = U(x).

Plug these expansions into (4.1) and equate the terms with the same power of £to obtain
0(5_2): 0:(951[}0, (5.4)

o) Ozafzéo—”/(&o)-

O(1): —09.¢=—2Pdy+0 [2H<£0+83z<51—”7”(&0)&1] —2Pw(¢30—1)ﬁ0 59

3¢ (60) [[Ve000 +0:50)°] 4280~V (o). 6

In obtaining (5.4), we use the fact that ¢p = 0 or 1 in the outer region to assume that (p0~€ (o,
1) and hence é’((po) # 0 almost everywhere in the inner region. Eq. (5.4) is used to obtain
(5.5) and (5.6). By (5.4), %(z Y, )= uw(0,y, 7)i is the value of gy at the point ®(y, 1) €
T'(7). Note that the surface graident term Vp(f)wo in (5.6) is an O(&)-approximation of JVyzm
by (4.16) and the fact that columns of J are orthogonal to n:

Vr r)wo (I—n @ n) Vo= (I—”®?)D1yvy¢0
=(I- n®n)vawO—i—O(&):JVyz/Jo—i—O(f).

Similarly, plugging the inner expansions of ¢ and winto (4.2), we obtain by (5.4) and the
fact that columns of J = J(y, 7) are orthogonal to the normal n = n(y, 7) that
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o) o, [6@0)32?/31} =0. 57
Fix x = ®(y, 7) € T'(7). Let us employ the following matching conditions [4, 34, 36]:

zgrj?ooé()(zv Y, T):(b(:)t(x? 7.)’ (5.8)

lim 9o(z,9,7)=¢5 (@,7), (59)

Uy (2,9, 7)=(F +2V5 - Vs) (z,7)+0(1) asz — *oo, (510)

where ¢0i (z, 7)=lim,_ g+ do(z+aVs(z,7))and 1/13[ (z,7)=lim,_ o+ ¥i(z+aVs(z, 7))
Since ¢y =01in Q7 (7) and ¢y = 1 in Q*(7), we have by (5.5) and (5.8) that

e3z 6732

~ ~ 1
¢0(Z, Y, T):¢0(Z):§+
We now derive the following matching condition that will be used later:
821[}1(2,?;, T)szg(x, T)-Vs(z,7)+0o(l) asz — foo. (512
Let us rewrite the matching condition (5.10) as

qﬁl(zayv T):wli(x77)+sz(j)z(xa7—) : VS(:L',T)-I—gi(Z,y,T)

for some smooth functions g* = g*(z, y, 7) (z>0)and g~ =g~ (z, y, 7) (z < 0) such that g*(z,
Yy, 7) = 0(1) as z — oo, respectively. Thus

az"[’l(za y,T):V’g/Jg[(l‘,T) : VS(I’T)_‘_azgi(Zv Y,7). (5.13)

By (5.7), we have 8,11(z, y, 7) = h(y, r)/e(q)oZz)) for some smooth and bounded function h =
h(y, 7) independent of z. This and (5.13) imply that d,g* are bounded as z — +oco. Moreover,
with these two equations and (5.11), we obtain

‘8§z9i(z’ya7-)|:

2 7 _ h(y’T) 65;11ax‘h(y?7—)| —6z
8227/)1(2’977-)‘ - 82 [5(1;0(2))” < 2 € '

max

Consequently, for any A, > A; >0,
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[16-g* (42)~[0.g* (A1) | =| [0, [(09")7] d2| < 2/*|0.g"| |2 | dz — 0

as A1, Ay — oco. Therefore, (3,9%)% — a* as z — oo for some a* = 0. We must have a* = 0,
since g* — 0 as z — oo. Therefore 8,g* — 0 as z — oo. Similarly 8, — 0 as z — —oo.
Hence (5.12) follows from (5.13).

We now show tha:t yp solves the Poisson-Boltzmann equation with the dielectric boundary
I'(7). By (5.4), u is independent of z. Therefore, (5.2), the matching condition (5.9), and the
boundary condition yy = 1., on 02 allow us to determine g in the outer region. Moreover,
the matching condition (5.9) implies that ¢, =« =y, on I'(7). Integrating both sides of Eq.
(5.7) over z from —oo to oo, we obtain by (5.12) that e,,e0 V1, - n=epeo Vg - n 0n (7).
These, together with (5.2) and (4.7), imply that yy is the solution to the elliptic interface
problem

eweoAYo—V (Yo)=—ps  inQ (1),

epeoAho=—p¢ nQt(r),
Yo =W onT(7), (5.14)
eweo Vg - n:apeovlﬁg -n onI'(7),
Po=Yoo on 99).

