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GLOBAL FINITE ENERGY WEAK SOLUTIONS TO THE COMPRESSIBLE
NEMATIC LIQUID CRYSTAL FLOW IN DIMENSION THREE

JUNYU LIN, BAISHUN LAI, AND CHANGYOU WANG

ABSTRACT. In this paper, we consider the initial and boundary value problem of a simplified
compressible nematic liquid crystal flow in @ C R3. We establish the existence of global weak
solutions, provided the initial orientational director field dg lies in the hemisphere Si.

1. INTRODUCTION

The continuum theory of liquid crystals was developed by Ericksen [3] and Leslie [7] during
the period of 1958 through 1968, see also the book by De Gennes [2]. Since then there have been
remarkable research developments in liquid crystals from both theoretical and applied aspects. When
the fluid containing nematic liquid crystal materials is at rest, we have the well-known Oseen-Frank
theory for static nematic liquid crystals, see Hardt-Lin-Kinderlehrer [8] on the analysis of energy
minimal configurations of nematic liquid crystals. In general, the motion of fluid always takes place.
The so-called Ericksen-Leslie system is a macroscopic continuum description of the time evolution
of the material under influence of both the flow velocity field u and the macroscopic description of
the microscopic orientation configurations d of rod-like liquid crystals.

When the fluid is an incompressible, viscous fluid, Lin [I0] first derived a simplified Ericksen-Leslie
system (i.e. p =1 and dive = 0 in the equation ([T)) below) modeling liquid crystal flows in 1989.
Subsequently, Lin and Liu [I1], 2] have made some important analytic studies, such as the global
existence of weak and strong solutions and the partial regularity of suitable weak solutions, of the
simplified Ericksen-Leslie system, under the assumption that the liquid crystal director field is of
varying length by Leslie’s terminology or variable degree of orientation by Ericksen’s terminology.
When dealing with the system (L)) with p = 1 and dive = 0, in dimension two Lin-Lin-Wang [13]
and Lin-Wang [T4] have established the existence of a unique global weak solution, that has at most
finitely many possible singular time, for the initial-boundary value problem in bounded domains (see
also Hong [9], Xu-Zhang [36], and Lei-Li-Zhang [15] for some related works); and in dimension three
Lin-Wang [18] have obtained the existence of global weak solutions very recently when the initial
director field dy maps to the hemisphere Si.

When the fluid is compressible, the simplified Ericksen-Leslie system (II]) becomes more compli-
cate, which is a strongly coupling system between the compressible Navier-Stokes equation and the
transported harmonic map heat flow to S2. It seems worthwhile to be explored for the mathematical
analysis of (LT]). We would like to mention that there have been both modeling study, see Morro [24],
and numerical study, see Zakharov-Vakulenko [25], on the hydrodynamics of compressible nematic
liquid crystals under the influence of temperature gradient or electromagnetic forces.

Now let’s introduce the simplified Ericksen-Leslie system for compressible nematic liquid crystal
flow. Let Q C R? be a bounded, smooth domain, S2 C R? be the unit sphere, and 0 < T' < +00. We
will consider a simplified version of the three dimensional hydrodynamic flow of the compressible
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nematic liquid crystal flow in Q x (0,7), i.e., (p,u,d) : 2 x (0,T) — Ry x R3 x S? solves

p+ V- (pu) =0,
A(pu) + V- (pu@u) +aVp? = Lu—V - (Vd © Vd — $|Vd|*13), (1.1)
Od +u-Vd = Ad+ |Vd|*d,

under the initial and boundary condition:

{p(:v,O) = po(x), pu(z,0)=mo(x), d(z,0) =do(z), z € Q,

1.2
u(z,t) =0, d(z,t) =do(x), =€, t>0, (1-2)

where p : Q x [0,T) — R, denotes density function of the fluid, u : Q x [0, T)) — R3 denotes velocity
field of the fluid, d : Q x [0,T) — S? denotes direction field of the averaged macroscopic molecular
orientations, V- denotes the divergence operator in R3, I3 is the 3 x 3 identity matrix, P(p) = ap?,
with @ > 0 and v > 1, denotes the pressure function associated with an isentropic fluid, £ is the
Lamé operator defined by
Lu = pAu+ (pn+NV(V - u),

where p and A represent the shear viscosity and the bulk viscosity coefficients of the fluid respectively,
which satisfy the natural physical condition:

w>0, p:=p+A>0, (1.3)

Vd ® Vd denotes the 3 x 3 matrix valued function whose (i, j)-entry is (9s,d, 0,,d) for 1 <i,j <3,
and u ® u = (u'u’)1<; j<3.

Throughout this paper, we denote S2 = {y = (yLy%y3) € S%: y3 > O} as the upper hemisphere,
X & denote the characteristic function of a set E C R3,

HY(Q,S%) = {d € HY(QO,R%) : d(z) €S? ae. z € Q}

3
and A: B = Z A;;jB;; denotes the scalar product of two 3 x 3 matrices. For 0 < T' < 400, denote
ij=1

Qr =02 x(0,7), 0,Qr = (2 x {0}) U (92 x (0,T)), D'(Qr) = (C5°(Qr))"

We say (p,u,d) : Qx[0,T) — Ry x R3 x§? is a finite energy weak solution of the initial-boundary
value problem (II)-(T2) if the following properties hold:

(i) p=>0, pe L>((0,T),L7(Q)), ue L?((0,T), H (2, R?)), and d € L*((0,T), H*(Q,S?)).

(ii) the system (LI) holds in D'(Qr), (LI); also holds in D'(R? x (0,T)) provided (p,u) is
prolonged by zero in R?\ Q, (p, pu,d)(z,0) = (po(x), mo(x),do(z)) for a.e. = € Q, and
(u,d)(z,t) = (0,do(x)) on 92 x (0,T) in the sense of traces.

(iii) (p,u) satisfies (II)); in the sense of the renormalized solutions introduced by DiPerna-Lions
[26], that is, (p,u) satisfies

3 (b(p)) + V- (b(p)u) + (V' (p)p = b(p))V - u =0, (1.4)
in the sense of distributions in R? x (0, +00) for any b € C*((0,+0oc)) N C([0,+0c0)) such
that

b'(z) = 0 for all z € (0, +00) large enough, say z > M, (1.5)

where the constant M > 0 may vary for different functions b’s. Here (p,u) is prolonged by
zero outside ().
(iv) (p,u,d) satisfies the following energy inequality

t
E(t)+/ / (WIVul® + BV - uf® + |Ad + [VdPd]) < E(0), (1.6)
0 Q
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for almost all 0 < ¢t < T'. Here

1 ap” 1
E(t) == | (5ol SIVa) 1.7
0= [ (GoluP + 5+ 5IVaR) (17)
is the total energy of (p,u,d) at time ¢ > 0, and
[mo apy 1 2
B0) = | (52 SIVdof?) 18
0= [ (X0 + 2+ 5V (19)

is the initial energy.

There have been some earlier results on (II). In dimension one, the existence of global strong
solutions and weak solutions to (II]) has been obtained by [28] and [29] respectively. In dimension
two, the existence of global weak solution of (II]), under the condition that the image of dy is
contained in S2, was obtained by [33]. In dimension three, the local existence of strong solutions of
(TI) has been studied by [30] and [3T]. The compressible limit of compressible nematic liquid crystal
flow () has been studied by [32]. We also mention a related work [34]. When considering the
compressible nematic liquid crystal flow (ILI]) under the assumption that the director d has variable
degree of orientations, the global existence of weak solutions in dimension three has been obtained
by [27] and [35] respectively.

In this paper, we are mainly interested in the existence of finite energy weak solutions of (IL))- (T2)
in dimension three. Our main states as follows.

Theorem 1.1. Assume y > 2 and the condition ({I.3) holds. If the initial data (po, mo, do) satisfies
the following condition:

0 < po € L7(Q), (1.9)
2y |m0|2 1
mo € LA+1 (Q), mQX{pozo} = O7 TX{’)(»O} eL (Q), (110)
and
do € H'(Q,S?), with do(z) € S a.e. z € €. (1.11)

Then there exists a global finite energy weak solution (p,u,d) : Q x [0,+00) — Ry x R3 x S? to the
initial and boundary value problem (I1)-(I2) such that

(i) d = (d*,d? d®) € L>((0, +o0), HY(Q,S?)) and d®(z,t) > 0 a.e. (z,t) € Q x (0, +00).

