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Abstract
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1 Introduction and the main theorem

We consider the homogeneous incompressible Hall magnetohydrodynamics(Hall-MHD)
equations:

aa—?+u-Vu+Vp:(VxB)xB+yAu+f,
B
%—t—Vx(uxB)%—Vx((VxB)xB):uAB+V><g,

V-u=0, V-B=0,

where the three dimensional vector fields v = w(z,t) and B = B(x,t) are the fluid
velocity and the magnetic field respectively. The scalar field p = p(x,t) is the pressure,
while the positive constants v and p represent the viscosity and the magnetic resistivity
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respectively. The given vector fields f and V x g are external forces on the magneti-
cally charged fluid flows. The system has been studied first by Lighthill [I3] in 1960.
We notice that comparing with the usual MHD system, the Hall-MHD system contains
the extra term V x ((V x B) x B), called the Hall term. The inclusion of this term is
essential in understanding the phenomena of magnetic reconnection, meaning the change
of the topology of magnetic field lines. This is observed in real physical situations such
as space plasma [9] [IT], star formation [2I] and neutron star [I9]. There are also many
other physical phenomena that requires the Hall-MHD system to describe them (see e.g.
[15, 20, [16] and the references therein). The Hall term is quadratically nonlinear, con-
taining the second order derivative, and it causes major difficulties in the mathematical
study of the Hall-MHD system. Thanks to the orthogonality in L? of the Hall term with
B, however, the energy inequality similar to the usual MHD case holds true. Using this
fact the construction of the global in time weak solution can be achieved without any
difficulties, as has been shown in [I]. Observing similar cancellation properties of the Hall
term, the local in time well-posedness as well as the global in time well-posedness for
small initial data was also established in [3], and has been refined in [4]. Regarding the
question of energy conservation for weak solutions in the inviscid case we refer to [7]. For
a special form of axially symmetric initial data the authors of [§] proved the global in time
existence of classical solutions to the system. On the other hand, the optimal temporal
decay estimates are obtained in [5].

Concerning the regularity of weak solutions, one can expect that the problem is more
difficult than the Navier-Stokes equations and the usual MHD system. Even the problem
of regularity of stationary weak solution has essential difficulty with current methods
of the regularity theory, which is contrary to the case of the stationary Navier-Stokes
equations. The partial regularity of stationary weak solutions has been obtained recently
by the current authors (cf. [6]). In the present paper we investigate the partial regularity
of weak solutions of the non-stationary system. For the Navier-Stokes equations there are
many publications on this direction of study (see e.g. [18 2, 12} 14, 23]). In the case
of the 3D Hall-MHD system in R?, however, we encounter again essential difficulties in
constructing suitable weak solutions, satisfying desired form of localized energy inequality.

In the current paper we focus on the case of 3D valued Hall-MHD system on the
plane, which is sometimes called the 2% dimensional system. Physically the situation
corresponds to the full 3D system having the translational symmetry in the x3 direction.
In this case, as will be shown in detail below, although we cannot construct suitable
weak solution, satisfying the localized energy inequality, instead, we could construct an
approximate system, for which we can deduce Caccioppoli-type inequalities to obtain
“approximate singular set”, and then by passing to a limit in an appropriate sense, we
can show that there exists a possible singular set for the limiting weak solution, whose
Hausdorftf dimension is at most two. When we try to apply the similar idea to the full
3D non-stationary system defined on R3, we have difficulty in constructing a sequence of
the approximate weak solutions, the compactness of which is strong enough to pass to
the limit. Therefore, we leave the proof of partial regularity of the full 3D non-stationary
system as an open problem. We now formulate our problem more precisely, and state our
main result.



We concentrate on the following 3D valued Hall-MHD system in Q = R? x (0,7).

(1.1) du+(u-Vu—Au=-Vp+ (VxB)x B+ f,
(1.2) OB+Vx(Bxu)—AB=-Vx(VxB)xB)+Vxg,
(1.3) V-u=0, V-B=0

together with the initial condition

(1.4) u=1u,, B=DB, on R?x{0},
which satisfy

(1.5) V-uy=V-By=0 on R

Here, u = (uy, us,u3), B = (B, B, Bs), where u; = u;(21,29,t), Bj = Bj(x1,29,t),j =
1,2,3, and p = p(x1,22,1), (x,t) = (x1,29,t) € Q. Note that we set v = p = 1 for
convenience. For the definition of weak solution see Definition[L.I] below. The aim of
the present paper is to prove the existence of a weak solution to the Hall-MHD system
(CI)—(T3), which is Hélder continuous outside of a possible singular set together with
the estimation of its Hausdorff dimension. We set L3, = {u € L?|V - u = 0}, where the
derivative is defined in the sense of distribution. We also define V?(Q) = L*°(0,T; L?*) N
L*(0,T;Wh2). By V2 (Q) we denote the space of all uw € V?(Q) such that V-u = 0 in
the sense of distribution in Q).

Notice that using the formula (u - V)u = (V x u) x u + |u|?, one can rewrite (L.I)
into
|uf?

(1.6) 8tu+(V><u)xu—Au:—V<p+u7>+(V><B)xB+f in Q.

Applying Vx to the both sides of the above, we get

(1.7) Ow+VX(wxu)—Aw=VXx((VxB)xB)+Vxf in Q,

where w stands for the vorticity V x u. Taking the sum of (2] and (L7), we are led to
(1.8) WV +VX(Vxu)—AV =V x(f+g) in Q,

where

(1.9) V =B+ w.

Since V - V' = 0, there exists a solenoidal potential v such that V x v = V. From (L8]
we deduce that v solves the following system in @),

(1.10) Vv =0,
(1.11) v+ (v-Vv—Av=-Vr+ (Vxv)xb+ f+ag,

where b = v —u. Clearly, V x b= B.
We now introduce the notion of a weak solution to the system (T])—(LH).
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Definition 1.1. Let f,g € L*(Q). We say (u,p, B) € V2 (Q) x L*(0,T; L% ) x VZ.(Q)
is a weak solution to (L3)—(L4) if

/(—U'3t<P+Vu:Vgo—u@u:ch)d:cdt
Q

(1.12) = [ pV - dzdt+ [ ((V x B) x B+ f) - pdxdt + | ug - o(0)dw,
[ /

/(B~8tcp+VB:V<p+B><u:V><go)d:cdt
Q

(1.13) = [(VxB)xB+g)-V x @drdt + | By - @(0)dx
/ /

for all p € C®(R?x[0,T)). Here we used the notation A : B = Z?,j:l A;;B;; for matrices
A, B € R33,
By M>)(Q) we denote the local Morrey space, which is defined in Section3 below.

loc
Our main result is the following theorem.