This is equivalent to the boundary-value problem of the Poisson—Boltzmann equation (1.2)
and (1.3) with wreplaced by yg [27].

We finally derive the motion law for the interface I'( 7). For notational simplicity, let us skip

writing the variables y and z for a moment. Multiplying both sides of (5.6) by ¢3’0 and
integrating over z from —co to oo, we obtain that

—0S=[_Ri(2)o(2) dz-+ [, Ra(2)do(2) dz+ [ ¥, Ra(2)o(2) dz, (5.19)

where by (5.11)

<! 2 122 0o 6z
i 80(2)] o= B o,
Rl(Z)::_QPQBO_2Pw(~<50—1){{0"'2((%0?1)}/(1;0), (5.16)
Ra(2):=0 [2H3z¢0+832¢1_”’7 (¢0)¢1} )

Ry(2):=%e (d0) [ [Vr(rydol +(@:91)°] -

Since U and V(%S are independent of z, we have
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5 Ri(2)60(2) dz=—2P [, oo dz+2 [V (o) —puTo| [, (S0-1) dpdz

~9 Z=00 ~ ~ - 9 Zz=00
=—Pdy| __ +| V(o) =puT0] (20-1)7 ___ (517)
=—P+puU=V (t0),

where we have on I'(7) that 0 = U, and that 1//0~= ypo by (5.4) and (5.9).

By integration by parts and the fact that (;E;(ioo):gyg(ioo):o, we have
%% 2. 6190 dz:fcioooqgo ¢1 dz.
Therefore, by (5.16) and (5.5), we have

%2 Ra(2)d(2)dz=200 H 0 [0 [éé—w’@o)] b1 de=270H. (518)

Now, since v, =1, =t on I'(z), we have VF(T)JJO:VF(T)ZZ)E:VF(T)Q/)SF:VF(T)ZDO-
Consequently,

S Ra(2)60(2) dz=1 [, €' (o) [ 1Vl +(0:41)°] Gy = 610
=1 (epeo—ewe0)| Vi Yo +1 /¥ (60)(D:01)* Bod2.

Rewrite (5.7) as g(éo)agzqﬁl:_g/(&0)50321;1. With this and (5.12), we have

2,2=00

3% (90)(0:0)" o dz=4e(80) (0”2 = [ X2 (B0) 0001 92,0512
=3epe0l Vo -l —Feweo| Vil - nf /%€ (60)(0:41) "oz,

Note that the last term on the right-hand side doubles the term on the left-hand side. This
and the third equation in (5.14) then lead to

1, ~ 2~ _
%fiooog (¢0)(92101) ¢0d2:%€w€0|vwo ‘”|2_%5p50|v¢0+ -n|2

_1 1 1 2
2 (f;‘weo_epso) |EF(T)V1/JO ’ n‘ ’

(5.20)

where ep(, is defined in (1.4) with I'(7) replacing T".

Finally, it follows from (5.15)—(5.20) that

SIAM J Appl Math. Author manuscript; available in PMC 2016 February 12.



1duosnuen Joyiny 1duosnue Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Ll and LIU Page 23

2 \epeg  eweo

1 1 1 1
U:P_MH_pWU%( . >EFmWO'”|2+§(5W€0—5p€o)erwolzw(wo).

Since our normal n points from the interior to exterior and mean curvature H =V - n/2,
opposite to that in the sharp-interface model (cf. the description above Eq. (1.5)), this is
exactly the normal velocity v, = —=6F[I'] in the sharp-interface model (cf. (1.5)).

We summarize our analysis in the following:

Theorem 5.1

Assume as above the existence of a closed and smooth interface I'(z), the outer and inner
expansions for the solutions ¢ and wto the initial-boundary-value problem (4.1)-(4.4), and
the corresponding matching conditions. Then the following are true:

1. As £— 0, the leading order of the phase-field function ¢ converges to 1 in Q*(z)
and 0 in Q7(z), respectively;

2. The leading-order of the electrostatic potential is the unique solution to the
boundary-value problem of the Poisson—-Boltzmann equation (1.2) and (1.3);

3. As &— 0, the normal velocity of the interface I'(z) converges to the boundary force
-orF[T] in (1.5), with T'(7) replacing T, as in the sharp-interface model.
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Fig. 1.1.
A schematic view of a solvation system with an implicit solvent. A solute-solvent interface

I" separates the solute region Qp (p stands for protein) from the solvent region Qyy (w stands
for water). Dots represent solute atoms located at x; carrying partial charges Q;(i=1, ..., N).
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