(ii) 4t holds

/ n(t)/ (Vd@w—lwdmg) :vx+/ n(t)/ (0d+u VA, X-Vd) =0, (1.12)
0 Q 2 0 Q
for any X € C3(Q,R3) and n € C}((0,+0)).

The main ideas of proof of Theorem 1.1 rely on (i) the precompactness results, due to Lin-Wang
[18], on approximated Ginzburg-Landau equations {d.} with bounded energies, bounded L2-tension
fields, and the condition |d¢| < 1 and d > —1+4 for § > 0, and (ii) suitable adaption of compactness
properties of renormalized solutions of compressible Navier-Stokes equations established by Lions
[26] and Feireisl and his collaborators [4], [5], and [6].

For any global finite energy weak solutions of (ILT]) and (IL2]) that satisfies the properties stated in
Theorem [[LT] we are able to establish the following preliminary result on its large time asymptotic
behavior.

Corollary 1.2. Under the same assumptions of Theorem [}, let (p,u,d) : Q x [0,+00) = Ry X
R3 x S? be any global finite energy weak solution of (I.1) and (I2) that satisfies the properties of
Theorem [Tl Then there exist t, — 0o and a harmonic map do, € H* N C> (9, Si), with deo = dy
on 02, such that

(p(-,tn),u(-,tn),d(-,tn)) - (po,oo,o,doo) in L7(Q) x LP(Q) x HL (), (1.13)
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for any 1 < p <6, where po oo :

1
= @ po > 0 is the average of the initial mass.
Q

Remark 1.3. It is a very interesting question to ask whether the convergence in (I.I3]) holds for
t — +o00. We plan to address it in a future work. We would like to point out that such a property
has been established by [5] for the compressible Navier-Stokes equation. For the compressible flow
of nematic liquid crystals with variable degree of orientations, see Wang-Yu [35] for the large time
asymptotic behavior of global weak solutions.

The paper is written as follows. In section 2, we provide some preliminary estimates of (L.
In section 3, we briefly review a compactness theorem due to Lin and Wang [18]. In section 4, we
review the main results by Wang-Yu [35] on nematic liquid crystal flows with variable lengths of
directors. In section 5, we prove Theorem 1.1. In section 6, we prove Corollary 1.2.

2. GLOBAL ENERGY INEQUALITY AND ESTIMATES BASED ON THE MAXIMUM PRINCIPLE

In this section, we will provide several basic properties of the hydrodynamic flow of compressible
nematic liquid crystals (1)) and (I.2)). First, we will derive an energy equality for sufficiently smooth

solutions of (ILI]) and (T2)).

Lemma 2.1. Assume the conditions (I3), (L), (I10), and (LI1) hold. For 0 < T < 400, if

(p,u,d) € CHQr, R4 ) x C*(Qr,R3) x C*(Qr,S?) is a solution of (I1) and ([I.2), then the following
energy equality

E(t)+/0 /Q(M|Vu|2+ﬁ|v-u|2+|Ad+|Vd|2d|2):E(O), (2.1)

holds for any 0 <t < T, where E(t) and E(0) are given by (1.7) and (I.8) respectively.
Proof. Multiplying (II))2 by u, integrating the resulting equation over 2, applying integration by
parts, and using (I.1);, we obtain

d <1 2, ap’ ) / 2~ 2
— —plul*+ —— | + wVul® +plV-u

| (Gol + 25 ) + [ (uvul + 79 -uf?)

1
= —/ V- (Vdeo Vd - §|Vd|2113)u, (2.2)
Q

where we have used the fact

d Y o
/p”V-u:/p”flpV~u:—/((%p—l—u-Vp)p’V*l:—E L4 p—V~u,
Q Q Q Q7

Q7

d v

—a//ﬂV-u:— aw__
Q dt Jov—1

so that

Direct calculations show
V- (Vdo Vd - %|Vd|2]13) = (Ad, Vd).
Note also, since |d| = 1, that we have
(Opd, d) = (Vd,d) =0,
and hence

1
—/v-(vcz-w— 5|Vd|2113)u= —/ u- (Ad + |Vd|*d, Vd). (2.3)
Q Q

Multiplying (LI)3 by —(Ad + |Vd|?d) and integrating over € yields that
d

1
—/ —]Vd]2+/ yAd+|Vd|2d\2=/u-<Ad+|w|2d,vcz>. (2.4)
dt Jo 2 Q Q
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Putting 22)), 23), and (Z4) together implies

d ~
2 B0 +/ (Wl + 7|V - uf? + |Ad + [VaPdP) =o. (2.5)
Q
This, after integrating over ¢, implies (Z.1). O

In order to construct global finite energy weak solutions to (LI)-(2]), we need some important
estimates of transported Ginzburg-Landau equations based on the maximum principle.

Lemma 2.2. For e >0, T >0, and u. € L*([0,T], L>°(Q,R?)), assume d. € L*([0,T], H'(Q2,R3)),
with (1 —|de|?) € L*(Qr), solves the transported Ginzburg-Landau equation:

{atdé tuc-Vd, = Ade + (1= |dP)d., i Qr, 26)

de = ge, on O,Qr.
If ge € HY(Q,R3) satisfies |ge(x)| <1 for a.e. x € Q, then
|de(z,t)| <1 for a.e. (x,t) € Q.

Proof. We will follow the proof of Lemma 2.1 of Lin-Wang [18] with some modifications. For any
k > 1, define f¥: Qr — R by

K21, if |de(z,t)] > k,
ff = |de(x7t)|2 - 17 if1< |d6($’t)| < k’

By direct calculations, we have that f* satisfies, in the sense of distributions,

OfF+ue- VI =AFF —2x 1< <k (|Vde|2 + S (|de|* - 1)|de|2> <AfFin Qr, (2.7)
fF=0 on 9,Qr.
Multiplying ([27) by f* and integrating over €2, we obtain
d
G L1z (19 <2 vt
Q Q Q
< [ 19+ ey [ 1
Q Q
Hence we have
d
G |t <2y [ 17 (2.9
Since ue € L%([0,T], L=(R2)) and f*(z,0) = 0 for a.e. x € Q, applying Gronwall’s inequality to (28]
yields that f* =0 a.e. in Q7. By the definition of f*, this implies that d. < 1 a.e. in Q7. O

We also have the following lemma.

Lemma 2.3. Fore>0,T >0, and u. € L*([0,T], L>(2,R?)), assume d. € L*([0,T], H'(Q,R3)),
with (1—|d|?) € L*(Qr), solves the transported Ginzburg-Landau equation (2.6). If g. € H' (2, R?)
satisfies

lge(z)| < 1 and g3(z) > 0 for a.e. z € Q,
then
|de(x,t)| <1 and d3(z,t) > 0 for a.e. (x,t) € Qr.
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Proof. We will modify the proof of Lemma 2.2 by Lin-Wang [I8]. First it follows from Lemma
that

Set d3 := ¢~ d3. Then we have
Oy + ue - V3 — Ad3 = hed?,

where ) )
2
m@ﬁ:(zﬂ—mm—§)§0&e@ﬁer
Since d? > 0 on 9,Qr, we have that (d?)~ := —min {d?, O} satisfies
D)™ + e V)™ = )™ = h(@)”, in Qr, 29)
()~ =0, on 9,Qr. .

Multiplying (29); by (dé)_ and integrating the resulting equation over €2, we have

G L@y E e [ v
S / ue V(@) (&) +2 / hel(d®)"|
<9 / ue - V() (&)

/|v (@) + uc(t)| 2 Q>/|

where we have used the fact that he(x,t) < 0 a.e. (z,t) € Q. Thus we have

G 1@ < ol [ 1@

Applying Gronwall’s inequality and using the initial condition (d?)’ (2,0) =0 a.e. x € Q), we obtain
that (d3)~ = 0 a.e. in Q7. Therefore d®> > 0 a.e. Qp. This completes the proof of Lemma 3 [

3. REVIEW OF LIN-WANG’S COMPACTNESS RESULTS

In order to show that a family of global finite weak solutions (pe, u, d.) to the Ginzburg-Landau
approximation of compressible nematic liquid crystal flow converges to a global finite weak solution
(p,u,d) of the compressible nematic liquid crystal flow (1)) and (IZ), we need to establish the com-
pactness of d in L2 ([0, 7], H. .(2,R?)). Under suitable conditions, this has recently been achieved
by Lin-Wang [18] in their studies of the existence of global weak solutions to the incompressible
nematic liquid crystal flow.