Theorem 1.2. Let uyg € L2, By € L? and f,g € L*(Q). Moreover, we suppose that
g € M>XNQ) for some 2 < X\ < 4. Then, there exists a weak solution (u,p, B) €

loc

VE(Q) x L*0,T;L2,) x V2 ,(Q) of (LI)-(LH) being a-Holder continuous outside of a
closed subset set 3(B) C Q of Hausdorff dimension less than or equal to two, where

0<a< 2

The paper is organized as follows. In Section2 we discuss local estimates of weak
solutions to the approximate system related to (2] involving the magnetic field B.
Thanks to the validity of the local energy equality (see (2.4]) below) we are able to establish
a Caccioppoli-type inequality, which plays a central role in the proof of the fundamental
estimate in Section 3 (cf. Lemmal3.2]). To achieve this result we make use of an indirect
argument together with the fundamental estimate which holds true for the corresponding
linear limit system (cf. Lemmal3.1]). The aim of section Section4 is the construction of
an approximate solution to system ([LI))—(L.5]) along with the required a priori estimates.
Furthermore, passing to the limit in the approximate system we get a weak solution
to (LI)-(LH). In Section5 we prove that the weak solution constructed in Section4
fulfills the required partial regularity property stated in Theorem[l.2] the main result
of the paper. We wish to remark that even for the weak solution to the system under
consideration constructed in a suitable way, a corresponding local energy inequality similar
to the case of the Navier-Stokes equation may not be available. For this reason in the
proof of the main theorem we are only able to work on the approximate solutions using
Lemmal3.2l The estimation of the parabolic Hausdorff dimension of the singular set is
obtained by Theorem[5.Il the proof of which can be found at the end of Section5. For
readers convenience we added an appendix which contains the definition of the parabolic
Holder space C**/2((), the parabolic version of the Poincaré inequality and an algebraic
lemma, which will be used in the proof of Theorem[5.1l
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2 Caccioppoli-type inequality for the approximate B
system

Let g,u € L?(Q) be given. For fixed 0 < § < 1 we consider the following system for B
approximating (L.2])

oB - AB
B

(21) :—VX<VXBX XTM

%;‘BQjLVX(u >+V><g in Q.

We start our discussion with the following notions of a weak solution to (2.1I).

Definition 2.1. A vector field B € V?(Q) is said to be a weak solution to ([2.1)) if

/(—B -Opp + VB : Vp)dzdt
Q

B
(2.2) ——/(VxB—u)xTm-ngodde—/g-ngodxdt
Q

for all ¢ € C(2).

Remark 2.2. Let B be a weak solution to (Z1I). Then, (2.2)) yields the existence of the
distributional time derivative B’ € L*(0,T; W ~2), determined by the identity

/(B’(s),v./))d:)s + /VB(S) : Vpdx

(2.3) :—/(VxB(s)—u(s))x%%)(s)‘-wadxjt/g(s)-wadx

R2 R2

for all ¢ € W2(R?) and for a.e. s € (0,7T). Inserting ¥(z,s) = ¢(z,s)(B(z,s) — A)
into (2.3)) with ¢ € C>°(Q) and a constant vector A € R?, integrating the result over (0, )



(t € (0, 7)) and using integrating by parts, we obtain the following local energy equality

t

%/gb(tﬂB(t)—A|2d:):+//¢|VB|2d:rds
R2 Q

0

1 4

0 R2

/ B
+0/R[(V><B—u)xm-((B—A)qub)d:cds

B
———-VxB
+//¢u><1+5‘B| X Bdxds
R2

0

t
(2.4) +//<¢g-V><B—g-(B—A)qub)dxds.
0 R2

First, let us fix some notations which is used throughout the present and subsequent

sections. Let X = (xg,t9) € R3> and 0 < r < 400 by Q, = Q,(X,) we denote the
parabolic cylinder B,(xq) x (tg —r?,tp). Furthermore, for a function f € L*(Q,) we define

1
frxo = fo, = fdxdt = /fdxdt,
0, mes (),
Qr
where mes (), stands for the three dimensional Lebesgue measure of Q).

Let 0 < p < r. We call 0 € C*(R?) a cut-off function suitable for @, and Q, if
0<9<1inR*6=1onQ, 0=0in (R*\ B,) x (to — r?,t9) UR? x (—o0,ts — r?) and
10,0 + [VO]* + |V?0] < c(r — p)~% in R3.

Now, we state the following Caccioppoli-type inequality.

Lemma 2.3. Let g € L*(Q),u € L*(Q) be given, and let B € V*(Q) be a weak solution
to @1). Then, for every cylinder Q, = Q,(Xo) C Q and 0 < p < r there holds

ess sup /94|B—BT7XO|2dx+/94|VB|2dxdt
te(to—rZ,to)B S

c
(r — p)z(l + B, x,[*) / |B — B, x,|*dxdt
Qr

c 1/2 1/2
+ (/93+V\B—Br,xo\4dxdt) (/93_”’\VB\2d:cdt)
r—p
Q

T T

<

(2.5) Tt / (lgl> + 04| B2 |l dudt
QT



for all cut-off function 6 suitable for Q. and Q, (v € [-3,3]), and

C’f’4

(r—p)*
+ W(G(T) + F(r)°)

E(p)' < (1+1Bx [)(G(r)" + F(r)")

+(Ti{/|g| dzdt + | By x| /|u| dxdt}(a( )+ F(r)?)

(2.6) /|u|4dxdt )P+ F(r)h,
where ¢ = const > 0 denotes a universal constant, and
1/4
E(r)=E(r,Xo) = <][ |B — B,,,XO|4dxdt) )
Q’I‘(XO)

F(r):F(r,Xo):<r_2 / |VB|2dxdt>l/2,

QT(XO)

1/2
G(r) = G(r, Xo) = <][ \B—BT,XO\2d:cdt) 0<r <.
QT'(XO)

Proof Let Q, = Q,(Xo) C Q be a fixed cylinder. For 0 < p < r we take a cut-off function
6 € C>=(RR?) suitable for Q, and Q,.

From (Z4) with ¢ = 6* and A = B, x, we obtain the following Caccioppoli-type
inequality

ess sup /94|B—BT7XO|2dx+/94\VB\2d:cdt
)

te(to—’r‘z,to

By Qr
< ﬁ/|B_Br,X0|2d{l?dt+C/|g|2+94|B|2|u|2d5pdt
Qr Q-
0°|VB||B||B — B, x,|dxdt
Qr
(2.7) = —/|B Brxolzdxdt+c/|g|2+e4\3\ |uf*dzdt + J.

Qr



Let v € [—3, 3]. Applying Hélder’s and Young’s inequality, we estimate

C
J < W|Br,xo\2/\3 — B, x,|*dzdt

r

c 1/2 1/2
+ (/«93+7|B— BT,X0|4dxdt) (/93_”’\VB\2d:cdt)
r—p

Qr Qr

1
+ 5/94|VB|2alg:alt.
Qr
Inserting the estimate of J into (2.7]), we are led to
ess sup /94|B - BT7X0|2d:B+/94|VB|2dxdt
)

te(to—r2,to
B Qr

c
(r — p)2 (1+1Brx, ") / |B — B, x,|*dzdt
Qr

c 1/2 1/2
+ (/93+V\B — BT,X0\4d:cdt) (/93_”’\VB\2d:cdt)
r—p

T s

(2.8) +c/(|g|2+94|B|2|u|2)dxdt.
Q’l‘

<

This proves (2.5). On the other hand, by means of Sobolev’s embedding theorem we get
][ 0*|B — B, x,| dxdt

< e Y|6*(B - BhXo)||%°°(t0—r2,to;L2(Br))||VB||%2(QT)
+or~H(r—p)7?6*(B — BT’,XO)||%°°(to—r2,to;L2(Br))||B - BT’,XOH%Q(QT)

c
(2.9) < =) 16*(B — BT’,XO)||%°°(t0—r2,t0;L2(Br))(F(T)2 +G(r)?).

