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Abstract

The strong numerical approximation of semilinear stochastic partial differential equations (SPDESs)
driven by infinite dimensional Wiener processes is investigated. There are a number of results in the
literature that show that Euler-type approximation methods converge strongly, under suitable as-
sumptions, to the exact solutions of such SPDEs with strong order 1/2 or at least with strong order
1/2 — & where € > 0 is arbitrarily small. Recent results extend these results and show that Milstein-
type approximation methods converge, under suitable assumptions, to the exact solutions of such
SPDEs with strong order 1 — e. It has also been shown that splitting-up approximation methods
converge, under suitable assumptions, with strong order 1 to the exact solutions of such SPDEs. In
this article an exponential Wagner-Platen type numerical approximation method for such SPDEs is
proposed and shown to converge, under suitable assumptions, with strong order 3/2 — £ to the exact
solutions of such SPDEs.

1 Introduction

We investigate the strong numerical approximation of semilinear stochastic partial differential equations
(SPDEs) driven by infinite dimensional Wiener processes. To illustrate the results, we concentrate in this
introductory section on the following simple example SPDE. Let H = L?((0,1); R) be the R-Hilbert space
of equivalence classes of Lebesgue square integrable functions from (0,1) to R, let A: D(A) C H — H be
the Laplacian with Dirichlet boundary conditions, let (2, F, P, (F;)¢cjo,77) be a stochastic basis (see, e.g.,
Appendix E in Prévot & Rockner [36]), let r € (1,00), £ € D(A), let W: [0,T] x Q — H be a standard
(Ft)eejo,r)-Wiener process with the covariance operator Q := A~ € L(H) and let X : [0,T] x Q — H be
an adapted stochastic process with continuous sample paths satisfying the stochastic heat equation with
linear multiplicative noise

dXy(z) = {aa—;Xt(z)} dt + Xo(z) dWi(z),  X:(0) = X¢(1) =0,  Xo(z) = &(x) (1)

for (t,x) € [0,T] x H. The convergence result in Theorem [I] below can also be applied to a much more
general class of SPDEs with more general covariance operators ) (see Section [2 for details) but for
simplicity of presentation we restrict ourselves to the SPDE () in this introductory section. Our goal is
then to compute a strong numerical approximation of the SPDE ().

There are a good number of results in the literature that show that Fuler-type approximation meth-
ods for SPDEs (such as the linear-implicit Euler method or the exponential Euler method; see, e.g.,
Section 3.3.1 in Da Prato et al. [6] for an overview on different Euler type approximations methods for
SPDEs) converge to the solution process X of the SPDE () with strong order 1/2 or at least with strong
order 1/2 — & where € € (0,1/2) is arbitrarily small (see, e.g., [B, 13| [14] 24} [29]). Further references on
numerical approximations for SPDEs can also be found in the overview articles Gyongy [I1] and Jentzen
& Kloeden [18].

Recent results extend the above mentioned results for Euler type approximation methods and prove
that Milstein-type approximation methods for SPDFEs converge with strong order 1 — ¢ or 1 to the so-
lution process X of the SPDE () (see, e.g., [I}, 2 20l 25, 26| B0, B7]). An overview on Milstein-type
approximation methods for SPDEs can also be found in Section 3.3.2 in Da Prato et al. [6]. Beside
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Milstein-type approximation methods, it has also been established in the literature that splitting-up ap-
prozimation methods for SPDEs converge with strong order 1 to the solution process X of the SPDE ()
(see, e.g., Gyongy & Krylov [12]). Further references for splitting-up methods can also be found in the
overview article Gyongy [11]. Beside Milstein type methods and splitting-up methods, the choice of
suitable non-uniform time discretizations is another approach for obtaining higher order strong conver-
gence rates for SPDEs; see [32] [33] B4], [35] for details on such methods and their optimality. Moreover,
in the case of SPDEs with additive noise, higher order strong convergence rates for SPDEs can also
be obtained by using suitable linear functionals of the noise process in the numerical scheme; see, e.g.,
[4, B [8, 16, 17, 19, 211, 27, 28, 31, B8] and, e.g., (135)—(141) in Da Prato et al. [6] for an overview. For
instance, in [19] it is proved in the case of additive noise, that the accelerated exponential Euler method
converges, under suitable assumptions, with strong order 1 — ¢ to the exact solution of the SPDE under
consideration. Furthermore, higher order strong temporal converge rates of stochastic Taylor schemes for
spectral Galerkin discretizations of SPDEs driven by one dimensional Brownian motions are established
in Grecksch & Kloeden [10] and Kloeden & Shott [23].

Here we introduce an exponential Wagner-Platen type numerical approrimation method for SPDEs
(see @) below) and in Theorem [Il below we prove that this method converges with strong order 3/2 — ¢
to the solution process X of the SPDE (l). Further details can be found in Section Bl below.

In SectionPlthe abstract general setting used in this article is described. SectionBlintroduces the above
mentioned exponential Wagner-Platen method. In addition, in Section [Bl we establish in Proposition [ an
a priori moment bound for the exponential Wagner-Platen method and present a convergence analysis
theorem, Theorem [I] of the exponential Wagner-Platen method. Furthermore, Lemmas [[H3] in Section Bl
illustrate how the exponential Wagner-Platen method in Section Bl can be simulated. The proofs of
Proposition [l Theorem [I Lemma 2] and Lemma [3] are postponed to Section [4l

2 Setting

Throughout this article suppose that the following setting is fulfilled. Let T € (0,00), let (Q,F,P)
be a probability space with a normal filtration (F3).cpo,77, let (H, (-,-) 5, |Ill ) and (U, {-,-)y, [I-ll) be
separable R-Hilbert spaces, let @ € L(U) be a trace class operator and let (Up, (-, VU o HHUO) be the
R-Hilbert space given by Uy = Q/?(U) and (v, W)y, = (Q=1/%0, Q_1/2w>U for all v, w € Uy.
Assumption 1 (Linear operator A). Let T be a finite or countable set, let (\;);c; C (0,00) be a family of
real numbers with inf;ez A; € (0,00), let (e;)icz be an orthonormal basis of H and let A: D(A) C H - H
be a linear operator with D(A) = {w e H: Y, .7 |Xi|*[(es, w)u|? < 0o} and Av = 3,7 —Xi (es,v) €
for allv € D(A).

In the following we denote by (H,(-,)y [z, ), 7 € R, the R-Hilbert spaces given by H, =
D((=A)") and (v,w)y = ((=4)"v,(—=A)"w) for all v,w € H, and all r € R.

Assumption 2 (Drift term F). Lety € [1,3), a € (y—1,7] and let F € C?(H, H) be a globally Lipschitz

continuous mapping with F(H,) C Hy and sup,cp, % < 00.
Assumption 3 (Diffusion term B). Let 3 € (y— 3,7], 6 € (y—1,5] and let B € C*(H, HS(Uy, H)) be
a globally Lipschitz continuous mapping with B(Hg) C HS(Uy, Hg), B'(v) € L(Hs, HS(Uy, Hs)) for all

1B aswy.mg) ,
v € Hy and sup,cp, — o, +sup,cp. [|B (”)HL(HJ,HS(UU,H(;)) < 0.