Since such a compactness property also plays a crucial role in this paper, we will state it and refer

the interested readers to the paper [I8] for more detail. For a € (0, 2], denote

S?1ta = {y—(y A y°) €S|yt > 1+a}
For any a € (0,2], L1 > 0 and Ly > 0, let X(L1, L2,a;$) denote the set consisting of all maps
d. € HY(Q,R3), with € € (0, 1], that are solutions of

1
Ad, —I— 5 (1 — |de |*Yd. = 7. in Q, with 7. € L*(,R?), (3.1)

such that for all 0 < e <1, the following properties hold:
(i) |de] <1 and d® > —1+a for a.e. x € Q.

(i) Bu(d) = [ (3|w 4 3 (1~ 1dPY) < L.
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(iii) |7 < Ly.

We have

HLz(Q)

Theorem 3.1. ([I8]) For any a € (0,2], L1 > 0, and Lo > 0, the set X(L1, Lo, a;) is pre-
compact in HE _(Q,R3). In particular, if for € — 0, {d.} C H'(,R3) is a sequence of maps in
X(Lq, Lo, a; ), then there exists a map d € H' (2,2, ,) NY(L1, Lo, a; Q) such that after passing
to possible subsequences, d. — d in HL (Q,R?) and

1 1 —|d|?)? 1
ec(de)dz == (§|Vd6|2 + %) dx — §|Vd|2 dx

as convergence of Radon measures.

The idea of proof of Theorem Bl is based on: (1) almost energy monotonicity inequality of
de € X(L1, La,a;Q); (2) an dp-regularity and compactness property of de € X(L1, L2, a; ); (3) the
blowing-up analysis of d. € X (L1, L2,a;) as € — 0 in terms of both the concentration set ¥ and
the defect measure v, motivated by that of harmonic maps by Lin [16] and approximated harmonic
maps [20, 21, 22]; and (4) the ruling out of possible harmonic S?’s generated at 3.

In order to study the large time behavior of global finite energy weak solutions to the compress-
ible nematic liquid crystal flow (1) and (2], we also need the following compactness result on
approximated harmonic maps to S2,, for 0 < a < 2.

For0<a <2, Ly >0,and Ly > 0, let Y(L1, Lo, a; Q) be the set consisting of maps d € H'(Q,S?)
that are approximated harmonic maps, i.e.,

Ad + |Vd|*d = 7 in Q, with 7 € L*(Q,R%), (3.2)

that satisfy the following properties:
(i) d®(z) > —1+a for a.e. € Q.

(i) F(d) := 3/Q|Vd|2sm.

i)
(i) [|7[] o ) < Lo
) (almost energy monotonicity inequality) for any z¢ € Q and 0 < r < R < d(=zo, 092),
1 _ ad 2
\I’R(dwo)z\l’r(d,wo)-f-—/ |z — @o| | s—— |
2 JBr(@o)\B. (x0) Ola — ol

(iv

where

1 1 1
U.(d,zg) := —/ (—|Vd|2 —{(z — z0) - Vd, T>) + —/ |z — x0||T|2.
7 JB,(z0) 2 2 /B, (20)

Theorem 3.2. ([I8]) For any a € (0,2], L1 > 0, and Lo > 0, the set Y (L1, Lo, a; ) is precompact
in HE (Q,S?). In particular, if {d;} C H'(Q,R3) is a sequence of approzimated harmonic maps
in Y (L, La,a; Q) with tension fields {r;}, then there exist 19 € L*(Q,R3) and an approzimated
harmonic map dy € Y (L1, La,a; Q) with tension field 19 such that after passing to possible subse-
quences, d; — do in HL.(Q,S?) and 7; — 10 in L*(Q,R3). In fact, {d;} is bounded in HZ (£, S?).
In particular, dy € HZ (2, S?).

4. GINZBURG-LANDAU APPROXIMATION OF COMPRESSIBLE NEMATIC LIQUID CRYSTAL FLOW

In this section, we will consider the Ginzburg-Landau approximation of compressible nematic
liquid crystal flow and state the existence of global weak solutions, which is an improved version of
an earlier result obtained by Wang-Yu [35] (see also [27]).
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For e > 0 and 0 < T < 400, the Ginzburg-Landau approximation equation of (IIl) and (L2
seeks (pe, Ue,de) : Qr — Ry x R3 x R3 that satisfies:

Ope + V- (pue) =0,

615(/’6“6) +V- (peue ® ue) +aVp?

=Luc— V- (Vde ©® Vde — (3|Vde > + 2= (1 — |de*)?)I3),
Ohde + uc - Vde = Ade + 5 (1 — |de[*)de,

along with the initial and boundary condition (L2). We would like to point out that the notion of
finite energy weak solutions of ([@I]) and (2] can be defined in the same way as that of (ILT]) and

(T2) given in §1.

Theorem 4.1. Assume v > 2 and the condition (L3), and (po,mo,do) satisfies (L9), (II1D),
(I11). Then there exists a global finite energy weak solution (pe,ue,de) : 2% [0, +00) — Ry x R3xR3

to the system ([{-1)), under the initial and boundary condition (I.2), such that
(i) de = (d,d?,d®) € L*((0,00), HY(Q,R3)), with |d.| < 1 and d> > 0 for a.e. (x,t) €

(4.1)

Q x (0,00).
(i) (pe,ue, de) satisfies the global energy inequality
d ~ 1
SE+ [ (V0 4TIl |5+ 50— )P0 < 0 (42)
Q

in D'((0,+00)), where

— 1 2 apl 1 2, L
Pu(t) = [ (Godud® + 225 + (GIVAL + 7500 = ) o)

Proof. The existence of finite energy weak solutions has been established by Wang-Yu [35], which
uses a three level approximation scheme similar to that of compressible Navier-Stokes equation by
[4] and [6]. It consists of Faedo-Galerkin approximation, artificial viscosity, and artificial pressure.
The reader can consult the proof of [35] Theorem 2.1 for the detail.

Here we only indicate the proof of (i). Let ¢ > 0 be fixed. Recall that the first level of Faedo-
Galerkin’s approximation involves to solve the initial and boundary value problems of (I as
follows. For any a > 0, § > 0, and 0 < T < 400, we first approximate the initial data (po,mo, do)
by (po,5,mao,s,dos) € C*(Q, Ry x R® x R3) such that the following conditions hold:

§<pos<dtin ZQ, ag‘;“s 00 = 0, and 5075 — po in L7(£2),

i m, m .
mo,s — Mo in L7¥1(Q), Imos” _, Jmol X{po>0} in L*(€2), (4.3)
|do,s(x)| <1, df 5(x) > 0ae xe€Q, dos— do in H'(Q,R?),

PO,s PO

as d — 0.
For u € C([0,T], C3(Q,R?)), with u|,_, = uos = 22, let ds = ds([u]) € C*([0,T], C*(Q, R?))
- Po,s

be the unique solution of (see [35] Lemma 3.1 and Lemma 3.2):
dhd+u-Vd=Ad+ 5(1—-1d?*d inQr,
d= doyg on 8pQT~

Since |do,s(x)| < 1 and df 5(z) > 0 for € Q, it follows from Lemma and Lemma that ds
satisfies

(4.4)

|ds(z,t)| <1 and dj(z,t) >0, V (z,t) € Qr. (4.5)
Now let pa.s = pa.s([u]) € CH([0,T],C?(Q)) be the unique solution of the problem:

dhp+V-(pu) =alp inQr,

p(x,0) = po.s(x) in , (4.6)
% =0 on 9Q x (0,T).
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While for w, it involves to employ first the Galerkin method and then the fixed point theorem to
solve u = uq,5([u]) to the problem: for some 5 > max{4,~},

Ot (pa,stt) + V- (pa,su @ u) + aV(pZM;) + 5V(p§15) +aVu - Vpas
= Lu—V- [Vd[; © Vds — (3Vds|? + (1 — |d5|2)2)113], in Qr, (4.7)
u=1ug,s on IpQr.
Since the global weak solution (pe, e, d) to the system (@I, under the initial and boundary condi-
tion ([[2)), constructed in [35], was obtained as a strong limit of (pa.s5, Ua,s, ds) in LY (Qr) x L*(Q1) X

L2([0,T], HY(Q,R3)) for any 0 < T' < +00, as viscosity coefficients o — 0 first and then artificial
pressure coefficients 6 — 0. It is readily seen that d. satisfies the property (ii). O

5. EXISTENCE OF GLOBAL WEAK SOLUTIONS
In this section, we will prove Theorem [L.1] by studying in depth the convergence of sequences of
solutions (pe, e, d.), constructed by Theorem E.T] as e — 0.