Combining (Z.8) with v = 1 and (2.9) with help of Young’s inequality, we get

][ 0*|B — B, x,| dxdt

< W(l + [ By x,|7)G(r)*(F(r)” + G(r)7)

=
(2.10) +m/(|g\ 0 BRuf)dadt (F(r)? + G(r)?),

T

(F(r)°+G(r)°)

Estimating |B|? < 2|B — B, x,|* + 2| B, x,|* and applying Young’s inequality, we obtain
(24). Thus, the proof of the Lemma is complete. [
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Remark 2.4. From (23] with v = —1 along with Young’s inequality we get

1/2
(— ess sup /|B T,X0|2d1’) + F(p)

te(to—p2,to)

rc— p{(l + |B,.x,|)E(r) + E(r)2}

C
(2.11) + {lulla.(B0) + 1B, xa)) + gl }-

<

Furthermore, using the parabolic Poincaré-type inequality (cf. LemmalA.Il appendix
below), we find

|B — B, .y, |*dzdt
Qr

< c(1+|B,x,|?)r /|VB\ ddt
Qr

o1+ By, [ /(|g\2 ) dadt
QT

(2.12) + Cyr2 /(|VB|2 + |’u,|2)dxdt][ |B — B, x,|*dxdt
Qr
Qr

with an absolute constant C; > 0. Thus, assuming that

1/2
(2.13) Cl{r_2/|VB|2da:dt+4(/|u|4d:)sdt) }g %

Qr Qr

([2.12)) leads to
(2.14)  G(r) < c(1 4 [Bux,)(F(r) + H(r)),
where

H(r) = H(r,Xo) =" gl2q, + lullig,, 0 <7<V

Substituting G/(r) on the right of (2.6) by (2.14), setting p = 7 therein, we arrive at
(215)  E(r/2) < G(1+ B, H{F(r) + F(r)? + H(r) + H(r)*}

with an absolute constant Cy > 0, provided (2.13) is fulfilled.
From (2.I1) with p =  we deduce that

(216)  F(r/2) < Cs(1+ By, ){ B(r) + E(r)? + H(r) + H(r)? |

with an absolute constant C5 > 0.



3 Blow-up lemma

In what follows we define the space
VA(Qr) = L>(to — r?, to; W 2(B,(0))) N L®(to — r?, to; L*(By(20)))
for Xy = (z0,%p) and 0 < r < +00.

We begin our discussion with the following fundamental estimate for solutions to the
model problem in @1 = @1(0,0), which will be used in the blow-up lemma below.

Lemma 3.1. Let A € R3. Let W € LYQy) such that W g, € V*(Q,) for all0 <o <1

solves
(3.1) OW —AW = -V x ((VxW)xA) in

in sense of distributions, 1. e.

/W(t)-(I)(t)da:+/t/(—W-8t‘I>+VW:V(I))d:)sds

-1 B

(3.2) :—]/((VxW)xA)-VX@dxds

-1 By

for all ® € WH2(Qy) compactly supported in Qy, for a.e. t € (—1,0). Then,

1/4 1/4
(3.3) <][ W — WQT|4d:):dt) < Cor(1+ |A|5)< W — W, |4da:dt)
QT

Q1
for all 0 < 7 < 1, where Cy > 0 denotes a universal constant.

Proof Since the assertion is trivial for i < 7 < 1, we may assume that 0 < 7 < i. Let
¢ € C(R?) be a suitable cut-off function for @, and Q2. Inserting the admissible test
function ® = (*(W — Wp,) (m € N) into ([3.2), by using Cauchy-Schwarz’s inequality
along with Young’s inequality, we are led to

esssup/(2m|W(t)|2dx+/C2m|VW|2dxdt

1te(—1,0)B1 &
(3.4) <c(1+]A]?) /c2m—2|w — W, [*dxdt.

Q1

If W is smooth in @, since (B0 is a linear system, the same inequality holds true for
D*W in place of W for any multi-index . By a standard mollifying argument together
with Sobolev’s embedding theorem we see that W is smooth in );. By an iterative
application of (3.4 with m = 4,3,2,1 we obtain

(3.5) ess sup/§8|DaW|2d:E <c(1+ A% / W — W, |Pdzdt V|al < 3.
te(—1,0)
By Ql
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By means of Sobolev’s embedding theorem and Jensen’s inequality we get

(3.6) IVW %q,,, < (1 +]A[) / W — W, [*ddt.
Q1

Applying Poincaré’s inequality, we arrive at

(3.7) W — W, |*dodt < (1 + |A|4)||VW||§O,Q1/2.
Qr
Combination of (3.6]) and (B.7) gives the desired estimate. u

In our discussion below we make use of the notion of the Morrey space. Let K C @
be a compact set. Define, dx = min{t € (0,7") |t € K}. We say f belongs to the Morrey
space MPA(K) if

[flmpa i = sup {T’_A / | fPdxdt ' Xoe K,0<r< dK} < 400.
Q’I‘(XO)

Furthermore, by f € /\/lp’A(Q) we mean f € MPA(K) for all compact set K C Q.

loc

Now we are ready to state the following key lemma.

Lemma 3.2. Let g € Mz’A(Q) for some 2 < XA < 4. For every 0 < 7 < %,0 <

loc

M, L < 400, compact set K C Q and 0 < a < %, there exist positive numbers g =
eo(r, M, L, K &), Ry = Ro(m, M, L, K, ) < di and dy = 6o(7, M, L, K, «x) < 1 such that,
if B € V2(Q) is a weak solution to ZI)with 0 < § < & and w € L¥4N(Q) such that

(3.8) lulls/(1-n.0 < L,

and if for Xog € K and 0 < R < Ry the following condition is fulfilled

(3.9) |Brx,| <M, E(R,X,)+ R*<e,

then there holds

(3.10) E(TR, X,) < 27Cy(1 + M®)(E(R, X,) + R%),

where Cy > 0 stands for the constant appearing on the right hand side of (B3.3)).

Proof Assume the assertion of the Lemma is not true. Then there exist 0 < 7 <
%,O < M,L < 400, a compact set K C Q and 0 < a < % as well as sequences
{Ek}, {5k} C (O, 1) with 5k,6k —0as k — +00, {Rk} C (O,d](), {Xk} = {(l’k,tk)} C K,
{u®} c L¥E-M(Q) fulfilling

(311)  [u®llyan <L VEEN,

and a sequence {B®} ¢ V2(Q), being a weak solutions to (2.I)) replacing u by u® and
0 by 0, respectively, such that

(312) By | <M, Eu(Ri, Xi)+ Ry =ep
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and
(3.13) En(TRy, X3,) > 27Co(1 + M) (Ep(Ry, Xi) + RY).