Assumption 4 (Initial value §). Let &: Q — Hy be an F/B(H,)-measurable mapping.

It is well known (see, e.g., Theorem 7.4 (i) in Da Prato & Zabczyk [7]) that the above assumptions
ensure the existence of an up to modifications unique predictable stochastic process X: [0,T] x Q — H

satisfying fOT ||XS||; ds < oo P-a.s. and

t t
X, = eMe 4 / A P(X,) ds + / A=) B(X,) dW, (2)
0 0

P-a.s. for all t € [0,T].



3 An exponential Wagner-Platen type scheme for SPDEs

This section introduces and analyzes an exponential Wagner-Platen type approximation scheme for the
SPDE ([@). To formulate this scheme, let J be a finite or countable set and let (g;)jey C Up be an
arbitrary orthonormal basis of Uy. Then let Y,2: Q — H,, m € {0,1,...,M}, M € N, be F/B(H,)-
measurable mappings satisfying Y/ = ¢ and

T T2
YM | = A {eA%Y,;” + —FYM)+ FI(YM) [AYM + F(v, ]

M 2M?

(m+1)T
+ F'(Y, (/mT / B(Y,M)aw,, ds> +Z 4M2F”(Y ) (B(Y;M)g;, B(Y,M)g;)

(m+D)T (m+D)T (m+1)T
M M T M
+ / BYMyaw, + A / / My aw, ds — B(Y;My aw,
mr mr mr 2M
T (m+41)T (le)T s
S LT ) (A s P aw, + / B ( B dwu> . ®)
M g 5 3
(le)T s
— / B'(Y,)) (AY M + F(Y,)1)) dW, ds
mT mT
M M

(m+1)T

1 S S
+ 5/ T (/ B(Y%)dwua/ B(Yé”)dwu> AW

mT mT mT

pra pra e

M

B'(vM) ( / B(Y,;Vf)dWU> qul dWs}

M

(m4+1)T
M

P-a.s. for all m € {0,1,...,M — 1} and all M € N. The setting in Section [2] ensures that the random
variables Y,/ : O — H,, m € {0,1,...,M}, M € N, do indeed exist. In addition, observe that the
identity

t t
E| P (VM) ( / BYM)dw,, / B(YM) qu> | fﬂ]
kT kT M
M M (4)
= Z /T F'(yM) (B(Y;M)g;, BY;M)g;) du
jeg o
P-a.s. for all t € [AL, (kH)T] all k € {0,1,...,M —1} and all M € N illustrates that (B does not depend
on the special choice of the orthonormal basis (9j)jeg of Uy. The following proposition establishes an a
priori moment bound for the numerical approximations Y, m € {0,1,..., M}, M € N.

Proposition 1. There exists a universal non-decreasing function C: [0,00) — [0,00) such that if the
setting in Section[d is fulfilled, if p € [2,00) and if

0 | P 1
LUH) © (1 —max(y — o, 2(y = 8),2(y =6 — 3),7 — 3)) vern 1+ 0]l

”B(U)HHS(UO Hg)
. + sup ||B' (v + sup ||B' (v
1+ [oll, UGH” WL, aswo.m) UEHH O La15, 150,115

K = HA7

+ sup [ F'(0)]| sy + sup
veEH vEHg

2
+ sup (IF" @) Lo .y + I1B” )l Lo a1 s cwo. iy ) 1B s o) <
veH L+ vl

00, (5)

then sup  sup [V e, < CK) (1+ 1€l o)) - (6)
MENme{0,1,..,M}



The proof of Proposition [I] is postponed to Subsection [£1] below. The next theorem estimates the
strong temporal approximation error of the numerical approximations Y, m € {0,1,..., M}, M € N.

Theorem 1. There exists a universal non-decreasing function C': [0,00) — [0, 00) such that if the setting
in Section [ is fulfilled and if

1
K = su yM +[|A~t + T+
mE{O,l,...,I])\J},MENH m HLG(Q;HV) H HL(H) (mln(a+1 ﬂ+ 1 O+ 1, 3) 'Y)
1E @), 1B sy, m,)

+ sup —— 2 Ha : sup ||B'(v

ver, 1+ ”“”Ha vEH 1+ H”HHﬁ wCH, 1B( )||L(H5,HS(UU,H5)) (7)

2 i i i i
£y s [IPOTIO IO omasenm | o

—0 U,wEHI?’U;éw lo=wlly ’

then it holds for all M € N that sup || Xn = V2|2 () S CE) M. (8)

me{0,1,...,M}

The proof of Theorem [lis given in Subsection below. The following lemmas (Lemmal[ll Lemmal[2
and Lemma [3) show under suitable assumptions how the scheme (B can be simulated. Lemma [ is a
slightly more general statement than display (83) in [20] (see also Remark 1 and Subsection 5.7 in [20]).

Lemma 1 (Commutative noise of the first kind for SPDEs). Assume the setting in Section[d and assume
for all v € H that the bilinear Hilbert Schmidt operator B'(v)(B(v)) € H® (Uy, H) is symmetric, i.e.,

assume that
(B'0)(Bo)w) ) (w2) = (B'@)(B@)us) ) (w) (9)

for allv € H and all uy,us € Uy. If U = Uy (which is equivalent to dim(U) < 0o0), then

/tt B'(Z) </t B(Z) qu) A

- %B’(Z) (B(Z) (W, — Wto)) (W, — Wy,) — Z B( ( ) gi

P-a.s. for all Fy,/B(H)-measurable mappings Z: Q@ — H and all to,t € [0, T] with ty < t.

The proof of Lemma [I] is entirely analogous to the proof of (83) in [20] and therefore omitted. The
next lemma treats the case of commutative noise of second kind for SPDEs. Assumption () is the
abstract coordinate free analogue of (4.13) in Section 10.4 in Kloeden & Platen [22].

Lemma 2 (Commutative noise of the second kind for SPDEs). Assume the setting in Section @ and
assume for all v € H that the trilinear Hilbert Schmidt operators B'(v)(B'(v)(B(v))) € H®)(Uy, H) and
B"(v)(B(v), B(v)) € H®)(Uy, H) are symmetric, i.e., assume that

(B’(v) (B’(v) (B(’U)Ul))UQ + B"(v) (B(v)ul, B('U)UQ)) (u3)
= (BI(U)(BI(U)(B(U)uw(l)))uw@) + B"(v)(B(v)ur (), B(U)uw(2))) (Un(3))

forallv e H, all uy,us,us € Uy and all m € S3. If U = Uy (which is equivalent to dim(U) < o0), then

/tt B'(Z) </t B'(Z) (/tu B(Z) de> qu> dW + %/t B"(Z) (/ qu,/ ) AW,

(11)

= 3B(2)(B/@)(BEZ) (Wi~ W) ) (We = W) ) (Wi = W)
+ B2 (B(2) (Wi = W) . BZ) (Wi = Wiy) ) (We = W) (12)

_ (t—to)

S [B@) (B2 (B2) i) ) Wi = W) + B"(2) (B(2) 90, B(Z) 95 ) (W = W)

1€

P-a.s. for all Fy,/B(H)-measurable mappings Z: Q@ — H and all to,t € [0, T] with ty < t.