Proof of Theorem [1.11

To prove the existence of global finite energy weak solutions to (L), let (pe, ue, de) : 2x[0, +00) —
R; x R3 xR3 0 < e <1, be a family of finite energy weak solutions to the system (@I]), under the
initial and boundary condition (L2)), constructed by Theorem EIl Since |dg| = 1 and d3 > 0 a.e. in
Q, (pe, ue, de) satisfies all these properties in Theorem 1] In particular, it follows from (£.2) that

sup [ s [ (Godud + 0+ GIVAE + 150~ PP 0

>0 L0<t<oo

+/ / M|Vu€|2+ﬁ|v-u€|2+|Ad€+e—2(1—|d6|2)d6|2)]
0

|’I”I’L0|2 1
< [ (G ximsor + =257 + 3IVdol) = E(O) (1)
Q

By (B)), we may assume that there exists (p,u,d) : Q x [0,4+00) — R4 x R? x S? such that after
passing to a subsequence,
pe — p weak* in L>°([0,T], L7()),
ue — u in L2([0,T], H(Q)), (5.2)
d. — d weak* in L*°([0,T], H*(Q)),
ase— 0, forany 0 < T < +00.

We will prove that (p,u,d) is a global finite energy weak solution to (1)) and (I2). The proof
will be divided into several subsections.

5.1. de — d strongly in L?([0,T], H.,.(€2)). This will be achieved by applying Theorem B} similar
to that of [18]. First it follows from the equation ([@Il)s and the inequality (5 that Oid. €
L2([0,T), L2 () 4+ L2([0, T], L2(2)) so that 8yd, € L2([0,T], H(2)) and

Oiugl Hatd HL2 0.1 H-1(0) < T (5.3)

By Aubin-Lions’ lemma, we conclude that
de — d in L*(Qr) and Vd, — Vd in L?([0,T], L*(Q)). (5.4)
By Fatou’s lemma, (51I) implies that

T 1
/ lim inf ]Ad +3 S (1= |de|*)d ] < E(0). (5.5)
0

e—0



10 J. LIN, B. LAI, AND C. WANG
For sufficiently large A > 1, define the set of good time slice, G%, by
Gt .= {t €1[0,7] hmmf/ |Ad. +5 (1 — |de|?)de \ )< A}
and the set of bad time slices, B;{, by
BT .= o, T]\GT_{te 0,7 ‘ lim inf \Ad +5 SEPACYAR >A}.

It is easy to see from (55) that

‘B,{‘ < @. (5.6)
By (&) and (50, we obtain
/ / Vd, — VP + (1—|d| 7(0)] < C|BE| sup Fo(t) < CEQ) (5.7)
BT 0<t<T A

1
For any ¢ € G%, set 7c(t) = (Ad. —I— 5 (1 —|de ?)d¢)(t). Then it follows from the definition of G

that there exists 7(t) € L*(Q,RR?) such that, after passing to a subsequence, 7.(t) — 7(¢) in L*(Q).
Since {dc(t)} € X(E(0),A,1;9Q), Theorem Bl implies that there exists d(t) € Y(E(0), A, 1;€2) such
that after passing to a subsequence, dc(t) — d(t) strongly in H}, (Q) and % (1 — |[dc()]?)? — 0 in

LilOC (Q)

Now we want to show that, after passing to a subsequence,
Vd. — Vd in L (Q x G%). (5.8)

This can be done similarly to Claim 8.2 of [I8]. Here we provide it. Suppose (58] were false. Then
there exist a subdomain 2 CC 2, dg > 0, and ¢; — 0 such that

/~ [V (de;, = d)* > bo. (5.9)
QxGT

Note that from (54 we have

lim |de, —d|* = 0. (5.10)
€0 JaxaT

By Fubini’s theorem, (53)), and (5.I0), we have that there exists t; € G} such that

tim [ a0 = d = 0. (5.11)
and
90t - ae)| = 22 200 (5.12)

T
It is easy to see that {d,(t;)} C X E(0),A,1;Q) and {d(t;)} C Y(E(0),A,1;€). It follows from
Theorem 3.1 and Theorem 3.2 that there exist dl, dy e Y(E (O)7 A, 1; Q) such that

de,(t;) = dy and d(t;) = dy in L2(Q) N HY(Q).
This and (B.12) imply that
26
/ V(di —do)|* > 22 (5.13)
a T
On the other hand, from (G.IT]), we have that

/Q |dy — da|* = 0. (5.14)
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It is clear that (B.I3]) contradicts (BI4]). Hence (B.8)) is proven. Similar to Lemma 4.1, Claim 4.4 in
[18], we also have

1
/ — (1 —de[*)* = 0 as e — 0. (5.15)
QxGT €
Combining (£.7)), (5.8), with (5.I5), we obtain
, (1 —lde|*)? 1
lim [||d - d 5 +/ B <o 5.16
Ay (Ve = dlzqormay * fo T (5.16)
Since A > 1 can be chosen arbitrarily large, we conclude that
1—|de|?)?
d — din L2(0,T), H,(2)) and 1 o5 g0, 7, 28 (). (5.17)

5.2. peue — pu in the sense of distributions. By (&), \/pe is bounded in L*>([0,T], L*7())
and /peuc is bounded in L*>([0,T], L*(Q2)). Thus peu, is bounded in Lw([O,T],L% (©)) and
Otpe = —V - (peu) is bounded in L ([0, T, W_l%(Q)) Applying [26] Lemma C.1, we have

pe > pin C(0.T), LY (). (518)
Since L7(Q) € H~1(Q) is compact, we conclude that
pe — pin C([0,T], H1(Q)). (5.19)
Thus we show that
pette — pu in D'(Qr). (5.20)

5.3. Higher integrability estimates of p.. There exist § > 0 and C' > 0 depending only on =
and T such that for any 0 < € < 1, it holds

T
/ /pz+9 <C. (5.21)
0 Q

By Theorem EET1 (pe, u.) is a renormalized solution of (@1]);. Let (pe,uc) : R? x (0,T) — Ry x R3
be the extension of (p,u.) from 2 such that (pe,uc) = (0,0) in R3 \ Q. Then (p.,u.) satisfies, in
the sense of distributions, that

9 (b(pe)) + V- (b(pe)ue) + (b/(/’e)pé - b(pé))v ~ue = 0in R® x (0,7), (5.22)

for any bounded function b € C1((0, +00)) N C([0, +00)) (see, e.g., [6]).

As in [, [6] and [35], we can employ suitable approximations so that (5.22) also holds for
b(pe) = p? for 0 < @ < 1. Note that p! € L7 (Qr). For m > 1, let S,,(f) = 11 * f denote the
standard mollification of f € L*(R3). Then we have

O (Sm(P)) + V- (Sm(pD)ue) — (1 = 0)Sm (pEV - ue) = g in R x (0,7), (5.23)
where
qm =V - (Sm(/’g)ue) =S (V- (pfué))
By virtue of [26] Lemma 2.3, p? € L°°([0,T], L7 (Q)), and u, € L?([0,T], H3(R2)), we have that
=0, with l = b1

quHL2([O,T],L/\(R3)) P + 9’

lim
m—00

(5.24)

provided 6 < 3.
As in [4] and [26], define the (inverse of divergence) operator

B:{feLp(Q)] /Qf:O}HWol’p(Q,Rg)
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such that for any 1 < p < 400,

{V-B(f):fin Q, B(f)=0on0dQ,

HB(f) (5.25)

HWOI’P(Q) = C(p)HfHLP(Q)'

Set @ f =

f. For ¢ € C§°((0,T)), with 0 < ¢ <1, let
Q |Q| Q

o) = (B[S (1)~

Q

Suno))] (@)

By (&), we see that for sufficiently small 6,

[Sute!) = § Sulo0)] € CO.TL L), ¥ p € (1,450)

By (G.25) and the Sobolev embedding theorem, we have that ¢ € C(Qr). Thus we can test the
equation ([@Il)2 by ¢ and obtain

o[ [ it
= [ o [ ) 5u60)
/ [ wacbisniot) = § s
/ [ 0T = peve w) VB[S () — b Sl
. / [ Y 0V B 6) = f o)
o ! [ eOpBLSn (o7 1) = b SV )]
// )(Ad + (1= |4 )) - VaBIS () = b S(s?)]
- /O A P (peuB[V - (S (pd)uo)]
+ / i so(t)peueB[qm—yg ]
_Zm // DpetseB [ gﬁqm]

Since pcu. is bounded in LOO([O,T],LW(Q)) and ¢, satisfies (0.24), it follows from (G.25]), the
Sobolev embedding theorem, and the Holder inequality that

T
lim / /cp(t)peueB[qm—ygqm} =0.
m=oo Jo Jo Q

Hence, after taking m — oo, we have
7

/(O - ©p? ™0 < limsup Z L. (5.26)

m—oo
=1

Now we estimate LT, --, L7" as follows.