Here we have used the notation
1/4
E(r, X)) = <][ |B% — Bi?;(k|4dxdt) . XpeK,0<r<dg
Qr(Xk)

(k € N). Note that (8.12) yields Ry — 0 as k — +o0.
Next, for Y := (y, s) € @1(0) we define

1
Wi(Y) = —(BY (v + Rey. tu + Fis) - Bl x)

vip(Y) = u® (2, + Ry, ty + Ris),
9:(Y) = g(z), + Rpy, t, + Ris),

(k € N). Furthermore, we set

1/4
éak(O') = <][ |Wk — (Wk)QU|4dyds) , O0<o<1.

o

Then (B12) and (B.I3) turn into
(311)  BY . |<M. &)+ k=1,
: -

and

ROZ
(3.15)  &(r) > 2rCo(1+ M) (&(1) + E—k) — 27Cy(1 + MP)

k
respectively.
Using the chain rule, restriction of system (2.I)) to Qg, (Xx) takes the form
oW, — AW,

e W —|—B(k)
= -V x ((V x W) X KTk B, X |)

1+ 6k|eka + Bglzka

R e W +B(k) R
(3.16) + £V x (vk X R Rk’*’((;) ) + %V xg,
gk 1+6k|€kwk+BRk,Xk| gk

in Q1. Thus, W, € V(@) is a weak solution to (3.16).
Let 0 < ¢ < 1. Using the transformation formula, noticing that \ng), x| < M, the
Caccioppoli-type inequality (ZI1]) with r = Ry and p = o Ry turns into

Wil oo (—02,0,2(8,)) + | VWil|2,B,
< (1= o) ((L+ M) (1) + 2x6i(1)?)

cRt
(3.17) + E—: (||u(k) 12,0n, (x0) (Ex€(1) + M) + ||9||2,QR,€(X;¢)>'
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As g, € M*MNK) observing (3.14)), we see that
1 ROA-2)/2

R A—2)/2—«
(3.18) L lgllan, w0 < o —lglveaao < B lglueauo.
Similarly, by (B.11]) and (3.14]) we get
R, Ry (A—2)/2—a
(319)  Zlulaqu e < T o—lulyarg < eBTVCL
Thus, from 3I7) with help of (3I8), (B:19) and ([BI4) we obtain
(320)  Wilr=o2 228 + IVWilzq, < el = 0)7H(M + 1) + c([g]pea i) + L)
In addition, in view of (3.14) we estimate
(3.21) IWillag, = (mes By)Y4&,.(1) < (mes By)'/*.

From (3.20) and (B.21)) it follows that {W}} is bounded in V2(Q,) for all 0 < o < 1 and
bounded in L*(Q;). Thus, by means of reflexivity, eventually passing to subsequences,
we get W € LH(Q,) with W € V2(Q,) for all 0 < 0 < 1 and A € R? such that

(3.22) Wi — W  weakly in L*(Q)) as k— +oo,

(3.23) VW, — VW  wedkly in L*(Q,) as k— +oo V0<o<l,

(3.24) Wi =W  weakly* in L>*(—0?,0;L*(B,)) as k— 400 V0<o <1,
(3.25) A=A in R as k— +oo.

On the other hand, from (3.16]) we deduce that the sequence of distributive time derivative
{W} is bounded in L*3(—¢2,0; W~143(B,)). From this fact together with (3.22) it
follows that

(3.26) W, — W strongly in L*(Q,) as k— 4+oo V0<o<l1.

Thus, we are in a position to carry out the passage to the limit & — 400 in the weak
formulation of (8.I6]) to deduce that W is a weak solution to the linear system (B.I]).

Our next aim is to prove the strong convergence of W — W in L*(Q,) (0 <o < 1).
We first state the following energy equality,

/&|W%|@+//&WWM@@

21 By

— %//(8t¢2+A¢2)|Wk\2dyds

-1 By

t
e W —|—B
+//(V><Wk)>< ETRT RNy, x Ve?)dyds
1+5k|€kwk+BRk,Xk|

-1 By
R / exWi + B(k)

(3.27) + —k//{'vk X Tk +gk}V x (¢*W)dyds
€k 1+5k|€kwk+BRk,Xk|

13



for all t € [—1,0]. In view of (B:22), (3.23), (3.23) and (B.:26) on both sides of (3.27) with

t =0 letting k — +o00, we infer

1
lim (5 [eowioray+ [ ¢2|vwk|2dyds)
By Q1

k—o00

1

(3.28) =3

/(0t¢2 + AW *dyds — /(v x W) x A- (W x V¢?)dyds.
Q1 Q1
Since W is a weak solution to (3.I]), there holds

1
5 [FOW©Fdy+ [ oW Pays
B Q1

(3.29) = %/(atgb? + A¢*)|W |2 dyds — /(v x W) x A- (W x V¢?)dyds.
Q1 Q1
Noticing that

(@)W (0), VW) — (¢(0)W(0), VW)
{weakly in  L2(B) x L¥(Q)) as k— +o0
from ([B28) and (3:29)), we deduce that
VW, — VW  strongly in L*(Q,) as k— 4+oo V0<o <1

Accordingly,
(3.30) klim é(0)=8(0) V0<o <1,
—00

where & (o) = <][ W — WBg\4dy) 1/2. In particular, thanks to ([B30) (with o = 7)
from ([B.13]) we getBa

(3.31) &(1) > 27CH (1 + M®).

Since W is a weak solution to (B.1]) and |A| < M, appealing to LemmalB.1] we find
(3.32) E(1) < 7C(1 + MP)E(1).

On the other hand, by virtue of the lower semi continuity of the norm together with (B.15])

and (330) we get

. Ry 1 i
§(1) < limint (8(1) + ZF) < 5y Jim ()

E(T).

1
n 27 Co(l + M 5)
Estimating the right of (8.32) by the inequality, we have just obtained we are led to

&(1) < $&(7) and hence &(7) = 0, which contradicts to (3:31). Whence, the assumption
cannot be true, which completes the proof of the Lemma. [ ]
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4 Construction of approximate solutions

The aim of the present section is to construct a weak solution of the Hall-MHD system
(CI)—(TCH) as a limit of a sequence of solutions to the a corresponding approximate sys-
tem. As we will see in the following section, such solution will satisfy the desired partial
regularity as stated in the main result of the present paper.