The proof of Lemma [2 is postponed to Subsection 3] below. Combining Lemma [I] and Lemma
shows that if U = Up and if (@) and (I are fulfilled then the numerical scheme (B]) satisfies

2

7 iz AYm +F(YR)]

(m4+1)T
M

Y, = et {Y% + Zpeany + v L

T2
+F(YM) <B(Y,jff) (W =Wz ) ds) + 3 YA (B, BYMg;)
€T

mT
M
T T
M M
+ B(YM) (WWLUT - W_T) +A|BYM) </m_T (Ws - Wm_T) ds = 30 (WWE)T - W_T)ﬂ
T (iDL
M M M
+ (B,(Ym ) (AVM + F(Y;M)) ) (M (WWLUT - Wm_T) - /LT (Ws - W%T) ds>
M
1 / M M
+IB(YM) (B(Ym ) (WWQT - WLT)) (WWQT - Wﬂ) (13)
2 M M M M

+ 5B 0 (B (Wongr = Wagg ) BOG) (Wasgpr —Wogp)) (Wisgpr — W)

+ B0 (B0 (BORY) (Wengar — Wz )) (Wisgr W )) (Wongr — Wage)

6
T T
g7 2o BN (BOY) 05) 05— 537 D0 BN (BN a7 BOYY) ) (Wer — Wy )
JjET JjET
T
~an 2 B O (B (B0 0) ) (Wensnr — Wiy ) }
JE€

P-a.s. for all m € {0,1,...,M — 1} and all M € N. The next lemma, Lemma [ illustrates for all
to,t € [0,T] with ¢y < ¢ how the Gaussian distributed random variable (W, — Wy, ftto (Ws — Wy,)ds) €
U x U can be simulated. Lemma [ generalizes (4.2)—(4.3) in Section 10.4 in Kloeden & Platen [22] for

finite dimensional SODEs to infinite dimensional Wiener processes. The proof of Lemma Bl is given in
Subsection 4.4 below.

Lemma 3 (Covariance operator). Assume the setting in Section[d. Then

(0o e awtwiyas ) (o ) = (oo é(tu—tot);)%l )

for all uy,us € U and all tg,t € [0,T] with to < t.

4 Proofs

Throughout the rest of this article we use the mappings [-| ,[-] (), :[0,7] = [0,T], M € N, given by

t], = max{s € {0, %, cee (MI;;)T,T} 15 < t} [t = min{s € {0, %, cee W,T} i8> t}
K (15)
and (f) =% ([t] +][t],) forallt € [0,7] and all M € N. Morcover, let X™: [0,T] xQ — H, M € N, be

M

optional measurable stochastic processes satisfying sup,¢ 1 IE[HX;WH%} < oo for all M € N and

t t
R = ANy [ ACOREN dsy [ AR AW, )

M Lt M

P-a.s. for all t € [0,T] and all M € N (see, e.g., Theorem 7.4 (i) in Da Prato & Zabczyk [7]). In addition,
let ®M: [0, 7] x Q — H, M € N, and ¥M:[0,T] x Q — HS(Uy, H), M € N, be optional measurable



stochastic processes satisfying

t t

@%:F(ngMHF'(X%)/ (AX%+F(X§J4M)) du+F’(X@ij)/ B(Xufij)qu

Lth, Lt (17)
¥z Z/ F(Y) B(X@ji[)gj,B(YwMM)gj) du
j€.7 th,
P-a.s. and
t u
v = B(Xj )+ B'(X}Y )/ (B(X@j[ )+ B (X} )/ B(Xp )dWU> dWw,
M M M M M
Lth, 1t 18
o M ' - M - M ' "
M LtJIW M M M Ltjjw ]W M
P-a.s. for all t € [0,7] and all M € N. Note that It6’s formula shows
(mxfl)T s (m+1)T
M M
al [ s awas - L / B M
M M
T (le)T (m+1)T
= S M 19
A S /mT? Xw Y dW, — / oL) B(Y,y )dWS] (19)
S
— o M
= r (<S>1\4 — S) AB(XLSJJM) dWS
M
P-a.s. and
T o DT
i B'(Y)) (AYV, M + F(Y,)) dw, — / B'(Y)) (AV M + F(Y,M1) dw, ds
5 W Iar 20)
(WLX[I)T s . . A
- B'(XM )(AXM + (XM )) du dW,
mr 5] Lsly sl sl
M

P-a.s. for all m € {0,1,...,M — 1} and all M € N. Next we combine (@), (I9) and (20) to obtain that

v =t [T A0 s [T A0 (024 (9, -9 am0 ) awe 2D
0 0

mT T
v

P-a.s. for all m € {0,1,..., M} and all M € N.

4.1 Proof of Proposition [

Throughout this proof C': [0,00) — [0,00) is a universal non-decreasing function which changes from
line to line. Let 6 € [0,00) be defined by 6 := max(y — a,y — 3,2(y — 38),2(y — 6 — 1)). Observe that



Assumption Pl and Assumption [3] ensure that 6 < 1. Next note that

2
e%(t—(5>M)q)i\/f
LP(Q'Ii(,Y 9))

2

2
T [P
H L(H) (Xys),) LP(Q3H.)
2 N s . . 2
+C(K) [(-a)0=D 2 =00 ‘F’ Xy / AXM + F(XM ) du
A L(H) ( HM) LSJM( s ( HM)) Lr(GH) (22)
A 2 . s . 2
+CO(K) [|(-A4)0 7 =60 HF’(XJS” )y [ BEM yaw,
L) s sl he LP(Q;H)
2 R 2
+ O(K) || (—a) 70 26, [ ’HF” u) HB(XLﬁ ) du}
L(H) ls),, L) (H,H) v W HS(Uo.H) || o)

and Lemma 7.7 in Da Prato and Zabczyk [7] hence shows

LAE=6 ) gl
* NLe(H(—g))

+ % /LSZM HB(XLJ;JJM)‘ ;(Q;H) du + % [/LSZM (1 N HXLZSVJIM

N 2
AXM 4 P(RM ‘
/ axif, + F ], 0

2
d
o )8 23

2 C(K)(s—|s N 2
<C(K < >+L2H”;)<1+HX@H )
L (QH.,) (t—(s) ) (v=9) wll Le (9 H.,)
M
2
< (k) (1+ | &2
< CUK) < * |, L (% Hw>>
for all s € [0,¢) and all ¢t € {0, L, ..., %, T'}. In the next step we combine the estimate
g M _1
t _p -6 T I\ =0
/0 (t7<s>M) ds = { ] . —1-3)"ds
=0 IV
(1-) F—1 %— (1-6) %
T < [ I 141y-¢ T w 24
W] e[ S e el T pe e
1=0 1= =1
C(K) Mo\ ( ) ( MU= 1)
for all t € {0, L, ..., %, T} with inequality (23] to obtain that
t 2
/ A M g
L (QHS)
[ 29 t— (s ) -f ‘ e%(t_@M)(I)éw‘ ds]
LP(Q3H(y—0)) (25)