COMPRESSIB

(1) For LY, we have that

T
\1gnL1\—‘//sﬂpZ(§l§pf)
m=—ro0 0 JQ Q

is uniformly bounded.
(2) For L3, we have that

LE NEMATIC LIQUID CRYSTAL FLOW

SC(/OT/QpZ)

‘peuLw([O,T],LW(Q))

1 = | [ [ ¢ Onan- bl

IN

/\
c/OT\

IN
Q
N

IN

IA
<
3

1
provided § < 3 — 3.

(3) For LY, We have

pate], 25, o 1B lam —gg ]l 22 g

18T~ andlls o

’qm - 51?2 quLk(Q)dt

— 0 as m — +oo,
L2([0,T],L ()

T
28] < [ {lele o 181 = oo

+||P€Hm(ﬂ)Huinﬂ(Q)HB[pg B %pg] le’%(ﬂ)}dt

T 0 0
< C/ HUEHHl(Q)HpEHL%(Q + HpeHL’Y(Q)HUEHiIl(Q)HpeHL%(Q))dt

is uniformly bounded, provided 6 < min {%, 27 -1}

(4) For L}*, we have

’LZI”‘ = ‘/ //upV UV - B 56
= ‘/ /Qﬁwvm(pf 315 ?)

IN

-

is uniformly bounded, provided 6 < 7.
(5) For LE", we have

T
13| = (1—9)’/ /cppeueB[pr-ue—ﬁpfv-uﬁ}
0 Q Q

T
< [ ooy
< [ oo
<

o [ Modorie

is uniformly bounded, provided 6 < %” —

L2([0,T],H(Q)) Hpé HLw([O,T],L%(Q))

ol B2 = 9,

H“ﬁHLG Q)Hpev ucl| %(Q)dt

||u“-HH1(Q) HpéHL%(Q)HV ' u“-HL?(Q)dt

1.

13
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(6) For L§", we have

L] = ’/T Qsa(AdmLeiQu— |de|?)d.) -VdEB[pf_yélpf]
< CHAd += (1—|d| e o
H de HLw(OT 1:2(9))H8[pg B épf} L2([0,T],L>(2))
< st~ § Az oo,
6
= COE?ET ’ e LY (@) = CHpEHLm([O,T],m(Q))’

provided 6 < %, where we have used the energy inequality (5.I) and the Sobolev embedding theorem
Wha () C L™(9).
(7) For L7, we have

|17

‘/ /Isopeu B[V peue)]’

< 0 [ ool s JBLT - 0]
T
< C/o HpEHL’Y(Q)HueHLG(Q)}’pgueHL%(Q)dt
T
2 0
< € [ ol ooyl s,

is uniformly bounded, provided 6 < %7 —
It is clear that we can choose sufficiently small § > 0 depending only on « such that all these
estimates on L™, ¢ = 1,---,7, hold. Therefore, by putting together (1), ---, (7), we obtain the

7 0

estimate ([B.21)).

5.4. peue®@ue — pu®u in the sense of distributions. As p.u. is bounded in L ([0, T, LAt (Q)),
it follows from the section 5.3 that

pette — pu weak® in L=([0, T], L3777 (Q)). (5.27)
Meanwhile, since

at(peue) =-V- (peue 0 ue) + avﬂz

1— d522
WPy

e L2([0,7), Wt o (Q)) + L7 ([0, 7], W=7 (Q))
+L2(0, T, HH(Q) + L=(0,T], W5(Q)),

+Lue — V- [Vde o Vd, — (%qu2 +

we have that

pete — pu in C([0,T], L7+1 (Q)) and peue — pu in C([0,T], H1(Q)). (5.28)

weak

Hence we obtain

Pelle @ Ue — pu®@u in D' (Qr). (5.29)
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It follows from §5.1, §5.2, §5.3, and §5.4 that, after sending ¢ — 07 in the equation [@I), (p,u,d)
satisfies the following system:

Oep+V - (pu) =0,
d(pu) + V- (pu@u) +aVpT = Lu—V - [Vd © Vd — 3|Vd[*Is], (5.30)
Od +u-Vd = Ad+ |Vd|*d,

in the sense of distributions, where p7 is a weak limit of p? in L’ (Qr).

It is straightforward that (p,u,d) satisfies the first two equations of (530). To see (u,d) solves
the third equation of (B30l), we employ the standard technique, due to Chen [I], as follows. Let x
denote the cross product in R®. Then the equation [@I)3 for (u,d.) can be rewritten as

(Oyde + ue - Vd.) x de = Ad, x d,, in D'(Qr).
After taking e — 0, we have that (u,d) satisfies
(0vd +u-Vd) x d=Ad x d, in D'(Qr). (5.31)

Since |d| = 1, the equation ([B31]) is equivalent to ([.30)3.

In order to identify p7, we need to establish the strong convergence of p. to p in LY(Qr). To do
it, we need to have fine estimates of the effective viscous flux, which has played important rules in
the study of compressible Navier-Stokes equations (see [4] and [26]).

For k > 1, define Ty(2) = kT() : R = R, where T'(z) € C*°(R) is a concave function such that

if 2 <1
HORS M
2, if z > 3.

5.5. Fine estimates of effective viscous flux H. := ap) — iV - u.. For any fixed k > 1, there
holds

T T
lim / o (ap? — iV 1) Til(pe) = / 6 (a(77) — iV - u)Th(p), (5.32)
—0Jo Ja 0o Ja
for any ¢ € C§°((0,T)) and ¢ € C§°(2). By density arguments, similar to [4], it is not hard to see
that (532) remains to be true for ¢ = ¢ = 1.

Since (pe, ue) is a renormalized solution to (1l); in Qr, it is clear that if we extend (pc,u.) to
R3 by letting it to be zero in R?® \ Q, then (p.,uc) is also a renormalized solution of (@I]); in R3.

Replacing b(z) by Tx(z) in @I)); yields
O (Tk(pé)) + V- (Th(peue) + (T'(pe)pé - Tk(pé))v ~ue =0 in D'(R® x (0,7)). (5.33)
Since Ty (pc) is bounded in L*(Qr), we have

Ti(pe) = Ti(p) weak™in L=(Qr).
This, combined with the equation (5.33]), implies that for any p € (1, +00),

Ti(pe) — Tr(p) in C([0,T], L7 () and in C([0,T], H~1(Q)). (5.34)

weak

Hence, after sending € — 0 in the equation (533), we have

0T (p) + V - (Tu(p)u) + (T (p)p — Tu(p))V-u =0 in D'(Qr), (5.35)

where (Tlg(p)p — Tk(p))V -u is a weak limit of (T,;(pe)pE — Tk(pe))v “ue in L3(Qr).
Now we need to estimate the effective viscous flux (ap) — iV - u.). Define the operator A =
(A1, A, A3) by letting

A = (9:“A_1
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for i = 1,2,3, where A~! denote the inverse of the Laplace operator on R? (see [6]). By the L?

regularity theory of the Laplace equation, we have

HAUHWM(Q) < CHUHD(RS), 1 <5 < +oo,
M oy < Clloll oy 5255 (5.36)
HAUHL“’(Q) S OH’U‘ Ls(R3)’ s > 3,

where C' > 0 depends only on s and €.
Testing the equation (5.33) by A;[p] for ¢ € C§°(Qr) yields
(5.37)

O(ALTL () + V- (AlTr(pud)) + A (Th(ppe = Thlp )V -] =,

in D'(R® x (0,7)) N L*(R3 x (0,7)). This implies 9; (A;[Tk(pe)]) € L*(R* x (0,T)). Hence we can
test the equation (@I)2 by ATk (p.)], for ¢ € C5°(2) and ¥ € C5°((0,T)), and obtain