Let {6,,} € (0,1) (m € N) be a sequence, such that §,, — 0 as m — +o00. Now, we
consider the following approximate system

w
_ Wm N

at'u,m+1 5.B. X Uy, Uy,

(4.1) = —Vpm + (V x By,) X B +f
. - pm m 1+5m|Bm| 9

8th—|—V X (m X um) — ABm
(42) :—VX<VXBmXW‘Bm‘)+VXg,
(4.3) Voun =0 VB, =0,

in Q = R? x (0,T), together with the initial condition
(4.4) Uy, = Uy, B,, = B,, in R*x{0}.
Here (W, pm, Bim) € V3, (Q) x L*(Q) x V£ (Q) is called a weak solution to (EETI)-H3) if

/(—um -0+ Vuy, : Vo — Uy, @ uy, - Vip)dadt
Q

B,
Q Q Q

/ (=B - Opp + VB,, : Ve)dudt
Q

B,
(4.6) :—/((Vme—um)xm>-Vchdx+/g~vX<pdxdt
Q

for all p € CX(Q).
The existence of weak solutions to (AT])—(Z4) is given by the following

Lemma 4.1. Let wy € L2, By € L? and f,g € L*(Q). Then for every m € N there
exists a weak solution (W, pm, Bm) € Vi, (Q) x L*(0,T;L,) x VE (Q) to (EI)-(4),
such that

(4.7) Vu,, € V3(Q,), VQ,CQ.
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Furthermore, this solution fulfills the energy equality

t

()13 + 1B + [ (IVun(s)+ VB () B)ds

t
1 1
(4.9 = Slwall 4 S1Bol3+ [ [(F wnt gV x By)deds
0

R2
for a.e. t € (0,7).

Proof Let m € N be fixed. Let 5 — 0" as | — +00. By using the well-known monotone
operator theory we get a weak solution (W, 1, Pm.i, Bmi) € Vi, (Q)x L*(0,T; L2 )x V2 (Q)
of the following approximate system

8t'u,m,l+1 n 5m|B:;T7l+ AV X Uy — AUy
(4.9) =~V + (V% B X 1557 Biﬁ vt
Oy B +V X . Bf,;r—l'— BV X Upmy — AB,
B,,
(4.10) ==V x (V% By x TR L ﬁz|Vm,z|> L Vxg
(4.11) V- =0, V-B,, =0

in Q =R? x (0,T) together with the initial condition
(412)  wmy=wuy,  Bn;=B, in R*x{0},
where

Vi =wmi+ By,

Clearly, the energy equality (4.8]) holds true with u,,; in place of u,, and B,,; in place
of B,, respectively. In particular, both {u,,;} and {B,,;} are bounded in V?(Q). Thus,
by a standard reflexivity argument along with Banach-Alaoglu’s compactness lemma,

eventually passing to a subsequence, we may assume there exist u,, € V2 (Q) and B,, €
V2 (Q) such that

(4.13) Vuy, = Vu,,, VB, — VB, weuklyin L*(Q),
(4.14) Uy — Wy, By — By, wedkly” in L™(0,T;L%) as | — +oo.

Furthermore, by Lions-Aubin’s compactness lemma we see that
(4.15) Uy = W, By — B, strongly in L*(Q) as [ — +oo.

Hence, thanks to (£13), (£14) and (EI5) we are in a position to carry out the passage
to the limit [ — 400 in the weak formulation of (E9)—(EII). Accordingly, there exists

16



Pm € L*(0,T;L2.) such that (W, pm, By) is a weak solution to ([EI)-(#&4). Verifying
that w,, and B,, satisfying the energy equality (LS]), it follows that

(4.16) Vit — Vi, VB, — VB, stronglyin L*(Q) as [— +oo.
As V(Q) — LYQ) from (LTI6) we infer
(4.17) Uy = W, By — B, strongly in LY(Q) as [ — +oo.

Next, applying VX to both sides of (4.9) and combining the result with (£I0), we are
led to

Vm,l
L+ 00| Bl + Bi|V ]

(118) OV = AV = =V x ( Xt ) +V x B i Q.

where h = g + f. By using a routine smoothing argument one gets V,,,; € V?(Q,) for
all Q, C Q.

Now, let Q, = Q,.(Xo) C @ be arbitrarily chosen. Let § € C>(B, x (to — r2,t0]) be a
test function suitable for @, 2. Testing [EI8) by 60°V,,,, we get

t
%/92(t>|vm,l(t)|2dﬂf+ / /92|VVm,l|2d:)3ds
B to—r2 Br
1 t
2 [ [0 s arviupasas
to—r2 Br
t \4
4.19 — m,l ~ _n v 92vm o
( ) / B/<1+5m|Bmvl|+ﬁl‘Vm7l| X U, ) X( 71) vds
to—r2 Br

for a.e. t € (to—1r?%,ty). From the above identity using the embedding V*(Q,) — LYQ,),
it is readily seen that

1/2
( / e4|vm,l\4dxdt)

T

< ¢ esssup /92(t)|Vm,z(t)|2dx+c/92\VVm,l\2+7"_2\Vm7l|2+\h|2dxdt
)

tE(to—TQ,to
B, Qr
< (14 a2 / VPt + ||
Qr
R 1/2
(4.20) + C||’Ll,m7l||4,QT (/94|Vm,l|4dl'dt) ,
Qr

17



with an absolute constant C>0. Asu, € LYQ), we may choose 0<r< /1o such that
Cllum||1,q, < . Observing ([AIT), there exists Iy € N such that C|lwm,llsq, < 5 for all
[ > ly. Accordingly, (£20) implies

1/2
(4.21) (/94|Vm,l|4dxdt) < cr_2(1 + ||um71||i) / W + Vm71|2da7dt + c||h||§
Q”‘

T

for | > lp. Since the right of (£21]) is bounded independently of [ € N, by a constant
C(uo, By, f,g) by virtue of the lower semi continuity of the norm from (£21]) together

with (£19) and (£20) we get
(4.22) IVV ull2q, . + 1Vl Lo —r2/a00,02(8,2) + 1Vimll4g,,, < C(uo, Bo, f.9),

where V,, = B,;, + V X u,,. By applying a standard covering argument, since B, € L?
we see that V x u,, € V?(Q,) for all Q, C Q. Whence, the assertion follows from the
inequality

IVunlzq,, < o lunllzo, + IV X wnll2q,)
which completes the proof of the lemma. [ ]

Next, we are going to carry out the passage to the limit m — +o00, which can be done
by an analogous argument used in the proof of Lemmald.Il Observing the energy equality
(E3), we find that both {u,,} and {B,,} are bounded in V?(Q). Eventually passing to a
subsequence, we get the existence of u, B € V32 (Q) such that

(4.23) Vu,, =+ Vu, VB, — VB wedklyin L*(Q),
(4.24) Uy —u, B, — B, wedkly" in L>(0,T;L*) as m — +oo.

Furthermore, by Lions-Aubin’s compactness lemma we see that
(4.25) U, —u, B, — B stronglyin L*(Q) as m — +oo.

With the aid of (£.23), (£.24) and ([A.25]) we are in a position to carry out the passage to
the limit m — +o0 in the weak formulation of (4I)—(44]), which yields a weak solution

(’Ll,,p, B) to (Dj])*(@)

Our next aim is to get a strong L* convergence of u,,.

Lemma 4.2. Let {(wp, pm, Bim)} be a sequence of weak solutions to (&) -(A.4) obtained
by Lemmal[f.1 Furthermore, suppose (L23)-([A25). Then, for every @), C Q there holds

(4.26) w, —u strongly in L*(Q,) as m — +oo.
In addition, for every Xo € Q there exists 0 < r = r(Xo) < \/to such that

Vw2, + [|wmll Lo to—r2,00:02(8,)) + |wmllaq,
(427) < C('LLO, B(], f,g) Vm € N.
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Proof Let m € N. In view of Lemmald]] taking the sum of (A1) and (4.2]), we see that
V= w, + B, € V2.(Q) is a weak solution to the following system

(428) 8V, — AV, = -V x ( YVxh in Q.