2
e A=6)) pM ds}
LP(Q;H(y—0))

[ |2 a-,)" el Vot 2 (- (s),) "’
<CO(K )/( — () ( QLP(QHw)dS

LSJ s



for all s € [0,¢) and all t € {0, L, ..., YUT 7} In addition, note that

$-4) )(\I,M Q) AB(XM )’2
e M s +(<S>M s) ( LSJ]M) Lo(QHS (UosHoy o)
~ 2
B(X{ )
M

sli-ar )

o

Lr(Q;HS(Ug,Hg))
2 —4- 4(~(9),,) oM
CE) (6, = 9)° (-4~ %\\M“ WX |
+C(K) ((s),, — 5)" || (=4) s 14T 1B s oo
_8y Ag_ V12 s . 2
ls),, LP(%HS(Uo, H))

2
+C(K) ||(- A)(v 5-0) o5 (t=(s),,)

2 S
B'(XM / B(XM ydw,
o | [ Bty

(=2 At~ )2 voom o [T om0 miom
+ O(K) |[(=4)0 D) 26, HL(H) HB(XLSJM)/M B'(X( ) ; B(XY )dw, dw,
‘M ‘M

2 s s
1"~ M 5 M 5o
LSJM LSJ]M

and Lemma 7.7 in Da Prato & Zabczyk [7] hence implies

Lr(Q;HS(Uo,Hs))
2

Le(QHS(Ug, H))
2
+ C(K) (—A)(V*@ o2 (t=(),)

Lr(Q;HS(Uo, H))

Ap_(g N 2
200 (WM 4 (), — ) AB(XA )|

Lp(HS(UosHiy—6/2)))
_s)? 2
<o (1 G (g )
(t _ <S>M) MIILP(Q;Hpg)
(5], —3)

(t _ <S>M)2(’Y—%)
C(K) (t—(s) ) 2059
+O(K) (¢~ s),) /L

+ C(K) du

2
AX F X
/ H e TN

(27)

du

e
LP(Q;HS (U, Hs))

J]M

+C(K) (t=(s),) "7 /LsJ /LsJ

+C(K) (t—<S>M) 2(v— 2)

dv du

- M
]B%M)

2
Lr(9;HS(Uo,H))

B(XLSJ )

I/
’ |z,

L) (H,HS(Uy,H)) H \_SJ H

LP(4R)



for all s € [0,¢) and all t € {0, 1, ..., %, T'}. This and again Lemma 7.7 in Da Prato & Zabczyk [7]
imply

o2 (t=(),) (\pM + ((s),, — s) AB(XM ))’ :
s » Lsl,, Le(SHS(Uo,Hiy—6/2)))

2
< C(K) ( LéJ L (QH, )>
4
O (1 - ),) 2 / H B'(X B(X\Y] )dW,
s, L(Z)(H HS(Uo,H)) M L2 (Q;H)
2
<
< C(K) ( LSJM Le(:H )> .
2
—2(y—¢ "M M
o) -9, [ [ ] |k |mex ’
+C(K) (t—(s),) { ] H ( LSJM) LG (H,HS(Uo, H)) ( LSJM) HS(Uo,H) || L (q;R) ‘
) ;
) C(K) (), — 5)° ’
< oK) <1+H L‘SJ]M Lp(QH)>jL ( A;I(’FQ <1+H LSJM LP(QH)>
t—=(s))" " *
<C(K
—C( )( MM Lp(Q;H, ))

for all s € [0,¢) and all t € {0, 17, ..., W, T}. Again Lemma 7.7 in Da Prato and Zabczyk [7] hence
shows
2

t
A(t—(s),) 0
/0 e ht (\pM + ((s),, — 5) AB(X@{M)) dW,

Lr(QHy)

20—, pM AB(X ‘2
e M ( s +(<3>A ) ( LSJJM)) Lo(HS (U Hy—o/2))

2
M ) ds
1 WLP (SHy )

for all s € [0,¢) and all t € {0, Z,..., W,T}. Next we combine 21)), 25), 29) and 24) to obtain
that

2

mT

2 /7 A 09 s
0

< O(K) e ¢ C(K)

M
Y2 o .
sy
2

+ O(K) /7 JAGE =6, (\pM +(1s), — s) AB(XM )) AW,
0 M

Lr(Q;Hy)

mT
M

< O €+ C) [ (F 10,07 (14581 |

0

Lr(QH )) ds
T (30)
M 26 oM

XLSJJW ds

Lr(GHS)

< C(K) (1+ 1600, ) + C(K)/O @[22 -,)°
Sy,
(1-60) m—1 0
= O(K) (1 + HEH%p(sz;HW)) +C(K) [%] (m—1+ [2
o \M— me

Y]\/I .
- I 1])9 H l HL (% H-)
m—1
< O(K) (1+ 160 g, ) + CHOM™O=D S (=0~ VM7,
=0

for all m € {0,1,...,M} and all M € N. In the next step we use the mappings E.: [0,00) — [0, 00),

e € (0,00), defined by E.(t) :== > 7, m for all € € (0,00) and all ¢ € [0,00) (see Section 7 in



Henry [15]) and apply a generalized version of the discrete Gronwall lemma (see Theorem 6.1 in Dixon
& McKee [9]) to 30) to obtain

”YMHLP(Q iy S (1 + 110170 e, ) E1_g) (2M (C(K)M—(I—G)I‘(l - 9)) <e>)
(K) (14 Iell o @ur,y ) B (2 (€D = )77 ) 1)
(5) (14 1€l 2@, ) Baa (2 (CCEOT % ")
(5) (14160 0 urr,) ) By (CUE)
for all m € {0,1,..., M} and all M € N. In addition, note that
o _ [4] _ o _
B C(K)n(l 0) _ C(K)n(l 0) C(K)n(l 0)
Ea—o)(C(K)) = ;} T -0 +1) 2Twl-0+1) n_%ﬂ (1 —0) 1 1)
1 eri, 3 Ok = o)k 32
<(|g] +1) w3y <ow P eray

=C(K) + EL(C(K)) < C(K).
Combining (1)) and ([B2)) then gives
M2 2
A1 iy < COO) (141 ) (33)
for all m € {0,1,..., M} and all M € N. This completes the proof of Proposition [

4.2 Proof of Theorem [

Throughout this proof C': [0,00) — [0, 00) is a universal non-decreasing function which changes from line
to line. Note that Jensen’s inequality implies