T
| [ wotast - 79 - utie)
0 Q
T
- /0 /Q GV - uc — ap?) VAT (po)
T . .
st [ ATOVULATL 0] = VOV AT )] + 0V oTi (00}
T
— [ eru{0mb AT o) + AT 0) = Thlp o) -}
~ [ [ wpatuivoitiion)
0 Q
+ /O /Q Yu{ Ti(pe)Rij[ppeul] — ppeul Riz[Ti(pe)]}
PP} AT ). (5.38)

—/0 Q1/)V-{VdE®Vd€—[§|Vd€| + 13

where R;; = 0, A; is the Riesz transform.
Similarly, we can test the equation (&30)2 by ¥¢.A; [Tk (p)] and obtain

T
/ blap” — iV - u)Ti(p)
0 Q
T
= [ [ 0@ u— ) veAm )
T
bt [ ATV AT VIV AT + 0V T ()}
T
_ / /Q bpu{ O AT ()] + DAUTk(p) — TL(0)p)V -]}
_ / i 0,6 AT ()]
0 Q
T
4 / /Q Gt {Ti(p)Ras bpul] — dpu Ris [T (o))}

- / ' WV - [vcz ©Vd - %|Vd|2113] - GATk(p)]. (5.39)
0 Q



COMPRESSIBLE NEMATIC LIQUID CRYSTAL FLOW 17

To prove ([B:32)), it suffices to show that each term in the right hand side of (5:38) converges to the
corresponding term in the right hand side of (539)). Since the convergence of the first five terms in
the right hand side of (B.38]) can be done in the exact same way as in [6] (see also [35]), we only
indicate how to show the convergence of the last term in the right hand side of (L.38]), namely,

[0 [Ve0 Vi GV + 0 ] - sATL (o)

S / W [Vio vd- §|Vd|2]13  SA[Tk(p)] as € — 0. (5.40)
Q
To see this, first observe that Tj(pe) is bounded in L*>(Qr) and hence we have, by (537), that (see
also [6])
AlTx(p0)] = AT(p)] in C@ x [0,T]). (5.41)

Secondly, observe that a.e. in @Qr, there holds

1 1
V- |Vd. ® Vd, - ( IVd, |2+—(1—|d6|2)2)113] = (Ade+ (1~ [d[*)d.) - Vd.

= (9d. +u - Vd,) - V..

By the energy inequality (E.1)), we see that (9;dc + uc - Vd.) is bounded in L?(Qr) and hence there
exists v € L*(Qr) such that
(Ovde + ue - Vde) = v in L*(Qr). (5.42)

On the other hand, since de — d in L?([0,T], H} .(Q)) and u. — w in L?([0,T7], H}(2)), we have
that

(Oede + ue - Vde) = (9yd +u - Vd) in D' (Qr).
Hence we have
v=0d+u-Vd in Qr. (5.43)
By (A1) and the local L2-convergence of Vd, to Vd in Qr, we know that

VdcpAlTk(pe)] = VdpA[Te(p)] in  L*(Qr).

Hence we obtain
[0 [Ve0 V- IV + 0 ] - oA
5 / [ w0+ u- Vi)V QAT (p)] s € 0. (5.44)
Applying the equation (5.30)3 and the fact that (|Vd|?d, Vd) = 0 a.e. in Qr, we obtain
/O ' /Q GO+ u - VAV - GATL(p)]

T
— /0 ) Y(Ad + [Vd[*d)Vd - ATy (p)]

T
| [ waava- o)
0 Q
T
- / DV - [w@w— %wdmg] - GATk(p)]. (5.45)
0 Q

It is easy to see that (5.40) follows from (5.44]) and (5.45]).

In order to show the strong convergence of p., we also need to estimate on the oscillation defect
measure of (pe — p) in L7(Qr).
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5.6. Estimate of oscillation of defect measures. There exists C' > 0 such that for any k > 1,
there holds

y+1 I
< hm/ / YTk (pe) p’YTk(p)} <C, (5.46)

timsup | Te(p) - Th(o) [, < lim

e—0

where T, (p) is a weak* limit of Ty (pc) in L®(Q7).
Following the lines of argument presented in [6] and using (5.32]), we obtain

timsup | 7k(p) ~ Zi(o)|
imsu e) —
eaop kP kP L+1(Qr)

< lim / /Q ITh(pe) p_WTk(P)}
:Eg%/ / (V- ue) (Ti(pe) — Ti(p ))]

< (Ve sy 174660 = Tl

+H|Tw(p) T(p)Hm(QTJ

< Ohl?j(glp ||Tk(p€) - Tk(p)HLQ(QT)’
this implies (5.46]) by applying Young’s inequality and using v+ 1 > 2.
We now want to show

Claim 1. (p,u) is a renormalized solution to the equation (530);.
Observe that ([5.35)) also holds for (pe,uc) in R? provided it is set to be zero in R3 \ . Hence we
have

0Tr(p) + V - (Tu(p)u) + (TL(p)p — Tu(p))V-u=0 in D'(R® x (0,T)). (5.47)
As in the step 3, we can mollify (5-47) and obtain
(S [TP)]) + V- (S [Te(p) | 0) + S [TE0)p = TPV ] = g, (5.48)

where
Gm ==V (Sm [m} u) — Sm [V . (mu)] — 01in L*([0,T], L*(Q)), as m — oo,

for any s € [1,2), by virtue of Lemma 2.3 in [26].
Let b be a test function in the definition of renormalized solutions of (30);. Multiplying (54])

by ¥/ (S B (p)}) yields
01 (0(Sm [T(0)])) + V- (0(Sm [T0)] Ju) + (' (S | TP ) Sim [Til)| = b(S | T2 ])) V- u
= (S [Te0) ) S (70D = Te(p)IV - ) + ¥ (S [ Te0) N

Sending m — +o0 in the above equation yields that

2.0(Ti2)) + - (6(Tet0) )u) + (¢ (Te2) | Too) — (7o) ) ¥ -

= (m) [T (p)p— Th(p)]V-u in D(Rx(0,T)). (5.49)

On the other hand, for p € [1,~), we have

| T (p) (5.50)

p
= el gy

) = PllLn(gry < liminf [ Ti(pe)
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On the other hand, we have

HTk(Pe) ~ Pe H;ZP(QT)

| -al
(pe=h) k

< 2”/ |p5|p (since kT(%) < pE)
{pe>k}
cmem [ g
{pe>k}
< Ck 7P =0, as k — +oo, uniformly in e. (5.51)

It follows from (G.50) and (E51)) that

hm HT;C p‘ =0, for p e [1,7). (5.52)

LP(Qr)
For any M > 0 so large that b’(z) =0 for z > M, we set

Quar = {(@,0) € Qr | Thlp) < M |.

Then

AL
o

< sup ’b Tk ’/
Qr, M

< sup |V'(2)|lim inf ‘ [T (pe)pe — Ti(pe)|V - ue
0<z<M =0 JQum

b (Ti(p) ) [Ti(p)p — Ti(p )W'u‘

o (mp)) Tio)p — Te(p)]V -ul

p)p—Tk(p )]V'u’

< Climint Vel Lo 1T(pe)pe = Tilp)l| 2, )

1 1
.. - +4
< Oh?i)%lf HTIQ(Pe)PE - Tk(Pé)Hzl(QQWT)HTIQ(Pe pe — Ti(pe ||[2,'v+21 (Qr.nr)” (5.53)
Now we can estimate
1T (P pe = Tilp) 1 gy < 26" sUP o]} < O™ 0, s b — oo, (5.54)

On the other hand, since T () is a concave function and T}/ (z) < 0, we have, by Taylor’s expansion,
that

1
0="Tk(2) = T}(2)z + §T”(§z)22 for some ¢ € (0,1).
In particular, we have T} (z)z < Ty(z) and hence

HTIé(pe)pE - Tk(pf)HL'v+l(Qk’M) < 2||Tk(p€)||Lv+1(Qk,M)

< 2(||Tk(pf) - Tk(p)HLWJrl(Qk,M) + HTk(p) - Tk(p)||Lw+1(Qk’M) + HTk ||Lw+1 (Qr. M))
< 2(HT7€(/)6) - Tk(p)"L7+1(QT) + HTk(P) - Tk(p)"L7+1(QT) + M|Qk,M|m>
Applying (5.40), we then obtain that there exists C' > 0 independent of k such that
timsup |77 (pe)pe = Te(pe)|| 141,y < C(1+ M|Quna|7¥1) < C. (5.55)
e—0 ,

Substituting (5.54) and (E53) into (5.53) yields

T
lim / /
k—o0 0 Q

v (7)) T e — TV - u| = 0. (5.56)
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Sending k — oo into the equation (49) and applying (552), (56]), we conclude that (p,u) is a
renormalized solution of the equation (G.30). This proves Claim 1.