_m "
11 0| B,y “)

Here V}2.(Q) contains all ¢ € L*(Q) such that ¢|g, € V*(Q,) for all Q, C Q.
Clearly, there exists v,, € V;2.(Q) such that V x v,, = V,,. Thus, from ([£28) we infer
that

Vi

(429) 8t’vm — A’Um = —Vﬂ'm — m X

(v, —by)+h in Q,

where by, = v,;, — U, By the definition of v,, we have V x b,, = B,,.

Let Q, C @ be fixed. Eventually, replacing v,, by v,,(t) — (0 (t))ae.r (t € to — 12, t0),
observing (£.23), (£24) and (28], by virtue of Sobolev’s embedding theorem we easily
verify that

(4.30) V=V weakly in L*(Q,),
(4.31) b, — b strongly in L°(Q,) as m — +oo.

Indeed, we note that |b,,(t)zo.B.| = [Um(t)ee,B,| < [[Uml[Le@r;L2). Consequently, by
Sobolev-Poincaré’s inequality we see that [|by, g0, < cl|tml|L©r;2) + ¢l|BmllLooo,r:2)
for every 1 < ¢ < 400. Once more appealing to (L.2H), eventually passing to a subse-
quence we may assume that

(4.32) B, - B ae in @ as m — +oo.

By means of Vitali’s convergence theorem, making use of ([£31)) and ([£32), we get

b

4. . m
(433) 5 B

— b strongly in L°(Q,) as m — +oo.

Next, we define the local pressure

Vim1 = Eg, (Avy,),

\
110, B
VZmmm = —Ep,. (Un),

Ve = EBT< (v — by) + h),

where Ep, : W™14(B,) — W~14(B,) stands for the projection defined by the Stokes
equation. Note that the restriction of Ep to LY(Q,) (1 < ¢ < 4+00) defines a projection
in L4(Q,) (cf. [23, 24] for details). We also note that 7, nm(t) is harmonic in B, for
a.e. all t € (tg —r?,ty). As it has been proved in [23],([@29) implies that the function
Zm = Uy + VT m € V2(Q,) solves the following system in sense of distributions

|4

(434) ath — Azm = —V(ﬂ'm,l + 7Tm72) — WTBM

XU, +h in Q
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Let ¢ € C(Q,) be a non-negative cut-off function. Testing (£L34)) by ¢z,,, we obtain
the following energy equality

/ 6|V 2| 2ddt
QT

1 9 Vi
QT QT

(4.35) + /(Wm,l + Tm2)V@ - zpdadt.
Qr

Verifying

|4
0 X U, < Vm m ; < C yee )y
|55 vl < IValbllunllsorn < Clo, ...

L3/2(0,T;L8/5

we may estimate the pressure m,, o in L*2(Q,) by using the Sobolev-Poincaré inequality
as follows

H7Tm,2||3/2,QT- < C||V7Tm,2||L3/2(to—r2,to;L6/5(Br))

(4.36)

| %
ScHimxum‘ + cllh]|2 < C(uy,...).
1+5m|Bm| ) H ||2 ( 0 )

L3/2(0,T;L5/5
Furthermore, we immediately get

(4.37)  mmallzg. < cllVomllz < [ Vunlla + ¢ Bulla < Cluo, - . ).
Observing (4.25)) along with (£.31]), we find

(4.38) v, — v strongly in L*(Q,) as m — 4oo,

where v = u + b. Thus, having

(4.39) VTmhm — VTam  strongly in L*(Q,) as m — oo,
where Vm,, = —Ep, (v), it follows that

(4.40) Zm — 2 strongly in  L*(Q,) as m — +oo.
Now, with help of (£.36), (4.37) and (4.40) we get

lim [ (M1 + Tm2)Vo - zpdedt = /(m + )V - zdxdt,

m—0o0

Qr Qr

where

Vm = Ep (Av),
Vry=Ep (-V xu+h).

20



On the other hand, making use of ([£33)), together with (£.25) and ([£40) we see that

QT QT

Furthermore, thanks to (£40) we obtain

1
lim % / (016 + DY) |zt = 5 / (0h6 + A¢)| 2| dadt.
Qr Qr

Hence, we are in the position to carry out the passage to the limit m — 400 in (4.35) to
get

lim [ ¢|Vz,|*dedt
m—0o0
Qr

(4.41) = %/(&g(é + A¢)|z|Pdxdt + /(V X b+ h) - pzdrdt + /(m + 7)V¢ - zdadt.
Qr Qr Qr

Accordingly, we see that z € V2(Q,) and
(4.42) Ohz—Az=—-V(m+m)—Vxu+h in Q

in sense of distributions. Taking into account that z € L*(Q,), and V x u € LY3(Q), we
obtain the following energy equality

/ 6|V z|dxdt
QT

_ %/(a@ + AQ)|2dudt + /(V X b+ h) - pzdudt
Qr Qr

(4.43) + /(m + m)Vé - zdxdt.
Qr

Thus, observing ([£27), combining (E4I]) and ([#43)) using a well-known liminf-limsup
argument noticing that/éVz,, —/éVz weakly in L*(Q,) we get

VoVz, =/ 6Vz stronglyin - L*(Q,) as m — oo.
On the other hand, since 7, is harmonic, thanks to (£.39]) we get
\/5V27rm7hm —/ OV T, strongly in - L*(Q,) as m — oo.
As Vv, = Vz,, — V21, a.e. in Q,, we arrive at

VoVu, =0V strongly in - L*(Q,) as m — oo.
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Hence, thanks to the embedding V?(Q,) — L*(Q,) along with (31 we get

VU, —\/ou strongly in - LY(Q,) as m — oo.

Since the above statement holds for any cylinder @, C @, we get the first claim (£.26) of
the lemma.

Now, it remains to verify ([A27). In fact, according to LemmalLIl we have V,, €
LYQ,), which implies that #ﬁ%l X u,, € L?(Q,). This allows us to test (£28) with
62V ., where 6 € C>°(B, x (ty —r?,tg]). Arguing as in the proof of Lemmal4T] we obtain

t

1
5/92(t)|Vm(t)|2dx+ / /92|VVm|2dxds
B, to—r2 Br
1 t
-1 / / (0,6° + A6V, Pdads
to—r2 Br
/ \'4
_ - m — . 2
/ /<1+5m|Bm| X Uy, h) V x (0°V ,,)dzds
to—r2 Br

for a.e. t € (tg — r?, to), which leads to

1/2
( / 94|Vm\4dxdt)

Qr

. 1/2
(4.44) <eor?(1 4+ ||lum|3)C(uy, . .. +C||um]|4,Qr(/94|Vm|4dxdt) :

T

Whence, the proof of (A27)) can be completed by a similar argument to the proof of
LemmalLT], by using the strong L* convergence (Z.20]). n

5 Proof of Theorem[I.2

Let (W, P, Bm) € V2,(Q) x L*(0,T; L2 ) x V& (Q) be a weak solution to the approxi-

loc

mate system (L)) such that Vu, € V2 (Q) (m € N), which can be guaranteed by
LemmalZT] (for the definition of V;2 (Q) see Section 4).

loc
In our discussion below we use the following notation. Let Xy = (¢, %) € Q.