2
Xt”f‘ < M‘ < O(K) <1+HXUJ > <CO(K < > < C(K)
Le(QH) LS(:H) Il s (Q;H) LS(Q;H,)
(34)
and o
XM _ M HXM oM <
H mM Lr(Q;H) MM LS(Q;H) C( ) ( I-tJ]\/I) (35)

for all p € (0,6], t € [0,7] and all M € N. Moreover, let ZM: [0,T] x Q — H, M € N, be stochastic
processes satisfying

t t

ZM = et X, + / A P(XM) ds + / A=) B(X My aw, (36)
0 0

P-a.s. forallt € [0,7] and all M € N and let ZM . {0,1,...,M}xQ — H, M € N, be stochastic processes

satisfying

t t
ZM = M X, + / A=) oM g 4 / A= g M gy, (37)
0 0

P-a.s. for all t € [0,7] and all M € N. Next observe that the triangle inequality implies that

2 2
prag v |
M L2(Q;H) L2(Q;H)

(38)

< 2HXM _gM
M

T
M

|:HZWLT ZM

=t

et -2

m

LZ(Q;H) L2(Q;H)

10



for all m € {0,1,..., M} and all M € N. Moreover, note that

/t eAt=s) (F(XS) — F(X;”)) ds 2

1Xe = 2]
L2(QH)

QH) < C(K)

Aeﬁ“ﬂ>O%X9—J%X¥0dwz (39)

+ C(K) ’
L2(Q;H)

2

<o) [ (|roc) - roen)!

L2(Q:;H)
t

< C(K) /
0

for all ¢ € [0,T] and all M € N. In addition, (36), (37), @3) and (69) imply

+||Bex) - BEM|

> ds
L2(Q;HS(Uy,H))

X, — XM ’

S

ds
L2(H)

mT
|23 - 22 < / A (P - @) ds (40)
it 7 e~ | o
L2(0;H)
mT 3
5 R 2
+ / HB(XSM) _gM ds] (41)
0 L2(HS (U, H))
mr 3
< C(K)M™7 + / C(K)YM™*ds| <C(K)M™" (42)
0
for all m € {0,1,..., M} and all M € N. Combining (38)-(#2) yields
2 T 2 .
Xz — v < C(K)/ " X, - X ds +2 [C(K)M—v + |23 - vy| ]
M L2(;H) 0 L2(;H) A L2(;H)
(43)
for all m € {0,1,..., M} and all M € N. Next 1)), (87), ([G) and (80) show
Hzﬁ _yM ‘ (44)
M L2(Q;H)
S
< / (eA(mTfos) — eA(mTfT7<S>M)) dM s (45)
0 L2(H)
mT 2
M m mL _ (g >
N / (eA( F o) pM _ ACKF 0, (\pM n ((s)Mfs)AB(X@jIM))) AW, (46)
0 L2(:H)

< C(K)M~™m+13) (1 4 log(M)) + C(K)M~™nB+3.0413) (1 4 log(M)) < C(K)M™7  (47)
for all m € {0,1,..., M} and all M € N. Combining this and @3] then yields

2 =t L2
HXLT —yM \ < O(K) / ‘XS — XM ds + C(K)M~
M L2(sH) 0 L2(H)

R :

_ M —2y

O(K) ; /% HX XN gy @5+ COM (48)

m=1 DT 2

< o M} —2y

< O(K) ; /35 HX% VM| gy 45 CUIM

for allm € {0,1,..., M} and all M € N. To finish the proof of Theorem [l we apply the discrete Gronwall
lemma to (48)) and take square root to obtain

M
|0 = 2|

<CK)M™" 4
o < O) (49)

11



for all m € {0,1,..., M} and all M € N.

4.2.1 Estimates for HZM ZMHL2 Q) for me {0,1,...,M} and M € N
The following well known lemma will be used frequently below.

Lemma 4. Let the setting in Section[2 be fulfilled. Then

feeas ], < =

for allt € (0,00) and all k € [0,1] and
—tA) (M T ea)| < 51

for all't € (0,00) and all k € [1,2].

With the help of Lemma [l we first establish some estimates that we exploit in the estimation of (@)
and (I)). More formally, observe that Lemma [l implies
"la
—s M M
/L; (e (t=5) p(X M) — F(XLSJM)) ds
M
t
< C(K) / (
[t

gO(K)/LJ (HXM XM
t M

SC(K)/L:

L2(Q;H)

pAt—s) (F(XM) F(XLsJ ))‘

‘ (eA(tfs) — I) F()A(Lﬁ )‘ > ds
L2(Q:H) L2 (; 1)

L?QH )

ds < C M- mln(a+13 C
LZQH)>) s < CK) (K)M

+ H(fA)_”‘ (eA“*S) - I)H HF X4

L2(QH)

<M2+M ey <1+H |

M

(52)

and

< O(K) /Lt j Hew—s) (B(XSM) . B(X@fM)) + (eA“-s) - I) B(X{] ) .

LP(HS(Uo H))
t
com
lt),,

2 2 2
A B (A9 _ H HB M
Lr(Q;H) + H( ) (6 ) L(H) ( LSJM)
t
< C(K)/ (M + M min(28.2) (1+ HXLSJ ‘

2

t
/ (eA@—s)B(X;W)_B(Xf;f )) AW,
1t M

"M

Lr(Q;H)

ds

- M - M
X) —XLSJM}

) ds
Le(QHS(Uo,Hg))
I‘t "M

)) ds < O(K)M~™in@8+12) < ¢(K)M 2
Lr(Q;Hp)

(53)

12



for all t € [0,T], all M € N and all p € [2,6]. Additionally, Lemmad (G2) and (B5) show

t t
HXtMXLft‘f 7/ (Axg{ + (XM )) ds,/ B(X ) dw
M Lt M M

iy Ltl,,

L2(Q;H)

t
/M (eA(t_S)F(XSM) - F(X@fM)) ds
M

(€A<HtJM> —I—(t—1t],) A) XUAJJM

L2(Q;H) |

L2(QH)
t A~
+ / (eA(t_s) - I) B(XM)aw, (54)
th, L2(Q;H)
<[ (A 1 - -y ) A)| % K)M™
- H( ) (e Y (t \‘tJM) ) L(H) Lty L2(QsH.) * C( )
t 2 R 2 3
#| [, e (e =), e s
ltl,, L(H) L2(Q;HS(Uo,Hpg))
< C(K)M™ + C(K)M~+9 < C(K)M~
for all ¢t € [0,7] and all M € N. Moreover, Lemma [ and (53)) imply
oM HM ! oM
M- R - / B(XY )dw,
th, LP(Q:H)
t
<=4y (eAC-1t) _ g H }XM ’ / Alt=s) p( XM }
= H( ) (e Y ) L) 1 Bl Lo (o my) + 1, c (X55) Lo (H) (55)
¢
+ / (eA(t_S)B(XS]‘”) - B(XM )) AW, < O(K)M~
tl " Lp(Q:H)
for all t € [0, 7], all M € N and all p € [2,6].
4.2.1.1 Estimation of @) Note that
MY _ M 1M M " SM _ HM HM _ M
FORM) = FORY )+ FURE) (XY = X0 ) + g PR ) (R = 3 %0 X)) .
1 56
1" "¢y M v M M M - M
+ /O (F (XLtJ + T(X XUJ )) — F (XUJM)) (Xt — XLtJ]M, Xt — XUJ]M) (1 — T) d?‘
and
’/ (F”(XM +r(&M - XY )) PR )) (XM — XYL XM XY ) (1—7)dr
0 M M L2(QH)
2
< " s M M M " v M o M 57
< ’F (R +r XM = Z3)) - PR sorumm 15 ™ X la] o dr (57)
3 ,
< O(K HXM XM } < O(K)M~%
MIIL6(Q;H)