5.7. pe — p strongly in LP(Qr) for any 1 < p < v+ 6. Hence p7 = p” a.e. in Qr. It suffices
to show that p. — p in L*(Qr). This can be done in the exactly same lines as in [6]. Here we sketch
it for the readers’ convenience. Let Ly (z) € C*(0,+00) N C([0,+00)) be defined by

zln z, 0<z<k,
Li(2) = 0k 2 Tls)
zIln —|—sz sds, z> k.

Note that for z large enough, Ly (z) is a linear function, i.e., for z > 3k,

3k
T 2
Li(2) = Bez — 2k, with By = Ink +/ k(;)ds +3.
k S
Therefore by(z) := Ly(z) — Brz € C(0,+00) N C([0, +00)) satisfies b, (z) = 0 for z large enough.
Moreover, it is easy to see

bi(2)z — bi(2) = Ti(2).
Since (pe, uc) is a renormalized solution of the equation ([Il); and (p,u) is a renormalized solution
of the equation (B.30)2, we can take b(z) = br(z) in the definition of the renormalized solutions to
get that

O Li(pe) + V- (Li(pe)ue) + Ti(pe)V - ue = 0, in D'(Qr), (5.57)
and
WLi(p) +V - (Lu(p)u) + Tu(p)V -u = 0, in D (Qr). (5.58)
Subtracting (.57 from (G5 gives
Ot (Li(pe) — Li(p)) + V - (Li(pe)ue — Li(p)u) + (Ti(pe)V - ue — Ti(p)V - u) =0, (5.59)
in DI(QT)

Since Ly(z) is a linear function for z sufficiently large, we have that Ly(pc) is bounded in
Le°([0,T], L7(R2)), uniformly in e. Thus we have

Li(pe) — Li(p) weak™ in L*=([0,T],L7(Q2)), as € — 0.
This, combined with the equation (5.5]), implies

Li(pe) — Li(p) in C([0,T), LY ()N C([0,T], H (), as €— 0. (5.60)

weak
In particular, we have
Li(pe), Li(p) € C([0,T], Lyen(2))- (5.61)
Hence we can multiply the equation (5.59) by ¢ € C5°(€2) and integrate the resulting equation over
Q:, 0 <t <T, to obtain

[ Lo~ Lulpll)s

- / /Q {Zi(p)ue — Li(p)ul - Vo + [Tu(p)V - u — Ti(p)V - uclo),

where we have used the fact that [Lg(pe) — Li (p)]’tzo = 0. Taking ¢ — 0 in the above equation
yields

| [B@ - nw] e - /0 [ [ - tato)]u- vo
—Him/o /Q [T (p)V - u— Ti(pe)V - uc) . (5.62)

e—0
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As in [6], we can choose ¢ = ¢, € C3°(2) in (E62), which approximates the characteristic function
of Q, i.e.,

< o < = ith di > L
{O < m <1, ¢m(z)=1for z € Q with dist(x, 9) > (5.63)

¢Gm — 11in Q asm — oo and |V, (z)| < 2m for all z € Q.

We then obtain that for 0 < ¢t < T, it holds

/Q[Lk() Li(p —gg%// T (p)V - u — Tr(p)V - uc].

Hence we have

[ [B - ao)] o

—/Ot/gmp)v-u—gg/tATk<pe)V-ué
=/t/Tk(p)V-U+—glggJ//ape—W ue)Tr(pe) — gg%//pZTkpe
//QTk Wou+ = //Q apT — iV - u)Tk __11%//9 1Ti(pe) (by (E32)
// Ty (p }V u—= 2%// I Tk (pe) P_Vm]

S/O/QTk(p)—T p}V-U(bym)

< HTk(P) - m‘

+ HTk(P) - m‘

-4 -4
L2({p>k}) L2 L2({p<k})

({o=k}) L2({p<k})
< O( V- Ti(p) — T, )
= U pagipany TITO = Te@
a1 141
<O(v- Tu(p) =T 7 HT _T = )
= U ooy TP =Te@| | o 1T60) = TRl s
=1
< c( V. Te(p) = Te(0)| = )
= U ez TITO = TE@ L
where we have used (5.40) that guarantees
Ti(p) — H < 'fHT )—T ’ ,
|70 =T, ., ., <Tmipt [Tito) =o)L, <

uniformly in k.
Since T}, is concave, it follows Ty (p) < Ty (p). By the definition of T}, we also have Tx(p) < p.
Hence we have

Te(p) — T, ‘ < H -7 ‘
Hw>kwpww)_p O e
< H — T, ’ —0ask — oo (b
< -7, (bv 632)
Since V - u € L?(Qr), it follows that
kliggo V- u||L2({ka}) =0.
Therefore we obtain
lim [ [Lx(o) - Lu(p)] (8) <0, t € (0, 7). (5.64)
k—oo Q
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It follows from the definition of Lj that

/OT/Q |Li(p) — plnp|

IN

Lie(p) — pln ‘
H k(p) —plnp T

IN

// [plnp| = 0, as k — 4o0, (5.65)
{p=k}

and

Le_elne S// Le_elne
H k(pd) = pelnp LY (Qr) {p€>k;}’ lpe) = p p‘

< // | L (pe IJrIpellapeIp7
- {pe>k} p ‘
< C(9) // 61 5 (5 > 0 is sufficiently small)
{p.=k} pe
< CEk™7H9 50, as k — +oo, uniformly in e, (5.66)

so that by the lower semicontinuity we have

< lim liminf HLk(Pe) — peln pe =0. (5.67)

Lt QT k—oo €—0

Combining (564), (2.606), (566), with (5-67) implies that

/ [m—plnp} (t) <0, te(0,T).
Q

li HL I ‘
Qi [|La(p) = pinp L1(@r)

Since plnp > plnp a.e. in Qr, this implies that
plnp=plnp ae. in Qr.
By the convexity of the function w(z) = zlnz : (0,+00) — R, this implies that
pe = pin LY(Qr).
Since p, is bounded in L"*?(Qr), it follow from a simple interpolation that
pPe = pin LP(Qr) for any 1 <p < v+ 6.

Thus p7 = p” a.e. in Q7.
The energy inequality (L6) for (p, u, d) follows from the energy inequality (2] for (p, uc,dc). In
fact, (L2 implies that for almost all 0 < ¢t < oo, it holds

t
- 1
+/ / (u|Vu€|2 AV uc + |Ad+ (1 |d5|2)d5|2) < F.(0) = E(0). (5.68)
0 Q

On the other hand, by the lower semicontinuity, we have that for almost all ¢ € (0, +00)

t
+/ / (;L|Vu|2+ﬁ|V~u|2+|Ad+|Vd|2d|2)
0 JQ

e—0

t _ 1
<11m1nf{ )+/ / (M|Vu6|2+u|v-u€|2+|Ade+€—2(1—|d€|2)d€|2)}, (5.69)
0 JQ
where we have used the observation that

1
Ade + 5 (1= |de|*)de = Opde + ue - Vde = 9pd +u- Vd = Ad + |Vd|*d in L*(Qy).
It is clear that (IB]EI) and (569) imply (L8).

After these steps, we conclude that (p,u,d) is a global finite energy weak solution of the system
(CI), under the initial and boundary condition (L2, that satisfies the properties (i) of Theorem
L1
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The property (ii) for (u, d) follows from the strong convergence of d. to d in L .((0, +o0), H ().
In fact, it is easy to see that d. € L2 _((0,+00),HZ.(R2)). For any X € CL(Q,R?) and n €
c((o, —I—oo)), we can multiply the equation (£I)s by n(t)X () - Vde(z) and integrate the result-
ing equation over 2 x (0,400) and apply the integration by parts a few times to obtain

/O n(®) /Q (ce(de)V - X — Vd, © Vd, : VX) _/O n(t) /Q (8ud. + e - Vde, X -Vd.),  (5.70)

1
where e.(de) := |Vd 1 + —(1 — |de|?)?. Since

Orde +ucVde — Opd +u-Vd in L*(Q x (0,4+00)), as e — 0,
we obtain, by sending € — 0 in (L.70) and applying both Theorem 3.1 and 5.1, that

T 1 T
/O n(t)/Q(§|Vd|2V~X—Vd®Vd:VX):/ n(t)/ﬂ((?td+u-Vd,X-Vd>. (5.71)

0
The proof of Theorem [[.T] is now complete. |

6. LARGE TIME BEHAVIOR OF FINITE ENERGY SOLUTIONS AND PROOF OF COROLLARY

In this section, we will study the large time asymptotic behavior of the global finite energy weak
solutions obtained in Theorem [[.1] and give a proof of Corollary

Proof of Corollary
First it follows from (LG]) that

esssup, o E(t) / / (1| Vul® + |Ad + |Vd|*d|*) < E(0). (6.1)

For any positive integer m, define (ppm, Um, dm) : Q1 — Ry x R? x S? by

pm(z,t) = p(z,t +m),
Um (2, t) = u(z, t +m),
dp(z,t) = d(z,t + m).