1/4
En(r) = Ep(r, Xo) = <]é . )|Bm - (Bm)r7XO|4dxdt) ,

1/2
Fm(r) = Fm(ra XO) = <7’_2 / |VBm|2d$dt) ,
Q’I‘(XO)

Hyy(r) = Hn(r, Xo) = |[umllaq, + 77 lglle. 0 <7 <vi.
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Next, we define the set of possible singularities of B by means of ¥(B) = U2 X, UX,
where

. . 1
Y = U ﬂ {X0€R2X(717T) llmrrigéme(rvXO)ZE}’ keN,
0<p<T 0<r<p
Yoo 1= {Xo €Q| sup [Brx|= +OO}-

0<r<y/to

Let Q. = Q.(Xo) C @ be any cylinder such that condition (ZI3)) is fulfilled for
B = B,, and u = u,,, i.e.

61 G{E0P + ulie ) <5

As stated in Remark[2.4] the condition (2.13]) implies (2.15]). Thus, (5.1)) implies
(5:2)  Ea(r/2) £ Gl + (Bu)rxa){ (1) + Funlr)? + Hyn(r) + Hin(r)*}.
On the other hand, (2ZI6) with B = B,, and u = u,, reads

(53)  Fn(r/2) < Cs(1+ |(Bu)rxo ) { ) + En(r)? + Hylr) + Hu(r)?}.

Let Xy € Q \ X(B) be fixed. Set dy =v/1p/2 and K = Qg,. Appealing to LemmalL2]
and applying Sobolev’s embedding theorem, we see that

(5.4) |wmlls/a-—x,x <L ¥YmeN,

where L = const > 0 depends on dy, ug, By, f and g only. Furthermore, we may choose
0 < R; < dgy such that

1
2
(55) Cl||um||47QR1 S E Vm € N,

where ' stands for the constant appearing in (5.1I). Using Holder’s inequality, recalling
the assumption on g along with (5.4)), it follows that

Hon(r, Xo) < (757 s i + 1l ey ) 272
(5.6) <CpPAP2 v 0<r <R
Next, we set

M :=512 sup (|B|)rx, +1< +o0.
0<r<d(Xo/2)

Let 0 < a< % We take 7 > 0 such that

(5.7) 2r7CH(1+ M°) < = and 7 <

1
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(Recall, the constant Cjy > 0 has been defined in Lemmal3.T]).
Now, let g9 = eo(1, M, L, K, ), Ry = Ro(1, M, L, K,«) and §y = (7, M, L, K, @)
denote the numbers according to Lemmal3.2l In addition, we define €; > 0 by the relation

(5.8) 2771 = 1.

Next we may choose 0 < Ry < min{ Ry, R;} such that the following conditions hold

_ 1
(5.9) Co(1+ M) (Cy+ CHRY 2 < gmin{eo. 1},
1
(5.10) 2R3 < 5 min{eo, €1 }.
Now, we take k£ € N such that
1 1 1 C 1

: 2=+ =1 < —mj <=

(5.11) Co(1+ M ){k + k2} < 8m1n{50,51} and <1

Owing to Xy € @ \ Xy eventually replacing R by a smaller number we may also assume
that liminf,, .o F,,(R2, Xo) < % Accordingly we are able to select a subsequence {m;}
such that

(5.12) F, (R, Xo) < VjeN.

el

Since B,, — B in L'(Qg,) and 4,, — 0 as m — +oo, there exists mg € N with the
property

1 M
R < > .
£13 = 513 and 6, <d Vm >my

Observing (5.12), (5.11)) and (5.5]), we have

1
(514) Cl{ij (R27 XO) _I_ 4||umj ||47QR2(X0)} S 5

As (5I4) implies (5.2)), employing (513)), (512) and (5.6), we get

1 1 _
(5.15) B, (By/2,X0) < Coll+ MA{ 2 + 5 + (Cu+ CHRS?

for all m; > mg. In view of (511 and (B.9), (BI5) gives

(5'13) (|Bm|)R2,X0 < (|B|)R27X0 +

VjeN.

1
(516) Emj (RQ,XQ) S Z min{so,sl} ij Z my.
Set R3 = R2/2 Let Y € QR2 (XO) Clearly,
I
(517) Emj (Rg, Y) S 2Emj (Rg, XQ) S 5 IIllIl{Eo,{-:l},
M
(5.18)  |(Bm,)rsy| < 256][ B,y |dwdt < =

QR2 (XO)
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We claim that for every ¢ € NU {0}, there holds
(5:19) B, (7'Rs,Y) <277 By, (B3, V) + (1 - 27) 7 Rg,

(5.20) (B, )rirgy| < M — 2741

In fact, for « = 0, (B.19) is trivially fulfilled, while (5.20) holds in view of (5.I8]).
Now, we assume that both (5.19) and (5.20) are fulfilled for i € N U{0}. Then (5.19)

together with (5.17) and (5.10) implies
(5.21) B, (T'R3,Y) + 7R < 7(Epm, (Rs,Y) + 2RS) < 7% min{eo, 1}
In particular, observing (5.20)) we have

Em,(T'R3,Y) + (T'R3)* < €0, |(Bum,)rin,v| < M.

Thus, we are in a position to apply Lemmal3.2l with R = 7°R3. This together with (5.19)
gives
B, (T" R3,Y) < 27Co(1 + M°)(Ep, (T'R3,Y) + 7% R)
1 . 1 .
< 57" En, (T'R3,Y) + iTa(H_l)Rg

(5.22) 2~ E, (Ry, V) + (1 — 27 0F)) 72U Ry,

IN

Consequently (5.19) holds true for ¢ + 1.
Now, it remains to show (5.20) for ¢ + 1. First, from (5.19) along with (5.17) and
(E.10) we infer

(5.23) Epm,(T'R3,Y) < 7% (B, (R3,Y) 4+ R) < 7%

Using the triangle inequality and Jensen’s inequality, we find

|(ij)7'i+1R3,Y| < |(ij)TiR3,Y| + (ij)ﬂ'”lR:’,,Y - (ij)TiRS,Y
< (B, )rirsy| + 27'_4Emj (7"R3,Y).

J

Estimating the first term on the right by using (5.20) and the second one by the aid of
(£23) together with (5.7) and (5.8), we obtain

(B, )rit iy y| < M — 277 4 277 47%
<SM—-2""' 427 =M -2,

This completes the proof of (5.20) for ¢ + 1. Whence, the claim.