13



for all t € [0,T] and all M € N. The remainder terms in (57) and (G4]) are here estimated similarly as in
Kruse [25]. Combining (B6) and (1) then shows

’ /Ot M=) (F(X;M) - @Q”) ds

L2(QH)

t s
Alt—s) 1 oM N[ oM oM oM oM
< / A= RN ) (XS X / (AXLuJM—f—F(XLuJM)) du— B(XM )qu> ds
0 Ls] Lsl,,
M L2($;H)

t s

At—s) oM CM oM M XM oM
M

L2(;H)

H/ a <FU X )</L ) W / B(Xy) ) ) (58)

M

_ Z/ F//(XL% ) (B(XL% )gj’B(XL% )gj) du> ds
LSJ]\/[ M M M

JjeTJ

[M

+C(K)M-
L2(;H)

for all ¢t € [0, 7] and all M € N. Moreover, (54) and (33) imply

t s
[ererer ) (x-xy - [ (agy 4 ree ) |
0 M 1s),, M M L

S

B(XMY )dW)d

Sl L2(;H)
t s s

<C(K) [ |[XM - XM - / (AXM + F(XM )) du — / B(XM)aw, ds

0 M s, M Lsl,, L2(Q;H)

MU /T i (DT 4y 1| s ? :

4 CMY _ p(oM

+OK) |57 >, . (B(Xu ) B(XMM)) AW, ds (59)
=0 M M LZ(Q;H)
t MU /T i (SRT0) s T :
K)/ M~ ds + C(K) |M™! XM XM ‘ duds
0 = iz Lz M I L2(Q;H)
Mt /T 2
SCKMT+CK) | Y. M™*| <CE)M
and Lemma 7.7 in Da Prato and Zabczyk [7], (53) and (35) show
t s
A(t—s) (M oM _ M _ M - M
| / (& F (XLSJ]M) <XS XLSJ]M / B(XLSJ )qu,X XLSJ +/ (XL'“'JM)qu> ds
0 I-SJM I-J L2(;H)

t s s
gC(K)/ XM -x - B(X} ) dw, XM -xy +/ B(Xp ) dw, ds

0 M \_SJ M M I_‘SJ M

L4(;H) M L4(Q;H)
< C(K)M~ / HXM XLJ H B(XM ], ) ds (60)
M| L4(0;H) s, M L4(;H)

< C(K)M‘l/ot (M—% + [/LSJM HB(X@@M)} ’

du] ) ds < C(K)M_%
LA(Q3HS(Uo, H)
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for all ¢t € [0,T] and all M € N. Furthermore, observe that

t s
| / pA(t—5) F”(X@j[ )</ qu,/ XLuJ )
0 M L‘SJ IVI

2
_ Z/ F//(Xéf ) (B(XL% )gj,B(XL% )gj) du] ds
4 s] M M M .
JjeT M L2(Q;H)
MUELT N min( DT 4 ., . s
= Y / M F(XA) / ) dW,, / XLUJ
1=0 5 Mo\ s e
M (61)
_ Z/ F//(Xéf ) (B(XL% )gj,B(Xé\ﬁ )gj) du} ds
4 s] M M ‘M )
JjET e L2(;H)
M| /T min( (l+1>T 2
F'(X B( XM X
Z [ ( / (), ) AW, / lul,, ) -

) 1" M v M . .
S F (X%)(B(XMM)gJ, (XMM)gJ) du

JjET

+

] ds
L2(Q;H)

and Lemma 7.7 in Da Prato and Zabczyk [7] hence implies

t s ’
[ e ([ sy [y jan,)
0 M s] M Ls] M
Y M

2
_ Z/ F//(XL]XM) (B(X%M)gj,B(XﬁM)gj) du] ds
JjET LSJM L2(Q;H)
K HM/ rmn 4
<) / H/BXu +—/ HB(XJ)f) du| d
M Z i [ L 4(Q;H) iz bl LA(HS(Ug,H))
C(K) MLtJM/T (l+1>T
<=7 Z / M—2ds <C(K)YM™3 (62)
T
for all ¢ € [0,T] and all M € N. Finally, combining (G8)—(62)) yields
t
‘ / eAlt=9) (F(X;” ) — @QI) ds < C(K)M™ (63)
0 L2(Q;H)

for all t € [0,T] and all M € N.

4.2.1.2 Estimation of ({I) Similar as in the previous subsection a Taylor expansion of B: H —
HS(Uy, H) and the estimate

1
" "M o M M
/ (B (XUJ (X XLtJ )) —-B (XLtJM)) (Xt LtJ X Xm )( —r)dr
0 L2(Q;HS Uy, H))

<C(K)M™% (64)
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for all t € [0,T] and all M € N give

B(XM) — gM ‘
H (X5 t ol L2 im s, HY)
t t
/ - M - M - M - M - M
BN ) (&0 %) - (AXLSJM—i—F(XMM)) ds— | B(XM)aw,
ML, 1¢),, L2(QHS (Uo, H))

t s
- M - M /
B / (B(XS )~ BOXY ) - BI(XY ) / B(XL ) aw. ) aw,
Lth,, Ll L2(Q:HS (Uo, H))
t t
1"~ M o M o M o M o M o M o M
+ || B (X\_tJM) (Xt - X\_tJM _/ B(XLSJM)dWS’Xt - XLtjM +/ B(XLSJM)dWs>
[t] LtJ]\J L2(Q;HS(Uo,H))

+C(K)M™3 (65)

for all t € [0,T] and all M € N. Moreover, (54)) implies

t
B'(XM) [ xM - X@f AXLI‘f + F(XM )) ds—/ B(XM)dw,
I‘JJVI SM SM Ltj

L2(;HS(Uo,H))

N N N t . 66
< O(K) || XM — X1 / (Axﬁf + F(XM )) ds —/ B(XM)aw, (66)
U e e (tl,, L2(;H)
< C(K)M™
and a further Taylor expansion of B: H — HS(Uy, H), (B5) and (B3]) show
t s 2
B(X}] )/ B(XM) - B(X} ) - B(X} )/ B(X} )ydw, | dw,
Ml M M Jlsly, M L2(HS(Uo, H))
t s 2
< C(K) / BI(XM ) < XM _ M / B(XY )qu> ds (67)
LW M M s, M L2(QHS Uy, H))
t 1 . . . . 2
+O(K B”(XLSJ +r(XM - XM )) (XSM — XM XM XM ) (1—r)dr ds
[t M M L2(Q;HS(Uo,H))
t R R s . R 4
< O(K) XM _xM [ pXM yaw, ds + C(K HXM XM ds
s LSJM LuJM LSJM LA (;H)
Lt M \_st L2(Q;H) LtJ '
< C(K)M™3

for all ¢ € [0,7] and all M € N. Furthermore, Lemma 7.7 in Da Prato and Zabczyk [7], (55) and (35)
imply

1" M o M v M
B (XLtJM) <Xt *XLtJM /Lt

JIVI

t t

o M M
B(XN )dw, XM - X} +/m
M

B(XM )aw,
LSJM
L2(Q;HS(Uoy,H))
t

t
xM-xy - B(X[| ) dw,
M Lt M

- M - M o M
XM - X+ / B(X( )W,

. (68)
Dt LA(Q:H) Lty LA(Q:H)
t a
< C(K)M™1 — XM +/ B dW, < CO(K)M™%
< CO(K) hell Loy » (X| JM) o (K)
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for all t € [0,T] and all M € N due to (B3). Combining (G5)—(6]) then finally yields

B —wi|

<C(K)M™ (69)
L2(QHS(Uo, H))

for all t € [0,T] and all M € N.