Then (pm, Um, dm) is a sequence of finite energy weak solutions of (L)) in Q1. It follows from (G.1])
that

||pm||L°°( 0a],L7 (@) T ||pmumHLm (01,22 T [|pmu mHLOO( 0.1.L 75 (@)

+HdeLoo([o,1],H1 @) = C(E(0)), (6.2)

and

1
tim [ ([[Vtn 20 + [|Adm + V2 gy ) = 0. (6.3)

m— 00 0

After passing to a subsequence, we may assume that as m — oo,
P = Poo i LY(Q1), Um — s in L2([0,1], HY(Q)), dp — do in L([0,1], H(Q)).
Applying ([63) and the Poincaré inequality, we have

1
: 2
mh_If},o/o H“mHm(Q) =0,

and hence u., = 0 a.e. in Q.
Sending m — oo in ([IIl)3, we see that d. solves

oo = Adoo + |Vdoo|*do in Q1.
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On the other hand, by the lower semicontinuity and (3] we have

1
/ / |Adee + |Vdoo [Pdoo| =
0 JQ

Hence dids = 0 in Q1 and doo(z,t) = doo(x) € HY(Q, Si) is a harmonic map, with d., = dg on 0.
By Holder’s inequality, ([6.2]), and ([@3]), we have

1
i [ (ol 5 g + lom b (6.0

m—00 LTS ( L7753 (Q)) =0
Since (pm, Um, dm) solves (I:Iﬂ])l in (Q1, we have
Ot (Pmtim) + V - (Pmtm @ Um) + aVp), = AUy + AV(V - ) — (Ady, + |V |*d) - Vdp in Q1
which, after sending m — oo and applying (6.2)), (63)), (6-4]), and Claim 3 below, implies
Vpl, =0 in Q.
Hence p, is z-independent in Q1. On the other hand, since p, is a weak solution of
Otpoo + V- (Poolice) =0 in  Q,

80 that O;poo = 0 and po, is t-independent in (1. Thus p, is a constant.

It remains to show (pm, dm) = (Poo, deo) in LY(Q1) x L2([0,1], HL .(2)). This is divided into two
separate claims.
Claim 2. dy, — deo in L*([0,1], HL .(£2)). The idea is based on the compactness Theorem B.2} and
the argument is similar to that given in §5.1 and [I8] Theorem 1.3. For the convenience of readers,
we sketch it here. As in §5.1, for A > 1 define

Gy = {t € 0,1] ‘ liminf/ﬂ ‘Adm + V2] < A},

m—0o0
and
Ba = [0,1]\ Ga.
From (6.3), we have
| B, | gA*llingnf/ /‘Ad + [V |2dn) = (6.5)

Since d,,, satisfies (II2) for any X € CL(Q) and n € C}((0,1)), it is not hard to check that there
exists a subset Z C Gy, with |Z| = 0, such that for any t € G, \ Z, it holds

/ (Vo © Vi - 1|vczm|2113)(t) VX = _/ (Drcdyn + s - Vo) (), X - Vel ()
Q 2 Q

__ /Q (Adom + [V Py} (1), X - Vo (£)) (by (1.1)3) (6.6)

It is standard (see [23]) that (G.6) implies that d,,(t), ¢ € G \ Z, satisfies the almost energy
monotonicity inequality (B3], i.e., zp € Q and 0 < r < R < d(zg,09),

Odp,(t) 2

1
Up(dp(t), 20) > U (dn(t), z +—/ x — x|t , 6.7
R(dm(t), o) (dm (t), 20) + 3 Bt (I0)| ol ’8|3:—a:0| (6.7)
where
1 1 1
Uoldn(®0) = 1 [ GV 0) = (o= 00) - V@) + 5 [ o=l (o)
T JB.(z0) 2 2 /B, (x0)
and
T (1) = (Ady, + |Vdo |2dn) (t).
From the definition of G, we have
HTm(t)HLQ(Q) <A, VEEGH\ Z (6.8)
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From (6.2)), we see

1

Bd(0) = 5 [ [V (0) < C(BO)) (69)
Note also that

B (r,t)>0ae x€Q, Vt€Gp\Z (6.10)
From ([@7), @38), ©9), and EI0), we conclude that {d,(t)}m>1 C Y(C(E(0)),A,0;Q) for any
t € GA\Z. Hence, by Theorem[3.2] we have that {d,, },,>1 is bounded in HZ (2, S?) and precompact
in H1(Q,S?).

Since

Oy = —tUm - Vi + (Adp + |V |2dm) € L2([0,1], L2 (Q)) + L2([0,1], L*()),

and

sup |[0ud)

m>1 £2((0,1], L2 (@))+L2((0,1],L2(2)) —

We can apply Aubin-Lions’ lemma, similar to §5.1, to conclude that for any open set Qcc Q, after
taking a subsequence, there holds

lim HV(dm—doo)‘ _ ~0. (6.11)
m=»o0 L2(@x(Gr\2))
On the other hand, by ([@2]), we have
Vdm—doo‘ _ < C(E(0))|ByU Z| = 0. 6.12
00 [V = ), 5,0y < CEOIBRLZ] (6.12)
Putting (6I1) and ([612) together yields
lim HV(dm - dm)‘ ) —0. (6.13)
m—0o0 L2(©2x(0,1))

Claim 2 follows from (G13]).

Claim 3. pm — po,00 in L7(Q1). To show this claim, first observe that by the same lines of argument
in §5.3 with (pc, uc, dc) replaced by (pm,tm,dn), we can obtain that there exist 6 > 0 and C' > 0
independent of m such that

1
/O /ngj" <C, Vm > 1. (6.14)

From (6.I4), we may assume that
— . +46
Pl = P in LP(Q1), 1 < p1 < (@), (6.15)

There are two methods to prove that pl, = p a.e. in Q; and p, — poo in L7(Q): the first
is to repeat the same lines of arguments given by §5.5, §5.6, and §5.7 with (pe, ue, d.) replaced by
(P, Um, dm); and the second is to apply the div-curl lemma, similar to [5] Proposition 4.1. Here
we sketch it. For simplicity, assume the pressure coefficient a = 1. Let Div and Curl denote
the divergence and curl operators in (1. As pointed out by [6] Remark 1.1, (I4) also holds for
b(pm) = G(pY,) when G(z) = z“, with

0

O<o<<m1n{ 0+
v

)

Using the equation (I.4]), one can check that
Div[0,0,0,G(p},)] is precompact in W~ (Q,)

for some ¢ > 1.
While, using the equation (T2 and (62), one can check

Curl [O, 0, O,pm is precompact in W~1%(Q;)



26 J. LIN, B. LAI, AND C. WANG

for some g > 1.

Assume
G(py,) = G(p&k) in LP2(Q1),
and
G(ph) P — G(pdo)pse in L7(Q1),
with
1 1 1 1
pr=—, —=—+—.

o T P2 p1
Then by the div-curl lemma we conclude that

G(p%)pke = G(pk) plo
As @ is strictly monotone, this implies m =G (pT.o) . Since LP? is uniformly convex, this implies
that the convergence in (6.I5) is strong in L'(Q1). Hence we have that
Pm = Poo in L7(Q1).

Since / pm(t) = / po for 0 <t <1 and ps is constant, it follows that ps = 9] / po (:= po,00)-

From claim 2, claim3, and (6.2), we can apply Fubini’s theorem to conclude that there exists
tm € (m,m + 1) such that as m — oo,

((tm). () = (p0 oendc) in L7(Q) X H,e(€2,52),
and

Hu(tm)HHl(Q) — 0.

Hence by Sobolev’s embedding theorem we have that w(t,,) — 0 in LP(Q) for any 1 < p < 6. The
proof is now complete. 0
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