Since (5.19) holds true for every Y € Qg,(Xo), by a standard iteration argument we
get a constant C'5 > 0 such that

1/4
(524) (][ |ij — (ij)r7y|4d1') <Cyr® Vo<r< Rs, VY € QR3(X0).
Qr(Y)

25



Thus, by means of the lower semi continuity of the L*-norm the above inequality remains
true for B. Using the well-known integral characterization of the Hélder continuity in the
parabolic setting[17], we obtain

(5.25)  Blgrmy € C*(Qr,(X0))

(For the definition of C“*/2(Qg,(Xy)) see appendix below). Clearly, (5.24]) shows that
lim B, (r,Y) =0 uniformly for Y € Qg,(Xo) and jeN.

r—0t

Hence, in view of ([B3) we get YV & (J;—, Xy. Taking into account that B is Holder
continuous on Q,,(Xy), it follows that Q,,(Xo) C Q \ X and thus

Qrs(Xo) C Q\ X(B).
Consequently, 3(B) is a closed set. This completes the proof of the main theorem. [ ]
Theorem 5.1. For the singular set constructed in the proof of Theorem[I.2 we have
(5.26) dP3(2(B)) =0 V5> 2,

where dPg(+) is the B—dimensional parabolic Hausdorff measure. In particular, the Haus-
dorff dimension of X(B) satisfies dimy (X(B)) < 2.

Proof Let 2 < < X be arbitrarily chosen. First we show that
dPB(Zk) =0 VkeN.

Let Xy € ¥k. Fix € > 0. Then there exists 0 < 7(Xy) < € and m(Xy) € N, such that

(5.27) r(Xg) 2 / |VBm|2dxdtz% Vm > m(Xo).

Qr(x) (Xo)

Clearly, the family of cylinders {Q;(xy)(Xo)}x,ex, forms a covering of X;. Thanks to the
Vitali covering lemma there exists a pairwise disjoint family {Q,,(X;)}ien (1: := 7(Xi))
such that {Qs,,(X;) }ien covers Xy, Let N € N be arbitrarily chosen. Set

my = max{m(Xy),...,m(Xy)}.
Then, from (5.27) with Xo = X; (i=1,...,N) and m = my we infer

Zrﬁ < e 2Zr2 < 2¢7- 2k;z / VB, [*dzdt < 2¢°~ 2k/|VBmN|2

Qr (X3)
< P 250 (|uo)la, . . ).

This shows that

(5.28) > <P PRC(Juolla, - )

1=1
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Consequently, dPz(X) = 0, which implies that dPg ( Ure, Zk) =0.
Now, it remains to prove that dPs(X) = 0. As we will see below this follows easily
from the following implication

(5.29) sup 7 ° / \VB|?dzdt < +00 = Xo¢ 2., Xo€Q.
0<r<+/to 00 0%o)
r\A0

Indeed, let Xy € @ such that the condition on the left in (5.29) holds true. Choose
0 < po < v/t sufficiently small (specified below) and set r; = 27'py (i € N).

Fix i € N. By using the parabolic Poincaré-type inequality (see Lemma A.1, appendix
below), arguing as in the proof of (2.12)), we estimate

][ B — B, x|[2dxdt
Q.

< c(1+|By, x, )72 / |V B|*dxdt
Qr;
+ e+ |Br ) [ (g + fu?)dade
Qr,

1/2
(5.30) +%{ﬁi/WBF+(/hﬁmw) }f|B—BmmMMt
Qr;
Qr; Qr,; :

for an absolute constant Cs > 0. Due to u € L*(Q) and our assumption on Xy we may
choose po sufficiently small such that the numerical value in {...} is less than ﬁ, which
leads to

][ |B — B,, x,|*dzdt
Qr,

< 2c¢(1+ |B,, x,|})r; 2 / |V B|*dxdt
Or,

(5.31) +2(1+ By )i / (gl + |uf?)dadt.
QT’L‘

Appealing to LemmalL2] we see that w € L{ (Q) for all 1 < ¢ < +oco. In particular,

loc

u € M*MQ sz52)- Recalling that g € M**(Q) and § < X from (531)), we deduce that
(5.32) ][ B — B, x, [’dudt < (1 + | By, x,|2)ri~
Qr,

with a constant ¢ > 0 depending neither on r; nor on py. Using the triangle inequality
and employing (5.32)), it follows that

(5‘33) ’|B7“z‘+17Xo| - |Bri,Xo| < C?(l + |BTi7XO|)TZ(B_2)/2a
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where C; = const > 0 is independent on r; and py. Thus, eventually replacing py by a
smaller one, we may assume that

N —

— (B-2/2 o (5-2))2 1
Cr Y i = Gy g <
=0

Then, with help of LemmalA.2] (see appendix below) from (5.33) we conclude that

(5.34)  |Bn.x,| <142|B,,x,| VieN,

what completes the proof of (5.29).
Now, let € > 0 be arbitrarily chosen. According to (5.29) for every X, € ¥, we may
choose 0 < r = r(Xj) < € such that

rF / |V B|*dxdt >
Qr'(XO)

m | =

Thus, by the Vitali covering lemma there exists a pairwise disjoint family {Q,,(X;)}
(r; :==r(X;) such that {Qs,,(X;)} covers . Similarly to the above we conclude

oo
> 1 <cel|VBI.
1=1

Thus, dPs(Xs) = 0, and the proof of the theorem is complete. u
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A Appendix
For X = (z,t),Y = (y,s) € R""! we define the parabolic metric

dy(X,Y) = max{|z —y|,|s — #[7}, XY € R™H

Let @ = Q x (a,b), where Q C R" is a bounded domain, and —oo0 < a < b < +0o0.
Then, for 0 < v <1 we define the space of Holder continuous functions on @), CV’%(Q)
by functions f: @ — R such that

< +o00.

_ |f(X) = f(Y)]
Aoy = X,Y:g?x;ﬂ/ dp(X,Y)7

The following parabolic version of the Poincare inequality has been proved in [22
Lemma B.3]
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Lemma A.1 (Parabolic Poincaré-type inequality). Let Q, = Q,(X,) C R*™ (n € N).
Let w € LP(Q,) be such that Vu € LP(Q,) (1 < p < +00). In addition suppose that there
exists f € L1(Q,)" such that Oyu = V - f in sense of distributions, i. e.

(A.1) /u@tapd:zdt = /f -Vpdxdt Vo e CX(Q,).
QT QT

Then

(A.2) |u — ug, |Pdxdt < crp][ |Vu|Pdxdt + crp<
Qr Qr

p
|f\dmdt> ,

Qr
where ¢ = const > 0, depending on n and p only, but not on r,u or f.
The following elementary algebraic lemma has been used in the proof of Theorem[5.11

Lemma A.2. Let {M;} and {\;} be sequences of positive numbers such that > \; < 3,
and

(A.3) [Mjer — Mj| < (1+ Mj)A; VjeN
Then,
(A.4) M; <142M; VieN.

Proof We prove the statement of this lemma by induction. Cleary, for ¢« = 1 the assertion
is trivially fulfilled. Assume, ([A.4]) holds for j = 1,...,i. Then, with help of of triangle
inequality and ([(A3)) for j =1,...,i we get

My < My + My — My| < My + Z | M1 — M|

J=1

S M+ (L4 M)Ay < M+ (2+2M1) ) A < 1+2M,.

j=1 j=1

Whence, the claim is proved. [ ]
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