4.2.2 Estimates for HZA% — YWI‘{[HLZ( for me {0,1,...,.M} and M €N

QO H)

The following well known lemma is used in this subsection.

Lemma 5. Let the setting in Section[2 be fulfilled. Then

fosars (e )], < ™

for all s € [0,¢], all t € (0,00) and all k € [0,1] and

¢
’ / (—tA)™" (eA“ — eA%) du <t, (71)
0 L(H)
o -k (,As _ AL ot <
H( tA) " (40— et (14 (s Q)A))HL(H) <2 (72)
for all s € [0,t], all t € (0,00) and all k € [0, 2].
4.2.2.1 Estimation of {3) First of all, note that
mTT
| / (eA(%T_S) - eA(mVT%S)M)) M ds
0 L2(Q:H)
mWT
A(mT _g AL M
[m—l)T (e (3 —%) _¢ ZM) 7 ds (73)
Y L2(H)
m—2 (L+1V1I)T
(m—1—1)T 1 A((H»I)T_S) AT M
b3 epersm | T T (A et o s
=0 L(H) l}TT ( ) L2(SuH)

for all m € {1,2,..., M} and M € N. Moreover, observe that

(k+1)T
Uy (AR eAdi ) @ ds
57 L2(Q;H)
(k+1)T
M —(rta (41T _ T
=/ (—4)~(re) (eA( M )*eAzM) ds HF(YkM)HLZ(Q;Ha) (74)
M L(H)
(k+1)T s
+/ M H(—A)_R (eA( (k+1\/})T_s) _ GA%) H FI(YkM)/ (AYk.M T F(YkM)) du dS
kT L(H) kT
M M L2(Q;H)
(k+1)T s
+ M H(—A)in (eA( (/HJ»V})T—S) _ GA%) H FI(YkM)/ B(YkM) qu dS
% ) % -
(k+1)T
M S —r (DT T
+ /kT /CT (—A) (eA<—M ) - eAZM) S F'WM) (BYM)g, BY;M)g)) du ds
o M €7 L2(9;H)
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and Lemma [B] hence gives

(et T
(—=A)™" (eA((kE)T ) e 2M) dM s
i L2(H)
(k+1)T
< C(K)M~(+min(v+a2) 4 o(K) M~ / / [AYM + FGM] Lo ) e ds
(k+1)T 1
x M * 2 (75)
roum [ [ /_T |BO) 2 s | ds
M M
GetuT
+ C(K)M~x+1) S F'WM) (BYM) g, BYM)g)) ds
kT
M ad L2(;H)
< C(K)M—(n-‘rl-‘,—min(a,%))
for all k € {0,1,...,M — 1}, all M € N and all k € [0,1]. Combining (73)) and (78] implies
mT
/ " (eA(mTfos) — eA(mTTT7<S>M)) oM ds
0 L2(;H)
m—1
< O(K) M—(4min(e.d) o o ) g~ (@+min(a, 1)) H _A) AR 76
< 0(K) oK) > o (76)
m—1 1
< C(K)M~min(ad) 4 o (fe)p~(Hrmin(ad [ 7| < CUOM™™NETED) (14 log (M)
I=1
for all m € {0,1,..., M} and all M € N.
4.2.2.2 Estimation of [{f) First of all, observe that
mT 2
M m mi A
(eACHF = Wl — A0 (W ((5), — ) AB(XL ) a,
L2(9;H)
S AT 2
/ ACHF =3) g M _ oAdhy (\IIM + ((s) —s)AB(Y(%_l)))‘ ds
(m_yT M L2(Q;HS(Uo,H)) (77)

(l+1)T

i 1 (m—1-1)T ||2

el
Z/ [y e
=0

M

1 +HT T 2
| a)7E (AT W — A (92 4+ (), —5) AB(M)) ) | s )
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for all m € {1,2,..., M} and all M € N. In addition, note that

(=) (Al et w + (9, —5)AB) )|

L2(Q;HS(Uy,H))
= (5+B) A((k+1)T_S) B T H H N8 M ’

< M M
(=) (e (1+ ((5),~9)4)) s | AV BORY)

e (oo
L(H)

+ H(iA)*(nJrJ) (eA((’”NPT _e 2M)H

(1) -ty (50 e )

+ () || (=)™ (A5 - etale ) |

L2(Q;HS(Uy, H))

S

B'(YM) A ) (A, M + F(Y;M)) du

M

L2(Q;HS(Uo,H))

4)° B/(YM) / B aw,

L2(Q;HS(Uy,H))

/ B' (M) (/ B(Y} )dW)dW
M

. 2

/ B(YM)dw,,

kT

M

and Lemma 7.7 in Da Prato and Zabczyk [7] and Lemma [ hence imply

a7 (e

< CEM D 4+ WM™ [ (A oy + [FOR o))

kT
M

s ) 2
e (a7 B du
% L2(Q;HS(Uo,H))

1
S u ?
s My |2
+C(K)M (/kT /LT HB(Yk )HL2(Q;HS(U0,H)) dvdu)
M M

< C(K)M—(rﬁ-,@) 4 C(K)M—(fﬁ-l) + C(K)M—(K-HH-%) < C(K)M—(K+min(575+%al))

L2(;H)

Hn Li(@:H)

A= gl — Ay (01 1 ((5),—s) ABOM)) )|

L2(Q;HS(Uy, H))

for all s € |
then shows

kT
M

I

0

mT 2

M

mT 2F (s X
(eA( M )\Ilé\/[ — eA( M <>M) (\Ilé\/[ + (<S>MiS)AB(XLJ;JJM))) W

L2(QH)

< C(K)M—Qmin(ﬂ+%,é+1,g) + C(K)M—2min(6+%,6+1,g

n 3

=)L
o~ =

| I

< CK)M72minB+50+13) (1 4 Jog(M))

for all m € {0,1,..., M} and all M € N.
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(78)

(79)

—K ° 2
+C(K)M /g HB(YkM)Hm(Q;HS(Uo,H)) du
M

BT all k€ {0,1,...,M — 1}, all M € N and all 5 € [0, 3]. Combining (77) and (79)

(80)



4.3 Proof of Lemma

Throughout this proof let Iy vo ¢, Li.5),t0,t> Liijik) ot 2 — R, 4,5,k € T, to,t € [0,T],to < t, be random
variables satisfying

t
(z)tot_/ <gzadW>
Imm—// (gir AW, 05 AW (81)

I(l7jak) t07 / / / gl)dW g]7dW > <gk7dWS>U0

P-a.s. for all ,5,k € J and all to,t € [0,T] with o < ¢t. In addition, we use the following well known
identities for stochastic integrals (see, e.g., (10.3.15) and (10.4.14) in [22])

Ly 0.t L) b0t = i) to,t + L(G0) b0t Liiiiyto,t = (I(Qi),to,t -3 (- to)) L) 0.t (82)

| =

P-a.s. for all 4,5 € J and all to,¢ € [0,T] with ¢, <t and

Lii gy tot + LG,k to .t + (ki) 0.t + Leiskg) ot + Likgsiytont T Lksig) ot = Liaytost L) bt Lik) ot

1 ) (83)
L ggtot LGt T LG tet = 510 00t (I(mo,t —(t= to))

P-a.s. for all 4,j,k € J,i # j,i # k,j # k and all £y, t € [0,T] with ¢, < t. Next note that

/tt B'(Z) ( :B'(Z) (/tuB(Z) dWU) qu) AW,

= > /tB’(Z) (/t:B’(Z) </UB(Z)9¢ <gi,qu>U0) 9 <9j7qu>UU) 9k (e, AWs) 7, (84)

i,5,keg * to to
= Z B/(Z)(B/(Z)(B(Z)gi)gj)gkI(i,j,k),to,t
i,j,k€T

P-a.s. for all F;,/B(H)-measurable mappings Z: Q — H and all to,¢ € [0,T] with ¢y < ¢t. In addition,

[B2) shows

1 t
—/ B”(Z)( B(Z qu,/ Z)dw, ) dw,
2 to to to

— % | 3> /t B"(Z) (/ B(Z) gi (9i, dWu)y, a/SB(Z)gj <gj’dWU>U0) gr (g W)y,

i,5,k€T to to to
1 t
1
=3 Z B (Z)(B(Z)gi,B(Z)g;) /I(z)to, Iy 1,5 Agr: W), (85)
i,J,k€T
1
=3 B”(Z)(B(Z) 9i, B(Z) gj)gk (L) t0,t + LG.ik) 0 ,t)
i,J,k€T
= Z B”(Z)(B(Z)gi,B(Z)gj)gkf(i,j,k),to,t
i,j,k€T
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P-a.s. for all F;,/B(H)-measurable mappings Z: Q — H and all ty,t € [0,T] with ¢ty < ¢t. Combining
®4)) and (B3] then gives

/tt B'(Z) (/t B'(2) ( t: B(Z) de) qu) AW, + %/tt B"(Z) (/t B(Z)dW.,, /t B(Z) qu) AW,
=y [B’(Z) (B’(Z)(B(Z)gi)gj) +B"(Z) (B(Z) 9, B(Z) gj)] Ik L(i.j k) ot

i,J,k€T

1

== Y [B@(B@)(B2)g)9)+B"(2)(B2)g.B2)g,)| o [Iu,j,m,to,t+I<j,z-,k>,t0,t
i,j,k€T

i),k j#k

+ L ki) to,t + Liikg) tot F Likjiy to.t + I(k7i,j),t07t:| (86)

+ Z [BI(Z) (B/(Z) (B(Z) gi)gi) +B"(Z) (B(Z) 9i, B(Z) gi)} 9j [I(i,j,i),tO,t + (i) t0,t T I(i,i,j),to,t]
i,jET
1#]

+>[B(2)(B'(2)(B(2)0:)9:) + B"(2)(B(Z) 9i B(2) 9:) | 9: L. 0.

icJ

and ([82)—(83) hence show

/tt B'(Z) (/t B'(Z) </tu B(Z) de> qu> AW, + % /tt B"(Z) </t B(Z)dW,, /t B(Z) qu) AW,

1
=3 > [B/(Z)(B/(Z)(B(Z) gi)gj) + B”(Z)(B(Z)gi,B(Z) gj)} 9k L iy to.t Lj) bt L) ot
i,5,k€T
i#£],i#k,j 7k

n %izj [B'2)(B'(2)(B(2)0.)9:) + B'(2)(B2) 91, BZ)9:) | 931 ps0 (100 = (t=10) (87)
(4%

+ %162;7 [BI(Z) (BI(Z)(B(Z)gi)gi) + B"(Z)(B(Z) giaB(Z)gi)} 9i (I(2i),tg,t —3(t— to)) Liy ot

P-a.s. for all 7y, /B(H)-measurable mappings Z: Q — H and all to,t € [0,T] with ¢o < ¢. This finally
yields

tB’(Z) (/t B'(Z) ( uB(Z) de) qu) AW, + % tB”(Z) ( :B(Z) qu,/: B(Z) qu) AW,

to to to
1

=35 Z {B/(Z)(B/(Z) (B(Z) gi)gj) JFBN(Z)(B(Z)givB(Z)gj)} 9k L) 00,6 L) to,t L) ot

i,J,k€T
o —2150) Z;J {B’(Z)(B'(Z) (B(Z) gi)gi) + B”(Z)(B(Z)gi,B(Z) gl)} 95 i) to.t

_ % B/(2)(B'(2)(B(2) (W, = W,,) ) (W = Wi,) ) (Wi~ W) (88)

+ G B(2)(B2) (Wi = Wiy)  B(2) (W, = Wy,) ) (W = Wi,

-5 2 [8'2)(B'(2)(B(2)9:) ) (Wi = W) + B"(2) (B(Z) 91, B(Z) 95) (W~ W)

P-a.s. for all F3,/B(H)-measurable mappings Z: ! — H and all ¢o,t € [0,T] with to <.
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4.4 Proof of Lemma [3
First of all, note that

E[( /t(Wsl Wto)d51>U<w,/t(WszWto)d52>U}

to
/ / (Way = Wio))y (w0, (Way — Wiy)),] dst dss
to Jto
/ / mln (s1,82) — to)Qw> dsy dss (89)
to Jto
/ / v lew dsi dso +/ / ) SQQ'LU dsi dss f/ / v ton dsi dso
= (v, 3(t —t0)*Qu),,
for all v,w € U and all ¢, t € [0,T] with ¢y < t. Moreover, observe that
t
EKmmmmMm/Mgwmw%
to
t t
— / E[(v, (Wi — Wt0)>U<w, (Ws — Wt0)>U] ds = / <’U, (s - to)Qw>U ds (90)
to to
= < 72( ) Q’LU>

for all v,w € U and all #y,t € [0,T] with ¢, < t. Combining ([89) and (@0) then yields

(o, ) (o )],

<<v,(tt0)Qw> <v,%t7t0 > )
(v, 3(t = 10)*Qu)y; (v, 3(t —0)°Qu)y,

for all v,w € U and all #y,t € [0,T] with ¢ < ¢t.

<
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